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Abstract

In this thesis, we analyze a mathematical model for the spread of malaria that consists of
ten components. The human host population is divided into two main categories: semi-
immune, which included all individuals who were immune to malaria, and non-immune,
which included all individuals who were not. However, we further categorized semi-
immune people into vulnerable, exposed, infectious, and recovered; non-immune people
into vulnerable, exposed, and infectious; and the mosquito population into three classes:
susceptible, exposed, and infected. We compute an explicit formula for the reproduc-
tive number, which depends on the weight of transmission from non-immune people to
mosquitoes and from mosquitoes to non-immune humans, as well as the weight of trans-
mission from semi-immune humans to mosquitoes and from mosquitoes to semi-immune
humans. As a result, the square root of the sum of the squares of these weights for the
two contact kinds represents the reproductive number for the entire population. The DFE
point is GAS if Ry < 1, indicating that malaria dies away, and stable if Ry > 1, indicating
that malaria persists in the population. The model outcome confirms that the disease-free
equilibrium is asymptotically stable when the reproductive number less than one and un-
stable when the reproductive number greater than one, and we discuss the possibility of
a control for malaria transmission throughout a definite sub-group such as non-immune,

semi-immune, or mosquitoes.

Keywords: Disease-free, non-immune, and semi-immune equilibria.
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Chapter 1

INTRODUCTION

1.1 Background of the study

A disease that is transmitted by a vector is said to be vector-born. A vector is any arthro-
pod, medium, or other agent that allows a pathogenic micro-organism to spread from one
infected person to another uninfected person [5}/19]. You can have mechanical or biologi-
cal vectors. If an agent may infect new hosts directly without first going through a period
of multiplication or development in the vector, the vector is said to be a mechanical vec-
tor. If an agent multiplies within a vector prior to transmission, the vector is referred to
as a biological vector. To transfer the agent to vulnerable hosts, the vector merely carries
it by its body parts [14]and the pathogenic agents, which might be bacteria, viruses, or
protozoa [102]]. The primary cause of sickness in developing nations in Asia and Africa,
which are typically found in tropical and subtropical areas, is vector-borne illness [[14].
More than half of the world’s population is afflicted by vector-borne diseases due to their
significant morbidity and mortality rates. According to the table (I.)), each vector-borne
disease has a unique pathogen, a vector that serves as a medium of transmission, and a
geographic distribution [[15]. Infectious agents and their vector organisms are sensitive
to variables like temperature, surface water, humidity, wind, soil moisture, and changes

in the distribution of forests. Some vector borne diseases are more prevalent in specific
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regions due to the vector’s capacity to adapt in the particular environment and climate

in [[1,/66].

In the history of mankind, infectious disease has been significant. The expansion of
people and national economies has been impacted by the spread of infectious illnesses.
Numerous infectious illnesses, including tetanus, smallpox, and seasonal influenza, are
vaccine-preventable. Some illnesses, like HIV, do not have a vaccine to provide immu-
nity [3,32,/100]and the agent of malaria multiplies in the vector before transmission, as
illustrated in Figure (I.1). Malaria is one of the biological vector-borne diseases that is
endemic in many regions of the world [6]]. It is an old disease with significant social,
economic, and health consequences [1]]. It is primarily found in tropical and subtropi-
cal nations. Despite the fact that the condition has been studied for hundreds of years,
it has been declared endemic in 109 countries [100]]. There is no effective vaccine in
sight, and many of the older antimalarial medications are losing their efficacy due to the
parasite developing drug resistance. Malaria affects 300 — 500 million people annually,
and it is estimated that 1.5 — 3 million people die from it each year, with the majority of
these deaths occurring in children under the age of 5 [[76]. Most of these deaths are non-
immune humans, according to a report [100]. The incidence of malaria in many urban
centres of the world is increasing, and almost all areas of high endemicity lie in develop-
ing countries where inadequate drainage creates large stagnant water reservoirs that are
ideal breeding sites for disease vectors like the Anopheles mosquito [16]. There are no
accurate statistics available because the majority of cases occur in rural areas, where a
large portion of the population does not have access to hospitals or health care in general
and it has the greatest global spread [[13]]. In India, Plasmodium vivax infections account
for about 60% of all infections [13,16]. Although it rarely results in death or other grave
issues, it can nonetheless result in serious sickness. Fatigue, diarrhea, fever, and chills are
a few of the Plasmodium vivax symptoms that are frequently seen [S}/13]]. The majority
of cases of this rarest kind of malaria are in Ghana, Liberia, Nigeria, and the tropical
West African region [9]. Because Plasmodium ovale can remain dormant in a patient’s
liver for a few months to 4 years following an infection with the malaria-causing insect, it

occasionally recurs. The patient is most likely to become ill once more if these parasites
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recur and invade RBCs [93]]. Less than 1% infections of this particular strain of malaria
have been reported in the Indian subcontinent, which is a smaller number than that of the
other varieties [76]. Its impacts have been felt for a very long time in the tropical and
subtropical regions of South and Central America, South East Asia, and Africa [9,16,76].
Even though it is not fatal, it nevertheless has a wide range of distributions and is the third

most common disease [9,/76].

Table 1.1: Vector-born diseases, Associated vector and the Region of Prevalence

Disease Vector Geographical Distribution
Malaria Mosquito Tropics and Sub-tropics
Schistosomiasis Water snail Tropics and Sub-tropics
Lymphatic Filariasis Mosquito Tropics and Sub-tropics

African Trypanosomiasis | Tsetse fly Tropical Africa

Drancunculiasis Crustacean (copepod) | South Asia, Central-West Africa
Leishmaniasis Phlebotomine sandfly | Asia, Southern Europe, Africa
Onchoerciasis Blackfly Africa, Latin America

Dengue Mosquito All Tropical Countries

Yellow Fever Mosquito Africa

The most dangerous parasite that contributes to the majority of malaria-related infections
and fatalities is known to be the plasmodium parasite [5,22]. South America, Southeast
Asia, and Africa are all home to this particular strain of malaria. Fatigue, wooziness,
dizziness, abdominal discomfort, aching muscles, a hurting back, joint pain, vomiting,
nausea, fever, headache, anemia, and other neurological symptoms are also experienced
by the parasite-infected person [76]. Since it is the severest of all the four malaria types,
it becomes important that it be checked, diagnosed, and treated on time [62,76]. This
infection also has an adverse effect on brain and the central nervous system. Many
times, changes in the levels of consciousness, paralysis, and convulsions can also oc-

cur. Of these, Plasmodium falciparum is the most common cause of infection in Africa
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and Southeast Asia and is responsible for 80 percent of all malaria cases and 90 percent of
deaths [62,76]]. The tropics are where it is most prevalent and where it causes the most se-
rious illness. To complete its life cycle, the parasite needs a human and a female Anophe-
les mosquito as vectors [1]. Being bitten by an infected female Anopheles mosquito, a
biological vector for malaria, is the most typical way to contract the disease [96]. Addi-
tionally, sharing a needle with an infected person or receiving blood transfused with the
disease could spread it. Female Anopheles mosquito bites a person to draw blood and,
while doing so, injects sporozoites into the victim’s body [96]. This is how malaria in-
fections start. These injected sporozoites quickly make their way to the liver, where they
multiply within the liver cells and transform into merozoites. System, where they grow
and multiply sexually until the erythrocyte or red blood cell bursts, therefore boosting the
number of merozoites and allowing them to attack other red blood cells [93]. Thus, fever
and other clinical symptoms are brought on by the cycle’s repeat, in which merozoites
escape and attack brand-new RBCs. The host’s hemoglobin is forced into the parasite’s
food vacuole, where it is digested, serving as a source of amino acids, during the matu-
ration process of the red blood cell by the parasite, which inserts its lipids and proteins
into the RBC’s membrane [93]]. Male micro-gametocytes and male macro-gametocytes
are the two types of gametocytes that are produced when some of the merozoites that
enter erythrocytes multiply. These newly generated gametes are then ingested by the
female Anopheles mosquito during her blood meal or blood sucking event. This sporo-
gonic stage, during which the parasite breeds sexually, is present in female Anopheles
mosquitoes [93]. When micro-gametes enter the macro-gamete stage, zygotes are cre-
ated in the mosquito’s stomach. These zygotes eventually evolve into elongated, motile
ookinetes, which pass through the mosquito’s midgut wall and turn into oocysts [44,(93]].
The oocysts that are created in this way mature and produce thousands of sporozoites
inside of them before they ultimately burst and release sporozoites into the mosquito’s
body [44}93]. These sporozoites subsequently move on to the salivary glands of the
mosquito, which, upon injection or during a blood feeding event, cause the human host
to contract malaria, as described in [93]]. The main emphasis of this thesis is on the trans-
mission of infection from the bite of infected female Anopheles mosquitoes to humans.

Thus, gametocytes are important in the transfer of sporozoites from the mosquito to the
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human and malaria from the human to the mosquito. Symptoms of malaria infection in
humans include fever, headache, nausea, vomiting, jaundice, an enlarged liver, joint pain,
body weakness, dizziness, and a lack of appetite [62,76]. Figure summarizes the
complete life cycle of the mosquito, the transmission mechanism as a whole and shows
how the symptoms of this condition worsen if medication is not taken to stop the constant

destruction of blood cells, which may eventually result in death [44,93|].

A model is a rough approximation of the complicated world, and the construction of a
model depends on the processes that are being researched and are intended to be extrap-
olated. By choosing aspects that appear to be crucial to the subject being investigated in
disease development and dynamics, various known biological and clinical facts are inte-
grated in a reduced form in a mathematical model [11,|14]]. Finding the most effective
ways to stop the spread of a disease or eradicate it requires understanding how infec-
tions spread in terms of the number of individuals affected. In order to eradicate the
diseases transmitted by vectors, numerous control initiatives were put into place world-
wide [25,34]. Outside of Africa, the majority of these initiatives were successful. The
return of vector-borne diseases is caused by a variety of circumstances. Changes in pub-
lic health policies, insecticide and medication resistance, a shift away from prevention
initiatives in favour of emergency preparedness, demographic and societal changes, ge-
netic modifications of pathogens, and changes in public health policy are a few of these
factors [42,59]]. These investigations can aid in fitting empirical observations to the ques-
tions being asked and can be used to apply theory to situations that are less unknown or
known enough to make predictions. The models have been rigorously analysed in order
to be accessible to a broad variety of researchers studying the epidemiology, transmission,
and other aspects of malaria [62]. This analysis will be helpful in identifying the various

between-host models in this field and understanding how they work.
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Figure 1.1: Architectural aspects of the Life Cycle of mosquitoes
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1.2 The Objective of the study

1.2.1 The general objective of the study

The main goal of this thesis is to develop a mathematical model of malaria transmission
in order to better comprehend it. This will be done by developing mathematical mod-
els of infectious diseases with and without vaccination inducements, developing various
mathematical models of malaria transmission by examining various dimensions (com-
partments) of infectious disease transmission with and without vaccination inducements,
developing mathematical models of malaria in five dimensions, and ultimately developing

mathematical models of malaria in ten dimensions (compartments).

1.2.2 The specific objective of the study

Reviewing the main factors considered in earlier research on mathematical modelling of
malaria transmission, comprehending how vaccination affects the spread of infectious
diseases, analysing the proposed models mathematically and biologically, presenting the
mathematical model of infectious disease transmission with and without vaccination, and
extending the mathematical model of infectious disease transmission to five-dimensional
mathematical models of malaria transmission, and ultimately developing mathematical

models of malaria transmission to ten dimensional mathematical models of malaria trans-
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mission are the specific objectives of the study.

1.3 The Significant of the study

The results of this study should improve society’s understanding of the dynamics of infec-
tious diseases, which will assist in decreasing the effects of infectious diseases in general
and malaria transmission in particular, which can be extremely complicated in the ab-
sence of immunization. Additionally, they will help society and government agencies
decide how to effectively distribute funds for the prevention and management of infec-
tious diseases, and they will help public health organizations and health care facilitators
comprehend the procedures and policies that will make it possible for infectious disease

prevention and management.

1.4 Preface

In this thesis, the mathematical model of malaria disease transmission is examined. We
examine the mosquito life cycle in chapter (I)). We offer fundamental definitions, term
properties, theorems, and procedures in the chapter (2)) because these are necessary to
prove the theorems and generate formulas throughout this thesis. In the chapter (3)), we
plan to go over the key aspects of the mathematical modelling of malaria transmission
that have been previously studied. By doing this, we will gain sufficient understanding
of the mathematical model of the dynamics of infectious disease spread in general and
the mathematical model of the dynamics of malaria spread in particular. In chapter(d),
we present and investigate a mathematical model of the spread dynamics of infectious
disease by inducing vaccination and without inducing vaccination. In this chapter, we
present two models, one by inducing vaccination and the other without inducing vaccina-
tion, and finally, we analyse the two models. In chapter(5), we analyse the mathematical
modelling of malaria transmission in five compartments; in chapter (6)), we extend our
scope of compartments from five to ten and analyse this mathematical model of malaria
transmission in ten compartments; and in chapter(7), we give the overall conclusion and

recommendation of the thesis.



Chapter 2

MATHEMATICAL PRELIMINARIES

This chapter includes definitions, properties of terms, theorems and methods that we used
to proof theorems, to formulate mathematical models and to analyse the mathematical

models through out this thesis.

2.1 Compound Matrices

Let A be any n by m matrix of real or complex numbers, and let a;,__; be the minor

......

of A determined by the rows (iy, ....,ix) and the columns ji, ..., ji, 1 < i) < ip < i <

ik <n 1< ji <jp< ji < ji <m The k™ multiplicative compound matrix of A*

.....

[36]. When A is a n by m matrix with columns a,, a,, ..., a;, A* is the exterior product
a; \ax \ ... \ a. For the case m = n, the additive compound matrices are described in

the following way. If A = g;; be an n by n matrix, its k" additive compound A of A is

n |l n
[ ] [ ] matrix by AXl = D(I + hA)®| = 0 where D is the differential with respect to A.
k k

n

For any integer i = 1,2, ,( ], let (i) = (iy, ..., iy) be the i member in the lexicographic
k

ordering of all K— tuples of integers of such that 1 < i; <i; < ... < iy < i,. In the special

9
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case k = 1, k = n, we find Al = A, A" = Tr(A). For n = 3, the matrices A are as

follows
Alll = A,

ap +axn a3 —ag3
2] —
A = asy ap +asz apn

—asy as ax + ass

A[3] =adaj + ax + ass.

2.2 Linear space and norm

A linear space: A linear space X over C is a group of members such that for every
X1, Xy € X the sum x; + x, € X is defined such that x; + x, = x, + x; and a member 0 € X
exists such that 0 + x = x + 0 = x for all x € X. Also, for any number a € R and any

element x € X the scalar multiplication is defined ax € X such that 1x = x, for all x € X,
a(bx) = (ab)x = b(ax), 2.1)

for all a,b € Rand all z € X and (a + b)x = ax + bx, for all a,b € Rand all x € X
in [106]. [25] A linear space X is a normed linear space if to each x € X there matches

a non negative real number ||x|| is called the norm of x which assures the next equation

(2.2):
Ixll =0 = x =0, [lx; + xall < [lx1][ + ||| (2.2)

for all a € R and all x € X and ||ax|| = |al||x|| for the norm on X in [|106]].

Norm on a linear space: A norm on a linear space X make a metric through the next
distance: dist(x, xo) = |x; — x2|, for all x;, x, € X. A normed linear space X able with a
metric is said to be a metric space [25]]. A norm on R, = {x = (x, X2, ..., x,) : x; € R} such
that |x| = (Z:’:l(xi)z)l/z is called Euclidean norm. R, endowed with a distance function
p such that p(x,y) = (Z?zl(xi - y,-)z)l/2 is called Euclidean n-space. Let X be a normed

linear space and x € X. The open ball about x, € X with radius p > 0 is the set
B, (xp) :={x € X : |x — xo| < p}. 2.3)

The point xj is said to be the center of the ball. Let X be a metric space. O C X is said

to be an open set if for each x € O there exist p > 0 such that x € B,(x) C O. LetS € X
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be a given set. Two points x and y are said to be connected in S if there is a path between
x and y lying wholly in §. The whole set S is said to be connected if each pair of points
in S is related in S. In R,, a set S is associated iff it cannot be enclosed in the union of
two disjoint open sets [97]. A topological space is compact if each open cover of X has
a finite sub-cover. If X is a finite dimensional normed space, then M C X is compact iff
M is closed and bounded [106]]. A convex set is a set of members from a vector space
such that each the points on the straight line between any two points of the set are also
together with this in the set; that is, for any x,y € A it follows that tx + (1 — 1)y € A for
any ¢t € [0, 1].

