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Abstract

After a review of the notions of Hausdorff and Fourier dimensions from fractal geometry
and Fourier analysis and the properties of local times of Brownian motion, we study the
Fourier structure of Brownian level sets. We show that if 6,(X) is the Dirac measure
of one-dimensional Brownian motion X at the level a, that is the measure defined by
the Brownian local time L, at level a, and p is its restriction to the random interval
[0, L;1(1)], then the Fourier transform of y is such that, with positive probability, for all
0 < 3 < 1/2, the function u — |u|?|u(u)[?, (u € R), is bounded. This growth rate is the
best possible. Consequently, each Brownian level set, reduced to a compact interval, is
with positive probability, a Salem set of dimension 1/2. We also show that the zero set
of X reduced to the interval [0, Ly'(1)] is, almost surely, a Salem set. Finally, we show
that the restriction p of do(X) to the deterministic interval [0, 1] is such that its Fourier
transform satisfies £ (|fi(u)[?) < Clu|~"/2, u # 0 and C > 0.

Key words: Hausdorff dimension, Fourier dimension, Salem sets, Brownian motion,
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Introduction

This thesis is a study of the Fourier structure of level sets of a one-dimensional Brownian
motion using the notion of local times. The idea developed from a series of lectures
by Prof Fouché (my supervisor) which focused on Fractal geometry, Brownian motion,
Fourier analysis and the problem of uniqueness of trigonometric series.

In 1869 Heine proposed to Cantor the problem of determining whether a trigonometric
series that converges to 0 at all real numbers must have all its coefficients equal to 0
(that is the series is identical 0). This is equivalent to the following problem: If two
trigonometric series converge to the same limit at all real numbers, are they equal (or do
they have the same coefficients)? In 1870, using Riemann’s ideas, Cantor proved that the
answer to the question was “yes” and that was the beginning of various generalizations.
The main problem now became the following: Does the answer remain “yes” if exceptional
points are allowed. That is, if it is known that the series converge to the same points for
all reals, but nothing is known for points in a certain subset F, is it true that the series
are identical? Cantor showed that if this exceptional set F is a countable closed set, then
again the answer to the question is “yes”.

A set E C [0,1] is a set of uniqueness if every trigonometric series which converges to
0 for z ¢ FE is identically 0, or equivalently any two trigonometric series that converge
to the same points for every real z ¢ E are identical. Intuitively, this means that the
complement E¢ of E in [0, 1] is “large” enough that if the two series agree on it, then
they are the same on [0, 1] (they have the same coefficients). A set which is not a set
of uniqueness is called a set of multiplicity. More clearly, a subset M C [0,1] is a set
of multiplicity if there exist different (multiple) trigonometric series that converge to the
same points outside M. The convergence to the same limit in M€ is thus not sufficient to
guarantee that the series are equal. The problem of uniqueness can thus be formulated
as follows: Given a subset E C [0,1], is £ a set of uniqueness? Simplest examples of
sets of uniqueness are countable closed subsets of [0,1]. It is known that if E is a set
of uniqueness and is Lebesgue-measurable, then its Lebesgue measure is 0. It has first
been suggested that all Lebesgue null sets should be sets of multiplicity until Menshov
constructed an example of a closed set of multiplicity of measure 0. Major progress was
made by Salem and Zygmund (see for example [44]) when they completely characterized
Cantor type sets of fixed ratio £ in terms of the number theoretical structure of £&. However,

the characterisation of sets of uniqueness is very far from being complete despite efforts



by different mathematicians. (More historical details on the problems of uniqueness can
be found in the book by Kechris [28].)

The problem of uniqueness has many interactions with other areas of classical analysis,
measure theory, functional analysis, number theory, and set theory. For example, it is
well know that if a compact subset E of [0, 1] supports a measure p such that its Fourier
transform ji(u) = [ e™®du(x) — 0 as |u| — 0, then E is a set of multiplicity. For example,
the Lebesgue measure A on [0, 1] is such that |A(u)| converges to 0 (with rate |u|™!). It
is, therefore, natural to ask for the asymptotic rate at which the Fourier transform of a
finite measure tend to zero (if it really tends to 0). It is known that if F is a compact
subset of [0, 1] with Hausdorff dimension « € [0, 1], then any measure y supported by E
is such that |u|?|fi(u)]? is unbounded for any 8 > a. A compact set E C [0,1] is said to
have Fourier dimension « € (0, 1] if for any [ < «, there exists a measure p supported by
E such that |u|?|fi(u)|? is bounded and no such measure exists for 3 > a. The Hausdorff
dimension is, therefore, an upper-bound of the Fourier dimension. Salem [43] constructed
the first example of a compact subsets of R whose Fourier and Hausdorff dimensions are
the same. Such sets were later called Salem sets. The interval [0, 1] is itself a trivial
example of Salem set. The first non-trivial deterministic example was given by Kaufman
[27] when he showed that the set a-well approximable numbers contains a Salem set of
dimension 2/(2 + «). (See also Bluhm [5]).

Kahane, in his seminal book [24], gives a large class of Salem sets by showing, surprisingly
that, for any compact E C [0, 1] of dimension o < 1/2, if X denotes the one-dimensional
Brownian motion, then the image X (FE) is a Salem set (with dimension 2«). There are
many interplays between fractal geometry and Brownian motion and stochastic properties
in general in such a way that, fractal geometry defines a proper framework to explore
deep Brownian motion properties. Conversely, Brownian motion is a source of examples
to illustrate fractal properties. For example, knowing that the Hausdorff dimension of the
zero set of Brownian motion is 1/2 indicates how “irregular” a Brownian path is. It is
now common that in many textbooks on stochastic processes some sections are reserved
for fractal properties.

Motivated by Kahane’s ideas, we decided to study the Fourier dimension of level sets of
Brownian motion. We show that if 6,(X) is the Dirac measure of Brownian motion at the
level a, that is the measure defined by the Brownian local time L, at level a, and p is its
restriction to the random interval [0, L !(1)], then the Fourier transform of y is such that,
with positive probability, for all 0 < g < 1/2, the function u — |u|ﬁ|5a/(3()(u)|2, (u e R),
is bounded. From this we deduce that each Brownian level set, reduced to a compact
interval, is with positive probability, a Salem set of dimension 1/2. The proofs are based
on the fact that the inverse local time process of Brownian motion has independent and
stationary increments.

Using Lévy’s original definition of local times, we also show that, almost surely, the

restriction of the Dirac measure do(X) to the deterministic interval [0, 1] is such that its



Fourier transform verifies F (|fi(u)|?) < Clu|™"2, u # 0 and C > 0.

We have extensively used the ideas of Kahane (from his book [24]) and many beautiful
results of Lévy on local times and Brownian motion in general (many of them are given
in the epoch-making book by Ito and McKean [22] and the book by Peres and Morters
[39])-

If, from the point of view of stochastic processes, Brownian motion can be seen as a
simple model because more elaborated models become now available, its fractal properties
pose very difficult problems which are far from being fully understood. Its connection
with Kolmogorov complexity and descriptive set theory as described in various papers by
Fouché ([16], [17], [18]) shows that it has many beautiful and interesting properties that
are still to be discovered.

The notion of Salem set (or set of multiplicity in general) is not fully understood and we
hope that by exploring different examples provided by nature, it will become clearer how
such sets can be characterized.

The thesis is organized as follows. In chapter 1 we introduce the notions of Hausdorff
dimension and capacities of compact sets of R". Frostman’s lemma, which plays a central
role in fractal geometry, is discussed in great detail.

Chapter 2 contains a discussion on Fourier transforms of distributions and measures. We
provide a detailed proof of the Fourier transform variant of the energy formula. Available
proofs in the literature are very sketchy and every effort is made to clarify them. The
notions of Fourier dimension and Salem sets are finally presented at the end of the chapter.
General properties of Brownian motion are summarized in chapter 3. We are only inter-
ested by those properties which are relevant to the study of fractal and Fourier properties
of Brownian motion.

Chapter 4 deals with the notion of local times of Brownian motion. After a brief intro-
duction of the stochastic integration with respect to a Brownian motion, we review some
properties of level sets of Brownian motion and present the definition and relevant prop-
erties of local times. The notions of Dirac measure and inverse local times of Brownian
motion, on which the proofs of the results of this thesis are based, form the last section
of the chapter.

In chapter 5 we discuss some fractal properties of Brownian motion. Firstly, we discuss
the Hausdorff dimension of level sets and the doubling property of Brownian motion.
Secondly, we provide a full proof of Kahane’s theorem on the Salemness of Brownian
images of compact subsets of Hausdorff dimension < 1/2. This chapter is in preparation
of the proofs provided in chapter 6.

Finally, in chapter 6 are discussed in depth the asymptotic decays of Fourier transforms
of Dirac measures of Brownian motion. We prove in particular that level sets are, with

positive probability, Salem sets. The thesis ends with some concluding remarks.



Chapter 1

Hausdorflf dimension in Euclidean

space

In this chapter we introduce some fundamental notions of fractal geometry that will
be used in the sequel. We start with the notion of Hausdorff dimension and we prove
Frostman’s lemma using ideas of graph theory. Energy and capacities on compact sets
and Frostman’s theorem which play a central role in this thesis are also discussed in some
extent. More details and results of fractal geometry can be found in [13],[24] or [36]) for
example. Our exposition is influenced by lectures of Willem Fouché based on Chapter 10
of the book by Kahane [24] as well as the combinatorial treatment of Frostman’s lemma
by Morters and Peres [39, Chapter 4].

1.1 Definition of Hausdorff dimension

Given a subset E of the Euclidean space R%, and real numbers « € [0, d], € > 0, consider

all coverings of E by balls (B, : n = 1,2,...) of diameter < ¢ and the corresponding sums

> 1B
n>1
where |B| = sup{|z — y| : z,y € B} is the diameter of B. The infimum of these sums
over all such coverings by balls of diameter < € is denoted by HS(E). When € decreases
to zero, HS(FE) increases to a limit (which may be infinite). This limit is called the
Hausdorff measure of E in dimension « and is denoted by H,(F). In fact one can check
that F +— H,(F) is an outer measure.

If 0 < a < B < d, then, for any covering (B,,) of E by balls of diameter < ¢, we have that,

Bl <73 B,

n>1 n>1

from which it follows that
HY(E) < " “HS(E).



Hence, if H,(E) < oo, then Hg(E) = 0 and equivalently, if Hg(E) > 0, then H,(E) = co.
Therefore,
sup{a : H,(F) = oo} = inf{f : H3(F) = 0}.

This common value is called the Hausdorff dimension of E and is denoted by dimy(E).

It has the following elementary properties [36, p 59]:
1. If E C F, then dimy F < dimpy F,
2. dimy (U, E,) = sup{dimy(E,) :n=1,2,...},

If £ C F, then dimyg £ < dimy F. Any subset of R? of positive Lebesgue measure
has Hausdorff dimension d and countable subsets have Hausdorff dimension 0. We will
frequently refer to Cantor type sets and we briefly recall their construction. Let 0 < & <
1/2. Starting from the interval [0, 1] we remove an open interval of length 1 — 2¢ at the
middle of the original interval [0, 1], that is, remove the interval (£, 1—¢). Then from each
of the two remaining intervals, remove the interval of length {(1 — 2¢) at the middle of
the original intervals. At the nth step, we have 2" closed intervals of common length £"
and each of these generates two subintervals of length "' by removing an open interval
of length £"(1 — 2¢) at the middle. Let E, the union of the 2" intervals of step n and
Ce = Ny B, We will call Cg the Cantor type set of dissection ratio . We have that
H,(C¢) = 1 where a = log2/log(1/£). (See, for example, the book by Falconer [13]).
Then
log 2

The classical ternary Cantor set corresponds to & = 1/3.
The following proposition provides an upper bound of the Hausdorff dimension of the

image of a compact subset by a Holder-continuous function.

Proposition 1.1 If E is a compact subset of R" and f : E — R is a function such that

‘f(x)_f(y” §C|x_y‘ﬁa z,y €k

where C' > 0 1s a constant and 0 < < 1, then

impy B
dimy f(F) < min{dlmH ,d} .

Proof It is clear that dimy f(F) < d since f(E) is a subset of RY. We want to show that
if @ > 0 is such that H,(F) < 1, then H,/5f(F) < oo and in particular if a > dimpy F,
then o/ > dimy f(F). From this it will follow that

ﬁ .

Since for any € > 0, HS(F) < H,(FE) < 1, we can cover E by balls (B,,) of diameter < e

dimy f(E) <

5



such that

> |Ba|* < 1.

n>1

Clearly,
|f(B,)| < C|B,|°, for any n > 0.

Let K, be a ball of diameter § = C|B,|? containing f(B,). Then

HY 5 f(E) < 37K, < 003 B, < 7P

n>1 n>1

Therefore,
H,sf(E) < CP < 0.

1.2 Frostman’s lemma

In 1935 Frostman [19] proved the celebrated lemma which provides a relationship between
Hausdorff measures and finite measures carried by a compact set. The proof given here
is adapted from a proof given in the book by Morters and Peres [39, pp 83-85]. Other
proofs can be found elsewhere [36, pp 112-124].

Theorem 1.2 If E is a compact subset of R? and 0 < o < d, then Ho(E) > 0 if and

only if E carries a probability measure p such that
u(B) < cB|* (1.1)

for all balls B and some constant ¢ > 0.

The proof uses ideas from graph theory and the well-known max-flow min-cut theorem of
Ford and Fulkerson [14]. Before proving the theorem, we recall the following basic notions

of graph theory.

Definition 1.3 Consider a connected graph T = (V, F') described by a countable set V' of
vertices including a distinguished vertex p, designated as the root, and a set FF CV xV

of ordered edges. T is a tree if it has the following properties:

(1) for any vertex v € V', v # p, there exists only one © € V', called the parent of v such
that (v,v) € F,

(2) for any v € V, there ezists a unique path from p to v; the number of edges in this

path is called the order of v and denoted |v|,

(3) for everyv € V, the set {w € V : (v,w) € F} of offspring of v is finite.



For any v, w € V', we denote by v A w the vertex which is the common vertex the paths
from the root to v and w with maximal order, that is, the last intersection vertex of the
paths [p, v] and [p, w]. The order |e| of an edge e = (u,v) is the order of its end-point v.
Every infinite path starting at the root is called a ray. The set of rays is denoted 9T, and
is called the boundary of the tree T'. For any two rays ,n € 0T, we denote by £ A 7 the
vertex in the intersection of these rays of maximum order. The order of £ A7 is, therefore,

the number of edges that these rays have in common. One can show that

d(g, ) =271
is a metric on the set 0T

Definition 1.4 Let T = (V, F) be a tree (of root p) such that capacities are assigned to
its edges by a mapping k : F'+— [0,00). A flow of strength a > 0 through T is a function
f: F—[0,a] such that

(1) ZwEV:(p,w)eF f(pa w) = a,
(2) (preservation of the flow): f(T,v) =3 ,eva—s f(v,w) for anyv € V', where T is the
parent of v.

(3) f(e) < k(e), for any e € F.

A set 11 of edges is called a cutset if every ray contains an edge from II.

The following proposition is the celebrated max-flow min-cut theorem of Ford and Fulk-

erson. A proof can be found in Appendix of Morters and Peres [39].

Proposition 1.5 The mazimum strength of a flow through a tree of capacity k is

inf{ > k(e) - 11 is a cutset of the tree} :

ec II

Proof of Theorem 1.2:
Firstly, we prove that the existence of p implies (1.1). It is clear that u(E) > 0 since
p# 0 and supp(p) C E. If (B,),>1 is any covering of E by balls, then

0 < pu(E) < m(Up>1By) <D pu(Br) < e |By|®

n>1 n>1

and, therefore,

> IB* > Q > 0.

n>1

It follows that HS(E) > @ for any € > 0 and hence H,(A) > ”( > 0.
For the converse of the theorem, we assume without loss of generahty that £ C [0,1]? and

that H,(E) > 0. The idea is to construct a tree whose boundary contains in some way
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the set F and where cutsets of the tree can be interpreted as coverings of E. Let us split
the cube [0, 1]¢ into 2¢ new equal dyadic cubes of sidelength 1/2 and repeat the dissection
indefinitely for all the new cubes. Consider the tree T'= (V, F') defined as follows:

(1) associate a vertex with each cube; the vertex associated with the original cube [0, 1]¢

is considered as the root,

(2) for every vertex v, consider 2¢ edges emanating from it, corresponding to the 24

subcubes of the cube associated with v,

(3) remove the edges whose endpoints are subcubes which do not contain elements of

FE and remove also their endpoints.

It is now clear that a ray of T' corresponds to a sequence of nested cubes whose intersection
is a point of E. This defines a map ¢ : 9T — FE and it is clear that ¢ is surjective.
Define a capacity k on T by

k(e) = (27"Vd)® (1.2)

where n is the order of the edge e (the dimensional factor v/d is omitted in [39]). Note
that k(e) = |A|* where A is the subcube associated with the endpoint of e.

For any cutset II of T', consider the family C(II) of cubes associated with the vertices of
1. This family is a covering of E. Indeed, any = € E is of the form ¢(&) for some £ € 0T
Since II is a cutset it contains at least one edge e of £. The subcube corresponding to the
initial point of e contains . Any cutset can now be seen as a covering of E and therefore

(since there are at least many coverings as many cutsets)

inf {Z k(e): I is a cutset} >inf ¢ > [Au|*: E C Up1 A4, o (1.3)
e€ll n>1

We can now see that the condition H,(F) > 0 implies that right hand side of (1.3) is

positive. Indeed, suppose that

inf {Z |An|a B C UnZlAn} = 0.

n>1

This means that 3, |A,|* can be taken arbitrary small; which is possible only if each
|A,| is arbitrary small. Then, after replacing sets A,, by balls of diameter | A, |, this yields
H¢(F) =0, for any € > 0. This contradicts the fact that H,(E) > 0. Therefore,

inf {Z k(e): 1T a Cutset} > 0.
e€cll

By the max-flow min-cut theorem, there exists a flow f : E — [0, 00) of positive strength
such that f(e) < k(e) for any edge e € E.



We want to show how to use the flow f to construct a measure on the boundary 07T which
will induce a measure on E by the map ¢.

For any edge e € F' we associate the set T'(e) C IT consisting of all rays containing e and
denote by A the class of all such sets. We can add the empty set to this class if it does
not contain it. The class A is a semi-algebra on 0T in the sense that if A, B € A and
then AN B € A and A€ is a finite disjoint union of sets in A. In fact, the first property is
obvious, since for any two edges ey, e, T'(e1) NT(e2) # 0 if and only if one of these sets
is a subset of the other. For the second property, note that since T'(e)¢ is the set of rays
that do not contain edge e and the number of offspring of each vertex is finite, there exist
ey, €g,...,e, € F such that T'(e)® =T(e1) UT (ea) U...UT(ey,).

We next consider the map v : A — [0, 00) defined by

v(T(e)) = f(e) and v(0) = 0.
If T(e;)UT (e2)U...UT (e,) = T'(e), then because the flow through each vertex is preserved,
v(T(e1) UT(ea)U...UT(e,)) =0(T(e)) =v(T(e1)) +...+0(T(en)),

which means that v is finitely additive and hence countably additive, since for each T'(e)
there is only a finite number of disjoints sets in A such that 7'(e) is their union. This is
justified by the fact that if e = (u,v) and vy, ..., v, are the offspring of v, then the only
possible decomposition of T'(e) as a union of disjoint sets in A is T'(e) = T'(e;)U...UT (e,)
where (e; = (v,v1),...,e, = (v, v,).

By the Caratheodory extension theorem, there exists a measure v on the o-algebra o(.A)
spanned by A which extends 7. The idea is now to consider the image measure p of v
by ¢, which will be a measure on E. Before that, we need to show that ¢ is measurable
with respect to o(A) and the Borel o-algebra B(E) on E. We first mention the fact that
the Borel o-algebra on [0, 1] is also spanned by the family of intervals of the form [0, al,

(0 <a <1). If we consider the binary expansion
a= Zan2_”, a, =0or 1,
n=1

the interval [0, a] can be written as a countable union of dyadic intervals:
[0,a] =[0,a:27 U [a127 @127 +ax27 2 U .. (1.4)

This indicates that the Borel o-algebra on [0, 1]¢ is also spanned by the family of subcubes
obtained from the dissection procedure. It is, therefore, sufficient to show that ¢~1(S) €
o(A), for any subcube S. If SN E = (), then ¢~'(S) = () and there is nothing to prove.
Otherwise, we can consider the vertex v associated with S and the edge e pointing to v.
Then ¢~ '(S) = T'(e) and hence it is an element of o(A).



Therefore,

The measure p is nonzero because
n(E) = v(0T) = v (U T(e;)) = 3 f(e;) = strength(f) >0
j=1

where €1, e, ... e, are the edges with common initial point p (the source of the tree).
It remains to show that p(B) < c|B|® for any ball B of R? and some fixed constant c.
Consider the integer n > 1 such that

B
Vd

Intuitively this means that BN[0, 1] is contained in a cube of side length between 27" and

2 < 2-(n=1)

2-(=1_ In dimension 1, it is clear that at most 3 subcubes (or subintervals) of side length
27" are needed to cover BN [0, 1] and one can easily generalise this to 3¢ in dimension d.
Let us denote these subcubes by S;, j = 1,2,...,3% and consider the edges ¢; pointing to

the vertices associated with these subcubes. We have that

uw(B) = p(BNI0,1 < pu(U;S;)
dou(S;) =D fle;) <D k(ej)
J J J
34(27"/d)* from relation (1.2))

3% B no,1]%4°
3% B|~.

IN

IA A

IN

An obvious scaling of p by u(E) yields a probability measure. n

1.3 Energy and capacity

From Frostman’s lemma, the Hausdorff dimension of a compact subset of R? is closely
related to probability measures carried by this set. Another very useful way to characterize
a compact subset of R? is to consider the energy integrals of non-zero finite measures
supported by this set. These energies define another dimension concept which turns out
to be identical to Hausdorff dimension by the celebrated theorem of Frostman [19] (see
also [24, p 133]).

Definition 1.6 Consider a compact subset E of R% and a real number o such that

0 < a < d. For a given non-zero finite measure p supported by E, the energy integral of

10



w with respect to the kernel k(x) = |x|~ is given by

/Rd /Rd |z — y|°“

The measure p is said to have finite energy with respect to k if I,(u) < co. We say that
E has positive capacity with respect to k and write Cap, (F) > 0 if E carries a non-zero
finite measure of finite energy with respect to k. If there is no such measure we say that
E has capacity zero with respect to this kernel and write Cap, (E) = 0. The following is

the Frostman theorem.

Theorem 1.7 For any compact subset E of R and 0 < o < 8 < d,
(1) if Hg(E) > 0 then Cap,(E) > 0 and if Cap,(E) > 0 then H,(E) > 0,
(2) sup{a: Cap,(E) > 0} = inf{F: Caps(E) = 0} = dimy(E).

Proof (1) If Hg(E) > 0, then, by Frostman’s lemma, there is some non-zero finite mea-
sure p carried on E such that u(B) < ¢|B|?, for all balls B ¢ R? and a constant c. In
particular, ; is a non-atomic measure. For any fixed y € R? we can partition R? into
the subsets

1

1 ‘
A, = {xERd 2]+1_|x—y|§2—J} j=12 ...

1
Ay = {xGRd:|x—y|>§}.

Then we have that

du(x)
/Rd |:E/iy|°‘ :/Ao |x—y|0‘ Z/] |$_y|a

The first integral on the right-hand side is bounded by 2%u(FE) and is, therefore, finite
since p(E) is finite. For any j > 1, because |A;| < 1/27, we have that

du(z - - 1\" 2%¢
(j+Da _ o(j+Da . G+Dea, [ =} =™~
/7|x—y|a</ : dulw) =2 HA) <2 C(2j) 21 (8=

It is now clear that

/ du(x) _
R

* e =yl
and, therefore, I,(F) < oo since p(F) < co. We conclude that Cap,F > 0.
Let us assume that Cap, £ > 0 and show that H,E > 0. Since Cap, £ > 0, there exists

a non-zero finite measure p carried on E such that [, (u) < oo. For any ¢t > 0, define

Et:{yeE:/ dnlz) §t}.
Re |2 — y|®
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We can choose t so large such that pu(£;) > 0. Indeed, suppose that for any ¢ > 0,
pu(Ey) = 0, that is, p(Ef) = p(E). Then for any t > 0,

L= [ ( [ %) ) > | tuto) = u(E).

It follows that I,(u) = oo, which is a contradiction. Let us now fix ¢ > 0 such that
p(E;) > 0 and consider a covering (B,),n = 1,2,... of E; by balls of R%. Our aim to
estimate Y, |B,|" from below. For this purpose, we may assume that B, N E; # (), for
all n. Select y,, € B, N Ey, n =1,2,... Since |B,|* > |z — y,|* for any = € B,

dp(z)

NBnSBna T A
Ba) IBal* | e

< t|B,|* (since y,, € E).
Then . )
Z |Bn|* > ;M(Uan) > ?N(Ef) >0

for any covering (B,,). Therefore, Ho(E;) > +1(E;) and hence H,(E) > 0.

(2) The first equality is obvious by definition. The second is a consequence of (1). Indeed,
denote v = sup{a : Cap,(E) > 0}. For any a < -, we have that Cap,E > 0 and then
from (1), Hy(E) > 0. Thus dimy(F) > « and, therefore, dimy (E) > 7. If dimg(E) > 7,
then Hs(E) > 0 for v < § < dimy(F) and then from (1), Caps(E) > 0 which is a
contradiction. It follows that dimgy(E) = 7. E

12



Chapter 2

Fourier transforms and Fourier

dimension

The purpose of this chapter is to introduce the notions of Fourier dimension and of Salem
sets. These notions are based on the Fourier transforms of measures. In order to give a
complete proof of the Fourier transform variant of the capacity formula, we review basic
ideas of the Fourier transform of tempered distributions. This formula is one of the most
important relations of fractal geometry. A full proof of this formula based on a sketchy

proof found in Mattila [36] is provided.

2.1 Fourier transform of integrable functions

Given a function f € LY(R"), its Fourier transform is the function defined by
flu) = /ewxf(x)dx, ueR" (2.1)

The function f is continuous.
If f is also summable, that is, f € L'(R™), then we have the following Fourier inversion
formula [42, p 185]:

1

/ e e f (u)du, almost everywhere in R"™. (2.2)

If f1, fo € L*(R™) and their Fourier transforms f;, f> belong to L2(R™), then we have the
formula [42, p 187]:

Fi(w) folu)du = / fi(2) fa(@)de. (2.3)

In particular,
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The Fourier transform of the Gaussian function
_ 2
flx)=e2" s>0

is given by (see, for example [47, p 38-41])

~

Flu) = (m)s)M2e 1l /4s, (2.4)

2.2 Fourier transform of tempered distributions

We will need Fourier transforms of functions that are not necessarily in L'(R™) but are
locally integrable. The usual way to define their Fourier transforms is to consider them
as tempered distributions.

Let us introduce the following common notations. For any o = (ay,...,a,) € N™ and

r=(x1,...,7,) € R",

la] = a1 +...+ay,
o o1 o
x* = aft.oooann
|
0" = o

ozt ... Qagn’

Consider an open subset W of R" and the linear space C§°(W) of C*°-functions defined
on W having compact support. This space can be endowed by the structure of locally

convex topological space as follows [1, pp 24-25]:

1. Write
Co?(W) = UgexCE (W)

where IC is the class of all compact subsets of W, and C° (W) the subset of C§°(W)

whose elements have support in K.
2. Endow C% (W) with the topology defined by the family of norms
pi(¢) = sup{|0“¢(x)| : x € K, |a| <i},i €N
that is, consider the neighborhood system of zero to be the family of balls

Bi(r)={p e Cg(W) :pi(¢) <r},r>0 and i € N.

3. Endow C§°(W) with the inductive limit topology of the topologies on the spaces
C (W), that is, the neighborhood system of zero is the class of subsets U C C§°(W)
such that U N CE(W) is a neighborhood of zero in C3¢(WW) and that U is convex
and balanced in the sense that, for any f € U and A € C such that [\ < 1, it
follows that \f € U.

14



The space C3°(W) endowed with this topology is denoted D(W).
Definition 2.1 A distribution on W is a continuous linear functional on D(W).

The set of distributions on W is denoted D'(WW). For any locally integrable function f on

W, the linear functional

(f.6)= [ F@)o(a)dz, ¢ € D(R")

is a distribution on W. Another important example of distribution is the classical Dirac
distribution 4., x € R™ defined by

(02, 0) = ¢(x), ¢ € D(R").

We will simply denote dy by §. Any Borel measure p with compact support defined on

R"™ induces a distribution on R"™ as follows:

(1.6) = [ 6@)du(a), ¢ € D(R")

Definition 2.2 A sequence (T,,) in D' (W) converges (weakly) to the distribution T if, for
every ¢ € D(W), the sequence (T, @) converges to (T, ¢) in C.

Usually, it is useful to consider the Dirac distribution as the limit of a sequence of inte-

grable functions. The following proposition gives such a sequence [1, pp 48-49]:

Proposition 2.3 For any non-negative integrable function f on R™ such that
[ f(z)dx =1, the family (f.),e > 0 defined by

1 x
sl =1 (%)
€ €
converges to 0 in D'(R") as € — 0.

An example is given by
1

w2
Je(x) = (27?6)*"/26 .

We now turn to a specific class of distributions called tempered distributions, to which it

is possible to extend Fourier transforms.

Definition 2.4 A function ¢ € C*°(R) is said to be rapidly decreasing if

sup |2°0°p(z)| < oo
z€R™

for all multi-indices o and (3. This is equivalent to

sup sup (1 + |x\2)m 10°¢(z)| < oo,
|8)<m veR?
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for all integers m > 1.

The space of rapidly decreasing functions on R™ is denoted S(R™). It is a linear topological
space where the topology is defined by the family of semi-norms p, g, o, 8 € N™ such
that

pas(®) = sup [1°0°6(0)], 6 € S(RY).
The topological space D(R"™) is a dense subspace of S(R").
Definition 2.5 A tempered distribution is a continuous linear functional on S(R™).
The set of tempered distributions is denoted §'(R™). Clearly, S'(R") C D'(R").
Example 2.6

Many properties of fractal geometry are based on the function k defined on R" — {0} by

k(x) = ——, for some 0 < o < n.

]

For any ¢ € S(R"), let
(k,d) = / k(2)b(x)da.

Then |(f, ¢)| is finite. Indeed, for some real A > 0, we have that

keo)l < [ k(@)o(w)|da
_ /xZAk:(x)|q5(:p)|d:p—l— k()] (x)|dx

lx|<A

For |z| > A, k(z) < 1/A* and for |z| < A, there exists M > 0 such that |¢(z)] < M
(since ¢ is bounded). Therefore,

1

o) < gz [ o@)lde+ 1 [ k)

To show that [, |¢(z)|dr < oo, we note since ¢ € S(R"), then
sup (1+ [2[*)"[é()] < o0
z€R™
and hence
|o(x)] = (14 |2[) 7" (1 + [2]*)"[é(2)]| < H(1 +|z|*)™", for some H > 0.

Therefore,
dx
dx < H/i )

The function k defines a tempered distribution (see for example [47] for a more general

result).
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We have that S(R™) C L'(R"™) and it is true in general that S(R™) C LP(R") for any
1 <p<oo. Also, LP(R") c S'(R™), ([1, p 122].

The Fourier transform of any ¢ € S(R") exists. One of the most important properties

of the space S(R") is that the Fourier transform defines a continuous linear operator in
S(R™) and the Fourier inversion formula holds, that is: If ¢ € S(R™) then ¢ € S(R")

and if ¢,, converges to ¢ then gzgn converges to ngS and, for any v € RV,

¢(r) =

G (u)d S(R™).
(See for example, Theorems 4.3 and 4.4 in [1, p 124-125]).

We are now ready to extend the Fourier transform operator on tempered distributions.

Definition 2.7 For any T € S'(R"), the Fourier transform T of T is defined by

If ¢ € S(R"), then ¢ defines a tempered distribution T}, by (Ty,v) = [ ¢(x)y(z)dx and
its Fourier transform is denoted T¢. The Fourier transform (ZB of ¢ also defines a tempered
distribution because it is an element of S(R"). Let us denote it by 7j. Then we have
that Ty, =T,
Let us now find the Fourier transform of the tempered distribution defined by the function

k(x) =1/]x|~

Proposition 2.8 For any 0 < a < n, the Fourier transform of the tempered distribution
defined by the function k(z) = L5, € R" — {0}, is the tempered distribution defined by

- ‘Ma?

the function

o 20t (/2 + n/2)
M) =g

lu|*™", ueR", (2.5)
where
['(z) = / e ldt, 2 > 0
0

1s the gamma function.

Proof The following proof is adapted from the book by Strichartz [47, pp 50-51] We start

by considering the integral
I:/ s lesl#’ gg
0

With the variable change h = s|x|?, we find, that,

1 o, T 2
Ji / sz le75ds = (o/ )
0

e jz]e
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Therefore, we have the identity

]_ ]_ © g717||2
= s d 0.
o T b o

For any ¢ € S(R™), we have that

(ko) = (k)
= [ k@)dx)de
= a7 e (58 ) by
1 Ca g g izz
= Far) e (7 ds) [0 dzda
= F(;/Q) /Rn /OOO </ § eiwze—slmIle«) 53 1p(2)dsdz (by Fubini’s theorem)
= F(;/Q) /Rn /()Oo(ﬂ/s)”/ze22/453%1¢(z)dsdz (from relation (2.4))
/2 O am_y _|2/4s
= T(a)2) /R (/0 st e W)d‘g) a2
= % / ) (/OOO |z|°‘_”6_hh_%+%_1dh> $(2)dz (by taking s = |z|*/4h)
_ W”/QQ”_;I(“(E(/Z)— a)/2) /Rn 20 5(2)dz
= c(a,n)(g,9)
where g(z) = |z|*" and

7/22n T ((n — ) /2)
I'(a/2)

cla,n) =

It follows that k is the tempered distribution defined by the function ¢(a,n)g. g

2.3 Fourier transform of measures

We will need the notion of Fourier transform of finite measure of compact support.

Definition 2.9 The Fourier transform of a finite measure p on R™ of compact support
is the function defined by

f(u) = /ei”du(x), ue R"™

Since u(R™) < oo, the function fi is bounded uniformly continuous. In the sequel, it will
be useful to approximate measures by convolution products. We consider the following

definitions.

Definition 2.10 Let f and g be real functions on R™ and let p be a finite measure of
compact support on R™. The convolutions f * g of f and g, and f * p of f and p are

18



defined by

@) = [ F@=y)ely)y
[ = [ J@=yaduy)
provided the integrals exist.

Clearly, we have that
frg=fg and fxp=fi (2:6)
provided the involved integrals exist.

Definition 2.11 An approximate identity (@¢)eso s a family of non-negative continuous
functions on R™ such that the support of each ¢. is contained in the ball B(e) of centre 0
and radius € and [ ¢p.dr = 1.

Such families are usually constructed by taking a continuous function f : R" — [0, 00)
such that its support is contained in B(1) and [ f(x)dz = 1 and then to define

dc(r) =€ "f(x/e), € > 0.

We have the following proposition. The first part is adapted from [36, p 20] and the
second from [42, p 184].

Proposition 2.12 Let (¢.) be an approzimate identity.

(1) If u is a compactly supported finite measure defined on R", then the family of func-

tions ¢ x (. converges weakly to p as € tends to 0, in the sense that

llm/f (Pe * p)(z dx—/f Ydu(x
for any uniformly continuous bounded function f defined on R".

(2) If g is a locally integrable function defined on an open subset of R™ and continuous

at x, then
lim g * () = ().

Proof (1) Because [ ¢.dxr = 1, we have that

/fx (e * 1) xdx—/fxdu:c

[ @) ([ éula = y)duty )dx—/f Ju(y) [ oc(x)d

/(/f )pe(z — )dx) du(y /</f )@e(w d:c) du(y) (by Fubini’s theorem)
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= [ ([ 10+ mémin) duty) = [ ([ F@6@)de) duty) (by taking h =z~ y)
= [(JU@+u = f@)sda)d) dutw).

Since f is uniformly continuous and bounded, then for any ~ > 0, there exists o > 0
such that for any h,y with |h — y| < 0 we have |f(h) — f(y)| < 7. Then by taking
e > 0 sufficiently small such that € < 0, we have that for any x € B(e), and any y € R",
|(z+y)—y| < d and hence |f(z+y)— f(y)| < . Using the fact B(e) contains the support
of ¢., one finds that

s e~ [ @] = | ([, (f(x+y)—f(y))¢e(:v)dw> )

< [ [r6d@)dduty

= yu(R").
Since u(R™) < 0o, we conclude that

lim [ /(@)(6c % p)(@)de ~ [ f(x)du(z) = 0.

e—0

(2) As previously, we write
g 6u(r) = 9(a) = [ (9w~ 1) ~ gla))ou{r)d

Since g is continuous at x, for any v > 0, there exists § > 0 such that |g(y)—g(z)| < 7 holds
for any y such that |[y—z| < . By taking y = x—t and € < ¢, we find |g(z—1)—g(x)| < v,
for any |t| < e. It follows that

9% 6c(a) — g(a)| <7 [ ot)t =~

and hence lim, . g * ¢.(z) = g(z). 5

2.4 Fourier transform and capacities

Consider a compact subset E of R". We recall that, by Frostman’s theorem (Theorem

1.7), the energy integrals

0= [ [ = panants) = | [ D0 |x—y|a

are very useful in the calculation of the Hausdorff dimension of F.
The following theorem, which relates I, (1) to fi, is an important result of fractal geometry
9, p 22-23], [36, pp 162-163].
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Theorem 2.13 For any finite measure i on R"™ with compact support, and any
0<a<n,

Tali) = 5 [ ) i), (2.7)

where k is given by relation (2.5).