2.3 Autonomous dynamical system

An ODE of the form of (2.4)), is called an autonomous differential equation all the terms

do not depond explicitly on time.
dx
=1 (2.4)

where, x = x(f) € R",t € Rand f : R* — R" is a function which make sure existence
of solution to equation (2.4). Usually, supplementary information is needed to decide
properties of solutions to the system equation (2.4]), and knowing the initial position x, €
R" is adequate to get its position in all equation [23]]. Thus, we believe an IVP associating
with equation (2.4): p

X

= = ):x(00) = xo € R (2.5)

Under a set of suitable hypothesis on the function f, the initial value problem (2.3) pos-
sesses a unique solution which is defined for all future instants of time. The solution is a
continuously differentiable mapping x(.; fy, xo) : R — R” with derivative x (t) = f(x(1))
and satisfies x(Zo; o, xo) = Xxo. The notation ”.; 7y, x; is used to show the explicit depen-
dence of the solution on the initial value (%, x) in [23]]. So, x(#; #y, Xo) refers to the position
of a particle at time 7 starting from x at time #,. Basic properties of the solution mapping
are: Evolution of x depends on the elapsed time as a substitute of the initial and final time
separately. That is,

x(t; tg, x0) = x(t — 19, 0, x¢) for ¢ > t,. (2.6)
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which means that the position of the particle at time #(> t,), initial from the point x, at the
initial time ¢, is exactly the same as the position of the particle at time ¢ — #, if it starts
from point x, at the initial time zero. Because of this property we can always choose
the initial time for the IVP to be the time instant zero, that is 7, = 0. Initial value
property. That is,

x(to; to, xX9) = xop for all xg € R,,, 1o € R .7)

That is, we have the following equation (2.8))
x(123 0, x(213 0, x0)) = x(t1 + 123 0, xp) (2.3)

and persistence of solutions with respect to initial values. This property usually referred
to as the continuous dependence on initial data, can be insured by some proper hypothesis
on the vector field function f in [23]. Therefore, for autonomous ODEs, we can always
focus on ¢y = 0, and define the solution ¢(z, xy) := x(¢; 0, xo) and translate the above prop-
erties of solutions of the IVP into corresponding properties of the mapping ¢(.,.)
in [23].

Dynamical system: Let X be a metric space. A dynamical system is a continuous map-

ping ¢ : 7xX — X; 7 C R with the following properties: original value property
#(0,x) = x for all x € X; 2.9)
and group property that is we have the following equation (2.10)
d(12; 0, ¢(11;0, x0)) = ¢(t; + 1250, xo) for all 11,1, € Tand x € X. (2.10)

Continuous dependence on the initial data is implied by the continuity of the mapping
¢. Whenis 7" = {r € 7 : t > 0}, then ¢ maps X to itself and forms a semi-group under
composition rather than a group; in this case, we call (2.10)) a semi-group property [23]].

Metric space: Let X be a metric space. A Semi-dynamical system is a continuous map-
ping ¢ : T"xX — X with initial value property and semi-group property. When 7 = Z,
the dynamical system is called a discrete dynamical (semi-dynamical) system, and when
7 = ‘R, the dynamical (semi-dynamical) system is called a continuous dynamical (semi-

dynamical) system. From possessions of solution (2.7)-(2.8)) and a solution mapping of
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system (2.5)) defines an autonomous dynamical system. The system (2.5) is said to be

constant if
Iim x;(¢) >0;i=1,2,3,.....,n (2.11)
t—o00

for every trajectory with positive initial conditions. The system equation (2.5) is called

uniformly persistent if there is a positive number ¢ such that
liminf,_,x;(1) > 0;i=1,2,3,.....n (2.12)

for each trajectory with positive initial conditions.

2.4 Existence and Uniqueness of solutions

Consider the initial value problem prearranged in equation (2.5)), and let O be an open set
in R” holding the origin. Let xy € O and let ¢(¢) be the solution to the IVP (2.5)) on an
interval J C I. It is called the solution ¢(¢) can be continued on the right, if there is an
additional solution ¢(?) to the original value problem (2.3) on interval J;, such that J C J;
and supJ belongs to the interior of J;, can be continued on the left, if there is another
solution ¢(¢) to original value problem (2.3) on interval J,, such that J c J, and infJ
belongs to the interior of J,, and is continuous, if it can be continued on the right or on
the left, or both. A solution to the initial value problem (2.3)) is called a maximal solution
if it is not continuous. The function f(x) is said to be locally Lipschitz on an open set O
if for each point z € O, there exist a neighbourhood N such that f is Lipschitz on N. i.e,
there is Ky € R such that

lf() = fFO)I < Kylx — yl for x,y € N. (2.13)

The function f(x) is called globally Lipschitz or simply Lipschitz on O if equation (2.13)
holds with a constant K which is independent of z and N [92]. A continuously differ-
entiable function is always locally Lipschitz. In addition, if the domain O is convex,
then a continuously differentiable function is globally Lipschitz iff the partial derivatives
g—ﬁ, i.j=1,2,...,d are globally bounded; f = (fi, f2, ..., fa) and x = (x1, X2, ..., Xz).
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Theorem 2.4.1. (Existence and uniqueness of a maximal solution)

Let O be an open subset of R" and assume that f is continuously differentiable on O. Then
for any ty € R and any xo € O the original value problem equation has a unique
maximal solution ¢(.; ty, xo) defined on its maximal open interval I, = I, (to, Xo). The-
orem (2.4.2) which follows is the autonomous description of [23|] for the global existence

of a solution based on the dissipativity condition presented in [23|]

Theorem 2.4.2. Let f : R" — R™ is continuously differentiable, that is its partial deriva-
tives of first order are continuous functions, and there are two constants a, 8 with B > 0,
then f(x).x < al|x|* + B. Then, there exists a unique solution to equation which is
defined globally in time [23)].

2.5 Positive Solution

The presence of unique solutions in a physiologically dynamical system has to be non-
negative. Then the existence of a non-negative solution is confirmed in [91] that as: let f
in (2.9) has the belongings that solutions of x (f)) = xo > 0 are unique and, Vi, fi(x) > 0
whenever x > 0 satisfies x; = 0. Then x(¢#) > 0, V¢ > f, for which it is defined, gives

x(to) = 0.

2.6 Equilibrium Solutions

[92] A point X € R™ is said to be an equilibrium point of equation (2.5) if f(x) = 0. [92]]
The equilibrium solution X of the dynamical system (2.5) is said to be stable if for any
€ > 0 there exists 6 = d(e) > 0 such that for x(0) € R,, ||x(0) — X|| < ¢ involve the solution
x(t; xo) exists V¢ > 0 and ||x(¢; xo) — X|| < € for all # > 0. The equilibrium solution X of
the dynamical system (2.5) is asymptotically stable if it is stable and there is a constant
6o > 0 such that if ||x(0) — x|| < d, then

lim [|x(#; xo) — || = 0. (2.14)
t—o0
The equilibrium solution X of (2.3) is GAS if it is stable and

lim ||x(¢; x9) — x| = O. (2.15)
—00
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for a given 7 and Vxy € Q. The equilibrium solution X of equation (2.5)) is unstable if it is
not stable. An equilibrium point X is stable if the dynamical system can be forced to stay
behind in any neighbourhood of X by suitable initial condition. It is asymptotically stable

if, in addition, any initial solution near the stable state come close to it as t — oo [92].

2.7 Basic reproduction number

The basic reproductive number (R,),Originally created for the demo-graphics revision,
it was examined separately and it was separately studied for vector-born illness such as
malaria in [73]. For in-host dynamics, R, provides the number of recently polluted cells
formed by one polluted cell during its life span, pretentious all other cells are vulnera-
ble. From this definition, it is directly clear that when Ry < 1, every polluted individual
produces, on average, less than one new polluted individual, and we thus expect that the
disease will be empty from the population, or the micro parasite will be empty from the
individual. If Ry > 1, the pathogen is able to attack the vulnerable population. This thresh-
old performance is the most significant and useful feature of the R, idea. In a widespread
infection, we can decide which control actions, and at what size, would be most effective
in plummeting Ry < 1, providing important direction for community health initiatives.
The degree of R is also used to measure the risk of an epidemic in rising infectious dis-
ease. We note, though, that the sensible use of Ry has been, for the most part, limited to
very simple deterministic systems. For contrast with this meadow text in epidemiology,
we limit our notice to deterministic, unstructured micro parasite models. There are dis-
similar approaches to compute the reproductive number.

Next generation technique is one of the technique which has a loaded history in the liter-
ature addresses the origin of Ry, or an a comparable threshold parameter, when more than
one class of infectives is concerned in [56] and [89]. In this technique, R, is described by
means of the next-generation matrix approach explained in [26]] and [[105]]. This approach
defines Ry as the figure of individuals polluted by a solitary polluted individual during his
or her entire infectious period, in a population that is completely vulnerable. The dissim-
ilarity is that the primary explanation approximates the total number of pollution within a

human group prearranged by one infective human belonging to this group, while the next



Basic reproduction number 16

one gives the signify figure of new infections per infective in any group per age group
anywhere a generation refers to the infection. For a full justification on the configuration
of the next generation operative when there are considerably many types see in [32]. Let
us suppose that there are n compartments of which m are polluted. We describe the vec-
tor X = x;,i = 1,2,...,n where x; denotes the number of persons in the i"* section. Let
Vilx) = Vo (E) - V;(%) be the rate of form of new infections in section i and let V; (x);
where V; is the rate of transfer of individuals into section i by all other means and V" is

the rate of transfer of individuals out of the /" compartment. The difference
Fi(x)-Vi(x); (2.16)

gives the rate of change of x;. Note that F; should include only infections that are newly
arising, but does not contain terms which explain the transfer of infectious individuals
from one infected section to one more. Assuming that V; and F; meet the situation outlined
by [105]] and [33]], we can form the next generation matrix V™! F from matrices of partial
derivatives of V; and F;. Particularly,

_Vi) o 9Fi(xo)

\%
(9Xj an

(2.17)

where i, j = 1,2,...,m and where x, is the DFE point. The entries of V~'F give the
rate at which infected individuals in x; generate new infections in x;, times the standard
length of time an individual spends in a single stay to partition j. R, is prearranged by
the ghostly rad by the spectral radius (p) of the matrix V-'F. As an example, let us
consider an susceptible-exposed-infectious-recovery model. Since we are alarmed with
the populations that broaden the infection we only need to model contaminated classes (/),

and the exposed classes(E). Let us define the model dynamics using the next equations :

dl
dE
— =BSI~pE~KE (2.19)

where, vy is the per capita revival rate, K is the rate at which a dormant individual becomes

infectious, S is the efficacy of infection of vulnerable individuals S, and u is the per capita
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normal death rate. For this system

K +u 0
V = (2.20)
-K u+7]
0 &
F = K (2.21)
0 O

where A is the birth rate of vulnerable and thus we have the next

B KAB
T+ (K + p)

For the second example, we consider a model of malaria. Let us explain the rate of modify

Rox (2.22)

of the contaminated mosquito (M;) and human (H;) populations by the next equations:

dM
d—t’ = BumS Hy — M, (2.23)
dH
d—tl = BunMiS ), — Hi(o + @ + piyy) (2.24)

Infected humans are formed by the infection of vulnerable humans (S ), by an infected
mosquito with effectiveness Sy5. We suppose that they pass away with normal death rate
Uy, die due to disease with rate S and recover from the infection with rate a. Infected
mosquitoes are formed when vulnerable mosquitoes (S,) bite infected humans. We sup-
pose that this procedure has efficacy Sy and suppose that infected mosquitoes can only

go away the infected section by dying in nature with rate u,,. For this system we find that

0 Ms (0
BumHs(0) 0
a+o+ 0
Vo= K . (2.26)
0 HH
Since V is non-singular we can compute V~!. Thus, we have get the next equation
Mg (0 Hg (0
Ry = BrumMs(0)ByrHs (0) 2.27)
Mm@ + 0 + pp)

This description is still in normal use in epidemiology.
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2.8 LAS and GAS points

[105] An n by n matrix A is said to be an M-matrix iff all the diagonal entries are pos-

itive and each off-diagonal entry of A is non-positive. [[105] Let X° is a DFE of the next

equation (2.28))
X = F(xy) - V(xy), y = gxy); (2.28)

then the derivatives DF(X?) and DV(X°) are partitioned as

0
DF(X’) = and DV(X°) = (2.29)
0 J3 Iy
where F and V are the m X m matrices clear by the next equation (2.30)
OF; oV,
F= [—(XO)] and F = [—(XO)] (2.30)
an an

with 1 < i, j < m. Further, F is non-negative, V is a non-singular M-matrix and J3, J, are
matrices related with the transition conditions of the model, and every one eigenvalues of
J4 have positive real part. An equilibrium solution, Xy, is LAS if the eigenvalues of the
matrix the Jacobian matrix Df(X") have negative real parts and uneven if any eigenvalue
of D(X?) has a positive real part [105]]. The eigenvalues of Df(X?) can be partitioned keen
on two sets analogous to the contaminated and uninfected sections. These two sets are
the eigenvalues of F'—V and those of —J4. Again the eigenvalues of —J, all have negative

real part, thus the steadiness of the DFE is gritty by the eigenvalues of F' — V.

Theorem 2.8.1. [|/05|] Think about the disease transmission model prearranged by equa-
tion 2.28). If Xy is a DFE of the model, then X° is LAS if Ry < 1, but unstable if Ry > 1; Ry
is given by the next equation (2.31)

Ry = p(FV7). (2.31)

An equilibrium point X of (2.5)) is called GAS point if every solutions with dissimilar
initial situation converge to it internationally in time. In epidemiology, it is significant to
know whether an infectious disease will persevere and wait at a positive level over time,

after endemic epidemic and whether this behaviour depends on the original size of the
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disease or not. This is addressed mathematically by the GAS of widespread equilibria. For
many disease models, the R, gives a sharp threshold that totally decides their worldwide
dynamics; thus the subsequent property is affirmed [90]. Model equation has the
pointed threshold property if Ry given by equation such that the DFE P, is GAS
for Ry < 1, and there is a sole EE P* that is GAS in the interior of the feasible region for
R, > 1. Biologically, the sharp threshold property shows that the disease will finally pass
away out if Ry < 1, while the disease continues at a positive level if Ry > 1. Though,
the rigorous proofs of these global stability consequences are non-trivial for many disease
models. In exacting, the global stability of the global equilibrium normally becomes a
demanding mathematical problem due to the complexity and high dimension of disease
models. Lyapunov functions are used to show stability of systems of odes arising in
biology [90]]. [106] A continuously differentiable function V : R” — R* is said to be
positive in a region U of R” that contains the origin if V(0) = 0 and V(x) > 0, for x € U

and x # 0.

2.9 Lyapunov Function and LIP

[106] Let the system equation (2.5)) describe a dynamical system on an open subset
Q c R"and x € Q an equilibrium point. A positive specific function V € C(Q,R) is
called a Lyapunov function of the system equation (2.5]) for X on a region B ¢ Q of X
gives that V'(X) = 0 and V'(x) < 0, Vx € B. where V' is the directional derivative of V in

the direction of the vector f.

Theorem 2.9.1. Ifthere is a positive specific Lyapunov function V of the dynamical system
equation (2.5) on a neighbourhood B of an equilibrium point X, then X is stable. In adding,
if V(%) < 0 € B\X, then X is asymptotically steady and unsteady if Vo(x) > 0, Vx € B\%.

GAS, is determined in conjunction with LIP. Before stating LIP, we initiate the description
of w— limit set and invariant set under. Let ¢ (¢; x() be the autonomous dynamical system
produced by the solutions of (2.3) in [106]]. [23] A set S C R, is said to be the w— limit
set of ¢ (t; x¢) if for each x € §, there is a strictly increasing sequence of times #,, then

¢ (t,; x9) = xast, — oo.
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It is common to write S = w (xp). In a analogous way, it is distinct the omega limit of a
set A C O, and it is indicated as w(A), as the set of points x € O such that there are two
sequences

X, C A, t, = +oo such that ¢ (¢,,; x,) = x, as n — +oo. (2.32)

[23]] A set M C R, is called positively invariant if for all x € M we have ¢(t; x) € M, Vt >
0. [23]] The positive invariance means that as long as a solution passes a point inside M it

will stay within M everlastingly.

Theorem 2.9.2. LaSalle’s Invariance Principle(LIP): In [23|]] Let K C X be a compact
and positively invariant set, V : K ¢ R — R4 be continuously differentiable with V < 0
on K, and let M be the largest invariant set in E = {x € K : V = 0}. Then ¢(t; xo)

approaches M as t — oo for every x € K.

LIP requires V to be continuously differentiable but not essentially positive [23]]. It is
appropriate to any equilibrium set, rather than just a lonely equilibrium point. But when
M is just a particular point, it gives extra information about the kind of stability of the
equilibrium point. Certainly, when M is just a single point, and we are able to discover
a Lyapunov function to make sure that this equilibrium is steady and also convergent as
a consequence of LaSalle’s principle, and therefore is asymptotically steady. It is often
hard to build a Lyapunov functions and no common technique is obtainable. For instance,
a common form of Lyapunov functions in the literature of mathematical biology is

D = Z Ci (xl- —-x; —x;In ii) , (2.33)
i=1 i

X

originally from the first integral of a Lotka-Volterra system. When practical to disease
models, appropriate coefficients c¢; have to be strong-minded such that the derivative of D
along solutions of the model is non-positive, and such a and such a determination becomes
very difficult for models with high dimension [90]. The next three methods show how to
build Lyapunov functions for disease models and therefore set up the GAS of the DFE and
EE points. A matrix-theoretic method was introduced in [90] to decide global steadiness
of the DFE. Process of the method goes as follows. Consider (2.28) with #,C, F and V

prearranged above, and set the next

f,y) =F = V)x=F(x,y) + V(x,y). (2.34)



Lyapunov Function and LIP 21

From x" in (2.28) and (2.34), it can be written as follows in equation (2.335])
x = (F-V)x— f(x,y). (2.35)

Note that £(0,y) = 0. Let w’ > 0 be the left eigenvector of the non negative matrix V' F
equivalent to the eigenvalue p(V-'F) = R,.

Theorem 2.9.3. Let F,V and f(x,y) be clear as in equation [2.34)), in that order. If
fx,y) >20inQ c R", F >0, V1 >0, and Ry < 1, then the function Q = wTV'xisa
Lyapunov function for model equation (2.28)) on Q.

In applications to infectious disease models, the set Q in Theorem (2.9.3)) is usually se-
lected as a compact subset of R” such that (0, yp) € Q and Q is positively invariant with
admiration to equation (2.28)). Hence, the Lyapunov function built in the Theorem (2.9.3)
can be used to show not only the worldwide steadiness of the DFE but also stable and
therefore set up the survival of an free equilibrium. The next consequence provides in
which hypothesis can be expediently checked for disease models.