Proof The following proof, which is quite long, is adapted from a sketchy proof given in
the book by Mattila [36, pp 162-163].

We approximate the function k(z) = 1/|z|* by the convolution product of k by an ap-
proximate identity. Consider an approximate identity (¢.) defined by ¢.(x) = € " f(x/€)
where f is a C*°-function whose support is contained in the ball B(1/2) of radius 1/2 and
centre 0 and such that [ f(z)dz = 1. It is clear that 1. = ¢, * ¢ is also an approximate
identity and we have that i(z) = € " f * f(x/€). We will also assume that f(x) = f(—x)
and that the Fourier transform f is a non-negative function.

For any = # 0, the function k is continuous at z and from Proposition 2.12, it follows
that lim. .ok * ¢.(z) = k(z). This is also true for x = 0 if we take k(0) = oco. Then, by

Fatou’s lemma,
= //k(:v —y)du(z)dp(y) < liregionf//k *he(x — y)dp(z)du(y).
(1) Firstly, we want to show that

hmmf//k*z/}6 x —y)du(x)du(y) w)|fi(u) Pdu. (2.8)

In order to make use of Fubini’s theorem to compute these integrals, we need to show
that

//k * Ye(x — y)du(z)duly) < oo.
We have that, for any z # 0 in R, if % > ¢ then for any u € B(e),

1 27

|z —ul* 7 fz]

(2.9)

Indeed, the function u — |z — u|* attains its minimum at u = €z/|z| and hence

R S
sup <277

weB(e) |2 —ul®  (1—¢/[z])®

Now for z —y # 0, and |z — y|/2 > ¢, we find that

kxve—y) = [

k(x —y — u)p(u)du < 27%(z — y) / Ye(u)du =27k (x — y).
B(e) B(e)
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For |z — y|/2 < €, we have that

begi(e—y) = [ K=y~ wid)du

/ (x —y — u)du (where H = sup 1),)

< / |d— (since |z —y| < 2€) (t=2z—y—u)
C(e).

Therefore, k * 1.(x — y) is bounded by a constant depending only on e. Now it follows
that

//k * Pe(x — y)dp(x)du(y) < 27° //k(x — y)du(z)du(y) + Cle)A < oo

where A = (u(R"))%
(2) We have that,

kExtp(z—y) = (k*ode)*p(r—1y)
- /k*¢5(x—y—h)¢5(h)dh

= /k: % Oc(h — .+ y))pe(h)dh (by symmetry of k£ and ¢,)

= /k % Oc(z +Y)pe(z + x)dz (by taking z = h — z)

T

Using Fubini’s theorem, we find that

[ [ vele = ydu(@)dnty) =

//k (/¢ez+y—td,u )(/@deﬂ( ))dtdz.

The first inner integral is

Jode+y—tianty) = [odt—=—ydu(y) (by symmetry of ¢,
= Qe :U'(t - Z)

and the second is

[ oz + )dua) = [ o=~ = b0 fil2)

where i is the measure defined by [ g(z)dj(z) = [ g(—x)du(x) for any continuous function
g on R™ with compact support. Therefore,

//k*wex— Ydp(x)dp(y) /k /¢6*Mt—z)¢€*ﬂ( )dzdt
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[ @6 1) % (60 % ) (D)t

(3) We can now shift to Fourier transforms by using Definition 2.7. By letting

(¢c % ) * (¢ i) = He, H. € S(R")

we have, by the inversion formula, that

— 1 =\ ~
He = G (@ox i)+ (60 )
= (271T) (e * pu % ¢ * f1)" (since ¢ is a real function)
— (Qi)n(és X [l X ¢ x 1) (from equation (2.3))
1

= W(|€5e|2|ﬂ|2) (since i = fi).
Therefore,

[ [Eevde = yan@duty) = [ k@) [ o0t = 260 filz)dzdt

- /ktﬁtdt

= /k (t)H.(t)dt (by Definition 2.7)

(B)]oe(t)*|(t) dt.

Since for € — 0, it is the case that ¢.(t) = f(te) — 1 (which is the Fourier transform of
the Dirac distribution ), it follows that

fmint [ EO) o0 (o) = s [ RO)tr) P

Therefore

(4) Let us now show that

1 - .
L) 2 = [ k(0)lt) Pat. (2.10)
For this end it is sufficient to show that

limsup [ k= ez — y)du(2)du(y) < La(p). (2.11)

e—0
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Forz —y # 0,

kxvdo—y) = " [Ka—y =R/ )0/)dh
- /Mx—y—de*ﬁ@MhhmﬁUmmw@)

A useful observation is that for any z,u € R" such that |z| = 1 and |u| < 1/2, one has
that

<14 2|ul. (2.12)

|2 —ul

Indeed, it is clear that among the u’s such that |u| = 8 < 1/2, the one that maximizes

the function 1/|z — u|* is u = Bz (for fixed z). In that case,

1 1 1

[z —ule el =pg) (1-pB)
The Taylor expansion of

O—ﬁ)a::1+ﬁ<w+M2TDﬁ+

< 1428 (since a <1, < 1/2).

ala+1)(a+2) ,
i ﬁ _|_>

Now we write
//k*mw—yMM@WMD=L+J§
where
ho= //AmMWﬁmsrwkg_y_de*ﬁ@MmM@MM@?

k= //A%mmﬁMwﬁmk@_y_de*ﬁWWmW@MMM-

We compute J; by noting that if 0 < e < 1/4, |h| < 1 and v/€|h| < |z — y| then

dhl_ o e<l
|z —y| 2
Now we have that
1 1
k(x —y—eh) = a
|z —yl|*| 2=y _ _ch
|z—y| |z—y|
1 2¢|h
< <1-+ elh ) (by relation (2.12))
|z —y|* lz—y
1
< (1 +2V/e).
|z —y|*
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Then
J1 < (14 2y/€)I,(11) since /f x f(h)dh = 1.

To compute Jo, we note that for fixed x and y and for h € B(1) with \/e|h| > |z — y|},
the function 1/|x — y — eh|* attains its maximum for h = (z — y)/y/e. (In general for

u,v € R™, |u — v| attains its minimum value for u = Hv for some positive constant H.)
Therefore, for h € B(1) and /€|h| > |z — y],

1 < 1 B c
[z —y—ehl* = (1=Ve)lz —yl* |z —y|*

1
fos C/ / /{heB<1):\/E|h>|zy|} (f x f)(h)dhdp(w)dp(y)

|z —y|*

1
s ¢ / / / % £)(h)du(x)dhd Fubini’s theorem
yeRM hGB(l) x:\/g>‘x7y‘} |.fL' _ y‘a(f f)( ) ILL( ) /’L(y) ( )

1
¢ dp(z)d
/?JER” /z:\/g>|$y|} ‘l’ — y‘a 'u( ) :u(y)

where the last inequality follows from [g) f * f(h)dh = 1.
It follows that J; — I,(u) and J; — 0 as € — 0 and relation (2.11) is proven. E

IN

2.5 Fourier dimension

We consider a compact subset E of R”. The Hausdorftf dimension of £ and many other
notions of dimension give very good indications of the thinness of £. In view of Theorems
1.7(2) and 2.13, the Hausdorff dimension can also be defined as the supremum of the

a € [0,n) for which E carries a nonzero finite measure p such that
/|u|a’”|ﬂ(u)|2du < oo (2.13)

Roughly speaking [36, p 186], the finiteness of this integral indicates, that for most points
u with large norm,
()] < clu| ™2, ¢ > 0.

One might thing that this is the case for all u such that |u| — oo but it is not true in
general. For example, there exists a probability measure p on the ternary Cantor set such
that |fi(u)| does not tend to zero for |u| — oo even though (2.13) holds for a = log 2/ log 3
(see for example the book by Salem [44, pp 40-41]). This justifies the following definition:

Definition 2.14 A compact subset & of R™ is called a My-set or a set of multiplicity in

the restricted sense if it carries a non-zero measure ju such that |fi(u)|* — 0 as |u| — oo.

Such sets are connected with the problem of uniqueness and multiplicity for trigonometric

series. If 1/€ is an integer > 2, then the Cantor type set C¢ of dissection ratio £ is not a set
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of multiplicity. This is a particular case of a more general result of Salem and Zygmund
(see [44, p 52]) that C¢ (0 < € < 1/2) is a set of multiplicity if and only if 1/¢ is not a
Pisot number. (A Pisot number is a real number > 1 which is a root of a polynomial
with integer coefficients and leading coefficient 1 and that all its other roots have norm
< 1). For example, all integers > 1 are Pisot numbers and a rational number > 1 is a
Pisot number if and only if it is an integer. So, for example, Cy/7 is a set of multiplicity.
If £ is a compact set of multiplicity, it is interesting to know at which rate |f(u)| — 0.

This is emphasized by the following definition:

Definition 2.15 Let E be a compact subset of R". The Fourier dimension of E is the

supremum of the « € [0,n| for which E carries a non-zero finite measure j such that
|i(uw)]* = O([ul™®), for Ju| — co.

We will denote the Fourier dimension of E by dimp(F). The basic fact concerning Fourier
dimension is that it is always less or equal than the Hausdorff dimension. In fact, suppose

that dimp(F) = o > 0. Then for any 0 < § < «, and sufficiently small € > 0,
|i(u)[* = O([u|~*), for |u] — oo,
That is, for any A > 0 there exists ¢ > 0 such that
|(w)]? < clu|=PF9, for |u| > A.
Then
[l it Pdu= [l P+ [l i) P
lul<A |u|>A

The first integral on the right-hand side is bounded by f\ulé 4 |u|?~"du which is finite and
the second is bounded by

c/ |l || P du = c/ lu| "¢ < o0.
|u|>A |u|>A

Therefore, by relation (2.13), dimy £ > ( and hence dimy E > «, that is dimy £ >
dimp E. However, the Hausdorff and Fourier dimensions may be different. For example
the Cantor type set C¢, 0 < £ < 1/2 where 1/¢ is a Pisot number, have Fourier dimension 0
whereas the Hausdorff dimension is nonzero. One should expect that these two notions of
dimensions are really different. The Hausdorff dimension is based on the metric structure
of the set whereas, as indicated above, the Fourier dimension has something to do with

arithmetical properties of the set.

Definition 2.16 A compact subset of R™ is called a Salem set if its Hausdorff and Fourier

dimensions are the same.

Obvious examples are compact sets of Hausdorff dimension 0 and closed balls of R™ (with
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dimension n). Any sphere of R™ is also a Salem set of dimension n— 1. The first example
of Salem set defined by Salem [43] was a random set. We will discuss in chapter 5, the
beautiful results of Kahane [24] on the existence of other random Salem sets via the theory
of Brownian motion. Many other Gaussian stochastic processes generate also Salem sets
[46]. Other random Salem sets have been constructed by Bluhm [6]. He showed that a
“slight” random perturbation of the Cantor type set C¢ is a Salem set.

There are, however, very few known examples of non-random Salem sets. Kaufman [27]

shows that for any a > 0, the set
B(a) = M2, Uy {z € (0,1 : [lgz]| < g7}

of “a-well approximable numbers” contains a Salem set of dimension 2/(2 + «). (Here
||I]| is the distance from ¢ to the nearest integer.) Bluhm [5] showed how, for any a > 0,
one can construct recursively a sequence of integers M; such that the following set is a
Salem set of dimension 2/(2 + «):

Sa = M2y Upery, {2 € [0,1] ¢ [|pz| < p~'7°},

where Py is the set of prime numbers contained in the interval [M, 2M]. Using the notions
of “translation sets”, Kahane [23] has also shown that there exist Salem sets of dimension
one. These are the only deterministic examples of Salem sets known by the author. It is
clear that Salem sets are not easy to construct, mainly because the Fourier dimension is
very difficult to compute. For example, the author does not know if the Fourier dimension

of Cantor type sets C¢ (for £ non-Pisot) have been calculated.
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Chapter 3
Generalities on Brownian motion

In this chapter we introduce Brownian motion and discuss some results, which are relevant
to the study of its fractal properties. Material presented in this chapter is regarded as
classical and very clear proofs are available in the literature. We review the Markov
properties, the process of passage times and the reflected Brownian motion. Brownian

motion is a vast topic and it is impossible to cover everything here.

3.1 Definition and existence of Brownian motion

Definition 3.1 Let (2, F, P) be a probability space. A Brownian motion on this space is
a stochastic process X = (X; : t > 0) defined from Q2 x [0,00) to R satisfying the following

properties:
1. Almost surely, Xo = 0, that is, P{w € Q: Xo(w) =0} = 1.
2. For each w € Q, the path X (w) : [0,00) — R, t — Xy(w) is continuous.

3. For0<t; <ty <...<t,, the random variables
Xy Xoy — Xoyy ooy X, — X4,

are independent and normally distributed with mean 0 and variance

ty, to —t1,...,t, — t,_1 Tespectively.

The last property means that if Ay, As, ..., A, are Borel subsets of the reals, and X is a

Brownian motion, the probability of the event
{we: (Xuw), X W) = Xo,(w), ..., Xy, (@) = Xi, () € A X Ap x ... x Ay}

is given by
2

n 1 —
s mi b )

where ¢ty = 0 for the sake of convenience.
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The canonical model of Brownian motion is constructed as follows (more details can be
found in the book by Ito and McKean [22, pp 12-16], also elsewhere). The sample space
Q2 is C[0,00), the set of continuous real functions w on [0,00). A o-algebra F and a
probability measure on (C[0, 00), F) are constructed as follows:

For any t = (t1,t2,...,t,) € R" such that 0 < t; <ty < ... < t,, consider the functions
Xt : C[0,00) — R"

defined by
Xi(w) = (w(th), w(ta),.. . w(t,)).

Consider the family C of subsets C' of C[0, 00) of the form
C =X (B) ={we C[0,00) : X¢(w) € B} B Borel in R".

The class C is an algebra on C|0, 00), (it is non-empty and closed under union and com-
plementary operations). Let us denote the Borel g-algebra of R™ by B,. For any fixed
t = (t1,t,...,t,) with 0 < t; <ty <...<t,, consider the function

Py X '(By) — [0,1]
defined by
Pt(C):/Bg(tl,O,bl)g(tQ—tl,bl,bz)...g(tn—tn,l,bn,l,bn)dbldbg...dbn, (3.1)

where C' = Xt’l(B) and

—e_(b_“)2/2t, t>0,a,beR,

g(t7a7b> = \/2—7#

the density function of the normal distribution with mean a and variance ¢. Clearly Py

is a probability measure on the g-algebra X '(B,). Using the basic fact that

[ 9(t = 5.0, )g(s, c,b)de = g(t,a,b)

one can show if C' = Xt_l(B) = Xg'(D) with B Borel in R" and D Borel in R™, then
Py (C) = Ps(C). Then we can consider the function P : C — [0, 1] defined by

P(C)=P(C)if C e Xt_l([)’n) for some t and some n.

It is proven in [22, pp 17-18] that P can be (uniquely) extended to a probability measure
on the o-algebra F on C|0,00) spanned by C. This probability measure is called the
Wiener measure and we will denote it simply by P. Clearly, the o-algebra F is also
spanned by the family of sets of the form X;'(B), t > 0 and B a Borel subset of R. It
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is now clear that the process
X = (X; :t > 0) where X;(w) =w(t), w e CI0,00)

is a Brownian motion on the space (C[0,00),F,P). This is the model that we shall
assume when we refer to Brownian motion.

Associated with P is the family of probability measures (P, : a € R) on (C|0, c0), F)
such that

P,(C) = /Bg(tl,a, b)g(ts — t1,b1,02) - gt — tnt, b1, by )dbydby . . by,

for C = X{l(B), t = (t1,ta,...,t,) with 0 <t} <ty <...<t,. Obviously, Py = P. One
can show that for any A € F,

P,(A)=P{weCl0,0):w+ac A}

where w + a is the translated path defined by (w + a)(t) = w(t) + a, t > 0. For example,
if A= X, !(B) for t >0 and B is a Borel subset of R, then

P,(A) = P{X(t)+a € B}.
Also, for t,s >0,
P{X,.s € B|X; =a} = P,{X; € B}.

Then for C' € F, P,(C) is the probability that the event C' occurs given that the Brownian
path starts at level a. In the sequel, unless otherwise indicated, P will be the probability
in use, as defined above.

It is easy to verify that the following processes are also Brownian motions.

Y, = Xy — X, for fixed s > 0.

1
}/;/ = ﬁXat fOI' ﬁXed a > 0.
}/;/ - —Xt.

3.2 Some properties of Brownian motion

3.2.1 Markov properties

Let F;, for t > 0, be the sub g-algebra of F spanned by the family (X : 0 < s < t) of

random variables, that is, the smallest o-algebra containing the events of the form

{weCl0,0):a<w(s)<b},0<s<t a,beR.
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F: describes the “past” (and the present) with respect to time ¢. Similarly, the sub
o-algebra spanned by (X, : u > t) describes the “future” with respect to t. We shall
associate to any w € C[0, 00) the shifted path

w; :[0,00) — R defined by w;"(s) = w(s +t)

obtained by cutting off the path corresponding to [0, t] and shifting it back to the point
(0,w(t)). The event {w € C[0,00) : w;" € A} will be simply denoted {w;" € A}.

Let us recall that given a sub o-algebra G of F and a non-negative or integrable random
variable Y on (C[0, o), F, P), the conditional expectation E[Y'|G] is the Radon-Nikodym
derivative of the measure p, defined on (C[0,00), F) by u(A) = [, YdP, with respect to
the restriction of P to G. In that sense, E[Y|G] is the equivalent class of G-measurable

random variables Z such that

/AZdP:/AYdP, Aeg. (3.2)

The notation E[Y|G] = Z means that Z is G-measurable and satisfies (3.2).

If H is a random variable, by definition E[Y|H] = E[Y|o(H)] where o(H) is the sub
o-algebra spanned by H. By definition, the conditional probability P{A|G} is E[14]|G]
for any A € F.

The following basic properties of conditional expectation can be found elsewhere (see, for
example, [12, pp 219-231]):

1. If Y is G-measurable, then E[Y|G] =Y.
2. Assume that Y is independent of G, that is,
P(ANB) = P(A)P(B) for any A€ G and B € o(Y),

then E[Y|G] = E[Y].
3. If Y is G-measurable, then E[Y Z|G| =Y E[Z|G]
4. E[E[Y|G]] = E[Y] provided that the two conditional expectations are defined.

The following theorem is the weak Markov property of Brownian motion. For a proof of

a more general statement, see the book by Durrett [12, p 381].

Theorem 3.2 For any Borel subset A of R and s,t >0, a € R,
Pa{Xt+s 6 A|f5} — PXS{Xt 6 A}
where Px {X; € A} is the function C[0,00) — R defined by

Px X € A}w) = Pro{Xe € A} = [ g(t, X,(w), b)ab.
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From this property, we can deduce that for fixed ¢ > 0, the process Y defined by Y, =
Xi1s — X, s > 0 is also a Brownian motion and is independent of F;.
The strong Markov property is an extension of the weak Markov property to some random

functions called stopping times.

Definition 3.3 A random variable I' : C[0,00) — [0, 00] is called a Markov time (stop-
ping time or optional time) if {T' <t} € F; for any t > 0

Some authors replace the condition {I" < t} € F; by {I' < t} € F; in the definition of
stopping times but in this thesis we use the terminology of Ito and McKean [22]. Every
constant function C0, 00) — [0, 00), is a stopping time. Any stopping time I" is associated

with the sub o-algebra
Frio={AeF:An{l <t} € F, Vt > 0}.
In the particular case of a constant stopping time I'(w) = ¢ > 0,
Fri = Fip = NesoF te-

The weak Markov property remains valid if the sub o-algebra F; is replaced by F; .
More details on stopping times can be found in the book by Bauer [3, p 435].

Let us recall the Blumenthal 0-1 law as it will prove to be useful in the next chapter.
Theorem 3.4 Let x € R and A € Fy, then P,(A) € {0,1}.

A proof is given in the book by Mérters and Peres [39, p 35].
The following theorem due to Hunt [21] is called the strong Markov property of Brownian

motion.

Theorem 3.5 For any stopping time I', under the condition I' < oo, the process
(Xpor — Xr it > 0) defined on C[0,00) by

w = X1 (@) = Xr (@) = 0(t + T(w)) - w(T(w))

is a Brownian motion and it is independent of Fr .

A detailed proof of this theorem is given in [39, p 38] and an equivalent version of this

result is that [22, p 23], for any stopping time I', under the condition I' < oo,
Pa{wff € C|fr‘+} = PXF(C), Ce F, (CL € R)

where

Px.(C)(w) = B(C) with b = Xp()(w), w € C[0,00)

and wit is the function defined by wit (t) = w(t + T'(w)).
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It is also equivalent to the following: For any measurable function f : C[0, 00) — [0, 1]

ELf(60)|Fry] = / F(0)dPy, (v), for T < oo, (3.3)

where 0r(w) = wit. This means that for any A € Fr, and A C {I" < oo},

J feapw) = [ [ f@)dPx, ()dPw).

the inner integral is taken on the whole space C[0,00). A proof can be found in the book
by Durrett [12, pp 390-392].
The following result, called the reflection principle of André, is a consequence of the strong

Markov property of Brownian motion as shown in [39, p 39

Theorem 3.6 If " is a stopping time, then the process (Y; :t > 0) defined by

Xi(w) if t <T'(w)

Yilw) = { 2Xr(w) — Xi(w) otherwise (34)

1s a Brownian motion.

Intuitively, if we assume that Xo(w) = 0, the path Y;(w) is obtained by “stopping” the
path w at time I'(w) and considering the symmetry with respect to the line y = w(I'(w))
of the path w(s) : s > T.

3.2.2 Modulus of continuity of Brownian motion

We have assumed that Brownian paths are continuous and if restricted to the interval
[0, 1] (or any other closed interval), they become uniformly continuous. We recall that the

modulus of continuity of a uniformly continuous function f is the function Ky defined by

Ky(h) = sap |f(t) = f(s)].

[t—s|<h

Lévy [32] showed that the modulus of continuity of Brownian motion Kx is such that,

almost surely,

Kx(h) < \/2hlog(1/h). (3.5)

More precisely, he showed that, almost surely

: | Xpgn — Xo|
limsup sup —m——==1.

hl0  0<t<l-h (/2hlog(1/h)

A proof can also be found in the book by Ito and McKean [22, pp 36-38]. In view
of Proposition 1.1, as will be discussed later, this result yields an upper bound to the

Hausdorff dimension of the image of a compact subset of [0, 1] by a Brownian motion.
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3.3 Passage times of Brownian motion

Definition 3.7 Let a € R. The passage time of Brownian motion at level a is the
Junction T, : C[0,00) — [0, 00] defined by:

[o(w) =1inf{t > 0: Xy(w) = a}
where inf ) = co.

In fact, the name “first passage time” is often used and is obviously appropriate. The
following well-known result is the starting point in the analysis of passage times. It is
true in general for the hitting time of any closed subset of R (see the book by Bauer [3,
p 439]).

Proposition 3.8 For any a > 0, the passage time ', is a stopping time.

Proof We want to show that {I', < t} € F;, where F; is the o-algebra spanned by the
(Xs:0<s<t). Let

1 1
Tn:inf{tzO:Xte <a——,a+—>}, n=12...
For any s > 0,
. 1 1
w € {T, < s} & there exists t < s such that X; € (a——,a+—>.

Then

1 1
{Tn <8}:U0<t<s{Xt € (a——,a—l——)}.
- n n

Using the continuity of Brownian paths, this union can be restricted to the rational

numbers, that is

{T,<s}= U {Xte(a—l,a—kl)}.
0<t<s, teQ n n

Now since {7}, < s} is a countable union of elements of F;, it follows that {T,, < s} € F;
and hence T, is a stopping time. The next step is to show that sup,, 7,, = I',. Clearly, for
any n, 1,, < T,y <T', and hence sup,, T,, <I',. To show that I', < sup,, T}, we consider
3 mutually exclusive cases.

1. If T'y(w) = 0, then T,,(w) = 0 for all n. Conversely, T, (w) = 0 is equivalent to
0 = inf {w‘l (a — %, a+ %) } By continuity of Brownian paths, there exists a sequence t,
converging to 0 such that X;, (w) = w(ty) € (a —2a+ %) for all k. Then by continuity,
w(ty) — w(0) € [a — 2 a+ ﬂ . Therefore, T, (w) = 0 for all n implies that

1 1
w(0) € No2, {a— —,a+ —} =a.
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Hence I';(w) = 0. Then for the first case, the equality 7" = sup,, T,, = ', holds.
2. Suppose that I',(w) > 0 and T" = sup,, T,, < oo. Since I'y(w) > 0 is equivalent to
w(0) # a (the path does not start at a), then there exists ny > 1 such that T,,,(w) > 0.

Because T' < oo, we have that

T (W) < Thpr1(w) < Thpio < ... < sup T,.
Since T, (w) — T'(w) as n — oo, by continuity,

Xr, (W) = w(Th(w)) = Xr(w) = w(T'(w)).

But clearly, for n > ng, the fact that T,,(w) > 0 yields Xr,(w) € {a —1/n,a + 1/n}, the

end points of interval (a —La+ %) Then,
lim X7, (w) = a = Xp(w).

From Xr(w) = a we find I'y(w) < T'(w). It follows that I', = T = sup,, T),.
3. Finally, for I';(w) > 0 and sup,, T;, = oo, we have that I',(w) = oc.
Therefore, in all cases, I',(w) = sup T, (w).
It is now clear that

{Ta <t} =M {7, < 1}

from which it follows that {I', <t} € F and {[', <t} =U2 {I, <t—1/n} € F. g
The maximum function of Brownian motion is defined by
M; =sup{X;:0<s<t}, t>0.

For any a > 0, by the reflection principle, the process

2a — X;(w) otherwise

Yi(w) = { Xy(w) if t < T,(w)

is a Brownian motion. As almost all paths start at the origin, we have that

P{l, <t} = P{M, >a)
= P{M;>a,X; >a}+ P{M; >a, X, <a}
= P{X;>a}+P{l,<t, X, <a}
= P{X;>a}+ P{Y;>d}
= 2P{X; > a} (by the reflection principle)
= P{|Xi] = a}.
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The probability distribution of the passage time I', follows immediately:

2 o]
P{l, <t} = \/ﬁ/a o2 g

and using the variable change = = a4/t/s, it follows that

t 2
P{T, <t} = /O \/2‘;?@—“ /2 ds, (3.6)

a result discovered by Lévy [33].

From this result we deduce that
P{I'y =00} = P{I', > t, for all t} =0. (3.7)

In the analysis of passage times that will be done in the sequel, we will need the Fourier
transform of their distribution.

For any a > 0,
B {eiuf‘a} — ema/lul(1—i sign(u))' (3.8)
As proof, one can show that for o > 0,
L(a) = E(e7oT@) = p—av2a

by direct calculation and using the integral

0o e—ate—a2/2tdt e—a\/%
0 V2t B V2a

(see [22, p 26]). Another way to prove this result is to use the optional sampling theorem

(see, for example, the book by Medvegyev [38, p 82]). The formula can now be extended
to yield the Fourier transform and the calculations are done on pages 85-86 of the same
book by Medvegyev [38].

The stochastic process (I'y : a > 0) of passage times has interesting properties. The

following result can be ascribed to Lévy [33] (see also [12, p 393]):

Theorem 3.9 The process (I'y : a > 0) of passage times has independent and stationary

increments and its paths are left-continuous.

Proof We can assume, without loss of generality, that all paths start at the origin. For
0 <a<b,and s > 0, we have that I',(w) < s+ T',(w) means that the path w has reached
level b before time s+1I',(w). Then, since (X;;r, — X, : t > 0) is also a Brownian motion

(by the strong Markov property),
P{l,—T,<s} = P{[y<s+T,}
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Therefore, I'y — I', and I'y_, have the same distribution.

To prove the independence, let 0 = ap < a; < ... < a, be real numbers. It is sufficient to

show that for any measurable and bounded functions f; : R — [0,1], (i = 1,2,...,n),

E [ﬁ fi(rdi - Pai—l)‘| = lEIEJ(fZ(FaZ - Fai_l))' (39)

Indeed, for fixed Borel subsets A;, (i = 1,2,...,n) of R, one may consider f; = 1,4, for
any ¢ and obtain that

P{l,, —T, , €A,Vi=12...,n}= HP{FaZ— ais € A}

It is clear that for 0 < a < b, Ty(w) — Ty(w) = [y(wyi, ) for all paths w. Then I', — T, =
[y 0 O, where 0p, (w) is the path w .

From the strong Markov property (relation (3.3)), we have that for any bounded and
measurable function f: R — [0,1], and 0 < a < b,

E[f(Ty = Ta)[Fr.i] = E[f(Ts ) o r, | Fr.+]
= [ 1T @)dPx,, (v)
= /f p)(v)dP,(v)  (because Xr, = a)
= E[f(rb—a)]

(because P, {I'y, <t} = P{I'y, < t| Xy =a} = P{I', — a < t}.) Therefore

E[f(Ty = To)] = E[E[f(I'y = T'a)| Fr.+]] = E[f(Ty-0a)].

Now relation (3.9) can be proven by induction by conditioning on Jr,, ., -We use the fact
that for 0 < a < b, I';, < I'y (almost surely), Fr,. C Fr,+ and I', is measurable with
respect to Fr,+. Indeed, if A ={T', <t}, and t = s, then AN{T, < s} ={T, < s} € F..
Ift <s, then AN{T, < s} = A € Fs_. C F, for some ¢ > 0. Finally, if ¢ > s, then
An{l, < s} ={, < s} € F.
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Then for any i = 1,2,...,n — 1, the random variable f;(I';, — I's,_,) is measurable with

respect to Fr, 4. Therefore,

n n—1
E H fi(rdi - Pdi—1)|‘/TFan,1+ = H fi(Fai - Fai—l)E[fn(Fan - Panfl))|fr‘an,1+]
=1 =1
n—1
= H fi(Pa; = Loy ) E[fa(Tap—a, 1)l
=1

Relation (3.9) follows by induction (after taking the expectation of both sides) E
Remark 3.10

The passage time ', can be seen as the left-continuous inverse of the maximum function
of Brownian motion because T', = inf{¢t > 0: M; > a}. In fact, T, is the left-end point of
the interval where M; = a. It is, therefore, natural to consider the right-hand endpoint

of this interval and define the process
po = inf{t > 0: M; > a},

the first time the Brownian motion becomes greater than a. By the same arguments
used to study the properties of the process I' of passage times, one can prove that p,
is a stopping time (for any a) and the process p = (p, : a > 0) is right-continuous, has
independent and stationary increments and has the same distribution as I'. The process p

will be called the right-continuous inverse of the maximum function of Brownian motion.

3.4 Reflected Brownian motion

In this section, we suppose that all paths start at the origin. Lévy [34] proved that the
process (|X| : ¢ > 0), called the reflected Brownian motion, is a Markov process and is
statistically equivalent to the process (M; — X, : t > 0) where M, = supg<,; X,. Let us

recall the following definition:

Definition 3.11 A function p : [0,00) x R x B — [0, 1] (where B is the Borel o-algebra

on R) is called a Markov transition kernel provided
(1) p(.,., A) is measurable on [0,00) x R for any fized A,
(2) p(t,z,.) is a probability measure on R for all t and z,

(3) forall Ae B, z€ R andt,s >0,
plt+s,2,4) = [ plt.y, A)p(s.x.dy).

Consider a stochastic process (Y; : ¢ > 0) defined on a probability space (€2, H, @), taking
values in R and a filtration {H; : t > 0} of H (that is, a family of sub o-algebras of
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H such that Hy C Hy, for s < t). The process (Y; : ¢t > 0) is a Markov process with

transition kernel p if Y; is H;-measurable and
PIY, € A[H,} = plt — 5, Yy, A),
for all t > s, A € B, where p(t — s, Ys, A) is defined on 2 by
p(t —s,Ys, A)(w) = p(t — s,Ys(w), A).
The reflected Brownian motion is a Markov process with transition kernel
p(t,z, A) = P{|X,| € A} = /Ag+(t,x, b)db, x > 0,t >0 and A C [0, 00),

where gt (¢, z,b) = g(t,—x,b) + g(t, z,b) and

o~ (b—a)? /2t
g(t,a,b) = ———=—=—is the Gaussian kernel.

V27t

The following result is due to Lévy.

Theorem 3.12 The process (Y; = M;— X, : t > 0), where My = supyc,; Xs, is a Markov

process and is identical in law with the reflected Brownian motion.

Proof (Adapted from [39, pp 44-45]). We want to show that the two processes have the
same finite dimensional distributions, that is, for any 0 < ¢t} < t, < ... < t, and any

Borel subsets Aq, Ay, ..., A, of R
P{|Xy| € Ay1,...,| Xy, | € A} =P{Y,, € Ay,...)Y,, € A, }.

Because finite dimensional distributions of a Markov process are fully determined by its
transition kernel, in fact, the probability P{| X, | € Ay,...,|X:,| € A, } is given by

/A p(tla 07 xl)dxl / p(t2 - tla X1, xQ)de .. / p(tn - tnfla Tn-1, xn>dxn7
1

Az An

it is sufficient to show that (Y; : ¢ > 0) is also a Markov process and has the same
transition kernel as (| X¢| : t > 0). We denote, as previously, the transition kernel of the
reflecting Brownian motion by p. The question is to show that, for any ¢, s > 0 and any
Borel subset A of R,

P{Yis € A|F} =p(t, Y, A) = Py {|X;| € A}. (3.10)
Let us fix s > 0 and consider the Brownian motion

Xt:Xt-f—S_XS) tZO
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Let

M, = sup X,
0<u<t

M, = sup X,
0<u<t

Clearly, Mgy = M,V (Xs+ Mt) where a Vb = max(a, b). Then since Yy = My — X4,
we find Y,y = [M,V (X, 4 M,;)] — (X, +X;). From the identity (aVb)—c = (a—c)V (b—c),
we have that Y, = (Y5 V Mt) — X,. Since both M, and X, are independent of F,, it is
sufficient to show that for any y > 0,

P{(yV M,) — X, € A} = P{|X,| € A} = P{ly + X,| € A}.
Let us fix @ > 0. From (yV M,) — X; = (y — X;) V (M, — X,) we have that
P{(yVv M) —X,>a} = P{y—X; >a}+ P{ly— X, < a, M, — X;) > a}.

By symmetry of Brownian motion, P{y — X; > a} = P{y + X; > a}. For the second
term, consider the process (H, : 0 < u <t) (for ¢t > 0 fixed) defined by H, = X 0 — X,
One can easily show that this process is also a Brownian motion (it is called the time

reversed Brownian motion). The corresponding maximum process is

M = sup H,, for (0<1<t).

0<u<l
Clearly, M = M, — X, and because H, = —X,, we have that
Ply— X, <a, M, —X;)>a} = P{H, <a—y, ME > a}.
Consider the Brownian motion (H; : 0 < u < t) defined by (see relation (3.4))

H () = Hy(w)ifu <T(w)
“ 2Hr(w) — Hy(w) otherwise

(0 < u < t) where T'(w) = inf{u > 0 : H,(w) = a}. Since M > a & T < a and
T <ae Hf =2a— H,
P{y—)z'tga, Mt—Xt)>a}:P{Ht*Za—i—y}:P{Ht2a+y}:P{—Xt2a+y}.

Therefore,

P{lyv M) — X, >a} = Ply+X,>a}+P{y+X, < —a}
= P{ly+ X > a}
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Chapter 4
Local times of Brownian motion

In this chapter, we discuss the local times of Brownian motion. The local time at a
level a is a measure of the time that a Brownian traveler spends at that level. It is a key
concept in the study of the properties of Brownian motion. The modern approach to local
times is based on the theory of stochastic integration. After an introduction to stochastic
integration with respect to Brownian motion in section 1, some classical properties of
Brownian level sets are given in section 2. We then introduce local times in section 3, the
corresponding measure (called Dirac measure of Brownian motion) in section 4 and the
inverse local times in the final section. We keep our exposition to the minimum necessary

for the exploration of the Fourier structure of the Dirac measures of Brownian motion.

4.1 Introduction to stochastic integration

In this section, we summarise the construction of stochastic integration with respect to
Brownian motion, adapted from the book by Chung and Williams [10, p 28-40]. Proofs
of results and extra detail may be found there. For the general theory of stochastic
integration and different applications, the reader is referred to the book by Medvegyev
[38]. As in the previous chapter, we consider the canonical model of Brownian motion
X = (X;:t>0)on (C[0,00),F, P). For simplification purposes, we denote C[0,c0) by
2. Recall that X;(w) = w(t) (for w € C[0,00)) and F is the o-algebra spanned by all
the variables X; (t > 0). We also consider the filtration (F; : ¢ > 0) of F where F; is
the smallest o-algebra containing all the P-null sets of F and with respect to which all
X, ,0 < s <t are measurable. In fact, if we denote by G, the o-algebra spanned by the
family (X5 :0 < s <t) and A the collection of P-null sets of F, then F; is spanned by
G U A.