F, V and f(x,y) be clear as above and let Q c R be compact such that (0,y,) € Q
and Q is positively invariant with respect to equation (2.28). Let that f(x,y) > 0 with
f(x,y0) =0€ Q F >0, V! >0, and V™'F is irreducible. Let that the disease-free
system yo = g(0,y) has a unique equilibrium y = yo > 0 that is GAS in R%. Then the next
results grasp for equation (2.28)): If Ry < 1, then the DFE point Py is GAS in Q and if
Ry > 1, then Py is unsteady and system equation (2.28)) is regularly unrelenting and there
is at least one free equilibrium.

A graph-theoretical method was also introduced in [90] to decide worldwide steadiness of
the widespread equilibrium. The method was built up on a biased digraph; so, description
of some terms of a digraph is obtainable below. The method is clarified using the similar
notation as obtainable in [90]. We start by recalling some definitions and consequences
from graph theory as stated in [97]]. A directed graph (digraph) is an prearranged pair of
sets G = (V,A), where V is a set of vertices and A is a set of ordered pairs of vertices
of V. The in-degree of a vertex i, denoted as d™(i), is the number of arcs in G whose
terminal vertex is i, and the out-degree d* (i) is the number of arcs whose initial vertex is
i. A subdigraph H of G is spanning if H and G have the same vertex sets. A digraph G is
weighted if each arc is assigned a positive weight. The weight w(H) of a subdigraph H is
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the manufactured goods of the weights on all its arcs. A tree is a sub-digraph T of G that is
a single connected part and in which the in-degree of one vertex, the root, is zero, but each
of the residual vertices has in-degree 1. A (directed) path P is a sub-digraph with separate
vertices labelled iy, i, ..., i, so that its arcs are of the form (i, i;) fork = 1,2,...,m — 1.
A (directed) cycle C is the sub-digraph obtained from such a path P by adding the arc
(im,11). If m = 1, the cycle consisting of a single vertex i; and a single arc (iy, i;) is called
a loop. A unicyclic graph is a sub-digraph Q consisting of a collection of disjoint rooted
trees whose roots are the vertices of a directed cycle. The in-degree of each vertex of such
a graph equals 1. Given a biased digraph G with n vertices. Then, the nxn weight matrix
is clear by A = [a;;] with entry a;; > 0 equal to the weight of arc (j, ) if it exists and O
otherwise. We indicate such a weighted digraph by (G,A). A digraph G is powerfully
linked if for any pair of separate vertices i, j, there is a heading for path from i to j (and
also from j to i). A weighted digraph (G, A) is powerfully connected iff the weight matrix

A is irreducible. The Laplacian matrix L = [I;;] of (G, A) is clear as next

—a;; fori+j
{ ! / (2.36)

Diexi i fori = j.
The following gives a graph-theoretic explanation of the cofactors of the diagonal entries

of L.

Theorem 2.9.4. Assume n > 2 and let c; be the cofactor of l;; in L. Then we have

¢ = Z wt),i=1,2,...n, (2.37)

TET;

where 7; is the set of all spanning trees T of (G, A) that are rooted at vertex i, and w(T)
is the weight of T . If (G, A) is strongly connected, then c¢; > 0 for 1 < i < n. The next
identity is analogous to the one in [|70], following directly from the tree cycle identity [70]
when the weighted digraph (G, A) has a certain structure, two new relations among the c;

can be recognized via combinatorial identities.

Theorem 2.9.5. Let c; be as given above. If a;; > 0 and d*(j) = 1 for some i, j, then we

have

ciajj = Z Cjajk (2.38)

k=1
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Theorem 2.9.6. If a;; > 0 and d™(i) = 1 for some i, j, then we have get (2.39)

Ciai; = Z CiQyi (2.39)
k=1

Theorem 2.9.7. Let U be an open set in R"™. Consider a DE system
Z;( = f}((ZI’Z27 ""Zm)’k = 1’2, see m’ (2'40)

with (21,22, ..., Zm) € U. Assume that the next assumptions are satisfied: There is functions
D; : U — R,Gjj : U — R and constants a;; > 0 such that for every 1 < i < n,D;. <

Z;le a;;Gij(z) for zin u. For A = [a;;], each directed cycle C of (G, A) has

G, <0forzeU, (2.41)

(s,r)€e(c)

where E(C) denotes the arc set of the directed cycle C. Then, the function

D(z) = Z Z ¢iDi(z), with constants ¢; > 0 (2.42)

i=1 i=1

as given above, satisfies D' < 0; that is, D is a Lyapunov function for ([2.40).

Theorem (2.9.7)) can be used to show the construction of Lyapunov functions for not only
models that can be regarded as joined systems on networks but also models that do not
have an explicit network structure. In the applications to disease models, the D; are select
from functions usually used in population models. The calculation of D; follows from the
disease model and difficult limits for these derivatives are resolute. The functions G;; and
constants g;; are selected so that assumptions (1) and (2) in Theorem hold concur-
rently. A weighted digraph is constructed matching to the weight matrix A = [q;;] resolute
from assumption (1), depending on the choice of D;, i = 1, ..., n, and estimates of Different
numbers and/or types of functions D; can be used for a particular disease model, giving
dissimilar weighted digraphs. The function G;; does not of requirement depend only on z;
and z;. With information of a state graph structure, the new combinatorial identities (The-
orems (2.9.5) can further be practical to derive clearly the coefficients ¢; in a constructed
Lyapunov function. For the proof of global stability of an equilibrium solution, a new

Bendixson criterion for (2.48) was introduced in [68], which is an additional room of the
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widespread Dulac situation in [68] and [69]. Before we talk about this method, we give
some definitions and properties of norm of a matrix from [85]. Let R denote the he field
of real of complex numbers and let |.| denote a norm on the vector space R", where n is a
positive integer. Denote by J(R") the normed algebra of all linear functions from R” into
‘R" with the norm ||.|| on L(*R") defined by ||A|| = max{|Ax| : x € R", |x| < 1}. Assume
that m is a positive integer and {p; : i = 1, ..., m} is a family of supplementary projections
on J(R"), ie., P.P; = P;P.P; = 0if i # j, and )", p; = 1. Also, it is assumed that
P; # 0 for any i (hence, m < n). For each i in {1, .., m}, define the [0, co] valued function
.|; on R" by the next equation (2.43))

lxl; = |pix] (2.43)
for each x in R", and define the [0, co] valued function ||.|| on $('R") by (2.44)
lAll; = sup{|Ax|;, x € R", 1 =|x|; > |x]; for i # j} (2.44)

for each A in J(R™). |.| is a seminorm on R” for each i in {1, ..., m}. Also, if A is in J(R")

and x is in R" with 1 = |x|; > |x];, for j # i, then so

=1 pxl < Ipixl + ) Ipjxl < m; so (2.45)
=1 i
|Axl; = |piAx| < [|p:Alllx] < ml|p:All (2.46)

Hence, ||A||; is finite and ||A||; < m|p;A|. Also, ||.|| is a seminorm on J(*R"). Furthermore,
|A|l; is the least number M such that the inequality ||Ax||; < m|M|x|; is valid for all R”
such that |x|; > |x|; for j # i. The inequality ||Ax||; < ||A[lilx]; does not necessarily hold for
all x € R", and the inequality ||A.B||; < |Al;||B||; also does not hold in general. However,
if P;A = AP;, then these inequalities are valid. For each i € {1,...,m} and A in R", define

the Lozinskii measure ;(A) of a n by n matrix with respect to the norm |[.|; as
wi(A) = ]lir(r)1+ |l + hA|; — [h. (2.47)

Lozinskii measures have been used for judgment of eigenvalues of matrices. They also
arise in the stability investigation of linear differential systems when certain vector norm

of solutions are used as Lyapunov functions [69]. Now, as presented in [69], we state the
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geometric approach using the new Bendixson criterion as follows. Let the map x — f(x)
from an open subset D C R" to R” be such that each solution x(¢) to the differential
equation

Xo = f(x) (2.48)

is uniquely resolute by its initial value x(0) = xy, and indicate this solution by x(¢, x¢).
We state under definitions as given in [69]. Let X be an equilibrium point of the system
equation (2.48)). If x is globally steady with respect to Dy, then X is necessarily the only
equilibrium in D; and there exists a compact neighbourhood K of such that every compact

subset F' C D satisfies x(t, F') C K for adequately large ¢. Such a K is called fascinating

in D, for (2.48).

2.10 Bifurcation theory

Dynamics of differential equations system may alter, if at smallest amount one restriction
is allowable to vary. For example, equilibrium can become wobbly and furthermore a
periodic solution may come into sight or a new stable equilibrium may emerge. Such
a qualitative alter in performance is said to be bifurcation, and the value at which these
changes occur is called a bifurcation value. Bifurcation investigation is the mathematical
revise of changes in the solutions when altering the parameters.The parameter principles
where they happen are called bifurcation points. Usually, the classical outbreak models
have only one EE point when the Ry > 1, and the DFE point is forever steady when
Ry < 1 and unsteady when Ry > 1. So the bifurcation most important from a DFE
point to an EE point is onward; in this case, Ry is the bifurcation parameter and Ry = 1
is the bifurcation value. Though, below some situation in stricture space, for example,
when the result of delay for conduct is strong, an outbreak can happen, or a stable EE
point can exists even when the doorsill quantity, R,, of the model being deliberated is
less than unity; this occurrence is called backward bifurcation. When an epidemiological
model admits manifold non-trivial equilbrium, the model typically shows multifaceted
dynamical behavior such as backward bifurcation. In such circumstancess, the decrease
of the connected reproduction number under unity is inadequate for illness abolition in the

population. Thus, it is significant to recognize backward bifurcations and set up thresholds
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for the control of diseases. By analyzing the survival performance of the model in such
point’s one can get much about the systems properties. To recognize the next section a
concise foreword to bifurcation theory might be valued. For space protection reasons this
will not be obtainable here, instead we advocate interpretation the basic preface given
in [29]]. By using bifurcation theory [25] shows that a widespread equilibrium point exists

for all Ry > 1 with a transcritical bifurcation at Ry, = 1.



Chapter 3

LITERATURE REVIEW

In order to forecast the occurrence of infectious disease epidemics and to direct current
research for the eradication of malaria, epidemiologists frequently employ mathematical
models [4,/62]]. In order to eradicate and regulate [62], it is thought that a combination of
many approaches, as opposed to a single style of modeling, may be more effective in the
long run. Recent years have seen a boom in activity as a result of international eradication
and control efforts, [[62]. This has resulted in several studies and publications. Within
host models take into account the interaction of the parasite with the immune cells in a
specific host in order to analyze the infection phenomena inside the individual host. Pop-
ulation genetic models examine the evolution and spread of the parasite in a complicated
environment with varied levels of host immunity, host death, medication availability, and
mosquito abundance. In [[87]], the man who won the Nobel Prize for his work, was the
first to begin mathematical modeling of malaria. The association between the prevalence
of malaria in humans and the number of mosquitoes was explained by his extremely
straightforward model, which has since been substantially expanded. His model did not
consider the latency period of the parasite in mosquitoes and their survival during that
period. Starting from the basic model in [87] many transmission models of malaria have
been developed by considering regulation of the passage of the human host and mosquito
vector through these epidemiological compartments as a function of the host and parasite

specific factors, their interactions, and external environmental variables. Here, an effort
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has been made to expound on the development of these models by taking into account a
few exemplary mathematical models that take the complicated interactions between host,
vector, and parasite into account. The model in [87] is a highly significant improvement
with a focus on application in mosquito eradication. This is because the word hierarchy
of models is based on the undeniable fact that the mathematical model of malaria and the
beginning of the tree both used the word pathometry to mean the quantitative study of a

disease either in the individual or in the community.

In addition to models based on differential equations, other modeling approaches have
also been used. Few examples are, integrated models in [62]], habitat-based models
in [82], climate change in [62], individual-based models in [62], spatial and genetic het-
erogeneity of host and parasite [62], acquired immunity [4,/6,8]], age-related model [4,62],
and the latent period of infection in mosquitoes and human [4,/62]. When it comes to hu-
mans, the burden of malaria varies with age and gender. The majority of malaria deaths in
African children happen before the age of 5. Older Africans are less likely to contract the
disease due to prolonged exposure and the capacity to build some immunity. The disease
load persists throughout adulthood outside of Africa, where there is no ongoing exposure.
The spread of malaria in a community is therefore known to be significantly influenced
by age and immunity, two interrelated elements. The significance of including immunity
in malaria models is discussed in [66]. Including immunity in malaria models is signifi-
cant for two reasons. The first problem is that unrealistic forecasts result from immunity
neglect. Immunity can be added to models to help them become more lifelike. Second,
modeling immunity, and specifically the impact of vaccinations, can aid in forecasting the
results of vaccination campaigns. Numerous epidemiological studies have concentrated
on this crucial issue by modeling immunity and the age structure of the human popula-
tion(See [4,6.[8]). In this case, the illness spreads differently over time and within various
age groups depending on each group’s immunological capacity. By taking into account
the human population density in the infectious class as a function of age and time, age
structure was added to the straightforward Ross model, as noted by [4]]. In this case, the
illness spreads differently over time and within various age groups. But the relationship

between age and immunity needs to be more precisely described because the reliance, as
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anticipated by this model, did not fit well with the actual trend in prevalence with age. By
taking into account a distinct immune class in people and by adding an Immunity function

to existing models, immunity can be included in a model in two different ways.

A distinct immune class has been included in some models in [79], whereas complex
immunity functions have been included in some models in [42]. Assuming that malaria
immunity is not permanent, in [31] first proposed a model including seven compartments
in humans. In this concept, a person may either recover from the infected class and
directly return to the susceptible class or become re-infected through a temporary im-
mune class. In addition, several mathematical studies have been performed to simulate
the effect of environmental variability in the abundance of mosquito populations, such
as random fluctuation in the form of color noise in infected mosquito dynamics of the
Ross model [[88]], periodic or noisy form of the force of infection [4,/6]. With the aim of
creating accurate and verified malaria modeling frameworks that are able to pinpoint the
critical connections between pathogen transmission mechanisms and climatic conditions,
numerous studies have also taken the impact of environmental changes into account in a
variety of ways, as noted by [83]. In a recent work, [83] devised a model to analyze the
dynamics of the mosquito population while taking the simultaneous impacts of temper-
ature and rainfall into account. There are three compartments in the model for humans
with a set latency duration, and there are three compartments for mosquitoes. Through
parameters relating to mosquitoes, several environmental elements are introduced in this
model. While mosquito mortality, biting, sporogonic cycle length, and the likelihood that
infected mosquitoes will survive the parasite’s incubation period are thought to be depen-
dent on temperature variation, the birth rate of adult mosquitoes is thought to be a function

of rainfall and temperature.

The main conclusion of this model is that variations in rainfall patterns substantially in-
fluence the endemicity, invasion, and extinction of malaria as well as the abundance of
vectors. The temperature, on the other hand, affects the pathogen life cycle and has a

bigger impact on the rate at which diseases spread when there is enough rainfall to sup-
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port vector development and survival. The strength of the relationship between the two
points to a close connection between malaria and poverty. Variations in social and eco-
nomic factors are generally regarded as being much more significant in malaria-endemic
areas than temperature variations [107]. [107] demonstrated through the use of mathe-
matics how local social and economic factors, as well as global warming, affect the R,
of malaria transmission. Three temperature zones have also been created for each of the
three economic circumstances in this model, which takes into account good, moderate,
and poor economic conditions among human communities. According to this model, a
variety of variables, including endemicity, resistance, endemicity, economic conditions,
and the sensitivity of mosquito growth to temperature, regulate disease transmission rates.
With three varied temperature zones and diverse socio economic frameworks, they result
in various reproduction numbers. In order to prevent disease transmission, these model-
ing results highlight the necessity of appropriate environmental management practices in

addition to an effective healthcare system.

The efficiency of malaria control through various types of intervention strategies can have
differential protection, with the former being more protective, according to a mosquito-
based model that illustrates how field study design can be approached. When a pathogen
enters a population of hosts, it divides the inhabitants into groups based on the amount
of parasites they contain and the type of infection they have. After the ground breaking
work of in [62]], these compartments are denoted by the common notation S E/R. To put it
simply, they are as follows: the first group is made up of the portion of the host population
that is susceptible (S) to infection (I); next is the exposed (E) class, which is made up of
the portion of the population whose members are infected by the pathogen but are unable
to spread the infection to others during the time between the point of infection and the
start of the state of infectiousness, during which the members of the exposed (E) class
remain infected. The second category is contagious people, who spread infection to addi-
tional people by coming into contact with Susceptibles. The R class, on the other hand, is
made up of people who recover from the virus. Depending on the condition, there could
be differences in the compartment structure. For instance, the I class of people might

not recover at all and pass away; the R class could be made up of those who recover
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with temporary or permanent immunity, further splitting the epidemiological compart-
ments. These notations make it feasible to create eight types of compartmental models:
SILSIS,SEI,SEIS,SIR,SIRS,SEIR, and S EIRS , to use [55] terminology.