Unless otherwise indicated, all stochastic processes Y = (Y; : ¢ > 0) will be considered as
functions Y : [0, 00) X © — R. In order to define integrals of such functions, we first need
to define a o-algebra on the product space [0, 00) x €.

Let R be the set of all rectangles of the form {0} x Fy and (s,t] x F, where 0 < s < t,
Fy € Fopand F' € F,. We will consider in the sequel the ring, the algebra and the o-algebra
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on [0,00) x Q spanned by R.

Recall that a ring on a set S is a non-empty class of subsets of S closed under union and
difference of sets. As a consequence, it is also closed under intersection. An algebra on
S is a ring on S which contains S, or equivalently, is closed under complements, while a
o-algebra is an algebra which is closed under countable unions.

The ring G spanned by R consists of the empty set and all finite unions of disjoint
rectangles in R. The algebra A generated by R is G U {A°: A € G}, where A° denotes
the complement of A.

The o-algebra on [0, c0) x 2 spanned by R is called the predictable o-algebra and is denoted
by P. A function Y : [0,00) x 2 — R is called predictable if it is P-measurable. If A € R
then for any ¢ > 0, the function 14(¢,.) is Fi-measurable. Indeed, if A = (s, h] x F with
F € F, and B is a Borel subset of R, then {w : 14(t,w) € B} € {F,F¢,Q,0} if t € (s, h]
and {w : 14(t,w) € B} € {Q, 0} otherwise. So, in all cases, {14(t,w) € B} € F; because
Fs C F;. This means that the process 14 is adapted to the filtration. The same property
holds for A¢. Since for A,B € R, AN B is also in R if it is nonempty, then 1,5 is
also adapted. Using elementary properties of the indicator function, one can show that
if A is in the ring spanned by R, then 1, is also adapted. The generalization to the
algebra spanned by R follows immediately. The idea is to extend the property to the
whole g-algebra P. This can be achieved by using the following variant of the monotone
class theorem (see, for example, the book by Dellacherie and Meyer [11, 14-I]: Let V/
be a vector space of real-valued bounded functions defined on a set W. Assume that V'
contains all the constant functions and is such that: for any uniformly bounded increasing
sequence of positive functions f,, € V, the function f = lim, f,, belongs to V. Let C be a
subset of V' which is closed under multiplication. Then V' contains all bounded functions
measurable with respect to the o-algebra ¢(C') spanned by C on V.

We take V' to be the space of all functions f : [0,00) x @ — R that are adapted and
C = {1, : A € A}, where A is the algebra on [0,00) x Q spanned by R. Clearly all
the hypotheses of the monotone class theorem are verified and o(C) = P. Therefore, all
bounded P-measurable functions are adapted. In particular, for A € P, 1, is adapted.
From the fact that any P-measurable function is a pointwise limit of a sequence of finite
linear combinations of indicator functions of sets in P, such a function is an adapted
process.

The next step is to define a measure on the space ([0, 00) x Q,P). It is useful to regard the
o-algebra P as a subset of the product o-algebra B ® F where B is the Borel o-algebra on
[0,00) and F is the fixed o-algebra on 2 = C|0, 00). A canonical measure on the product
space ([0,00) x ©, B® F) is the product measure A x P where X is the Lebesgue measure
on [0,00) and P is the Wiener measure on 2 (this is the probability measure that we have
fixed on ). Then A x P induces a measure on ([0, 00) x §2) that will be denoted by u for
the sake of simplicity. This measure is such that for any A = (s,t] x F' € R,

p(A) = E [1p(X, - X,)?|
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where E denotes the expectation (with respect to probability measure P). Indeed, since
F € F, and X; — X, is independent of F,, by conditioning on F,, we find that

E1p(X, - X)) = E[E[1p(X, - X,)|7]]
= B[pE (X, - X,)?]
= (Ax P)[(s,t] x F].

And the property is obviously true for A = {0} x Fy, Fy € Fo.
We denote by £2(u) the space L*([0,00) x Q, P, 1) and L*(P) the space L*(2, F, P). Then
a predictable process Y : [0,00) x Q +— R is in £2(p) if

/[OmeYz(S,w)du(s,w) =F (/OOO YQ(s,w)ds) < 0o,

We define the stochastic integral with respect to a Brownian motion X of a predictable
processes Y as follows:
1. f Y is a R-step function, that is Y = 1(, 4« r, the indicator function of the rectangle
(s,t] x F'in R, then

[ YadX, = 16(X, - X),

and if Y = {0} x Fy , for Fy € Fp, then
/ Y,dX, = 0.

2. Suppose now that Y is a finite linear combination of R-step functions (such functions

are called R-simple functions), that is,

Y = Z le(Sjatj]XFj + colioyx s (4.1)

Jj=1

where ¢; € R, Fj € F;, s; < t; for all j and Fy € Fy. Any such representation can be
taken such that the rectangles (s;,t;] x Fj are disjoint. Then

[YadX, = 3 e1n (X, - X))
j=1

and one can verify that this integral does not depend on the representation of Y.

3. The stochastic integral can be generalised to all predictable processes Y € L£2(pu).
Firstly, we note that if Y is an R-step function, then Y € £2() and by direct calculation
this extends to R-simple functions. Then the space £ of all R-simple functions is a
subspace of £?(u). Moreover (see [10, pp 37-38]), we have that for Y € &,

E [( / stxsﬂ _ /[o,o@xg Y2dp. (4.2)
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Therefore, the map € — L?*(P) defined by Y — [Y,dX, is an isometry. To finish the
construction, note that & is a dense subspace of the Hilbert space £2(u) (see [10], p 38,
Lemma 2.4) and, therefore, the isometry can be extended uniquely to the whole space
L%(p). By definition [Y,dX, is the image of Y by this isometry. This means that the
integral [ Y,dX, is obtained by approximating Y (in the £?(x)-norm) by a sequence of R-
simple functions and taking the L?(P)-limit of the sequence of integrals of these functions.
4. For any predictable process Y € £2(u) and ¢ > 0, the process 1j 1Y is also predictable
and belongs to £2(u). By definition,

t
| viax, = [1p4()Yax..
0

If Y € £ and (4.1) is a representation for Y, then for ¢t > 0, 1;p4Y € € and

t n
/O YidX, =3 eilp (Xone — X pt),

J=1

(a Ab =min(a,b)). By continuity of Brownian paths, we see that the process
H, = fé Y,d X for R-simple processes Y also has continuous paths. This fact is generalized

as follows (see [10, p 40] for a proof):

Theorem 4.1 For any predictable process Y € L2(u), the process (Hy : t > 0) defined
by Hy = [ YsdX, has a continuous modification, in the sense that there exists a process
(K : t > 0) with continuous paths such that for each t >0, H; = K, almost surely.

We conclude the section with the famous Ito formula (see [10, pp 88-90] for the proof).

Theorem 4.2 (Ito formula) Let f : R +— R be twice continuously differentiable such that
Logf'(Xs) € L2(p) for some t > 0. Then, almost surely, for all 0 < s <,

FO6) = f00) = [ Fa)ax, + 5 [0 du

4.2 Level sets of Brownian motion

As already mentioned, local times provide a natural measure of the time that the Brownian
motion spends at a given level. For any a € R, the level set of Brownian motion is defined
as Z, = {t > 0: X; = a}. We use Z instead of Z,. For every w € Q, Z,(w) = {t > 0:
w(t) = a} is a closed set, because Brownian paths are continuous. Clearly for any ¢ > 0,
P{t € Z,} = P{X; = a} = 0. This means that [ l;cz,)dP(w) =0 for any ¢ > 0. Then
if we denote by A(Z,) the Lebesgue measure of Z,, by Fubini’s theorem we find that

EXZ,) = / /O Lte 2, (o)) dtdP(w) = 0. (4.3)

Therefore, almost surely, A\(Z,) = 0. That is, almost surely, for Ad-almost every s > 0, we

have that s ¢ Z,. So Brownian level sets are almost surely of null Lebesgue measure.
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One surprising property of level sets of Brownian motion is that they are infinite and have
non isolated points. This can be justified as follows [39, p 42]:

Let T'= inf{t > 0: X; > 0} and R = inf{t > 0 : X; = 0}. We want to show that
P{R = 0} = 1, which means that for any ¢ > 0, there exists 0 < s < ¢ such that
Xs = 0 and hence Z is infinite. It is clear that, T'(w) = 0 is equivalent to say that
for any n € N, there exists € € (0,1/n) such that X, > 0. Then {T' = 0} = N, E,
where FE,, = {w : thereexists 0 < ¢ < 1/n : X, > 0}. From this it is now clear that
{T = 0} € Fo;. By the Blumenthal 0 — 1 law (Theorem 3.4), P{T = 0} € {0,1}. Let
t>0.If X; >0, then T < t.

Hence, P{T <t} > P{X; > 0} = 1/2. It follows that P{T' =0} > P{T' >t} > 1/2 and
therefore, P{T' = 0} = 1. Similarly, if S = inf{¢ > 0: X; < 0}, then P{S =0} = 1. Then
we have that almost surely, for any ¢ > 0, there exist s, sy € (0,%) such that X, > 0 and
X, < 0. By continuity of Brownian paths we conclude that, almost surely, for any ¢ > 0,
there exists 0 < s < ¢ such that X; = 0. This is equivalent to P{R =0} = 1.

To show that Z has no isolated point, we fix 0 < t; < t5 and define

W ={w € Q: Z(w) has only one element in (¢,%)}.

We want to show that P(W) = 0. Consider R;, = inf{s > ¢; : X; = 0}, which is a
stopping time (in fact, Ry = ¢ + [g(w;"), where Ty is the first passage time at 0). By

the strong Markov property, Y, = XSjLRt1 — Xgp, = X5+Rt1 is a Brownian motion. For

¢
any w € W, t; < Ry, < ty and the only elemenlt of Z(w) in the interval (t1,t2) is Ry,.
From the construction above, P{inf{s > 0 : Y; = 0} = 0} = 1. This means that
inf{s > 0 : XotRry, = 0} = 0 almost surely. Therefore, almost surely, Z has infinitely
many elements in the interval [Ry,,t2) and hence W has probability zero.

To extend these properties to other Brownian level sets, it is sufficient to note that, for
any a € R, the level set Z,(X) = {t > 0 : X; = a} is such that Z,(X) =T, + Z(Y),
where Z(Y') is the zero set of the Brownian motion Y, = X ,r, — a and I', is the first
passage time at level a (for the Brownian motion X).

The following proposition, known as Lévy’s arcsine law, gives the distribution of the last

element of Z before a specified ¢t > 0.

Proposition 4.3 For anyt > 0, let K, = sup{s <t: X, =0}. Then
2
P{K, <h}=-— i h/t, 0 < h <t.
{K; < h} 7Tarcsum/ Jt, 0 <

A detailed proof is given in [39, p 113].

4.3 Brownian local times

The following construction is adapted from the book by Chung and Williams ([10], pp

127-142). For other constructions of local times (including Lévy’s original ideas) we refer
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to the book by Ito and McKean [22]. More results on the subject can be found in [4] and
[8].

To introduce local time of Brownian motion at level @ € R, consider the function f,(z) =
(x — a)™ = max{x — a,0}. The idea is to apply the Ito formula but this function is not

differentiable. Firstly, we approximate f, by the family of functions (f,. : € > 0) defined

as follows:
0, forx <a-—e¢
foc(®) =9 (x —a+e¢)?/de, fora—e<x<a-—c¢
T —a, forx > a+e.
Clearly,
0, forx <a-—c¢
foc) =3 (x—a+e)/2, fora—e<z<a—c¢
1, forz >a-+e¢
and
0, forx <a—e
f(;/,e@): 1/2¢, fora—e<zx<a-—ce
0, forx >a+e

and we set f (v 4 ¢€) = 0. The function f;_is not continuous at a & ¢, so Ito’s formula
is not applicable here. We fix € > 0 and approximate f,. by a sequence of convolution
products g, = ¢, * f,c where (¢,,) is a sequence of C*—functions defined on R such that
the support of each ¢, is contained in the interval [—1/n,1/n] and [ ¢,(z)dx = 1. (In
fact, (¢1/5) defined by 1/, = ¢, is an approximate of identity (see Definition 2.11)). We
recall that g, is C*° and

gn(z) = /:Rfa,e(l' — 2)pn(2)dz, for all z

g = [

Clearly, g, — fa.c and g;, — f, . uniformly on R and g;; — f; . pointwise except at a +e.

An application of Ito’s formula to g, yields that, almost surely, for all ¢ > 0,

t 1 rt
9a(X0) = gu(X0) = [ gL(X)dX, 45 [ gi(X)ds (4.4)
We have that

sup — |Ljo.g(s)gn (Xs(w) = Loy(8) fo.(Xs(w))] — 0 as n — oc.
(s,w)€[0,t]x Q2
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Indeed, since supp(¢,) C [—1/n,1/n| and

[faeW) = fac(@)] <z —yl/2¢, forall z,y € R,

a,e

then (using the properties of (¢,), we find that

Tog @G (Xew) = L XD = | [ F109) = 2)0u(2)z = [ i (wls)bu(z)a2
[ 2ls) = 2) = o) 6u(2)dz
[ alols) = 2)  Fwle)lon(:)dz

—1/n

/Un B(bn(z)alz

—1/n 2€

< i/l/n On(z)dz

2ne J-1/n
1

2ne’

IN

IN

From this uniform convergence and the fact that 10,¢]g,(X) is dominated by 10, ]
which is in £*(p), we deduce that the process 1jy(s)g,(X) converges to the process
Lio,9(s) f4.(X) in the £?(p)—norm. (See for example the book by Bartle [2, p 75] for more

details on convergence results). Therefore, by the isometry between £2(u) and L?(P),
t t
| onxdx, = [ fi.(X)dx
0 0o
in the L?(P)-norm.

For the last term of (4.4), we also have that g/ (x) converges to f”(x) pointwise except
for ¥ = a £ e. Then ¢/(X;)(w) — f"(Xs)(w) except for w(s) = a+e (w € Q). From
(4.3), we know that for any fixed real b, almost surely, for A\-almost every s > 0, it is
the case that s ¢ Z,. Therefore, almost surely, for A—almost every s € [0,t], we have
that ¢/(Xs) — f"(X;). Since clearly, |g”| < 1/2¢, we can use the bounded convergence

theorem to find that, almost surely,

t t
[ anXds > [ fu(x,)ds
0 0

and this convergence also holds in L?(P)-norm.

Therefore, by letting n — oo, we find that, for each a and ¢, almost surely,

Fuc( X)) = far(Xo) = / FL(X)dX, + = /

t 1
- /f“ dX+2

% 1(a,67a+6) (Xs)ds. (45)

One can check that for any z € R, |fu(x) — (z —a)¥| < ¢/4 (the maximum being
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attained at = a). Then
|(fae(@) = fae®)) = ((z —a)" = (y —a)")| < ¢/2, forallz,y €R
because |a — b| < |a| + |b]. In particular, for any ¢ > 0,
|(fa.c(Xe) = fae(Xo)) = (X —a)" = (Xo —a) ") < ¢/2.
Hence for fixed t > 0,
fae(Xi) = fae(Xo) = (Xs —a)" = (Xo—a)" as e — 0,

both almost surely and in L?(P)-norm.

Also, for every z € R,
| fae(®) = L) (@) < La—cate)(x), for all z € R.
Therefore,

B[ 152060) = Lo (XPs| < B[ [ 10 aeo (X5

= /0 P{X;€ (a—¢€,a+¢€)}ds

t 2 +e B2
_ —h*/2s
= e dhds
/O vV 2ws Ja

t 26 2
ds (because e /% < 1
/0 \V2TSs ( <)

— 0 (ase—0).

IN

This means that, for € — 0, f; (X,) converges to 1ljge0)(Xs) in £3(p). It follows, by the
isometry £?(p) — L2(P), that [y f, (X,)dX, converges to [y 1ja,00)(Xs)d X, in L*(P).
We conclude that, for every t > 0 and a € R, almost surely,

1
(X, — a)* — (Xo— a)* / o0 (Xo)dX, + 5 Lalt), (4.6)
where
1ot
Lalt) =tim o= [ 1o caro(Xo)ds, (4.7)

the limit being considered in the L?*(P)-norm.

Definition 4.4 The process (Lq(t) : t > 0) is called the local time at level a of the

Brownian motion X.

Since by Theorem 4.1, the process (5 1) (Xs)dXs : t > 0) has a continuous ver-
sion, then by (4.6), for any @ € R, the local time process (L,(t) : ¢ > 0) has a
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continuous version. More than that is true: there exists a family of random variables
J = (Ju(t) : (t,a) € [0,00) x R) and a subset Qq of Q of probability 1 such that the

function (¢,a) — J,(t)(w) is continuous for all w € Qy and for each fixed (¢, a):

{/ g0y (X2) X, _J()}:l. (4.8)
(this is Lemma 7.2 of [10]). From this, we can now redefine the local time by replacing
the integral [ 1jg,0)(Xs)dXs by Ju(t) in (4.6). That is,

%Lau) = (X —a)" = (Xo — )" = Ju().

Now we have a version of local time, which is continuous in (a,t). This is the version that
we will be considering unless otherwise indicated. This fact was first proved by Trotter
[48]. For this new version, we still have relations (4.6) and (4.7).

So far, relation (4.7) is true when the limit is taken in the L? sense. It is an important

fact that it is also true almost surely.

Theorem 4.5 For any (t,a) € [0,00) x R, almost surely,

—1 _/1a5ae d
6%126 o)

Proof (Adapted from [10, pp 134-136] We can easily verify that

1

a+te
— / Lig,00) (7)d.

!/ —
fa,e(x) - 2% a—e

The idea is to replace in relation (4.5) the stochastic integral by a deterministic integral
depending on J. We have that

/ fL.(X.)dX, 216 /a+6Jx(t)dx.

Indeed, for fixed ¢, by continuity of .J,(¢), we can approximate the corresponding integral

by Riemann sums:

ate
/ Jp(t)dr = lim — Z Jjon(t), where A, ={k € Z:k/2" € (a —€,a+¢€)}.

n—o0 TL

€ k€A,

From (4.8),
t
Jjon(t) = /Ol[k/gn’oo)(Xs)dXs almost surely. (4.9)

Then, almost surely,

a+e
/ Jo(t)dr = lim —n > / L jom 00y (Xs)d X
a n—oo 9 el
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1 t
0

n—oo 9N

where

1
Gn = on > 1jjan,00)-
kAR

The sequence (¢,) converges uniformly to 2ef, .. Then the process (¢,(X;) : 0 < s <)
converges to (2¢f; (X;) : 0 < s < t) uniformly and hence in £*(u) because ¢y () is
dominated by 1j,_cqtq(see [2, p 75]). By the isometry £2(u) — L*(P), we deduce that

n—o0o

t
lim / bn(X,)dX, = 2¢f (X,)dX,
0 K

and, therefore,

a+e t
[ galtyde =2¢ [ fi (X)X,
a 0 ’

—€

From relation (4.5), we find that, for each fixed € > 0, almost surely,

1 a+te 1 t ]
an - an __/ T - = _1a76a € Xs . 4.1
Fac X0) = facX0) = oo [ Tal0)de = 5 [ S doearo(X)ds (4.10)

We know fix a subset )y of probability 1 such that (4.10) holds for all w € Q. To consider
the limit in (4.10) for € — 0, it is first required that this relation holds almost surely
simultaneously for all ¢ > 0. For this end, we consider the left hand side of this relation
as a function of € > 0 and note that it is continuous (for any w € ). Similarly, the right
hand side, is also continuous (on (0,00)). Indeed, we can write the integral on the right
hand side as

he = )\{[O,t] NX*a— e,a—l—e)}

where A is the Lebesgue measure. Then, for o > 0,

limh, = M0,00 (NeaX Ha—ea+e)}
= Mo, gnX"a-a,a+al}
= )\{[O,t]ﬂX_l(a—oz,a—i—oz)}+/\{X_1(a—a)}—|—)\{X_1(a+oz)}

= h, almost surely,

where the last equality follows from the fact that the level sets of Brownian motion are
of Lebesgue measure zero. Also, limgq he = hy.