For instance, in a S EIRS model, some of the susceptible population is exposed to in-
fection, and some of that population later develops the ability to spread infection. Some
members of the infectious class recover from the illness and join the R class with tempo-
rary immunity. When immunity is gone, they are once again vulnerable to pathogen attack
and move into the S class. Thus, both human and vector compartments have been used
in malaria modeling. Epidemiological compartments for a S E/RS model that distinguish
between various stages of infection and parasite densities in the host population. Different
stages of infection are crucial to the dynamics of transmission. The degree of infectious
agent that replicates inside a host may rise from small inoculums to a higher level, and
later decline and/or cease altogether as it goes through them. In many cases of infection,
the period from the site of infection to the development of symptoms of sickness and the
period from the point of infection to the beginning of the state of infectiousness are not
the same [4]]. The appearance of symptoms is significant for case diagnosis and treat-
ment. The state of the clinical markers presence by + and absence indicated for diagnosis
of each compartment is designated by Sero-conversion and Cellular immunity [60,81,94].
Latency of infection in humans was introduced in [4] making an additional Exposed class
in humans in [74]. Researchers have modified the basic model in [88] to explain the effect
of the age structure of prevalence [4], migration, and visitation of people [94]. Several
models were also put forward following the model in [74] by incorporating additional
complexities of human immunity, parasite diversity, and resistance to explain enormous

quantities of epidemiological data collected in Africa and other areas of the world [12].

The main benefit of these early models was to offer an appropriate control strategy through
the transmission threshold criterion, which is based on the parasite’s ability to reproduce
and is known as the basic reproductive number. Although the term threshold was first

used by [88], [43] is where the term first appeared in relation to a parasite’s reproductive
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value. In every study on the population biology of a parasite, [[74], the idea of the funda-
mental reproductive number has been extensively debated from the start. By estimating
Ry, it is also possible to describe the fundamental outcomes of all these models. The
Exposed class was added to the mosquitoes according to in [74] after taking this latency
interval into account. Therefore, in this model, the mosquito population is divided into
three compartments(SEI), and the model studies the time evolution of the exposed class
and infected classes in mosquito. The R, for this model is consequently scaled down
with increasing latency period. In a natural extension to the Ross, the Macdonald model
in [74], and Anderson and May considered in [4] the latency period of the parasite in
humans, and introduced the Exposed class in human population in their model [4]]. Along
with the mosquito population, this split the host population into three sections. Thus, this
is a S EIS model for the human population, and it consists of four DEs that describe the

temporal evolution of the exposed and infected classes of both humans and mosquitoes.

Due to the addition of the human latency period, the fundamental R, for this model is
further decreased. A comparison of the models used by [4], [[74] and [88] to predict the
prevalence of infectious diseases. The models reveal that taking into account the latency
periods of parasites in humans and mosquitoes not only lowers the long-term prevalence
of both infected humans and infected mosquitoes, with the Anderson model having the
lowest prevalence and the Ross model having the highest prevalence ( [4] and [87], re-
spectively). It also lowers the rates of progression in these final infected populations.
These simple models can provide some insight into the impact of various intervention
types on the dynamics of disease transmission, even at their smallest level of complex-
ity. The percentage of the population that falls into the exposed and infected classes can
be controlled in part by the mosquito density, mosquito bite rate, and mosquito mortal-
ity rate. Ross developed the first deterministic DE model of malaria by compartmen-
talizing the human population into susceptible and infectious human groups, with the
infected class reverting to the susceptible class once more to produce the SIS structure.
The mosquito population likewise only has two compartments: susceptible and infec-
tious mosquitoes, but due to their short lifespan, they do not recover from infection and

hence adhere to the susceptible-infectious structure. Using two DEs, one for the human
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and one for the mosquito, the time evolution of the population’s proportion in the classes
of infectious humans and mosquitoes is investigated. It is obvious that the human bit-
ing rate, the proportion of bites that result in human infection, the proportion of bites by
which one susceptible mosquito becomes infected, and the ratio of female mosquito num-
bers to bites that contribute to the increase of the Ry in this model are related to humans
and mosquitoes, and any change in them can have a big impact on malaria transmission.
The Ry can be decreased by raising mosquito mortality and decreasing mosquito biting
rates. The Ross model explains the fundamental characteristics of malaria transmission
and places the majority of the burden of transmission on mosquito-specific characteristics,
opening the door for mosquito-based malaria control programs. Knowing how changes in
these parameters affect transmission intensity, which is measured by the Ry, is crucial for
any epidemiologist. It is obvious that the reliance on the biting rate suggests that having
the biting rate is more efficient given the expressions of the reproduction number in all
three models. Thus, lowering the biting rate through the use of bed nets or any other tech-
nique will be an efficient way to control the transmission. But not all parameters make
this evident. Due to the exponential function of the adult mosquito mortality rate present
in these models, for instance, the relative effect of lowering the adult mosquito mortality
rate in contrast to the biting rate is different. The Ry = 0 surface demonstrates that the
commencement of an epidemic occurs at higher parameter values in the [87] model than

in the [4] model.

These findings suggest that, under the model of [4] and [74], reducing the lifespan of adult
mosquitoes is more successful at reducing malaria cases than reducing the biting rate. As
was previously indicated, these model results gave justification for controlling malaria
transmission by mosquitoes using pesticides and insecticide-impregnated bed nets since
they alter mosquito density biting rate and mosquito mortality rate. Therefore, even at
this modest level of complexity, these models were successful in describing the elements
that affect the disease’s transmission, which were helpful in the control and eradication
of malaria in many nations. Environmental effect [97,/107] has been used in some of
the most recent publications on the mathematical modeling of malaria. [97,/107] offers

a compartmental model in which people behave in a way similar to the SEIRS pattern
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and mosquitoes behave similarly to the SEI pattern. In addition, the temperature now
affects some of the metrics relating to insects. There are two of these: the time it takes
for mosquito eggs to hatch into adults and the amount of time it takes for a mosquito to
swallow Plasmodium gametocytes before they mature into sporozoites and move to the

salivary glands.

[97,107] Use the model to study the effect global warming. Using the estimated increase
in temperature of 10 to 3.5 degree centigrade by the year 2100, they show that it is possi-
ble in some areas of the world for the Ry > 0 to increase above one; for areas to change
from a stable DFE point to one with low levels of endemicity and for other areas to change
from low levels of endemicity to high levels. They do, however, conclude by saying that
economic and social effect are still more important than temperature effect and a good
health care system with good malaria control techniques can overcome the negative ef-
fect of an increase in temperature. People go through various stages of the S EIR, and a
history of earlier infections is retained in the model from [97]] derives. The mosquito pop-
ulation is subdivided into juveniles and adults in a submodel included in the study. They
incorporate into their model for malaria transmission the steady state value from this sub-
model for the adult mosquito population. In the mosquito population sub-model, they
introduce the dependency of the parameters on an environmental parameter and compute
the dependence of the Ry, for the whole malaria model, on this environmental parameter.
The spread of the drug-resistant Plasmodium [66] parasite and the development of immu-

nity [66]] have both been considered in more current models.

Discuss a model that incorporates a disease strain that is resistant to treatment. Start with
the Ross-Macdonald model and work your way up to more intricate models. As a result
of their findings, it can be seen that even in the most basic of their models, there is a
threshold below which drug resistance does not exist and above which it does. In their
investigation of a host-parasite evolution model of malaria, [66] found that the parasite
makes investments in its capacity to elude the host’s immune response while the host

makes gradual improvements to its immune system. While mosquitoes follow an SEI
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pattern similar to that described in [[107]] and humans follow a S EIRS -like pattern, [80]
describes only one immune class for humans. When in contact with an infected mosquito,
humans shift from the susceptible to the exposed class with a certain probability before
moving to the infectious class, just like in traditional § E/RS models. Infected individuals
can then recover with or without a boost in immunity, returning to the vulnerable class or
moving to the recovered class. A novel aspect of this model is that even though people
in the recovered class are thought to be immune in the sense that they do not experience
severe illness or develop clinical malaria, they still have low levels of Plasmodium in their
bloodstream and can transmit the infection to mosquitoes that are susceptible. These re-
habilitated people eventually join the susceptible group. When susceptible mosquitoes
come into contact with either infectious or recovered humans, they may become infected
and switch over to the exposed class. They then move on to the class with the infectious
disease. A density-dependent natural death rate causes both people and mosquitoes to
abandon the population. The model may now take changing human and mosquito popu-
lations into account. Constant population models do not take into consideration the fact
that mosquito population fluctuations are essential to the dynamics of malaria. The model
also takes into account disease-related human deaths because malaria mortality, particu-

larly in newborns, can be significant in locations with high transmission rates.

[79]Use a linear per capita mortality rate assumption to analyze this model. A Ry is
defined in these new variables when the system is transformed into dimensionless quan-
tities. They demonstrate that an EE point exists when Ry > 0 and that this EE is distinct
if there are no diseases that cause death. They demonstrate through linear analysis that
the DFE is LAS when the Ry < Oand the unique EE are both Ry, > 0, and that both are
LAS when either is present. In order to prove their point that the EE is stable for Ry > 0,
they conclude by utilizing numerical simulations. Many of the topics covered in [6] be
revisited in [4] later evaluation. Additionally, [6] may assemble a variety of data sets for
parameter values, such as information on the latent period in humans and mosquitoes, the
rate of recovery for humans, the anticipated adult lifetime of mosquitoes, and data on the
frequency of malaria across human age distributions. In addition, [4] and [6] investigate

the impact of including age structure in the fundamental [88]] to [74]]. Finally, they address
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the implications of a vaccine and the decline in transmission rates on the age-prevalence
of malaria as they examine various control measures. Nedelman surveys examines mul-
tiple data sets to statistically approximate parameters including inoculation rates, rates of
recovery and loss of immunity in people, human-biting rates of mosquitoes, and infec-
tivity and susceptibility of humans and mosquitoes. [64]] Also starts with the citeRos15
to [[74] paradigm with an additional latent stage for the mosquitoes. The impact of pa-
rameter variability is then studied, and an infection-rate-dependent duration of immunity

1s included.

[64]] Investigates the effects of vaccines, contrasting those that work on asexual blood
stages and those that prevent transmission, to demonstrate that the asexual blood stage
vaccines are more effective. [64] Uses this model of immunity to study the effects of
vaccines. In the typical SIRS or SEIRS model, a good review of common epidemiolog-
ical models can be found in the constant parameter [25]] of immunity decline. However,
ongoing reinfection is necessary for prolonged immunity against malaria; as a result, im-
munity is quickly lost in the absence of reinfection, whereas protection is long-lasting in
the presence of a high infection rate. By relating the rate of immunity loss to the rate of
immunization, it is possible to model this non-constant time of immunity. Unlike other
models, the [25] and [26] model takes into account continuous human immigration. Once
they have recovered, the contagious people join the class of recovered people. Due to this
in [25,26] divided the human population into four classes: susceptible, exposed, infec-
tious, and immune, and divided the mosquito population into three classes: “susceptible,
exposed, infectious, and immune.” The recovered humans have some immunity to the
disease and do not get clinically ill, but they still harbor low levels of parasites in their
blood stream and can transmit the infection to mosquitoes. After some time, they lose

their immunity and return to the susceptible class.

The first time, [25,/26] model described the mathematical model contained the specifica-
tion of a domain where the model is mathematically and epidemiologically well-posed

and defined the Ry and the DFE as LAS when the Ry < 0 and unstable when the Ry > 0.



37

show the existence and stability of a DFE point, the existence of at least one EE point,
and the description of the existence and stability of the EE point(s) for all the R, > O.
Numerical simulations demonstrate that for higher values of the disease-induced death
rate, a subcritical bifurcation is conceivable at Ry = 1 and that the transcritical bifurcation
at Ry = 0 is supercritical in the absence of disease-induced death. Furthermore, the need
for a thorough examination of this modeling approach and the development of the models
used up to this point is highlighted by the current attention given to the significance of the
predictive power of mathematical models in understanding the transmission of infectious
diseases. The incorporation of acquired immunity in the model provided by [33] repre-
sented a significant advancement for the mathematical modeling of malaria. One class of
persons has no immunity to malaria, whereas the other has some immunity, according to
a model put forth by [33]]. Some people recover with immunity as the non-immune class
gets sick. The immunological class has the ability to contract an infection but cannot
become clinically unwell or spread disease. The super-infection phenomenon, which is
typically connected with macro-parasites, was also incorporated into the model by [33]].

As also stated in [4]], which is cited.

[11] Also provides a description of Dietz’s super-infection paradigm. The temporary
nature of acquired immunity is another significant characteristic of malaria. Reviews of
the compartmental and continuous models of transient immunity in humans are provided
by [6]]. In the review of the literature, we try to include some of the more significant
aspects of this epidemiology while still keeping it mathematically tractable. The archi-
tectural structure of the review of mathematical modeling of malaria is shown in Figure
(3.1), where the subscripts h and m stand for human and mosquito, respectively. Human
classes susceptible (S,), exposed (E}), infectious (/) and recovery (R;) are in the left
fold, while mosquito classes susceptible (S ,,), exposed (E,,), and infectious (/) are in the
right fold. Generally speaking, the human classes for malaria infection terminate with the
susceptible class left (S ), but the mosquito populations die from infection, so it can only
progress up to the infected class left (7,,). Dotted arrows represent the effects of several
complicated components in various models or particular compartments (red), such as age,

immunity, environment, and socio economics. Red indicates the first time a new compart-
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Figure 3.1: Architectural Structure Of Mathematical Modeling Of Malaria
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ment has been added. The subscript j = 1,2, 3 denotes that the relevant compartment has
been further subdivided. Dotted arrows indicate the inclusion of complex components in
various models or a given compartment. With so many models available, it is not easy
to deduce the essential characteristics of the illness and gain a thorough understanding
of how the interactions between the vector, parasite, and host led to the formation of the

models.



Chapter 4

ANALYSIS OF MATHEMATICAL
MODEL OF INFECTIOUS DISEASE

Those who are prone to pollution and are in good health are susceptible. The person
has the option to withdraw from the tainted group. People who have the disease and
are infectious are said to be infectious. The affected individual has the ability to recover
from the disease and leave the contaminated group. People who have recovered from
an infection are immune since they have already been exposed to it. When someone
has recovered, they encounter resistance. Age, sex, social standing, and competitiveness
have little bearing on the likelihood of contracting the infection. There isn’t any inherited
resistance. The populace interacts with one another in equal measure and mixes regularly.
Normal birth and mortality rates are taken into account. All babies fall into the susceptible
category. Members of all three classes die at the same rate. In order to maintain a stable
population, it is assumed that the birth and death rates are equal. @, S, p, 1 and 7y are all

positive, making all the parameters positive.

39
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Table 4.1: State and parameter variable descriptions

Variables | An explanation of the variables

S (1) Vulnerable population at time t

1(1) Infected population at the moment ¢

R(t) Recovered population at a time ¢

V(1) Vaccinated population at time ¢

B Infection rate per capita

0% Recovery rate

a The birth rate of the population

u Rate of deaths per capita

ol Proportion of those successively vaccinated

4.1 Analysis of the Model without Vaccination

4.1.1 Model Formulation

This model divides people in a population into at-risk, infectious, and well-again cate-
gories. On the other hand, in this concept, a person may change from the susceptible
group to the infective group when they come into contact with an infected person. For
instance, the contact for COVID-19 could be someone who is a few feet away from an in-
fected individual who has just coughed. Individuals who are infectious spread the disease
to others who are susceptible and remain in the infectious group for a while (the infectious
period) before entering the pool of people who have recovered. As a result, we arrive at

the system of first-order non-linear differential equations for our model as follows:

ds BIS

_ _bLS 4.1
a - Ny “.D
dl - BIS
a _ PR 42
dr N _VTH (4.2)
dR
o IR 43
o7 Yl —pu (4.3)

Since N constant, N = S(¢) + I(r) + R(¢). With the initial conditions S (0) > 0, /(0) > 0,

.o dN _ dS . dl  dR _ ST )
and R(0) > 0, we get the expression ;- = <+ + <+ < = (. For the sake of simplicity, let’s
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and r = £, which is the proportions. We arrived at(#.4)

redefine the terms s = 3,i = £

from @I)and s = 3.
ds

_ %(azv_%s_ﬂs)-%.o (.5)
= a—BNLf— %:af—ﬁis—,us. (4.6)

From equation (4.2) and i = ﬁ, we obtained the following equation (4.7))
-1 (B> i =)~ =0 4.8)
= ﬁNLf—y%—,u;V:,Bis—yi—yi. 4.9)

The following equation was derived from equations and r = %

= S OT-pR) ~ 150 (.11)
=y =vim (4.12)

The following system equation was created by substituting these new variables into equa-

tions (4.1)), (4.2) and (4.3]), which were derived from (4.13)- (4.15)).

d

d_j = a-—pBis—us 4.13)
&

d—; = Bis—yi— i (4.14)
d

z: = yi—pr (4.15)

We arrived at the following equation using the overall population density:
s +i+r)=1=r@) =1-s()—iQ). (4.16)

To analyze the model equation from (4.1)-(4.3), it is sufficient to take into account equa-
tions (4.13) and (4.14).
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Figure 4.1: Model of infectous disease with out inducing vaccination

4.1.2 Feasible solution

Theorem 4.1.1. The region where the system’s equations’ solutions have biological and
mathematical significance is indicated by the viable solution. The system of (@.1))-(4.3)
has a set of feasible solutions that is positively invariant, and it is given by the formula:
Q= (S,LR) € Ri :S+I1+R=N>0. It will be demonstrated that the region is posi-

tively invariant using the system.

Proof. The total population is given by the equation N = § + I + R, which is derived from
the system of equations (4.1))-(4.3). As a result, when the DEs (4.1) and (4.3) are added,

the results become

dN dN dI dR

— = — =+ — 4.17

dt dt dt dt ¢-17)

= aN —uS —ul —uR (4.18)

= aN—-u(S +I1+R)=aN —uN =0. (4.19)

As a result, the differential equation ddi;’ = 0 is of first order. Calculate this now by

integrating both sides of the equation. The outcomes are as follows: N(f) = Nye”. Over
a lengthy period of time, the population approaches the size of N, since at t = 0, N(0) =
Ny.As aresult, over a considerable amount of time, the total number of people approaches
N = Ny as t — oo means that N(¢) approaches Ny. It is implied that N = N,. As a result,

boundedness is Q.

4.1.3 Positivity of Solutions

The positivity of the solutions is the non-negativity of the solutions of the system.
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Theorem 4.1.2. The solution set of the system of equations (4.1)-(4.3)) is positive if the
initial data set is (S (0), 1(0), R(0)) = 0 in Q.

Proof. The fact that all state variables are positive must be demonstrated. S(t), I(t), and
R(t) are state variables, and their values must be for all # > 0. When considering equation
(@.1)), we were able to determine the Positivity of S and arrive at the value S (¢) > S (0)e .
Due to the fact that u > 0 and S (0) > 0. After that, all t must equal zero (S (¢) > 0). The
result of Equation is I(t) > 1(0)e="* > (. The fact that (y + ¢) > 0 and 1(0) > 0
means that I(t) > 0, for all # > 0. We obtain R(¢) > R(0)e™ > 0, followed by R(#) > 0,
for all > 0, from @.1)-({.3). This means that every variable is positive (for all ¢ > 0).
We have therefore demonstrated the non-negative nature of all variables in the model
equations. As a result, the term positivity of solutions refers to the absence of negativity

in system solutions.

4.1.4 The Basic Reproduction Number (R))

In terms of mathematics, the value of Ry relates to the peak and final size of an epidemic
and is a threshold for the stability of a disease-free equilibrium. The reproductive number
can shed light on a disease’s dynamics of transmission and help inform prevention tac-
tics. In our model, the key factor controlling the dynamics of disease is the reproductive
ratio. Consequently, we get the outcomes listed below. If Ry < 1, then each person who
contracts the disease will infect fewer than one person before recovering or passing away,
which means the epidemic will spread in the host population and eradication is feasible.
If Ry > 1, then each person who contracts the disease will infect more than one person,

which means the disease will peter out and eradication is not possible. As aresult, S = N

di

& > 0, which are equal to Bis — yi — ui > 0, are used to determine the system’s

and

fundamental reproduction number, which is 8s > v + u. As a result, Ry = yﬁTsﬂ > 1 is ob-
Bs

tained from the equation it % = 1. As aresult, Ry is referred to as the fundamental
reproduction number that dictates the model’s stability analysis. Another way to think of
reproduction numbers is as the number of secondary infections that result from original

infections.
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4.1.5 Disease free and endemic equilibrium points

By equating the rate of change to zero, which is expressed as % = g = % = 0, the
equilibrium points of the system can be found. The EE and DFE points of the equation
system (4.1))-(4.3)) are then discussed. In the model discussed above, there are two equi-
librium locations. Ey = (s = 1,7 = 0) is the location of the DFE point. By resolving the
system equations, it is possible to determine the DFE point E, = (1,0) and the EE point

E] = (S, l)

Bsi—iy—ui=0and u—Bsi —us = 0. (4.20)
Then, we get s = 7;—“ and i = % Therefore, we obtained EE point

_ 7+ﬂuw—7—uu' 421)

El - s
B By+w
The EE point can only be reached when 8 > y + u, which means that either Ry > 1 or the

infection rate must be higher than the mortality rate of infected people.

4.1.6 Locally stability analysis on DFE and EE points

If you place a system close to an equilibrium point, it will occasionally shift itself there
due to the equilibrium point’s local stability. The Eigenvalues of the Jacobian matrix that
were computed at equilibrium define the local stability of the equilibria. All Eigenvalues
of the Jacobian must have negative real parts in order for equilibrium to be LAS, which is

a necessary and sufficient condition.

Theorem 4.1.3. The DFE point E is LAS in the case of Ry < 1, while the EE point E; is
LAS in the case of Ry > 1.

Proof. In order to ascertain the stability of the DFE point E,, we look at the Jacobian
matrix of the system assessed at the DFE point. Equation (4.22)) provides the Jacobian
matrix at the DFE point.

d (0 Big_ d (o — Bis—
J(s,i) = plomprp) gl M”] (4.22)
L (Bis—yi—pus) L (Bis—yi—pus)
_ | B —Bs ] (4.23)
Bi Bs—p—vy
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Using (4.24)), one may obtain the Jacobian matrix evaluated at the DFE point E.

Ja,0=| " i (4.24)
0 B-p-vy

If f—u—v < 0 and we obtain 7%1 = Ry < 1, then the eigenvalues of (@.24) are 4, = —u < 0
and 4, = B — u —vy < 0. Due to the fact that both Eigenvalues are negative, the DFE point
E, is then LAS. One of the most crucial issues with any infectious disease is its capacity to
spread throughout a population. A threshold parameter called R, can be used to describe
this. The average number of infected individuals that the infected individual will produce
during its whole period of infective is less than one, if Ry < 1. The system is LAS in the
DFE point example. This demonstrates that the disease’s prevalence will decrease among
the populace. Additionally, a group is infected only when 8 > u+y.If —u—vy > 0Oor
y‘%ﬂ > 1, the DFE point is unstable. Given that R, > 1, each infected person who comes
into contact with a susceptible person during the course of their whole infective period
will result in the infection of multiple people, which will allow the disease to spread to
the susceptible population and cause the DFE point to become unstable. It is given that

the Jacobian matrix evaluated at the EE point E; looks

B —y)pt+p(1—p)
— Y Y~ HM

J(E)) = v 4.25)
HB—p—=y) 0
Y+u

The equivalent characteristic equation for the EE point E| is

ptl—yutpd~) o _
Ll oK =0 (4.26)
HB—p—y) 0
Y+

In other words, A% + ﬁ/l + u(B —y — w) = 0. Be aware that both the positive coefficients
£ and u(B — vy — w) exist. And these are the Eigen values:

y+u
B 1 | Bu Y
1= P - I2E ) _4ug—-y—
2(u+7)+2\/((u+7)) HE == H)
—uR 1
(F52) 5 ko) = 4B -y - ) @27)

Given that u(8 — ) is positive, the quantity under the square root is either less than or

higher than yzRg. If this is the case, the Eigen values are complicated by the negative real
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portion —uR, and the beta-gamma-mu function. In the event that ,qu(z) < 4u(B—vy—pu), the
quantity beneath the square root must be smaller in absolute value than qu(z), yet the real
part is still negative. In any case, we get the conclusion that the EE point is stable because
both Eigen values’ real components are negative. It demonstrates that the EE point is
stable since, in both scenarios, the susceptible and infected populations will live and the
trajectories will eventually approach the EE point. The linear stability of the equilibrium
points leads to the conclusion that the DFE and EE points cannot coexist. The DFE point
is stable if Ry < 1, while the EE point is stable if Ry > 1. As an illustration, let’s say that
after determining the linear stability of both points, it is determined that the reproduction
number is 1.5 > 0 and the Eigen values of the DFE point are 4;, = —-0.5,1, = 0.5.
Consequently, it supports our finding that when R, > 1, trajectories cannot approach the
DFE point, and the characteristic equation of the EE point is given by 12+0.751+0.25 = 0.
Furthermore, the Eigen values are 4 = —0.3750+0.3307i. Since both of the Eigen values’
real components are negative, the EE point is stable, supporting our theoretical finding

that the EE point is linearly stable when R > 1.

4.1.7 Global stability analysis on DFE and EE points

To determine the stability requirement for this equilibrium point, we now investigate the
characteristics of the EE points. Building a Lyapunov function demonstrates the world-

wide asymptotic stability of the DFE and EE points.

Theorem 4.1.4. In the event where Ry < 1, the DFE point Ey and EE point E| are both
GAS on Q.

Proof. The following Lyapunov function is created in order to demonstrate the overall

stability of the DFE point: V : Q — R, V(s,1) = i(t). Consequently, V’s time derivative is

V(s,i)

i(DPis — (y + wi
{ Bs )
-1
(y+pi (y y

i(1)(Ros—1).

Since s = 1 in the equilibrium of a free disease, V(s,i) < 0 for Ry < 1. Additionally,

V(s,i) = 01f i(tr) = O or s(f) = 1 and Ry = 1. The biggest invariant set in the set
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L ={s,i € Q/V(s,i) = 0} is therefore reduced to the disease-free equilibrium point. The
LaSalle invariance principle states that the DFE point is GAS in Q2 since we are in a com-
pact invariant collection. Unlike Lyapunov theorems, LaSalle’s principle does not require
the function V(x) to be positive and definite. If the biggest invariant set M, contained in
the set E of points where V disappears, is reduced to the equilibrium point, i.e., if M = x,
LaSalle’s principle allows us to deduce that the equilibrium is attractive. But a shortcom-
ing of LaSalle;s principle, when relevant, is that it demonstrates just the attractiveness of
the equilibrium point. It is generally known that in a nonlinear scenario, attractiveness
does not imply stability. However, it is necessary to demonstrate Lyapunov stability when
the function V is not positive and definite. LaSalle’s principle is frequently misquoted
because of this. In order to determine asymptotic stability using LaSalle’s principle, some
additional conditions are required. Additional effort is required in order to derive stability
from LaSalle’s premise. LaSalle has achieved the most comprehensive results in the direc-
tion of his principle to verify asymptotic stability. For the global stability of the EE point
E, we create the Lyapunov function L : Q, — R, where Q, = S,7€¢Q:5 >0,1>0
given by the following equation (4.28)

LS. =W, (S ~§'In (Si)) W (1 ~I'ln (Ii)) (4.28)
where W, and W, are positive constants. Take the derivative of the above function

dL _ dLdS dLdl
dt ds dr dldt

[ds ., (S*\(1)\dS dl  (I'\(1\dI
= Mla? (?)(5)5]%[%-1 (7)(?)%]
[ dS S*\dS dl I\ dI
- WE‘(?)EWZ[E‘(?)E}
(S —S*\ dS I —TI*\dI
()@l |5

(S-S~
( )(—,BSI"‘,U—,US)

—_

—

= W

*

I1-1
+W2[( )(ﬁSI—)/I—,uI)].

= W

S 1

Considering the endemic equilibrium point, we have —8S 1 = —u+uS* and BS I1—yI = ul*,
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then we have

dL (S - S* . s )
— =W (—H+uS" +pu—uS)|+ W, (Yl +ul™ —yI —pl)
dt s 1
[(S —S* . I-r\ .
= W S (1S™ — uS) +W2( 7 )(,ul'—/tl)]
[(S —S* . I-r\ .
= W S u(s —S)]+Wz( 7 )u(l —1))].

Thus, we get the following equation

dL
dt

1 1
- = Wig - S*)u — Wa (I - I'yYu<o

ForW, =W, =1,4% = _(§ — S*)Yu < 0. Also, if S = S* then Z—f = 0. Hence, by LaSalle

> dt

variance principle, the EE point is GAS in the interior of ).

4.2 Analysis of the Model with vaccination

4.2.1 Model Formulation

Now, we describe our second model in which we have induced vaccination. This is useful

to compare spreading of disease in absence of vaccine with in vaccine, know the pace of

disease transmission without and with vaccine and the influence of vaccination on disease.

However, the suggested model is as follows:

dS
dt
dl
dt
dR
dt
dv
dt

aN — 'BITS —uS —apN (4.29)
'B%S —yl —ul (4.30)
vl — uR 4.31)
apN — uV (4.32)

And N = S () + I(t) + R(t) + V(¢) is constant. With the initial conditions S (0) > 0, 1(0) >

0,R(0) > 0,V(0) > 0 and we have %’ = fl—f + dd—i + % + il_\t/ = 0. For simplicity, we can

consider the prevalence that is the proportions by redefining using, s =

S _ 1 ,_R
ML=V =y
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aN BIS/N

uv

Figure 4.2: Model of infectous disease with inducing vaccination

and v = ¥. From equation (#29) and s = £ we get

d_ d(S)_1d5 5y
dt  dt\N] Ndt N?dt
1 BIS S
= N(QN_T_MS_QPN)_W.O

= (1 -pjpu—pBis—ps

From equation @#32) and v = ¥, we get

d_v
dt

then we get the following equation

@
dt
ﬂ
dt
@
dt
dr
dt

d(Vy_ 1dV V dN
E(ﬁ)_ﬁﬁ_ﬁﬁ
1 Vv

N (@pN — uV) - ﬁ.O
pa — uv.

(1 —p)a — Bis — us

Bis —yi — ui

= ap-—uv

= yi—pur

MR

(4.33)

(4.34)
(4.35)

(4.36)

(4.37)
(4.38)

(4.39)
(4.40)
(4.41)

(4.42)
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By considering the total population density, we have
s +i)+r@)+v(t)=1=r(@) =1-s()—i(t) — v(2). (4.43)

Therefore it is enough to consider (4.39) and (4.41)) to analysis from (4.29)-(4.32).

4.2.2 Feasible solution

The region where the system’s equations’ solutions have biological and mathematical

significance is indicated by the viable solution.

Theorem 4.2.1. The system of (4.29)-(4.32)) has a set of viable solutions that is positively
invariant, as shown by the formula: Q; = {(S,I,R,V) € Ri :S+I+R+V =N>0}. The
region will be demonstrated to be positively invariant using the system of (4.29)-(4.32)).

Proof. The total population is calculated using the system (4.29)-(@.32)) as follows:
N=S+I+R+YV. (4.44)

As a result, when the DE (4.29) and (4.32)) are added, the results are
dN dS+dI+dR+dV
dt dt dt dt dt

= aN-uS +1+R+V) (4.46)

(4.45)

= aN-uN =0 (4.47)

Therefore, ‘% = 0 consequently, N(1) = Nye” if is a first order differential equation. Over
a lengthy period of time, the population approaches the size N, since at t = 0, N(0) = Ny.
As a result, over a considerable amount of time, the total number of people approaches
N = Ny as t — oo means that N(7) approaches to Ny. It is implied that N = N,. As a

result, ; is bound.

4.2.3 Positivity of Solutions

Theorem 4.2.2. [fthe initial data set is S(0) > 0,1(0) > 0,R(0) > 0,V(0) > 0 € Q, then
the solution set of the system of (4.29)-(4.32)) is positive Yt > 0.
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Proof. We can observe from the examination of the (.1))-(4.3) above that S(z), I(¢), and
R(?) are all solutions that are positive solutions, ¥z > 0. Equation (4.32) yields ‘fl—‘; > —uV,
and when the two sides of this inequality are integrated, we get V(r) > V(0)e ™. Since
u > 0and V(0) > 0, V(¢) > 0, and all + > 0. As a result, each and every state variable
is positive (V¢ > 0). We have thus demonstrated the non-negative nature of all state

variables. In light of this, S (), I(¢), R(t) and V(¢) are all positive solutions V¢ > 0.

4.2.4 Reproduction rate, EE points and DFE points

You may find the EE point E, = (s, 1, v) and the DFE point Ey; = (s,1,v) by solving the

system of equations below.

(1 -p)a—pBis—us=0 (4.48)
Bis —yi—pui=0 (4.49)
ap—uv=0 (4.50)

Next, we obtain the DFE point Ey; = (1—p, 0, p) and the EE point E;, = (% ’W, p).

We look to the Jacobian matrix of the system assessed at the point Ey; to determine the

stability of the DFE point Ej;. At equilibrium, the Jacobean matrix is (s, i, v)

—PBi— —Bs 0
J(s,i,v) = Bi  Bs—y-u O (4.51)
0 0 —u

The Jacobean matrix evaluated at DFE point Ey; is

—H —Bs 0
0 Bl-p-y-p O (4.52)
0 0 —u

At DFE point Ey,, the characteristic equation is
—u—A —Bs 0

0 Bl-p)—y-u-2 0]=0 (4.53)
0 0 —u—-41
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then 4, = —u = A, < 0and A3 = B(1 — p) — u — y. are the eigenvalues of (4.53). If
B-p)

YHu

Az > 1, which indicates that 8(1 — p) > u + 7y, then we have > 1, leading to either
RoB(1 —p) > 1 or R, > 1. As aresult of all Eigenvalues being negative, the DFE point

Ey, is no longer LAS and will start to oscillate. If A3 < 1, which equals S(1 — p) < u + v,
Bd-p)

is true, then =—%
Vi

< 1 is obtained, leading to Ry(1 —p) < 1 = R, < 1. Due to the fact
that all of the Eigenvalues are negative, the DFE point point Ey,; is thus LAS. After the
introduction of vaccination in the model, the new reproduction number is R, = Ry(1 — p).

Only if R, > 1 will the EE point be present.