Relation (4.10) holds simultaneously for all rationals. For any positive real number r
consider a sequence (r,) of rationals converging to r. Then by continuity of both sides of
relation (4.10), we deduce that, on g,

1

a+r 1 t 1
fa,r(Xt) - fa,T(XO) - 5 /a—r Jz(t)dx - 5/0 ﬂl(a—r,a-l—r)(Xs)dS
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Now we can consider the limit to find that

| jate 11
lim fo (X0) = foe(Xo) = 5 / Jo(t)de = 1im = [ =1 caro(X,)ds.
€— 0 €

2€ Ja—e e—0 2

Then

1 st 1
(X =) = (Xo =) = Joft) +lim = [ > Loraro(X,)ds

and therefore, almost surely,

Lot
L,(t) = 15%2—6 ; Lig—e,ate)(Xs)ds.
|
Remark 4.6 : Tanaka’s formula.
By replacing function f, . in the construction above by the following
a—u, forz<a-—c¢
foe(@) =4 (a—x+€)?/de, fora—ec<z<a+te
0, forx > a+e,
we obtain that
t 1
(X, —a) — (Xo—a)” = — /O - eal(X,)dX, + 5 La(), (4.11)
where (x —a)” = max(0, —(z — a)).
Adding this equation to (4.6) yields
t
La(t) = |X; — a| — | Xo — a| — / sign(X, — a)dX,. (4.12)
0

This relation is known as the Tanaka formula. It is an important fact that the process

t
</ sign(Xs —a)dXs: t> 0)
0

is another version of Brownian motion. The simplest proof uses the notion of quadratic
variation and can be found in [10, pp 138-139] while a direct proof is given [39, pp 235-236].
We conclude this section with the occupation measure formula. A proof can be found in
[10, pp 136-137]. See also [41, p 215] and [38, p 435] for a general result. Let f be a Borel

measurable and locally integrable on R. Then for each ¢ > 0, almost surely,

[ L) fa)da = [ " F(X.)ds. (4.13)
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4.4 The Dirac measure of Brownian motion

We have seen that for any fixed a € R, the local time process (L,(t) : t > 0) at level a is

almost surely continuous. Furthermore, for any fixed ¢ > 0, almost surely,

Therefore, for any 0 < s < ¢, almost surely,

Lo(t) = hm— / Lo caro (Xh)dh+hm— / Lacaro(X)dh. (4.14)

Hence L,(s) < L,(t) almost surely. This means that the process (L, () : ¢ > 0) is almost
surely increasing.
We can, therefore, consider the (random) measure whose distribution is L,(t). We call it

the Dirac measure of Brownian motion at level a and denote it by J,(X). This name is
justified by the fact that in (4.14),

1
2€

Lia—c,ate) = 0a, as € —0
in the distributional sense. So we have that
0a(X)w[0, 1] = La(t)(w).
Theorem 4.7 The support of §,(X) is contained in the level set Z, = {t > 0: X; = a}.

Proof Assume that ¢t ¢ Z,(w) for some ¢ > 0. Then in the case where w(t) > a, by
continuity of w, there exists s; < s9 such that w(s) > a++ for all s in the interval (s1, $2)

for some fixed rational v > 0. Then for all sufficiently small rationals € < 7,
Ms € (s1,82): Xs€(a—€,a+e)} =0.
Since, almost surely,
1
0a(X) (51, 82) = hn% i/\ {s € (s1,%): Xs€(a—€a+¢€)},

then we find that, on a subspace €y of probability 1, §,(X)(s1,s2)(w) = 1. The same
argument applies for w(t) < a. Therefore, t ¢ suppd,(X)(w) on €.

An immediate consequence of this theorem is that local time L, is constant on the com-

plement of the level set Z,.
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4.5 Inverse local times

To further explore the properties of Brownian local times we need to use the following

classical result of Lévy.

Theorem 4.8 The processes (| Xy|, Lo(t)) : t > 0) and (M; — X, M;) are identical in law.

Proof (Adapted from [39, p 138]). From Tanaka’s formula (4.12), we have that (since
Xo = 0 almost surely)

t
1) = /0 sign(X,)dX, + Lo(t) = W, + Lo(t)

where W; is another version of Brownian motion. Consider now the version of Brownian
motion W = (Wt = —W;) and the corresponding maximum process M,. We want to show
that M, = Lo(t), from which it will follow that the process ((|X;|, Lo(t)) : t > 0) agrees
pointwise with the process ((M; — Wy, M,) : t > 0), which has the same distribution with
((My — X3, My) : t > 0). Clearly, for any s > 0,

Wy = Lo(s) — | Xs| < Lo(s).

Then, since (Lo(s)) is increasing, we find M, < Lo(t). Also since the function Lo(t) is
constant on the complement of the zero set Zy = {t > 0 : X; = 0} and on the set,
Lo(t) = W, < M,, we conclude that Ly(t) = M, and the equality follows. 5

From the proof above, the local time of Brownian motion (at the origin) is the maxi-
mum function of another version of Brownian motion. We can, therefore, transfer all
results concerning probabilistic properties of the maximum function of Brownian motion
to Brownian local time. The distribution of Ly(t) is, therefore, equal to the distribution
of M;. In particular, for any ¢t > 0, almost surely, Ly(t) > 0 from which we deduce that

the measure §(X) is non zero, almost surely.

Definition 4.9 The process Ly' = (Ly*(t) : t > 0) defined by
Lyt (t) = inf{s > 0: Ly(s) > t} (4.15)

15 called the inverse local time process at 0.

Because Ly(t) is the maximum function of another version of Brownian motion, the process
Ly* can be seen as the right-continuous inverse of the maximum function of a Brownian
motion. Therefore, from results of section 3.3, the process Ly ' is right-continuous, has
independent and stationary increments and has a distribution given by

P{L;'(t e /%ds, h > 0. (4.16)

)sh}z/oh\/%
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Its Fourier transform is
B [enho' 0] = tv/lul=signe), (4.17)

These results will be useful in the sequel. In general, the inverse local time of Brownian

motion at level a is defined by

L7Y(t) =inf{s > 0: Ly(s) > t}.

a
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Chapter 5

Some fractal properties of Brownian

motion

In this chapter we discuss some known fractal properties of Brownian motion on which the
results of chapter 6 will be based. We start with the Hausdorff dimension of Brownian
level sets and show that they are of dimension 1/2. We also discuss, in section 2, the
dimension doubling property of Brownian images of compact subsets. The last section is
devoted to the beautiful construction of Kahane where he showed that Brownian images
of compact subsets of Hausdorff dimension < 1/2 are Salem sets. Kahane’s proof is not
easy to follow and we made every effort to clarify the construction by filling in many gaps
between the main steps of the proof. The main references for this chapter are [22], [24]
and [39].

5.1 Hausdorff dimension of Brownian level sets

Theorem 5.1

(1) Almost surely, for all reals k > 0, the zero set of Brownian motion
Z=A{tel0,k]: X, =0}

has Hausdorff dimension 1/2.
(2) For any fized a € R, the level set Z, = {t € [0,1] : X; = a} is non-empty with positive

probability and in this case, its Hausdorff dimension is also 1/2.

Proof (Adapted from [39] and [31, pp 181-182].) Firstly, let us fix x > 0 and Consider
the Dirac measure (X ) of Brownian motion as discussed in section 4.4. For any interval
I =la,b) C [0,k], 6(X)(I) = Lo(b) — Lo(a). As discussed in section 4.5, the local times
Lo(t) is the maximum function of another version of Brownian motion (W(t) : ¢ > 0).
Then §(X)(I) = M, — M, where M is the maximum function of W. We have, by the
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modulus of continuity of Brownian motion (see relation (3.5)), that almost surely,

0<My—M, < sup [Wapn— Wl < /20— a)log(1/(b—a))

0<h<b—a

< V2(b— a)%*6 for any € > 0.
Therefore, almost surely,
o(X)(1) < C’|I|%*6 for any € > 0.

Since the support of §(X) is contained in Z (Theorem 4.7), Frostman’s lemma implies that
dimg Z > % — ¢, for any € > 0. It follows that dimy Z > % To prove that dimy Z < 1/2,
we use Lévy’s arcsine law of Brownian motion (see Proposition 4.3). We subdivide the

interval (0, 1] into n subintervals

I, = (k_l,q k=1,2,...,n.

n n

We want to determine how many of these subintervals are needed to cover Z N (0, k] in
order to find an upper bound on the Hausdorff measure Hy/5(Z) of Z. For this purpose,
consider the random variables Ty, (k = 1,2,...,n) defined on Q by Tpy = 1if [, NZ # 0
and 0 otherwise. The required number is N =T +71T,+ ...+ T, and we want to estimate
its expectation E[N]. Let K; = sup{s <t : X, = 0}. Clearly, I; N Z # () is equivalent to
Ky > (k —1)/n. Then, using Lévy’s arcsine law (Proposition 4.3),

P{T, =1} = P{[kﬂZsé@}
= 1= P{Kyn < (k= 1)/n}
2 . k—1
= 1— —arcsin{/———.

T k

Clearly, if y = arcsin,/%, then siny = %, cosy = \/% and tany = vk — 1.
Therefore 5
P{T, =1} =1— —arctan vk — 1.
T

Hence )
n 2 n— 2
E(N) = E (1——arctan\/k—1):1+ E (1——arctan\/E).
k=1 T k=1 &

Let f(z) =1— 2 arctan /. Then the sum

fMHA-0+f2)2-+...+f(r=1)(n—-1-(n-2))

can be seen as a Riemann sum of the function f corresponding to the partition

[0,1],(1,2],...,(n—2,n—1] of [0,n —1]. Therefore, since f is a decreasing function, then
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flk+1)(k+1—k) < fF™ f(z)dx. Then

E[N] < 1—|—/On1f(:c)dx
< 1+/Onf(x)dx
= 1+n—[g((n—|—1)arctan\/ﬁ—\/ﬁ)]

7

because an antiderivative of arctan y/z is (x + 1) arctan /z — /.

Since
_Tr —1/2
arctan(y/n) = 5 +O(n~/*) for n — oo,
we find that
1+n-— F ((n + 1) arctan /n — ﬁ)] S— [(n +1)O(nY?) + nl/ﬂ = O(n'7?)
T 2 -

for n — oo.
Then

E[N] = O(n'/?) for n — oo.

It follows that
lim E[n"Y2N] < oo,

n—oo

Hence, using Fatou’s lemma,

lim n 2N < oo almost surely.

n—oo

By considering the covering
Cn:([k]kﬂZ#(Z), ]{76{1,,77,})
of Z N (0, k], we find that

Hll//Q"(Z) < Y I|Y? = Nn7'/? (because |I| = 1/n).
IeCn
Hence
Hy)(Z) = lim Hll//g(Z) < lim Nn~"? < 0o almost surely,

n—o0 n—oo

from which it follows that dimy Z < 1/2. Therefore, for any fixed x > 0, almost surely,
dimg{t € [0,k] : X; = 0} = 1/2. Then, almost surely, simultaneously, for all rationals
r >0, dimg{t € [0,7] : X; = 0} = 1/2. This means that there exists a subset €y of {2 of
probability 1 such that for all w € €}y and for all rationals r > 0,

dimpy{t € [0,7] : Xy(w) =0} = 1/2.
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Let us show that for all w € €y and a real k > 0, dimg{t € [0,x] : X¢(w) = 0} = 1/2.

Consider an increasing sequence of positive rationals (r,) converging to x. Clearly,
{t €0,r]: Xy(w) =0} = U2 {t € 10,7,] : X¢(w) =0}
and hence
dimp{t € [0, k] : Xi(w) =0} = sup dimg{t € [0,r,] : Xy(w) =0} =1/2.

Therefore, on €y, we have that dimg{t € [0, k] : X;(w) = 0} = 1/2 simultaneously for all
reals K > 0.

For the general level set Z, = {t € [0,1] : X; = 0}, it is clear that, Z, is empty if
and only if I'; > 1. (Recall that I';, = inf{t € [0,1] : X; = a}). We now want to
show that if I, < 1, then dimy Z, = 1/2. By the strong Markov property, the process
Y = (Y = Xyyr, —a:t > 0)is a Brownian motion and we have that Z, = I', + Z(Y)
where Z(Y) = {t € [0,1 —T',] : ¥; = 0}. Under the condition I', < 1, Theorem 5.1
(i) shows that, Z(Y") is non-empty and has Hausdorfl dimension 1/2. Therefore, Z, also
has Hausdorff dimension 1/2 because obviously dimy(z + F) = dimy F (for x € R and
E C R. We conclude that Z, is non-empty with positive p = P{I', < 1} > 0 and has
Hausdorff dimension 1/2. 5

5.2 Brownian images: Hausdorff dimension

Theorem 5.2 For any compact subset of E C [0,1] of Hausdorff dimension o < 1/2,
almost surely, its Brownian image X (E) = {X(t) : t € E} has Hausdorff dimension 2«.

Proof (Following Fouché’s lectures based on Kahane [24, chapter 14]). Because the

modulus of continuity Kx of the Brownian motion satisfies

Kx(h) < v/2|h|log(1/|h]) < V2|h[?

for any 0 < v < 1/2, Proposition 1.1 yields that, dimy X(E) < (1/7) dimg E. Since this
holds for any 0 < vy < 1/2, then dimy X (F) < 2dimy E.
To prove that dimy X (E) > 2dimy E, we first choose § € (0, 1) such that 5/2 < dimpy E.

By Frostman’s theorem (Theorem 1.7), E carries a probability measure 6 such that

Lya(0) = /R/R df(x)do(y) c o

B
[z —y|>

Let p be the image measure of # under the Brownian motion X, that is, u(A) = 0(X ~1(A))
for any Borel subset A of R. Note that u is a non-zero random measure carried by X (E).

We want to show that Iz(p) < oo, almost surely, which implies that dimy X (E) > § and
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hence dimy X (F) > 2dimy E. We recall (by Theorem 2.13, n = 1) that

Is(n) = ¢ [ Jul*|is(w) Pdu

for some constant ¢ = ¢g > 0. It is sufficient to show that J = E[Iz(u)] < oo. By Fubini’s

theorem,
J=c [ Jul* Bl ()] du.
We have that (after using several applications of Fubini’s theorem),

B = [ [ [ e du()du(y)ap

_ /Q /R /R X=X 10(#)d6(s)d P
_ /R /R /Q =X 1 pag (1) do(s)

Because X is a Brownian motion, X () — X (s) has the same distribution as X (¢ — s) for
t > s. Because —X is also a Brownian motion, X (t) — X (s) also has the same distribution
as X(s—t) for t < s. So in both cases, X (t) — X (s) is normally distributed with mean 0

and variance |t — s|. Therefore,

E(eiu(Xt—Xs)) _ —z2/2\t—s|€iumdl‘

i
—— | e
27|t — s| /R

_ sz, (5.1)

where the last equality is just the Fourier transform of the normal distribution (relation

(2.4). Hence, by another application of Fubini’s theorem,

E(p() = [ [ = do(t)dos)

Therefore, by another application of Fubini’s theorem,

J= /// B =lt=su/2 30, 70.(£)d6(3).
e[ e g ayaots)

The substitution v = u4/|t — s| yields

J= C/R/wa(t)de(s),

where
C= c/ lv|?~1e™"*/2dv < 0o (see Example 2.6).
R
It follows that J < oo. n
Remark 5.3
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A simple proof of this doubling dimension property using nonstandard analysis is given in
[40]. There are many other interesting fractal properties of Brownian motion. Theorem
5.2 is a particular case of the following result ascribed to McKean [37]: for any fixed
compact subset £ C Ry, dimy X(F) = min(2dimg F,1). But this property does not
hold simultaneously for all compact sets £ C R, because this should imply that it also
holds for random compact subsets. For example, it should imply that the Hausdorff
dimension of the image of the zero set of Brownian motion has dimension 1, which is a
contradiction.

For dimy F > 1/2, Kaufman [26] has shown that X (F) has an interior point. Kauf-
man [25] has shown that if X is a Brownian motion in dimension d > 2 (that is X =
(X1 X2 ..., X% and the X%s are independent one dimensional Brownian motions), then
almost surely, for all £ C [0,1], dimy X(F) = 2dimy E.

There are also some results for inverse images. For example, for any compact £ C R,
we have dimg X 1(E) = (1 +dimg E)/2, almost surely (a more general result is given in
[20]). Serlet [45] proved that this holds simultaneously for all compact subsets E of R,
that is, there exists a subset )y of ) of probability 1 such that for all compact subsets
E of R and for all w € Qq, dimy X ' (w)(F) = (1 + dimy E)/2 . Many researchers are
interested in extending Brownian fractal properties to more general processes like Lévy

processes [29], [35].

5.3 Brownian images: Fourier dimension

In this section, we discuss Kahane’s construction of Salem sets via Brownian motion [24,
pp 251-255].

Theorem 5.4 Let E be a compact subset of [0,1] of Hausdorff dimension 0 < o < 1/2.

Then X (E) is almost surely a Salem set of dimension 2.

What we have to show is that the Fourier dimension of X (FE) is 2a.. The proof is based

on the following lemma which is a special case of Lemma 1 of Kahane’s book [24, p 252].

Lemma 5.5 Let p be a positive finite measure carried by a compact set interior to the
closed interval [—1,1] such that |i(u)| <1 for allu € R. Let a € (0,1) and 0 < k < 1.
If there exists a constant C' > 0 such that

la(n)] < C\/\/m\*a log |kn| for all large |n|, with n and integer (5.2)

then there exists a positive constant C' depending only on C and « such that

la(u)| < C’\/|/<;u|—0‘ log |ku| for all large |u|, with u a real.

Proof Let f be a C°°-function carried by a compact set interior to [—1,1] and equal to
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1 on the support of p. For any a € [—1, 1], consider the function

fa(z) = " f(z), z € R.