4.2.5 Local and Global stability analysis

We shall now investigate the DFE and EE point’s linear stability. As an example, the re-
production number R, = 0.45 < 1 indicates that the DFE point is steady. 4; = -0.5, 4, =
—0.5 and A3 = —0.55 are the Eigenvalues that correlate to the DFE point. It is hence
linearly stable. So, it is clear that when vaccination is used in the S /R model, the infected
population, which was at 0.3470, drops to 0.1833 at the infection rate 8 = 1.5 as a result
of the effect of vaccination. The equivalent characteristic equation for the EE points, E;,

is

—#Bd-p) _ _
B — 4 ~(y +p) 0
HBA—p)—pu—y) _ —
EEEE A 0 0 (4.54)
0 0 —u—-4

Which is identical to (u + A) (12 + R 4 u(B(1 - p) —y + u)) = 0. You should take
note of the fact that both the coefficients % and u(B(1 — p) —y — w) are positive. The

following Eigenvalues are obtained by solving the equation above: A; and

pB(1 = p) A1 = p)?
1 = — + —4uB(1 —p)—y - 4.55
2 oy +\/ o+ 7 nB—p) =y —p) (4.55)
= —pR, + \/MZR% —4u(y + (R, = 1). (4.56)

Due to the fact that u(8(1 — p) — y — u) is positive, the quantity under the square root
is either less than or higher than y?R2. If this is the case, u*R} < 4u(B — y — p), then

the Eigenvalues have a complex real part (%, which is negative), and this is why the
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Eigenvalues are negative. If not, the square root’s absolute value must be less than u>R?,
although the real part of the Eigenvalue would still be negative. In any case, since both of
the real components of the Eigenvalues are negative as well as 4;, we draw the conclusion
that the EE point is stable. It demonstrates that the EE point is LAS, which means that
in either scenario, both the susceptible and infected population would survive. It is also
evident that the vaccination parameter has helped to lower the infection rate. Building a
Lyapunov function allows one to demonstrate the GAS of the EE point and DFE point.
We build the Lyapunov function V : Q — R, V(s,i,v) = +v(t)s(t) + i(t) to demonstrate

the DFE point’s overall stability. The time derivative of the Lyapunov function V is then

supplied.
Vis,i,v) = s@)+i(®)+v(@t) =0 —-pu—us—(u+y)i.
_ (1 —p)/.l _ HS _ ) 4.57
m+7y) i yep ! (4.57)
Bl —p)u Bus .
_ _ — 4.58
W B B+ ’) (%9
Rvﬂ RO:uS .
= - - 4.59
(m+7y) 5 Vi l) (4.59)
- (“; y) (Rujt = Ropts — Bi) (4.60)
Accordingly, if R, < 1, then V(s,i,v) < 0, and the DFE point is GAS, at
(1-p,0,v),V(s,i,v) =0. 4.61)

So, according to LIP, GAS is the DFE point. We create the Lyapunov function L : Q, —
R, where Q, = 5,i,ve Q:§ >0,1>0,v> 0 and is supplied by

Ls,ion) = Wi (5= 5" In () + wa(i- 0 1n(li)) #Wa(v=vIn(2))

where W, W, and Wj are positive constants to be chosen letters. Then

d_L dLds del dev
dt dsdt di dt dv dt

ds 1\ds di [(i"\[1\di dv  _(vi\(1\dv
= (G- (507 el ()R E) el - (GG E)
s—s*ds i—i*di v—vdy
- W]( 5 E)*WZ( ; E)%( v E)

1
)(( sp)“ Bi—u)+Wz(i—i*)(ﬁs—u—y)+Wa(v—V*)(%—u)

= Wi(s-
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Considering the equilibrium point, we have get the following result
Bi*=y+puand v =p (4.62)

and putting the values equation (4.62)) in the above equation, we obtain

dL — 5
L -

y o BW = wi)(i = )5 = 5°) = wa(y = V')
t SS

For W, = W, = W3 = 1 then % = —pu(l —p)%—,u(v—v*)2 <Oandifs =s*andv = v*
then % = 0. Hence, by LIP, the EE point is GAS in the interior of €2;.

4.3 Numerical Simulation and Discussion

In our simulation, with time measured in days, the susceptible individual (S) is repre-
sented by the color blue, the infected person (I) by the color green, and the recovered
individual (R) by the color red. We select the following parameter values: We used
u=0.5,8=1.5,y =0.5, and the EE point is (0.6667,0.1667) in fig. (4.3). The infection
rate (8 = 1.5) in Figure has the effect of decreasing the suscibtable population to a
lower level. We gradually raised the infection rate (8 = 2) and observed a drop to a lower
level in the susceptible population. The EE point in Fig.(.4)) is at (0.5000,0.2500). In
Figure (4.5)), the EE point that corresponds to beta = 2.5 is (0.4000, 0.3000). In Figure
e(d.06), the EE point for the value of 8 = 3 is shown as (0.3333,0.3333). The demographic
dynamics are depicted in the aforementioned figures. The presence of infection causes the
susceptible population to drop to half its previous level, and the infection causes a quick
increase in the infected population. The infected population steadily grows while the sus-
ceptible population gradually shrinks as the infection rate rises; at § = 3, the infected
population outnumbers the susceptible population. The contact rate has a significant im-
pact on the disease’s ability to spread throughout the community, as this graph also shows.
As would be assumed logically, if the observed contact rate is high, the rate of infection
with the disease will also be high without vaccination. We now choose the parameter val-
ues as u = 0.5,8 = 3, and vy = 0.5, and also add the parameter p = 0.67 as a vaccination
rate for the model triggered with vaccine. In the illustration in Fig. (4.6), the EE point
corresponding to 8 = 3 is (0.3333,0.0017,0.6700). According to Fig.(4.7), a vaccination
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would be effective then the number of infections to change from increasing to decreasing

after the final dosage of the vaccine was provided.
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4.4 Conclusion

Due to vaccination, the susceptible population declines to a lesser extent. The graph above
shows that the initial effect of the vaccine is a considerable reduction in the peak number
of infections, which is further evidenced by the fact that the infected population decreases
significantly as a result of vaccination and the vaccinated population increases. The model
clearly demonstrated that contact rates with sick people within a community play a sig-
nificant role in how quickly a disease spreads. But the infected population quickly drops
to a very low level when we introduce immunization to the susceptible group. Then, the
disease exhibits the typical behavior of an endemic model in that it disappears below the

threshold and transitions to a singular EE above the threshold.

Therefore, if the disease spread across the community in the absence of a vaccine, it would
likewise do so once the vaccination campaign was over. The more serious the epidemic,
the more intensive the interventions must be to dramatically lower the number of illnesses
and fatalities. Unsurprisingly, if interventions are focused, the doses of vaccine required
for control are lower. As a result, we can draw the conclusion that an epidemic can be
prevented by vaccination and that the rate of infection and reproduction are crucial factors
in its occurrence. As the infection rate rises, the susceptible population steadily declines
as the infected population rises. The models we looked at indicated that the values of R,
and R, had a significant impact on the viability of controlling an epidemic or pandemic.

If Ry > 1, we anticipate that all paths in the domain will lead to the EE point based on
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the results for the SIR models. Additionally, the vulnerable and infected population is
also affected by the infection rate. As a result, we can draw the conclusion that the rate
of infection and the number of reproductions are crucial factors in the emergence of an
epidemic, which can be stopped by vaccination. As the infection rate rises, the susceptible
population steadily declines as the infected population rises but the infected population
quickly drops to a very low level when we introduce immunization to the susceptible
group. The disease then exhibits the typical behavior for an endemic model, dying out
below the threshold and moving to a singular EE over the threshold. Due to vaccination,
the susceptible population declines to a lesser extent. The graph above shows that the
peak number of infections has greatly decreased as a direct result of the vaccine, along
with a considerable decrease in the infected population owing to vaccination and an in-

crease in the population that has received the vaccine.

According to the concept, a population’s contact rates with sick people play a significant
role in how quickly a disease spreads. As a result, the disease would spread through-
out the community once the vaccination was administered, just as it would have done
in the absence of the vaccine. As a result, we can draw the conclusion that the rate of
infection and the number of reproductions are crucial factors in the emergence of an epi-
demic. This epidemic can be stopped by vaccination, and the models discussed above are
highly helpful in stopping epidemics in a particular population. To dramatically reduce
the number of infections and fatalities, interventions must be more extensive the more
serious the epidemic. It should come as no surprise that tailored interventions result in
decreased immunization requirements for control. In the study of infectious diseases, epi-
demic modeling is becoming a more vital tool. Three classes-susceptible, infected, and
recovered-are used to categorize the entire population in the SIR model. A state without
infection and an endemic state are the two equilibrium states of the model. Numerous
mathematical analyses and applications to particular diseases have been made of several

models for the spread of infectious diseases in populations.

In underdeveloped nations, there are numerous diseases that exist, including COVID-19,
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influenza, HINI, dengue, Ebola, and many others more specifically, the higher the value
of R, or Ry) and inform pupils on the SIR paradigm for preventing infectious diseases.
Promote the engagement of the health minister in the use of mathematical modeling to

combat infectious diseases.



Chapter 5

ANALYSIS OF MATHEMATICAL
MODEL OF MALARIA
TRANSMISSION IN FIVE
DIMENSIONS

5.1 Formulation of Mathematical Model

In this section of the thesis, we analyze the mathematical model of malaria transmission
in five compartments. Populations of people and mosquitoes are categorized into classi-
fications that include vulnerable, incubating, infectious, and immune individuals. Let S,
stands for susceptible humans, 7, for infectious humans, R, for immune humans, S, for
susceptible mosquitoes, and /, for infectious mosquitoes, with the entire human popula-
tion and the total mosquito population, respectively, provided by N, (7) and N,(f) at time
t. Due to their short life cycle, mosquitoes never recover from infection. The mosquito
population has barely recovered in this recovery class. In each of the five classifications,
there occurs a natural death. There is no vertical transmission of malaria, and all new-

borns are vulnerable to infections. In other words, neither from mosquito to mosquito nor
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from human to human transmission of malaria exists. Both people and mosquitoes have
varying populations overall. The human host that is recovering has a transient immune
system that can be compromised and is vulnerable to reinfection. The immunological
class is not a part of the model’s mosquito component. Regardless of their infection con-
dition, mosquitoes bite human hosts. We disregard the fact that an infected human host
is being bitten by an infected female mosquito. When disease-carrying mosquitoes bite
their human hosts, malaria is first spread. Let g be the average daily biting rate of a single
mosquito on humans, n be the percentage of bites that result in infection, and ¢ be the like-
lihood that a mosquito will become infected. 8 represents the per capita rate of immunity
loss in human hosts, while p represents the rate of immunity acquisition in human hosts.
The per capita mortality rate of malaria-infected human hosts is y, whereas the per capita

birth rates of humans and mosquitoes are A, and A, and the per capita mortality rates of

1S IS,
qniys h and qnipo y

, N in the

humans and mosquitoes are y;, and u,, respectively. The terms
model indicate the rate at which §;, get infected by 7, and %;S" indicates the rate at which
S, become infected by 1, respectively. It is crucial to keep in mind that the amount of N},
accessible per unit of /, affects the pace at which §, is infected by 7,. Assume that the
Uy Uyy g, 1, Ay, 4,8 and p variables all have positive values. Using the schematic picture
(5.1) as a starting point, apply the assumptions, define the state variables, parameters, and
terms, and then design the human host-vector host differential equation as shown below to

represent the dynamics of malaria transmission in the mosquito and human populations.

dSh anvSh
— = A4,N, +BR;, — u,N,, — 5.1
7 wNi + BRy, — upNy, N, (5.1)
d]h anvSh
— = —(+y+ ) 5.2
7 N, o+vy+ul, (5.2)
dR,,
= Pli= i+ PR, (5.3)
das, cql,S,
= /lva - vSv I — 54
dt K Ny, >4
dIV ch vlh
= _ — 1,1, 5.5
o7 N, H (5.5)
with positive initial condition
S1(0) = S o, 1,(0) = Lo, Ry (0) = Rop, 5.6)

SV(O) = SOV9IV(O) = Iy,.
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Figure 5.1: The schematic of the mathematical model in five compartment
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(5.7) can be used to calculate the overall population sizes N, and N,:
N]1:Sh+lh+Rhande:Sv+Iv. (57)

Alternatively from the equation from (5.1)-(5.3), we have the following result.

dN;, qnl,S, qnl,S,
— = AN, +BR, — uyN;, — + 5.8
7 nNi + BRy, — p Ny N, N, (5.8)
- (e+y+mw) I +ply— (uy + PR, (5.9)
= (A = )Ny = vl (5.10)
Now we have derived equation (5.11)) from the equation (5.4)-(5.5).
dN, cqlyS, qcS,I
= AN, —usS, - + — w1, 5.11
7 M N, N, (5.11)
= AN, _,quv _l-lvlv (5.12)
= /lva - (Sv + Iv),uv (513)
= (/1v - ,uv)Nv (514)
dN,
= (4, —u,)N,. 5.15
o (4, — ) (5.15)
Given that ‘% = (A — up)Ny, — vl and % = A, — u,)N,, we have get
dN,
== (A — up) Ny — I,
df\; (Ap = pp) Ny = y1 (5.16)
d_tv = (/lv _,uv)Nv-
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5.2 The existence of the solution

Theorem 5.2.1. For each t > 0, the equations (5.1) to (5.3), and (5.6)) in the feasible

domains have positive solutions that remain positive in equation (5.38).

Proof. The equations for normalized quantities are what we are interested in. In addition,

analyzing our model in terms of quantities’ proportions rather than population numbers is

simpler. This may be accomplished by simplifying the equations from equations (5.18))-

(5.30) and scaling the population as in

dsi
dt

diy
dt

di’h
dt

ds,
dt

di,
dt

Sh . Ih Rh Sv . Iv Nv

:—f:

= — = — = — = —, lv s _
Nh Nh Nh Nv v Nh

4(S))_ 1ds, sav
dt \ N, _Nh dt N, dt

Ap — gnliysy + Bry, — sy — Sp (A — Yip — pn)

Ap + Bry + iyys, — (A, + gnliy) s,
d(L,\_ 1dl, i dN,
dt \ N, B N, dt N, dt

(A + pn) i + yiz + nqti,s, — (o +y + ) + qnliys,

nqliys, +yiy — (A +y +p) iy
d (R 1dR, r,dN,
i R
Pl + rupay + yipry — (A + up) iy
Pl + yipry — (B + Ap) 1y
d(SV)_idSV 5, dN,

dt\N,] " N, dt N, dr
/lv + Sy — sv/lv — HvSy — inhsv

/lv - (inh + /lv) Sy
d (1, 3 1dI, i, dN,
dt\N,] N, dt N, dt

qcsviv + iv:uv - iv/lv - :uviv

qci, sy, — Ay,

(5.17)

(5.18)
(5.19)
(5.20)
(5.21)

(5.22)
(5.23)
(5.24)
(5.25)
(5.26)
(5.27)
(5.28)
(5.29)
(5.30)
(5.31)
(5.32)
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subject to the restrictions as the following (5.33))

sp+ip+r,=1
{” heh (5.33)

s, +1, = 1.

The system equation does not contain the variables N, and N,, as is to be noted. Utilizing

the relations

rp=1—s,+i
! e (5.34)
s, =1—1,
led to the study of the equation system below.
dSh . . . .
e B+ Ay + yipsy, — Bip — (A, + gnli, + B + i) sp, (5.35)
diy, . . .
o = {gni, + (yi,— (y+ A, +n))i, (5.36)
di, . . :
i = cqi, — (cqiy + A,) 1, (5.37)

The model makes epidemiological sense in that region, which is practicable, according to

the field
Q = {(sp. in. i) € R} (5.38)

where 0 < s, < 1,0 < i, < 1,and 0 < i, < 1 are proven to be positive invariant with
regard to the (5.35) - (5.37), where R? includes its lower dimensional faces. We use the
symbols dQ in (5.38), to signify the border and interior of (5.38).

Suppose there exist #; > 0 such that S, (¢)) = O,S;l () <0and Sy, 14, Ry, S, I, > O for
0 <t < 1;. Then from system equation (3.1]), we have get

ds, gnl,S
=k AN, + BRy — Ny, — 5.39
dr nNn + BRy — nN, N, ( )
= ApNy(t1) + BRy(t1) > 0 (5.40)
which is an inconsistency. Therefore, S () > 0. System equation (5.2)
dl, qnS,
h_ —(o+v+ I 5.41
= N, (o+y+uw) Iy (5.41)
dli,
= I—Z—(ph+ﬁ+p)dt (5.42)
h
= Iy(t) > Ipye W) (5.43)

= L) > 0. (5.44)
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Hence, I,(t) > 0. System equation ([5.3))

dR
= d_th :p[h—(/.[h +ﬁ)Rh (545)
dR
= Ry wrpR, (5.46)
h
= Ry(t) > Rope” P! (5.47)
= R, >0. (5.48)
Therefore, R, > 0. System equation (5.4
das, cql,,S,
= = AN, —u,S, — 5.49
7 H N, (5.49)
ds, cqly
= > —(u, + —)dt 5.50
S (u N, ) (5.50)
cqly,
= S.(f) = Soe @I (5.51)
= S,@®>0. (5.52)

Hence, S, > 0, and from (5.5)) we have get I,(r) > 0. Therefore, the feasible solution set
which is positively invariant set of (5.1)-(5.3) is in Q.

5.3 Equilibrium points and local stability analysis

The model is qualitatively examined in this section to take into account the persistence
and stability of its associated equation. Each and every parameter should be non-negative.
We solve equations by setting the right sides of equations(5.33) to equation (5.37) to zero.

The resulting arrangement is

ﬁ-l-/lh +)/ihsh —ﬁih —(/lh +C[7’l[iv +ﬁ+ ih)Sh =0
tgni, + (yip, — (y+ 4, +n))i, =0 (5.53)

cqin — (cqip + A,)i, = 0.

In the absence of infection, the model is in a stable state. This state, which we’ll refer to
as the DFE point E is (1,0, 0). The Jacobian of (5.53)) is determined at E to establish the
stability of this equilibrium. On the basis of the Jacobian’s eigenvalue’s signs, the local

steadiness of Ej is calculated. If all of these eigenvalues’ real components are negative,
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the equation E is said to be locally steady. The Jacobian matrix is the following when

the model is in its stable position:

— (A, + B + gnli, — yiy) —B+ysi —qntsy,
Jeg = gnti, ~Gq + 2vij, gntsy (5.54)
0 qc — CICiv - (inh + /lv)

Calculating (5.54) at the equilibrium point, (s, iz, i,) = (1,0,0), we have

- +p) Bty —qnl
Jp = 0 ~Go  qnt (5.55)
0 qgc -4,

The eigenvalues of (5.53)) are provided by (5.56), where Go = p + A, + ¥

(A + Gq) = VAGoA,Ry — 4G, + (4, + Gg)?

> and — 8 - Gq (5.56)
Let’s define Ry, also known as the reproductive number of the model equations (5.1) to
equation (3.5)), as Ry = ‘CIZ’;C. If Ry < 1, then the two eigenvalues have negative values.

It aids in the understanding of the malaria infection since it identifies the prerequisite for
the development of the disease. In the event when R, < 1, the DFE point is locally steady.
The EE point E; = (s, i,, i) must satisfy the conditions i, > 0,7, > 0 and 5, > 0 in
order to survive and be considered exceptional. Then by adding the system of equations
(5.53), then we have get (B + A, — yip) (1 — s, — i) + (gc — p)iy, — (gciyp + A,) i, = 0. Since
qciy — (A, + gcip) i, = 0 then we get the following

(I = sp = in) (B + A = Vin) = pip. (5.57)

Since (1 = s, — i) > 0 and from vyi;, < A, + S, then we have get i), < m% Consequently,
an endemic equilibrium point be real, where ij lies in the interval (O, min {1, m%}) The
assumption that y < A,+p is significant important and plays a immense role when malaria
persists. It demonstrates that the death rate caused by malaria should be below the point at
which the vulnerable human population is replenished as a result of births and the loss of

malaria resistance. The preservation of matrices migrate toward the Stein citation in order
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to analyze the constancy of the endemic equilibrium. The second additive matrix, which

may be calculated from the Jacobian matrix J, is represented by the equation (5.58).

-D + 3yiy, gnlsy, gnlsy, N =B+ qciy + A, + gnli, + A,
ge(1—i,) —N+vi,  ysp,—pB | whered Q= Gq + qciy, + A, (5.58)
0 gnti, —Q + 2vi, D = A, + Gg + B + gendi,

Suppose that N is a 3 X 3 real matrix. Each and every eigenvalue of N has a negative real
component if tr(N), det (N [2]), and det(N) are all negative.

Proof. We have the following outcome as a result of the Jacobian matrix Jg.

2yi, — G — qciy + yip, — B — A, — gndi, (5.59)

tr(Jg)
3yi, — (G + gciy, + B+ A, + gnli,) < 0. (5.60)

We have obtained the following from the Jacobian matrix of the system (5.53)

B+1-Bin+An
s

—qn?iﬁh _ ylh _ GQ (561)

in -

= B+ A, + gnli, — iy,

gcip(—iy+1) =1

iy 4
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The equation (5.54)) then has the following predetermined determinant.

Yin — (gnti, + B+ A3) —B + VS —gnlsy
= gnti, 2yip, — Go gnlsy (5.62)
0 gc(—i, + 1) —(gcip + A,)
B(=in+ 1) + A + nijy Ysn—B —gqnlsy
= gnti, —yih_zzmi" + yip gnlsy, (5.63)
0 b =0k
in iy
cyi? LA,i B+ LA, 12
= (gPnee - L AN qznfc) (A + Bin + B — i) + (C( prys) _nt ’”)
LySh Ih Sh In
C l-2 f‘ /l _ .
- (q nte - LV _ ) T ¢*nls, (—C( Prysiin_ e - iv)) (5.64)
1,8y 1 Sh
cyis (A, -B + ]
_ ( L AATI L V’”) + nles, (M — qné(1 - iv)iv) (5.65)
I1,S) Iy Sh
cyi -D(B+A
= ( —9Y + qznfciv) +g°nlcs), ((Sh JB+ ) + qnfif) (5.66)
thh Sh
= (qn& Sp— ) - qznfc ((1 —-s)B+ A, — qnfifsh) (5.67)
I,Sh
+ Ap)(1 =
= ¢*nli,(—p + qnti,sy) + gc(Pyis — qnfivsh)(ﬂ ’?)( 1) (5.68)
L,Sh
Yyiz — gni,spy(B + ,)(1 — s
= —cqzn&'vsh(ﬂ + A, —vip) + qc( AT ’f(ﬁ ) h)) (5.69)
LySh

where ¥ — ni, + 4, + (1 — i) and since y < 8 + 4, indicate that the determinant ofE; is
negative. This illustrates how the determinant of the negative value of ng] can be inferred
from the additive matrix. Let phi be the diagonal matrix and E; be the endemic stability

point’s (s, iy, i) value. Then

3yi, — D gnti,sy, qnti,
GIE0T =] el =iy (L) —yin+ D (ysi—Bin (5.70)
0 qnt (" S”) 2vi, — Q

Then the matrix JZ] is stable iff the matrix ¢ng]¢‘1 is steady by examining if the ¢J§]¢‘1

is diagonally leading in rows, because its diagonal element are negative. Represent the
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left hands part of V(¢) by H,(V(t)), then we have obtained (5.71))

H. (Jur (D))

H. (Jup2(0)))
H_ (juz(1)])

< (s + gnllin®) + (=3yin(®) + D)y () 5.71)

< @mm+7@mmﬂmwﬂﬂ%9+e%@m+mmn (5.72)
(0 (1)

< (yssOad] + vin = NliaD)] + gel=iy + D (5.73)

< Qyin - Qlus(0) + qnlislus(d) (5.74)

We also have the subsequent equation (5.735))

H, (;—h|u2(t)| + |u2(t)|) = —H (ua (D] + uz (D)) + (; - l—) ; —(Jua| + |us). (5.75)

v

By adding equation (5.73)) and (5.74)), we have obtained equation (5.76)

H_ (Jux ()| + |us|)

<

ge(l = i)l (0O + (yip + gnli, — N)lua (D107 = B+ ysn + 2yin — Q)lus(0)]
ge(l = )N (O] = (A + Ay + geip + = yip)lua(D] + p(1 = s, = ip)u3(2)|
(Ap + Ay + gcip + B —vip)

ge(l = i)l (O] = (A + Ay + gcip + B = yip)(Ju2 (D] + Jus (©))). (5.76)

Substitute into (5.73)), then we have (5.77)

i,(1)

( il )) (uz(0)] + lua(D))

RONLIONAO _
(iv(t)) (iv(t) - iv(;)) (lz (D] + fus (D)) + 0

ge(l = i)l (D] = (A + Ay + gcip + B = yip)(ua ()] + lus(D)])

< qe(l-i) (”’E?) (s () + ”‘Eg - ’Eg S,
_ gein—B+yi E ; (5.77)
As of equation (3-7T) and equation (5:77), we have obtained
H,(V(2)) < sup(d (1), (1)) V(2) (5.78)
in which we have the subsequent equation (G.79)
di(t) = q&l; 1 Byiy - D) (5.79)
b = ge(l - iv)i—i n [yih A B+ i”ég %) . (5.80)
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Using the following expression

I

qn[lh Sh h( )
=pt /l/’l +y - Vlh + in(®
AON

1(t)
ge(l —i )l R0 + 4,

Equation and equation (5.81)) make simpler to the subsequent result

d (1)

dy(1)

L, . .
K .l o (Gq + Ay, + gnli, + B — 3yiy)
Iy
i, (1) . .
() + Gq —vip — (Gg + A, + gnli, + )
Iy
h( )
2vyi, — Ay, — gnti, + B) + — and
in(t)

(O i)

(1) 0(1)

-4 = /lv + ylh - inh

i (t
yzh—/lh—qczh—ﬁ+—8 so that
1p(t

i, (1)
Sup{d, (1), dp(1)} < % —y

From equation (5.86)), we have obtained the subsequent

f Sup{d(0), dx(D)}dt < [In(ip()]y — yw < 0.
0

(5.81)

(5.82)

(5.83)

(5.84)

(5.85)

(5.86)

(5.87)

It is clear from this why the periodic solution(sy, i, i,) is asymptotically stable. As a

result, it is proven that the disease’s EE point is steady everywhere.

5.4 Global stablity annalysis

Theorem 5.4.1. The disease free equilbrium(DFE) point is equal to (1,0,0). If Ry >
1 and the disease free equilbrium(DFE) point E, = (1,0,0) is unstable. If Ry < 1,

then is e disease free equilbrium(DFE) point is equal to (1,0,0) is globally asyptotically

stable(GAS) in Q.

Proof. Consider the following Lyapunov function (5.88)

F =Gqi, + CICih where G = A, + n + Y.

(5.88)
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Its derivatives along the solution of equation (5.35) to equation (5.37) is

’

F = gqci, (gnls, — Gaip) + qciy (Yin — Ga) — Gal(cqip + A,i,) (5.89)
= qci(qnts;, — i,Gq) + qcy*ir — i,4,Gq (5.90)
2nles, — God,
= AiGo | TR0 | ey - i,Go) (5.91)
/lvGQ
= ,4,Go(Rosy — 1) — qciy(i,Ga — yip) (5.92)
< iv/lvGQ(Rosh — 1) <0if R() <1. (593)

It is demonstrated that F* < 0 if Ry < 1 and that F/ = O when Ry = l and i, = i, = 0.
If Ry > 1, then F’ > 0 if s, is sufficiently close to one except when i, = i, = 0. It is
shown that F* < 0 if Ry < 1 and the fairness F = O when Ry = 1 and i, = i, = 0. If
Ry > 1, then F' > 0 when s, is adequately close up to one excluding when i, = i, = 0.
According to the Layapunov-Lasalle’s theorem, which is cited by [52], this implies that
all directions in G move toward the primary positive invariant subset of the set where we

get the following
Gg = 0is {(sp, in, iy) € Go/Gy, = 0} (5.94)

on the boundary of Gg where i, and i, are zero that means in s,- axis, s;l =) =sp)
so that s, = (1 + e‘“h)’) — 1 as t — oo. The disease-free equilibrium point (1,0, 0) will
be approached by all paths found in the G solution space. As a result, the equilibrium
point that is free of infection is GAS, which makes the theorem complete. It is widely
known that the reproductive number depends on the product of the spread coefficients gnf
and gc, the standard residence time of the infective group (p + A, + ¥)~', and the standard
lifespan of the mosquito A;'. Being rid of the resistance loss rate, R, is an important point
to remember. The concern of an infection can, however, be raised by greater values of £
and ¢g. This suggests that even in cases when malaria does not cause disease resistance
and there isn’t a vaccine yet, the available tools can be effectively employed to control
the disease. In the event that Ry < 1, the DFE point E, is GAS. That is how the infected

mosquito, humans, and infection ultimately vanish.
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5.5 Sensitivity analysis and simulation

We applied our model to simulate malaria cases, and the results are shown in Fig. eqref11,
which indicates that the reported malaria case cost less than 2000. In 2016, there were
over 15 million instances reported in [24], starting in the years 2000 — 2006. Table (5.1),
lists all the parameter values for our model. According to these parameter values, we
carried out numerical simulations of our model and obtained a suitable fitting between
the infected human of model (5.1)-(5.3) and the malaria reported cases of WHO, from
2007 — 2016, as shown in Figures (5.3) (a) and (5.3)(b). The parameter settings in Ta-
ble were used to simulate the model compartments in Figure (5.5))(a). In addition,
Figure (5.5))(b) shows how the initial size of mosquitoes that are sensitive affects the fre-
quency of human malaria cases. er of human malaria cases in Figure (5.3)(b). The disease
is endemic, and the estimated basic reproduction number is 4.5589, according to the in-
formation given. With parameter values from Table (3.1]), Figures (5.3)(a) and (5.5))(b)
demonstrate the solution of the model (5.1)-(5.3). We utilized sensitivity analysis to eval-
uate the effects of the model parameter values used. This study offers information on the
model parameters that have a substantial impact on the theoretical model of malaria trans-
mission in terms of the basic reproduction rate. The normalized forward sensitivity index
of a variable to a parameter is what we utilize to conduct this study. A variable’s normal-
ized forward sensitivity index, which measures how differently a variable r depends on a

parameter s, is defined as follows:

pars (5.95)
os r

In Table (5.2), the sensitivity indices based on the computed are listed in detail. The
parameters are arranged so that the largest sensitive parameter is at the top of the list, fol-
lowed by the lowest. The most sensitive parameters in Table (5.2)) are the mosquito biting
rate, natural death rate of humans, loss of immunity rate for humans, recovery rate of
humans, transmission rate in humans, transmission rate in mosquitoes, and natural death
qnliSy qnyS,

N Th) The least sensitive parameter is €. At the EE

for models (5.1)-(5.5)). If the value of n is reduced to 0.087 or less while maintaining the

rate of mosquitoes(n, Uiy 05 My,

same values for the other variables, then Ry < 1(0.9916) holds true. If we changed p value

from 3.5 % 107 to 7.9 x 1073 then R, < 1, or Ry, would be reduced from 4.5589 — 0.9978.
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If the value of % is set to 0.023, but the other parameters remain the same, then Ry < 1

will be the result. If 0.023 is used as the value for @ and all other parameters remain

N

the same, then Ry < 1.

Table 5.1: State variables for the model in five compartements

Variables | Description Values Reference
m per capita normal passing away speed of human being | 4.7 x 107 | [103]

My per capita normal passing away speed of mosquitoes | 0.1 [24]

B The speed of defeat of resistance 2.74 x 1072 | [25]

vy The death rate of human induced by the disease 9.74 x 107 | [25]

0 The recovery rate of human 3.5x 1073 | [24]

%"f” The transmission rate in human 0.048 [125]]

%”f" The transmission rate in mosquitoes 0.48 [25]]

Table 5.2: Sensitivity analysis

Parameter | sensitive index
U -0.75

Wy -0.5

n 1

P 0.59

Tt 0.5

s 0.5

t 0.5
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Figure 5.2: Description suitcases of malaria from WHO

5.6 Discussion and Conclusion

We examined a three-dimensional, two-dimensional model that included S,I,R, in a
human host and S,/,.The typical incidence for the dynamics of malaria in people and
mosquitoes, in which immunity declines to the disease refills the reservoir of the suscep-
tible humans. After adding the appropriate inhabitants, the model was revised. The model
variables are used to identify the reproductive number. The rate of immunity has no bear-
ing on the reproductive number. The illness-free equilibrium point is unstable if Ry > 1,
and it is globally unstable if Ry < 1; in contrast, the equilibrium point for the existence
of the disease emerges as a singular position where reinvention is always feasible and the
sickness never goes away. Since there are currently no effective vaccines against malaria,
the methods at hand can be utilized to control it as malaria-induced protection gradually
wears off over time. These could be depending on the porch quantity R, specifications.
The intervention techniques must concentrate on treatment and lowering the content be-
tween mosquito and human in order to lower the reproduction number to less than one.
Thus, there is a need for effective insecticides and bed nets that have been drug-treated to
cut down on mosquito populations. Even if a person is immune to malaria, the illness can

still be eradicated because malaria-induced immunity is not permanent.
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Figure 5.3: Contrast of the malaria suitcases from WHO and the solution of transmittable
persons I,(¢) for (5.1)-(3.5), Fig. (5.5)a: Reproduction of malaria suitcases in WHO as of
2007 to 2016, Fig. (5.5)b: Forecast of malaria suitcases for WHO 2007 to 2030.
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to 3000
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mosquito from 2007 to 2500 fig.(5.5)(b): The pressure of original magnitude of vulnera-
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Chapter 6

ANALYSIS OF MATHEMATICAL
MODEL OF MALARIA
TRANSMISSION IN TEN
DIMENSIONS

6.1 Formulation of the Model

In order to analyze the ten compartmental mathematical models of malaria transmission,
we separated the human population into two categories. All people who have never
developed malaria resistance are considered to be members of the non-immune human
species, which is the first human type. The term ”semi-immune human” refers to a sec-
ond category of people who, even if they lose their immunity, have at least gained it
at some point in their lives. The second group is believed to be less vulnerable since
the idea of natural immunity is based on memory. We assume that, the human popu-
lation is sub-divided into susceptible non-immune (S.), exposed non-immune (E,), in-
fectious non-immune (/,), susceptible semi-immune (S,), exposed semi-immune (E,),

infectious semi-immune (/,), recovery semi-immune (R,). Thus, the total human popu-

78
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lation N,(t) =S, +E, + 1.+ S, + E, + I, + R,. We sub-divide the mosquito population
into three subclasses: susceptible mosquitoes S ,, exposed mosquitoes E, and infectious
mosquitoes /,. The mosquitoes stay infectious for life and do not recover. Thus, the total
mosquitoes population N,(t) = S, + E, + I,. We assume that non-immune people who
have been exposed to the infection develop resistance and join the group of those who
have recovered. Malaria cannot be transmitted from mosquito to mosquito or directly
from person to person. Every single parasite, weak human, and non-resistant human is
born with some level of resistance. Assume there are no deaths from malaria. The rates of
birth and natural death are both taken into consideration. The assumption is that the birth
and death rates are equal in order to fix the population as a whole. There are infection

transmissions from /, to S,, from I, to S ,, from I, to S,, from I, to §,. In this section,

(h—A)N, AN, AN,
[ J 1
S a Sv Se
7| — B 5.
ﬂh _ /‘lv ] ﬂh
E a E v E e
o] = 1 1
10 HL B
ﬂ h ﬂv y ﬂ h
Iﬂ IV Ig
' I I
a,| |# || o o
R, a,

Figure 6.1: The Schematic of the Mathematical Model in Ten compartmental

we refer to the non-immune human population as e, the semi-immune human population
as a, and the mosquito population as v. When a susceptible mosquito bites an infectious
human who is non-immune to the infection and an infectious human who is semi-immune

to the infection, the mosquito moves from the susceptible to the exposed mosquito group.
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When an infectious mosquito bites a susceptible human who is non-resistant to the infec-
tion and an immune human, the parasite enters the human and the human moves to their
own exposed group. The non-immune human leaves the class S, at the rates of g, and
u, and enters the non-immune human class through birth at the rate of 4,. Humans who
are not immune enter the E, class at a rate of S, and exit the class at a rate of y, and u;,.
The population enters the /, class with a y, rate and exits the I, class with a a, and y;
rate. The susceptible semi-immune human class is entered by birth or human recovery
at the rate of Q,, and the susceptible semi-immune human class is exited at the rates of
B, and ;. Humans with some degree of resistance enter the E, class at a rate of 5, and
exit the class at a rate of y, and w,. The human population enters the I, class at a rate
of y, and exits at a rate of @, and y;,. The human population enters the R, class at a rate
of @, and «, and exits the class at a rate of u;, and €,. Mosquitoes enter the susceptible
group at birth at a A, per capita birth rate and exit the class S, with 8, and y,. The hu-
man population enters the class E, with a §, rate and leaves it with a y, and u, rate. The
mosquito population enters the infected class at a rate of y, and leaves the infectious class
at a rate of u,. Assume that all the variables are positive. Tables (6.1)) and (6.2)), respec-
tively. Utilizing the same standard incidence as in the model [80]]. Infection occurrences
are what we categorize and report as follows: B8, = Y¢,.I, is the infection incidences
from mosquitoes to non-immune humans, 8, = Y¢,,I, is the infection incidences from
mosquitoes to semi-immune humans and 3, = (¢, 1. + ¢.1,) T is the disease occurrence
from semi-immune humans or non-immune humans to mosquitoes, then £, is given by
the amount of the power of disease from /, and I,. In light of this, the compartmental

representation in Figure (6.1)) can be represented on paper as a set of differential equations
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Table 6.1: The explanation of state variables for malaria model of ten dimensional

Variables

The explanation of the state variables

e

Susceptible non-immune humans .