Because f is differentiable, then we have the equality

3" fa(n)e™, (5.3)

neZ

where
fa(n) :/Rem“fa(x)dx

are the Fourier coefficients. Because f is € and has bounded support, then each of
its derivatives is bounded. Using the fact that |a| < 1, one can easily verify that for
any g € N, there exists a constant K > 0 (independent of a) such that the derivative
fl9 of order ¢ verifies |f\?(z)| < K. For example, for ¢ = 1, we have that |f’(z)| <
lallf(@)| + | f(@)] < [IfI] + [[f]] where || f|| = sup,er [f(2)]-
This is also true for Fourier transforms f.% because |fD(w)] < []£9D()|de < 2||f9.
Then for any positive integer ¢, there exists a constant K; > 0 independent of a, such
that

1£9(u)| < Ky, for all u.

Since -
A (u) = (i) Tf, (u)

it follows that
| falw)| < K Ju| ™ (5.4)

for arbitrary ¢ (and K; depending only on ¢). We can now choose ¢ > 2 and conclude
that the series in (5.3) is absolutely convergent.

Let us now fix m € Z and a € [—1, 1] and estimate ji(m + a). Using the fact that f =1
on the support of u and relation (5.3) we find that

plm+a) = [ emrerdu()
= [ e f(w)dp(a)
- / M £ () dpa( )
_ / ¢ 3 fu(n)e™ du(z) (by relation (5.3))

nez

— Z fa n /ez(ner)xdlu(x)

neZ

= Zfa a(n+m).

neZ
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Therefore, we write

am+a) < 3 [fumim+m)+ 3 fa(n)iln+m)].

[n|<|m|[/2 [n|>[m|/2

Now from condition (5.2) we have that

la(n+m)| < C\/|/<;(n+m)\*a log(|k(n + m)|) for large |m + n|.
If |n| < |m|/2, then |m|/2 < |n + m| < |2m/|. Therefore,

lk(n +m)| *log(|(n+m)|) < |km/2|"%log(|2rem]|) < 2%|km| *log [2km)|

< 2% km|"*2log|km|  (for large m)

It is now clear that for |n| < |m|/2 and m large,

|i(n + m)| < Cyy/|km| == log(|wm])

where C; = 2(+2)/2¢,
In the case n > |m|/2, we use the fact that |f(u)| < 1 for all u. Therefore,

i(m +a)| < Cryflml=log(Iml) > [fu)l+ X |fu(n)]:

[n|<|ml/2 [n|>[m|/2

From relation (5.4), there exists K > 0 (independent of a) such that
fa(n)] < K|n|™® < K|n|"27%/2, for all n.

Then
Y BmI <K Y || < Kn%/3.

In|<|m|[/2 InleZ—{0}

On the other hand,

Yo Ml < K30 [n™n
[n|>[m|/2 [n|>[m|/2
< Klm/2[% 37 In|”?
[n[>|m|[/2
< 22K (n?/3)lm| 02
< 29%K(n?/3)|km| %/

It follows that, for large m,

S fa(n)] < 2072(7%/3) K|rem| =/ (log [km|)"/? .

In|>|ml|/2

62



Therefore,

li(m +a)| < (CLK7?/3 + 2a/2K(7T2/3))\/\/1m|*°‘ log(|km]) for large |m],

that is,

|a(m +a)| < Cg\/\ﬁmka log(|xm|) for large |m|

where Cy = C1 K (7?/3) + 2%/ K (7?/3) and is independent of a. Now we consider a large
|u| for u real and write w = m + a for m integer and a € (—1,1). Then obviously, as |m)|

and |u| are large enough, |km| > |ku/2| and log |km| < 2log |ku|. Then we find, for large

ml,
()] < Coyflsm|=log(|rml)
< Coy/2|wu/2|- log(|kul).
Therefore,
()] < C'\/ |kl log(|rul)
where ¢ = 20+2)/2¢C, ]

The fact that the constant C” depends only on C' will be helpful in the final part of the

proof of Theorem 5.4. We are now ready to prove Theorem 5.4.
Proof (of Theorem 5.4)
Since dimy £ = «, then dimy £ > o — v, for any v > 0, and hence H,_(E) = oc.

From Frostman’s lemma, E carries a probability measure 6 such that
0(I) < C|I|*7, for any interval I. (5.5)

Let p be the image measure of 6 by the Brownian motion X, that is, u(A) = 0(X 1(A))
for any Borel subset A of R. It is a random measure carried by X (F). We want to show
that there exists a positive constant C’ depending only on C' and « — 7 such that, almost

surely, for any € > 0,

()| < C'u| ™7, for [u] — oo.

This will imply that the Fourier dimension of X (F) is > 2a almost surely. The result will
then follow because the dimp X (E) < dimy X (F) and dimy X (E) = 2a (Theorem 5.2).
We have that

a(u) = /e““du(:p) = /eiXs“dH(s).
Then

) = [ | e X0mag(s)do(e)
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and for any integer ¢ > 1, this generalizes to

() [ = /R expiu[(Xe, + ...+ Xo) = (X ..+ X))
df(s1)...d0(s,)dO(s)) .. .d@(s;). (5.6)

To simplify the notation, let

/

f(u,sl,...,sq,s/l,...,sq):expiu[(Xsl+...+qu)—(Xs/ +...+ X))

1 q

Since obviously, f does not change under any permutation of {s1, s, ..., s, } and also for

any permutation of {s},s,,...,s,}, the integral in (5.6) is equal to
(q!)2/ / Fl, 1y oS0, 50,y 50)dO(s1) - .. dO(s,)dO(s,) . .. dO(s,).
0<s1...<sq J0<5]...<s, 4 1

. ! ! ! . .
By rearranging the numbers sy, s, ..., 8¢, 81, 59, . ., 8, as an increasing sequence
0<t <ty <...<ty, weobtain that

|ﬂ(u)|2q = (q!)2 Z(el,...,egq)eT fogtl...gtgq exp[iu(elth + €2Xt2 +.o+ €2th2q)]
d0(t,)do(ts) . .. dB(tz,)

where T is the set of all sequences (e, . .., €y,) such that €; € {—1,1} for each j and
€1+ e+ ...+ ey = 0. Clearly, T is the set all sequences of 2¢ objects, for which ¢ of
tehm are equal to 1 and the other remaining ¢ are equal to —1. Then T has (2¢)!/(q!q!)
elements.

For any sequence 0 < t; < ¢ty < ... < t9q, the random variables X, Xy, — Xy, ...,
Xt,, — Xty,_, are independent. Then

E[eXp(’iu(elth + €2Xt2 4+ ...+ €2th2q))]
= Elexp(iu(er + ...+ €2q) X, ] X Elexp(iu(ea + ... + €24)(Xs, — X4,
XE[eXp Zue?q (Xt2q - Xt2q71)]-

Because these random variables (X;,, Xy, — Xy, ..., Xy,, — Xy, ) are normally distributed
with mean 0 and variances t1,% —t1,. .., 19 — tog—1 (respectively), we find, using relation
(5.1), that

E[eXp(’iu(elth + €2Xt2 4+ ...+ EQthQQ))]
= eXp[—u2t1(61 + ...+ €2q)2/2> X eXp[—uz(tQ —t1)(ea+ ...+ GQq)Q/Q]

X eXp[—UQ(th — tzqfl)qu/Q].
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Therefore,

|/1(U)‘2q = (q!)2 Z(q ..... €2q)ET fOStl...Sth eXP[_UQtl(Gl +...+ €2q)2/2>
X exp[—u®(ty — t1)(€a + ... + €94)? /2]
X exp[—u?(tay — tag—1)€3,/2]
d0(12)d0(ts) ... dO(tzy).

Let
@Z)—u2( 4 +€2q)/2 ji=1,2,...,2q.

It is clear that for each j, ¢; > 0 and for even j’s, ¢; > u?/2 since |e; + ... + €| > 1
since ¢; € {—1,1}. Therefore by dropping all the factors corresponding to odd j’s the

inequality is reinforced, that is,

BUAOM) < @ B[ el = i) xesp(—(t =) .

.....

X exp(—(th — tog—1)12q)dO(t1)dO(t2) . . . dO(tay).

We can now integrate with respect to ¢; for even j’s. For example, for j = 2, we find,
using ¥; > u?/2, that

t3—t1

/ts exp[—(ta — t1)4h]df(ty) = /

t1 0

e dO(t 4+ 1) < / a0t + 1), (5.7)
0
This integral can be calculated by parts as follows: take

U = e ™2 qU = (—u?/2)e ™24t
AV = do(t +1); V(t):/otd0(3+t1):Q[tl,t1+t]
I:= /Oooe_tUQ/QdQ(t—i—tl) = (u2/2)/oooe_t“2/29[t1,t1—I—t]dt
< Cu?/2) /0 T e 2407901 from (5.5))
= CT(a—7+1)207 7y 20,

By repeating the same calculations for ¢4, s, . .., ts,, we obtain that

E(|A(u)*)

A
S
]

{C’ MNa—vy+1) QO‘”U_Q(O‘_”)F

/ d6(t,)d6(ts) . . . dB(tzg1).
0<t1<t3 <t2q 1

Because 6 is a probability measure, we have by symmetry that,

/ d6(t,)d8(ts) . .. dO(tag_1) = 1/q..
0<t1<t3...<t2q-1
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Hence, since T has (2¢)!/(q!q!) elements, we find that

B(it)) < Z cypuey, (5.9

where C7 = CT'(a — v+ 1) 2*77. Because (2¢9)!/(¢!) < (2¢)4, relation (5.8) yields,
E(|a(u)P?) < (Caqu )", (5.9)

where Cy = 2C4.
Now we write inequality (5.9) for all u =n € Z, n # 0, by taking ¢ = ¢, = [log |n|] , the
integer such that ¢, <log|n| < ¢, + 1. Then

E(|i(n)*") < (Cagan=2 )",

and, therefore,

<1

Sl AP "
02(]””*2(04*7)

This implies that

Czqnn—Q(a—W) - )

) <o
Therefore, by Fatou’s lemma, the series

> [\n\z ( CQqL?T(LT_)l;_w ) qn] (5.10)

neZ,n#0

By summing, we find:

neZ,n#0

converges almost surely. Then, almost surely, its general term tends to zero. That is,

e "
In| =2 — 0 as |n| — 0.

almost surely,

C2qn|n|_2(a_7)

Let )
i)
" Cygln| 2o’

Then |n|2ad" — 0 for |n| — oo. Since g, + 1 > log |n|, then

log(|n|al") = gy log(a,) — 2log|n| > g, log(ay,) — 2(gn + 1) = gu(log(a,) — 2) — 2.
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Then ¢, (log(a,) —2) —2 — —oo and in particular as g, — 400, log(a,) < 2 for large |n|.
Therefore,
NRNT
[A(n)] < o2
OQqn|n|_2(a_W)

and hence
[(n)|* < Csgu|n| 2@ < Cylog |n||n| =™ for large |n|

(C3 = €*Cy) and this holds almost surely.
For any x > 0, we can repeat the procedure above by taking for all u = kn, n € Z, n # 0,

¢n = [log |kn|] instead of ¢, = [log |n|] in relation (5.9). Then the series (5.10) becomes

Z |/€n|—2 |ﬂ(ﬁn)|2 o
C12(]7’L|/€n|_2(04_7) '

neZ,n#0

Since this series must converge almost surely, we deduce, as above that, almost surely,
|(kn)|? < Csqn|rn| 277 < Cylog |kn||kn| "2 for large |n| (5.11)

(C3 = e2Cy).

We now fix a subset €y of € (of probability 1) such that inequality (5.11) holds on €
simultaneously for all rational numbers k > 0. Let us now fix w € €)y. Because Brownian
paths are continuous and E' is compact, then w(FE) is compact. Suppose now that w(F)

is contained in (—1/k, 1/k), for some rational £ > 0. In the same way, we find
(k) < Cagalin] ) < Cy log |wnl|sn| 2= for large [n],

where i, is the value of the random measure p at w.
Consider now the measure v, defined by v,(A) = u,(A/k) for any Borel set A of the
reals. Clearly the support of v, is contained in (—1,1) and 7,(u) = fi,(ku) for any

u € R. Indeed, for all Borel-measurable function f,

[ F@dvals) = [ f(rs)dpas).
In particular,
Vy(u) = /emduw(s) = /ei““sduw(s) = [1,(KS).

Furthermore, |7, (u)| = |fi,(ku)| < 8(E) = 1. Then v, fulfills all the hypotheses of Lemma
5.5. Therefore, there exists a constant C’ > 0 (depending only on C3 and « — ) such
that

|fiw(ku) |2 = |7, (w)]? < C'log |kul|ku| =2~ for large real |u|.

Then, by the variable change u — ku, we find that

|fiw(u)|? < C"log |u||u| 2@ for large real |ul
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and this holds for all w € €y. Hence, almost surely, for any € > 0,
|u(u)[* < C'u|720F as Ju] — oo,

since log |u| < |ul® for large values of |u|.

Summarizing, we have that

for any v > 0, almost surely, for any ¢ > 0,
()] < C'lu|2O0F s fu] — oo

Therefore, for any v > 0, almost surely, dimp X (E) > 2a¢ — . By considering a sequence

(7n) of rational numbers converging to 0, this implies that, almost surely,

dimp X (F) > 2a.

This result has been extended by Kahane to fractional Brownian motion [24, pp 265-267].
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Chapter 6

Fourier analysis on Brownian level

sets

In this chapter, we first apply Kahane’s method to study the asymptotic decays of Fourier
transform of Dirac measures of Brownian motion. We show that if §,(X) is the Dirac
measure of Brownian motion at the level a, that is the measure defined by the Brownian
local time L, at level a, and p is its restriction to the random interval [0, L !(1)], then
the Fourier transform of u is such that, with positive probability, for all 0 < g < 1/2, the
function u — |u|ﬂ|5a/(3()(u)\2, (u € R) is bounded. From this result we deduce that each
Brownian level set, reduced to a compact interval, is with positive probability, a Salem set
of dimension 1/2. After using Lévy’s formula of local times, we show that the restriction
p of do(X) to the deterministic interval [0, 1] is such that its Fourier transform satisfies
E(|f(u)]?) < Clu|~"?, u# 0 and C > 0.

We consider as previously the canonical model of Brownian motion X = (X; : t > 0)

defined on the space 2 = C[0, 00) and we assume that all paths start at the origin.

6.1 Fourier analysis on passage times

Let (I'; : @ > 0) be the passage times process of Brownian motion. We recall that
I,=inf{t >0:X; =a} and inf( = oc.

It is shown in [7] that, for any fixed compact subset E of [0, 00) of dimension «, its image
by a stable process with index v € (0,2] in R has, almost surely, Hausdorff dimension

min{ay, 1}. (See also [29] for recent generalisations to Lévy processes.) We, therefore,

dimH E
2

index 1/2. The same result applies for the process (p, : a > 0), the right-continuous

have in particular that dimy I'(E) = , because (I'y : @ > 0) is a stable process of

inverse of the maximum function of Brownian motion. Clearly, the closure of the image
['(E) is such that

T(E) C T(E) U p(E).
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Therefore,
—_ imy B
dimy I'(E) = dimyg ['(F) = dImQH :

To show the claim T'(E) C T'(E) U p(E), we argue as follows: let x € T'(E). Then there is

a sequence (z,) of elements of I'( E') that converges to . Then we assume that x,, = I'(¢,)

for t, € E for each n. If we can extract from (z,) an increasing subsequence (y, = I'(s,))
that converges also to x, then because I' is injective and increasing, the sequence s, is
also increasing (in F) and hence converges to some point s € E because E is compact.
Then since I is left-continuous, we find that y, = I'(s,) — I'(s). Then = = I'(s).

If such an increasing subsequence (y,,) does not exist, then we can consider a decreasing
subsequence (z,) of (z,) that converges to x and assume z, = y(h,,) where h,, € E. The
sequence (h,) is therefore decreasing (because I' is increasing) and hence converges to
a limit ¢ € E. In that case, the sequence p(h,) also converges to z. Indeed from the

definition of I and p, we have that for any n € N,
L(hn) < p(ha) < T(hpyr).

Then
lp(hn) — ()| < [T(Rn) = T(hpga)] — 0

and hence I'(h,) and p(h,) converge to the same limit z.
Because p is right-continuous, we conclude that p(h,) — p(t). Therefore, p(t) = =.
So, in all cases, x € I'(E) U p(E).

Theorem 6.1 For any compact subset E C [0,1] of Hausdorff dimension «, there ezists
a subset Q1 of Q of probability 1 such that, for each w € Qy, the image T, (E) = {T,(w) :

a € E} is bounded and its closure is a Salem set of dimension a/2.

Proof The proof is based on the proof of Theorem 5.4. From relation (3.7), we have that
I'y < oo almost surely. Then we consider a subset €}y of € of probability 1 such that I'y
is finite on 2y in the sense that for each w € €y, there exists a positive real number h,,
such that I';(w) < h,. This implies that I',,(E) C [0, h,]. We now restrict ourselves to
Q. Since dimy F = «, then for any v > 0, dimg £ > a — 7. We have, by Frostman’s

lemma, a probability measure 6 carried by E such that
O(I) < C||*7, for any interval I.

Let u be the image measure of 6 by the process (I'y : @ > 0). This means that pu(A) =
O(T;1(A)) for any Borel subset A of R. It is a random measure carried by the closure

a

['(E) of I'(E).
We want to show that there exists a positive constant C’ > 0, depending only on C' and

a — 7, such that, almost surely, for any € > 0,
()| < C'u| =TT, for large |ul.
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This will imply that

dimpI'(E) > /2.

From the fact that dimy I'(E) = «/2, it will follow that the Fourier and Hausdorff di-
mensions are equal to a/2.
We have that

f(u) = /eiwdu(x) = /eiFS“dQ(s).
Then

)2 = [ [ e TT0man(s)do).
For any integer g > 1,

|/l(u)|2q — /R?q expiu[(ls, +...+T,) — (stl +...+ Fs;)]
db(s1) ... d0(sg)db(sy) . ..db(s,).

By symmetry this integral is equal to

/

(q!)? /M . /O<s, . S1ye s 8 Srse ey 5)d0(51) ... dB(s,)dO(s)) ... dB(s,)

where

/

f(u,sl,...,sq,s/l,...,sq):expiu[(Fsl+...+qu)—(F +...+ T

!
31 q

. ’ ’ ’ . .
By rearranging si, sa,..., 8¢, 51,59, - -, s, as an increasing sequence t; <ty < ... < iy,

we obtain that

.....

df(t1)do(ts) . . . dO(ta)

where, as previously, T is the set of all sequences (e, ..., €,) such that ¢; € {—1,1} for
cach j and €1 + €+ ...+ €9y = 0.
The random variables I'(¢1), I'(t2) — I'(¢1), ..., ['(ta,) — I'(t24—1) are independent. Then

Elexp(iu(eiTy, + €2y, + ... + €ag1s,,))]
= Elexp(iu(er + ... + €29),)] X Elexp(iufez + ... + €2)(T't, — I'y,))]
x Elexp(iuezq(L'y,, — Tiyyyi))]-

We recall that I', — I'y, has the same distribution as I',_,, <y and by relation (3.8)

E(exp(iul’,) = exp[—a\/M(l —isgn(u))], a > 0.
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Then

Bl = @ X [ ewlnyfulla el = ispua+ o )

(€15..,€2¢)E

% exp|—(ta — t1)y/|ullez + ...+ eag (1 — isgnules + . ..+ ez,)))]
% exp(—(ts — ta)y/|ulles + ..+ o] (1 — isgn(ules + ... + €3,))))

X ...

X exp[—(tay — tag—1)y/|ulle2q|(1 — isgn(uey,)))]
X d0(8)dO(ts) .. . dO(ts,).

There are (2¢)!/(qlq!) terms in the sum and each term is there with its conjugate. Since
2+ z < |z| 4+ |Z|, (z complex), we find that

~ 2
BlawP) < @2 > [ ep-hy/ulla+ o rel)
1- 29

xeXp(—(tQ—tl Y lulles + -+ eaq)
x exp(—(ts — ta)\/|ulles + . .. + eaq])

X ...

x exp(—(tag — tag—1)y/[ul€2q])
dO(t,)db(ts) . .. dB(ts,).

Let ¢; = \/\uHe] + ...+ €yy|. It is clear that for each j, ¢»; > 0 and for even j’s, ¥; > y/|u
because |€; + ...+ €4 > 1. Therefore, by dropping all the factors corresponding to odd

7’s the inequality remains valid, that is,

Bla@P) < @2 X [ expl=(ts —t)val x expl—(ts — ta)un] ..

<t1...<t
61 ..... €2q }ET L 29

x exp[—(tag — tag_1)WagdO(t)dO(ts) . . . dO(ts,).

We can now integrate with respect to ¢; for j even and obtain for example for j = 2,

/tg expl(—(ts — 1)) d0(ts) :/Ot3_t1 g+ ) < [T eVildo ). o)

t1

This integral can be calculated by parts as follows: take

U = eVl qu = /jule=VI g,
t
dV = do(t+t); V(1) :/ (s + 1) = Ot £ + 1] < Ct*
1::/0 VIt + 1) = \/|u / “tVlulgre, ¢ 4 f)dt
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<cyflul [~ eVilear
0

Using the variable change t — —ty/|u|, we find that
I<CT(a—q+1)ul~F,

(here I' is the gamma function and not the passage time process).

By repeating the same calculation for 4,1, . .., ts,, we obtain that

( )

B(|a(w)*) < =) (jul 7)1,

where C7 = CT'(a — v + 1). Therefore,

B(|i(w)*) < ( =) (6.2)

where Cy = 2C. Now we use this inequality in the similar way we did for inequality (5.9)

in the proof of Theorem 5.4. We find that, almost surely, for large integer |n|,
ii(n)[> < Csln| ™= " log|n|, where C5 = 2C. (6.3)

As we discussed in the proof of Theorem 5.4, there exists a subset 2; of €}y such that,

simultaneously for all rationals & > 0,
\i(kn)? < C’gqn|/{n| < Cslog |kn||kn| =2 for large |n] (6.4)

For an arbitrary w € €y, there exists a rational number £ > 0 such that I';(w) < 1/k. By
the same argument as in the proof of Theorem 5.4, Lemma 5.5 implies that there exists

a constant C” depending only on C3 and a — 7y such that, for all w € €y,

()2 < C'ul =7 log|u| for large reals|u|.

Remark 6.2 Kahane’s method can be generalized to other stochastic processes for which

an equivalent of relation (6.2) can be explicitly calculated.

Corollary 6.3 For any compact subset E C [0,1] of Hausdorff dimension «, the closure
of T'(E) is, with positive probability contained in [0,1] and in that case, its closure is a

Salem set with dimension a/2.

Proof Using the notations of Theorem 6.1, consider A = {w € Q; : I';(w) < 1}. We have
that P(A) = P{I"; < 1} > 0 and the closure of I',,(E) is a Salem set with dimension a//2

for every w € A.
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Remark 6.4
If we replace the process (I', : @ > 0) by the process (p, : a > 0) where

po =inf{t >0: My >a,}, M;= sup Xj,

s€[0,t]

(p is the right continuous inverse of the maximum process of Brownian motion), then

using the same ideas as in the proof of Theorem 6.1, we have that, for any compact

subset £ C [0,1] of dimension «, almost surely, the closure p(F) is bounded and is a

Salem set of dimension /2.

6.2 Fourier dimension of zero set

Now we consider the process Ly' = (A; : t > 0) of inverse local times of Brownian motion.
We recall that
Lyt (t) = inf{s > 0: Ly(s) > t},

where Lg is the local time process at 0. As discussed in Section 4.5, Ly can be seen as
the maximum function of another version of Brownian motion. Then Ly' is the right-
continuous inverse of the maximum process of another version of Brownian motion. There-

fore, by Remark 6.4, we have the following theorem.

Theorem 6.5 For any compact subset E C [0,1] of Hausdorff dimension «, there ezists
a subset Qy of Q of probability 1 such that, for each w € Qy, the image Ly'(w)(E) =

{Ly'(a)(w) : a € EY is bounded and its closure is a Salem set of dimension /2.

We will now consider the case where E is the interval [0, 1].
Theorem 6.6 Let Z be the zero set of Brownian motion. Then,
(1) almost surely, Z N[0, Ly*(1)] is bounded and is a Salem set of dimension 1/2.

(13) with positive probability, the intersection Z N 1[0,1] is a Salem set with dimension
1/2.

Proof It is clear that (44) is a direct consequence of (i) because Ly '(1) < 1 with positive
probability. If Lg'(1) < 1, then ZN[0, Ly (1)] € ZN[0,1] and hence Z N[0, 1] is a Salem
set of dimension 1/2 because, obviously, dimr Z N[0, Ly (1) < dimz Z N [0, 1].

The proof of (i) is based on Theorem 6.5. Consider the case where F = [0,1] and ¢
is the Lebesgue measure on [0, 1]. Clearly, #(I) = |I|. Let us now take the image of
E by the process Ly'. We have that Ly'(E) C [0, Ly'(1)], because the process Ly' is
increasing. Since, almost surely, Ly'(1) < oo, we consider again a subset Qo of € such
that Ly'(1) < oo everywhere in €. Then, Ly*(E) C Z. The image measure of 6 by the
process Ly is clearly the Dirac measure 6(X) restricted to the interval [0, Ly'(1)]. We
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denote this restriction by u. By Theorem 6.5, there exists a constant C’ > 0 and a subset
Q; of Qg such that everywhere in €2y,

|i(u)]? < C"|u|_% log |u| for large reals|u|.

Because the support of the measure p is contained in Z N [0, Ly '(1)], we conclude that

Z N[0, Ly*(1)] is a Salem set everywhere in ;. 5
Remark 6.7

What we have shown in Theorem 6.6 (i7) is that, with positive probability, the restriction
p of the Dirac measure on [0, Ly'(1)] has its support included in the interval [0,1] and
verifies relation

|i(u)]? < C"|u|_% log |u| for large reals|u|.

Nothing is said about the restriction of the Dirac measure on a deterministic interval like

[0, 1]. We will discuss this issue in the last section of this chapter.

6.3 Fourier dimension of level sets

Theorem 6.8 For any a € R, the Brownian level set Z, = {t > 0 : X; = a} is, such

that, Z, N [0,1] is non-empty with positive probability and in this case, is a Salem set.

Proof The idea is to reduce to zero set by applying the strong Markov property of
Brownian motion. We consider the Dirac measure J,(X) of Brownian motion at level a,
the measure defined by the local time process L,(t) at level a. Consider now the Brownian
motion Y; = X, r, — a, where I, is the passage time process at a. The zero set Z¥ of Y
is equal to the level set Z, of X. Let us denote by L} (t) the local time of the Brownian

motion Y at zero. We have that

]_ t
LY(t) = lim— / 1y <(s)ds
0

e—0 2¢

1
_ 113%%/0 1x—aj<c(s + T)ds

1ot
= 11_{%%/0 1|X_a‘§5(8+ra)ds

1 t+Ta
=t [ i aisdh)dn

e—0 2¢ Jr

1 [t+Ta
— lim— /0 1x—a<c(h)dh

e—0 2¢
= L,(t+T,).

We conclude that L,(t + I'y) is the local time at zero of another version of Brownian

motion (independent of a) and in particular, it has the same distribution with Ly(t) (the
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local time of Brownian motion X at 0). Let L;' be the inverse of the local time L, (of
X)) defined by
LY (t) = inf{s > 0: Ly(s) > t}.

a

Then, we have that
LY(t) =T, +A¥(t)

a

where AY(t) is the inverse local time at zero of the Brownian motion Y. The measure
defined by L;'(t) is the Dirac measure ,(X) of Brownian motion at level a. We have
that, almost surely, L;!(1) < oo. Let us now fix a subset Qg of Q of probability 1 for
which L;'(1) < oo everywhere. Let v, be the image measure of the Lebesgue measure on
[0,1] by the process L;'. Then v, is the restriction of 6,(X) to the interval [0, L;1(1)].
We have that

Galw) = [t O
N / iu(La (6)-Ta) gy
equa/eiuAy(t)dt
Then
Fatw)| = | [ e ar] = Ji(u)

where 7 is the image measure of the Lebesgue measure on [0,1] by the process (AY (¢) :
t > 0). We already know, from the proof of Theorem 6.6 that, there exists a constant
C' > 0, and a subset € of €y of probability 1 such that, everywhere on 2y,

|A(u)* < C"|u|’% log |u| for large reals|u.
Then we have that on €2y,
Ta(w)| < C'|u| "2 log |u| for |u| — .

It follows that Z, N[0, L;'(1)] = Z, N [Ty, L;*(1)] is a Salem set.

We now consider the subset A of ; defined by A = {w € Q; : L;'(1) < 1}. Clearly
P(A) > 0 and then on A, we have that Z, N[0, L;'(1)] C Z,N[0,1] and is a Salem set.
It follows that, with positive probability, Z, N [0, 1] is non-empty and is a Salem set with

dimension 1/2. E

6.4 The Fourier transform of the Dirac measure of

Brownian motion on the unit interval

In the previous sections, we analysed the restrictions of the Dirac measure 6(X) of Brow-

nian motion only on random intervals like [0, L7'(1)] where L' is the inverse local time
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at 0. We have shown that, if ;1 denotes the restriction of 6(X) on [0, L7(1)], then, almost
surely,

~ 2

|a(u)|* = O(|u|_% log |u]) for large reals |u].

We essentially used the fact that the process of inverse local times of Brownian motion
(at the origin) has independent and stationary increments and considered the measure
as the image of the Lebesgue measure A on [0, 1] by the process (L'(t) : t > 0).

The restriction of the Dirac measure of Brownian motion on a deterministic interval like
[0,1] can also be seen as the image measure of the Lebesgue measure on the random
interval [0, L(1)] by the same process L' (L is the Brownian local time process zero).
However, it is difficult to analyse its Fourier transform by the method developed in the

proof of Theorem 6.1. Indeed, we should have to calculate the expectation of the integral
/L(l) ol () gy
0

which seems to be very difficult to handle. There is also a problem of generalization to
other stochastic processes. The notion of local times has been extended to other more
general processes and it is an open problem to study the Fourier structure of their zero
sets [46]. No one can expect that the inverse local times of general processes will have
independent stationary increments as it is the case for Brownian motion. In this section
we develop a different approach to study the Fourier structure of the zero set of Brownian
motion, which may be extended to some general processes.

We consider the restriction of the Dirac measure of Brownian motion §(X) on the interval

[0, 1] and prove the following result:

Theorem 6.9 For some constant C' > 0,

E (j6(X)()?) < Clul "2, u 0. (6.5)
The proof of this theorem is based on the following propositions. The first is due to

Fouché [15].

Proposition 6.10 Let §(X) be the Dirac measure of Brownian motion restricted on the

interval [0,1]. Then, almost surely,

5(X)(u) = lim 2 / 1x|<1/n(5)e™ ds. (6.6)

n—o0 2

Proof We recall that the measure 6(X) is defined by the local time L(¢) : 0 <t <1 at

zero and
L) =tim g [l
There exists a subspace 2y C 2 of probability 1 such that for any 0 <¢ < 1, L(t) exists

(and is finite) on €. So, we restrict ourselves on . Consider the sequence (L,,) of
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functions defined on [0, 1] by

n ot
L,(t) = 5/0 Lixj<im(s)ds,n=1,2,...

Because L, is an non-decreasing function, it defines a measure u, on [0, 1] by u,la,b) =
L,(b)—Ly(a). Clearly, (L,) converges pointwise to L and, therefore, by the portmanteau
theorem, the sequence (u,) converges weakly to the Dirac measure §(X) of Brownian
motion. As a consequence, by the same theorem, the Fourier transform of pu, converges

pointwise to the Fourier transform of §(X), that is

— 1

§(X)(u) = lim fi,(u) = lim [ e™du,(s), u € R.

n—oo n—oo 0

The distribution function of p, is L,, and is differentiable with derivative
n
Li(s) = Slixi<1/n(s)-

Therefore,

N not;
i (u) = 5/0 e"*1x1<1/n(s)ds

from which we deduce that

5(/-)2 = lim — / ]-|X\<1/n st.

n—~o0

Proposition 6.11 With the notations in the proof of Proposition 6.10, we have that

E (16(X)(w)]?) < lim E (|jin(u)]?)

n—oo

where E denotes the expectation.

Proof This is a consequence of Fatou’s lemma. We already know that |/, (u)|? converges
to |6(X)(u)|* pointwise on €. Then

E(0X)l) = [ 16X w)Pdp

=, Jim [ (w)*dP

n—oo

< liminf [ |, (u)|*dP
Qo

n—~oo

= liminf E (|in(u)[?) .
Let us show that the limit lim,, o F (|fin(u)]?) exists. By Fubini’s theorem, we have that
L (|ﬂn(u)| ( ) / / ]-|X\<1/n )1|X\§1/n(t)) e dsdt
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= (B[ [ POx@) < 1n X O] < 1) e s
— (g)Q/OSSStQPQX(sN < 1/n, |X(t)| < 1/n)e™e " dsdt
H(5) [ POXE S Un X)) < 1) e st
Then
B (Jin)?) = () 4+ 4)
where

A = / P(IX(s)| < 1/n, | X ()] < 1/n) e™e~dsdt.
0<s<t<1

Using relation (3.1), we have that

—-1/n r—1/n 6*332/23 e*(y*z)Q/Q(t*S) .
A = / / / =9 ddydsdt.
0<s<t<1J-1/n J-1i/m +/2ms \/Qﬂ(t —5)

Because

dxdy

1/n /—1/71 67332/28 67(9*1)2/2@*5)
~1/n \/27s \/27r(t —3)

<2>2 o
n/ om\[s(t —s)

we can now apply the dominated convergence theorem. We find that,

fust) = [

1/n

IN

n\?2 n\?2 ,
lim (—) A = / llim <—> fn(s,t)] et dsdt. (6.7)
n—oo \ 2 0<s<t<1 |n—o0 \ 2

Now we have that

1 <7’L>2 f ( ) 1 1 6712/23 ef(yfx)Q/Z(tfs) o
im (= n(s,t) = lim xdy
n—oco \ 92 n— \(B,) /B, \/27s \/271-(15 —5)

where A is the Lebesgue measure and B, is the square —1/n < z,y < 1/n. Since the

function , ,
e~ /2s e_(y_x) /2(t—s)

V2rs \/27T(t — 3)

h(x7y> =

is continuous at the origin, we find that

nh_)rglo (g)2fn(3,t) _ T}LI&@/BTL h(z,y)dxdy = h(0,0) = %\/ﬁ

(We have used the fact that if g € L*(R™) and g is continuous at x, then z is a Lebesgue
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point of g, see for example, [42, p 138].) Then, relation (6.7) yields

1

I (”)2 A=
im _ — -
n=co \ 2 0<s<t<1 97, /5(t — )

1 1 eiult—s)
e
— (27r)_1 /01 % < 01_5 %dz) ds
= gt /01 % </Om ei“22d2> ds

7 |72 /1 € (/ e e Sgn(”)dz) ds.
0o /s \Jo

A

Therefore, the limit lim,, . F (|fi,(u)]?) exists and is given by

11 £/ (1=s)|ul
lim E <|ﬂn(u)|2) = 27T_1|u|_1/2/0 7 (/0 cos(z2)dz) ds.

e=9) dsdt

dsdt

It is well-known (see, for example, [30]) that the Fresnel integral

C(z) = /Ox cos(2?)dz, (x > 0)

is such that 0 < C(z) < C(4/n/2) < 1. Therefore,

ElS(X)(w)? < lim E (|im(u)?) < dr~ul 72

6.5 Some open problems

The following problems still require further investigations.

Problem 1 We have shown that, for every a € [0, 1], the level set Z, N [0,1] is a Salem
set with positive probability. It is not known whether this property holds simultaneously

for all a € [0, 1].

Problem 2 Given a compact subset E C [0, 1], it is not known whether its Brownian

inverse image X "'(E) N [0,1] is a Salem set.

Problem 3 We have proven that the Dirac measure of Brownian motion §(.X) (restricted
to [0, 1]) is such that its Fourier transform satisfies F (\5(/)?)(7,0\2) < Clu|="% u # 0 and
C > 0. An improvement of this result should be to find the exact asymptotic decay of

30



5(/)\()(u) and to generalize the procedure to other stochastic processes, for example the

fractional Brownian motion and the Brownian bridge.
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Concluding remarks

In this thesis, we have been able to study, partially, the Fourier structure of level sets of
Brownian motion using the notion of local times.

We showed that, if §,(X) is the Dirac measure of Brownian motion at the level a, that is
the measure defined by the Brownian local time L, at level a, and u is its restriction to
the random interval [0, L !(1)], then the Fourier transform of  is such that, with positive
probability, for all 0 < 5 < 1/2, the function u — \u\ﬁ\éﬁ()(u)ﬁ (u € R), is bounded.
From this we deduced that each Brownian level set, reduced to a compact interval, is
with positive probability, a Salem set of dimension 1/2. The proofs are based on the fact
that the inverse local time process of Brownian motion has independent and stationary
increments. Using Levy’s original definition of local times, we showed that the restriction
p of (X)) to the deterministic interval [0,1] is such that its Fourier transform satisfies
E(|fp(w)|?) < Clu|~*2, u # 0 and C > 0. This result can be improved by estimating the
exact decay of this measure at infinity. The procedure may possibly be generalized to

study the Fourier structure of level sets of other stochastic processes.
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