Exposed non-immune humans.

E e
Y

Infectious non-immune humans.

%}
2

Susceptible semi-immune humans.

Exposed semi-immune humans.

~
S :E’j

Infectious semi-immune humans.

=
<

Recovery of humans.

<

Susceptible mosquitoes.

<[11C/J

Exposed mosquitoes.

<’N

Infectious mosquitoes.

generated by the following equation, which goes from equation (6.1)) to equation (6.10).

ds.,

dt
dE,

dt

dl,

dt
ds,

dt
dE,

dt

dl,

dt
dR,

dt
ds,

dt
dE,

dt
dl,

dr

/leNh - Se (Tgovelv + ﬂh) .
TIV‘FveSe - Ee ()/e + /lh) .

yeEe - Ie (a/e + ,uh) .

(/lh - /le) Nh + QaRa - Sa (T(Pvalv + ,uh) .

Sa Yoyl — Eq (Yo + ) -

Yoo — Lo (i + @a) -

(@uly + @.l,) = Ry (Qu + ) -

ANy = S @l T = Sty — @S VT,
(@evle + @arla) TS — E, (v + () -

’)/VEV - Iv:uv-

(6.1)
(6.2)
(6.3)
(6.4)
(6.5)
(6.6)
(6.7)
(6.8)
(6.9)

(6.10)
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Table 6.2: The explanation of parameters for malaria model of ten dimensional

Parameter | The explanation of the parameter

a, The rate at which non-immune human progress to recovery.

A A per capita birth rate of human.

Ve The rate at which non-immune human progress to infective.

Ae A per capita birth rate of non-immune human.

Ay A per capita birth rate of mosquitoes.

, The rate of the infective non-immune human progress to recovery.
Ya The rate at which semi-immune human progress to infective.

Vv The rate at which mosquito progress to infective.

A A per capita birth rate of human.

Q, The rate at which recovered humans progress to susceptible.

T The number of bites

Up The death rate of humans.

Wy The death rate of of mosquitoes.

Pav The possibility of an infectious disease spreading from /, to §,.
Pey The possibility of an infectious disease spreading from /, to S ,.
Ora The possibility of an infectious disease spreading from 7, to S, .
Ore The possibility of an infectious disease spreading from 7, to S ,.

with the following affirmative original situation

SeO’ EeOa 1(309 SaO’ EaO’ IaO’ RaOa SvO’ EvO’ IvO (61 1)

6.2 Uniqueness and Existence of the solution

Theorem 6.2.1. In the domain Q = Q, X Q, for all time t > 0, the malaria model (6.1))
-(6.10) has a single globally specified solution, where

S. E. I, S, E, I, R, S, E, I,
Ql = N EvEEvEEvEEvE v v v v v [0’ 1]10 (6'12)
Ny Ny Ny Ny N, Ny Ny N, N, N,
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such that 0 < 5 Nt ‘+‘<1and0< wt “+ “+ :+ *~°+Nj+ L <1 and

<1

A=+ Ny — ) + 4 Ay — 1y
0=ty + (A — pn) ﬂhand0<NV§ u

Q; = {(N. N,) € R?} /0 < Ny <
M Hy

Proof. The local existence of the solution follows from the regularity of the function
g = (g1, 82, .., &10) Which is of the class continuous differentiable in the domain Q. We
first show that Q, is forward-invariant for all (N, N,) € Q,. It is easy to see that if x; = 0
then £ = g,() > 0,i = 1,2, ..., 10. It follows that if

S, E, 1, d(S,\ d(E\ df|I
—t—+—=0=> —(—|+—|— >0 6.13
N, N, N, dt(Nv) dt(N) dt(N) (6.13)
Sﬂ Itl a EE.’ IE_ Sﬂ a H (l S(’ IE
and if +N’+N—h+Nh+Nh+N—h+N—h_0thenN—h Nt +Nh+N—h_
Sy o B . L _ d (S d (E d (L
0. Moreover lf_,"'N_L"'FV_1thena(ﬁv)+%(ﬁ‘,)+m( ) /l < 0 and if
MR+ = Lthen

i&+i&+i£+i&+i&+i%+i£—_'BaRa<O
dt\N,) dt\N,)  dt\N,|  dt\N,)  dt\N,] dt\N,) dt\N,] N, ‘
Now, we show that , is forward invariant for all

€ Q, (6.14)

then dN" > 01if A, > u, and & > 01if A, > u,. It is easy to see that

/1\/_ v . /1 —_ + /1 _ 2+4
K and lim supN,(7) < h — Hn \/( h = Mn) L,

lim supN, (1) <
t—oo My 1—0co Mn

We get to the conclusion that if the solutions of (6.1))-(6.10) exist worldwide in the domain
Q, then it is mathematically and epidemiologically well-posed. Let X(¢) = (S .(?), E.(?), 1.(1), S (1), E,(?), I,

and

¢: ' >V%Yand X :— X (6.15)
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such that ¢ = (¢1’ ¢2’ ¢3, ¢4’ ¢5’ ¢6’ ¢7’ ¢8’ ¢9, ¢10)’ where

das,
¢1 = dt = /LzNh _Se(TQOver +/"h)' (616)
dE,
¢2 = dt = Tlv(pvese - Ee (ye + ,uh) . (617)
dl,
¢3 = d_ = yeEe - Ie (ae +/lh) . (618)
t
das,
¢4 = dt = (/lh - /le) Nh + QaRa - Sa (T‘pvalv + ,uh) . (619)
dE,
¢5 = dt = SaT‘pvaIv - Ea ()/a + ,uh) . (620)
dl,
b6 = o YaEa = L (un + @) - (6.21)
dR,
¢7 = dt = (aala + aele) - Ra (Qu + ,uh) . (622)
das,
¢8 = dr = AN, - Sv ((Soevle + ‘Pavla) T+ ,uv) . (623)
dE,
¢9 = E = (Qoevle + ‘Pavla) TSV - E, ('yv + /Jv) . (624)
dl
= Loy E - L, 6.25
b10 dr Y H ( )

Then, (6.16)-(6.23)) can be written in the form of the following (6.26))
X,(t) = ¢(X(t)) : X(O) = (SeO’ EeO’ IeO’ SaO, EaO, RaO’ SvO, EvO, IvO) el (626)

We will perform the confirmation follow by [25]. Suppose that there exists #; and #* with

t; < t* such that S,.(#;) = 0, dsjt(t) < 0 in (#;,1") where all the ten compartments are

positives. Then from (6.1]), we have

ds. (1)
dt

which is contradiction. Hence, S, () > 0 for all # > 0. Suppose that there exist

= /leNh - Se (t) TIV (t) Dey — Se (t),uh >0 (627)

ti =Sup{t>0:S5,1,,E;,R., S, 1., R,,, S, E,, I, > 0} . (6.28)

Then from equation (6.2)), we have get the following equation (6.29)
dit (Ec(t)e#0) = (LIS (1)) €Y. (6.29)

Integrating equation from O to #;, we have get equation ((6.30)

|
E (e = E 4 + f (TL,(0)S [(O)gye) €7 d. (6.30)
0
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Multiply both sides of (6.30) by e"7<*#») ' then we have get the following (6.31)

E, () (1) = (Ey)e Yernh 4 g=0etumn
1]

(C1(0)S (O)pye) eV 1040 > 0. (6.31)
0

Since 1,(¢) > 0 for all ¢ > 0, then equation (6.3)

I
d 0 s e, 632)
I
d ;(t) > —(a, + 1) dt 6.33)
= L(1) > e @t 5, (6.34)

It is simple to observe S,(¢) > O for all # > 0. Suppose that there exists #; and * with
t) <t suchthat S, (#) =0, % < 0 and every the ten compartments are positives that is
Se(®), E(1), 1(1), S o(1), 1,(1), Eo(1), R,(1), S (1), 1,(?), E(£),> O for t; < t < ¢*. Then from
equation (6.4), we have obtained the subsequent

ds o(1)
dt

= (de = ) Ni + QuRo(1) = S Lol (1) = S o(Opn > 0.
which is contradiction. Hence, S ,(f) > 0,V¥r > 0. As of (6.5]) we have obtained
d% (Ea()e ) = (S o() YL, (1)p1) €7 (6.35)
Integrating equation from O to #;, we have get equation (6.30)
(Ea(t)e ) = ~Eyo + fo (S0, (Op) . (6:36)
Multiply both sides of equation (6.36)) by e«*1't then we have get

11
E.(t)) = (Ey) eatimh o p(vatun f S «OTL0)¢00) et gg < ().
0

Hence, E,(t) > 0 for all > 0. Since E, () > 0 for all # > 0 and from (6.6))

LD s e+ ) (6.37)
L) > — (g + pp) dt (6.38)

a

= L(t) > (Lp)e ™' > 0 (6.39)
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Hence, 1,(t) > 0 for all r > 0. Since 1,(¢) > 0, V¢ > 0 and from equation (6.7)

dR (¢

- % > R, (Q + 1) (6.40)
R

= d Rf(t) > — (Qu + ) dt (6.41)

= R,(1) = (Ry)e E¥tt > . (6.42)

It is simple observe that S ,(f) > O for all # > 0. Suppose that there exists #; and #* with
t; < t* such that S, (;) = 0, £
s So(1), Eo(1), 1,(1), S o(1), Eo(2), 1,(2), R,(1), S (1), E\(1), I,(f) > O for t; < t < t*. Then from

equation (6.8), we have obtained the subsequent

< 0 and every the ten compartments are affirmative that

ds (1)
dt

= /1va - Sv(t)soevle(t) - /JvSv(t) - T‘pavS v(t)la(t) >0 (643)

which is contradiction, hence §,(¢) > 0,1, > 0,1, > 0,5, > 0,Vt > 0 then

dE,
dt(” > CE0) (0 + 1) (6.44)
EWD S gy + ) dt (6.45)
= E\ (1) > (Eg)e Y™ >0 (6.46)

Hence, E,(t) > 0 for all ¢ > 0. Since E,(r) > 0 for all # > 0 then equation (6.10)

dl,(t)

> —I,(Hu, 6.47
2 (D (6.47)
I,
O 5 (6.48)
= 10 = (Lo)e™ > 0 (6.49)

Hence, 1,(t) > 0, V¥t > 0. Therefore, the solution of the system equation (6.1)) to equation
(6.10) is positive. Since the total number of humans population N,(¢) is the sum of S .(¢),
E (1), 1,(1), S (1), E, (1), 1,(t) and R,(?), and the total number of mosquito population N, (¢)
is the sum of S ,(¢), E,(¢) and 1,(¢), Since S () +E, () +1.(t)+S ,()+E, (t)+1,(t)+R,(t) = N,
and S,(t) + E, (1) + I,(t) = N,, then S .(¢) < Ny, E.(t) < Nj, I(1) < N, S o(1) < N, E (1) <
Np, 1,(t) < Ny, R,(t) < Ny, and S, () < N,,E,(t) < N,,I,(t) < N,,Vt > 0. Thus X is
bounded. As a result, there is only one solution that is non-negative and bounded for the

equations to equation (6.10). As a result, the evidence is now complete.
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6.3 Equilibria points

DFE points are equivalent to steady-state solutions in which all residents are totally at
risk, i.e., there are no transferable residents and all residents are zero. In EE points, the

sickness persists in the population and there is a stable condition

Theorem 6.3.1. DFE and EE points are at least two of the equilibrium points in the model

equations (6.1)) to equation (6.10).

Proof. Equations must be solved in order to arrive get the solution.
ds, dE, dl, dS, dE, dl, dR, dS, dE, dI,

T el A e
Therefore, we set the system equation (6.1)-(6.10) equal to zero, then
ANy = S (Coyel, + 1) = 0. (6.51)
TS evely — Eo (e + pn) = 0. (6.52)
YeEe = I (e + ) = 0. (6.53)
(A = A) Ny + QuRy — S o (Ypyol, + p1p) = 0. (6.54)
SaCpvaly = Eq (Ya + ) = 0. (6.55)
YoEo — 1, (uy + @) = 0. (6.56)
(aol, + a.l,) — R, (Q,) =0. (6.57)
ANy = 8, (@evle + avla) = 0. (6.58)
(@erle + @arla) TSy — E, (yy + 1) = 0. (6.59)
vwEy = Ly, = 0. (6.60)
We were able to derive equation (6.61)) from equation (6.5T).
.= % (6.61)
We have arrived at the following conclusion from equations (6.52)) and (6.61)).
Fe= (VTf,Uh) (TsojIN]jr /Jh)lv (0:62)

The following is the outcome we obtained using the equation (6.57))

a, + a,
R, = 1,. .
p ( 0. ) p (6.63)
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The outcome is as follows when equation is substituted for (6.54)).

Ap — A, a, + a,
So=|07——"IN,+|=>——| L. 6.64
(T‘pvalv + :uh) " (T‘pvalv + /'th) ( )

As a result of equation (6.56)), we have the following outcome.

a+ Iu
E :(a’ M) '

a (6.65)
Ya
The following conclusion was derived from equation (6.58))
AN,
y = (6.66)
Yeerle + py + @l
The following is the outcome we obtain from the equation (6.60)
VIV
E, =00 (6.67)
Vv

In [80], the DFE point is present if the infectious zero, which is I, = I, = I, = 0. Then,
we obtained from (6.61).

ANy
§r=20 (6.68)
Hn
The following equation, (6.69) , can be obtained from equation (6.64).
A=A,
S;:(h )M“ (6.69)
Hn
Thus we have deduced the following equation, (6.70), from equation ([6.66)).
AN,
S* = (6.70)
fhy

and the values for (6.62)), (6.63)), (6.63) and (6.67) are all zero, we reached the following
disease free equilibrum (DFE)point.

Xyre =(S5,0,0,5;,0,0,0,S57,0,0) (6.71)

where S,.x, S =, *, and S ,* are defined in (6.68), (6.69) and (6.70), respectively, there is

a DFE point for to (6.60), and to get the EE point for to (6.60), we have to
take the next (6.72)

A,N,
E**

= . (6.72)
Yo+ My
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Equation is the result of changing equation into equation (6.60).
’)/V/]‘VNV

[r= LA (6.73)
Hy (yy + 1)
By changing (6.73) into (6.51)), we were able to create (6.74).
. AN, v (v + 1y
S* = no\ (M (ry + 1) ' 6.74)
Teveyy ANy
We have obtained (6.75)) by changing (6.74) into (6.52)).
Nya,
Er = (6.75)
Mn +Ye
Substituting into (6.53), we have obtained
A, N
1:*:( r )( L ) (6.76)
Qe + Up [ \Ye + Hn
We have obtained the next equation from (6.57)),
Q, +
I, = ( “h)Ra. 6.77)
@, + a,
We have obtained the following if we replace (6.77) into (6.56).
+ a, +ag\[Qq+
E, = (“h c )(”” ‘ )( ”h)Ra. (6.78)
’)/a )/a aa + ae
By substituting (6.78) for (6.56), we obtain eqrefc.
ot Q.+
a:(y “h)( ””)Ra. (6.79)
Ya a, t+
We can get (6.80) if we replace (6.79) into (6.54).
a T @)(de — )N,
Qa (a'a + a'e) - (yg + :uh) (/Jh + a'a) (Qa + /'th)
We were able to get (6.81))by changing (6.80) into (6.57).
Q. + 1) (A, — ) N,
I;* — ( l'th)( h) h ) (681)
Qa (/le + la) - (ﬂa + ,uh) (ﬂh + a’a) (Qa + /Jh)
We have obtained (6.82)) by changing (6.8T) into (6.56).
+a,) (Q, + A, — Ap) N
E" (n + @) (Qq + pp) ( 1) Ni 6.82)

T Y (@ + @) = (Vo + i) (i + @) (Qu + 1)
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We have obtained (6.83) by changing (6.82) into (6.53).

g = (i + @) (Qq + pn) (e = A) N )(u (yv + i) Va + 1)
“ Qa (a'e + a’a) - (761 + :uh) (/Jh + cm) (Qa + ,uh) ’}/v/lvaT‘pva’)/a

By changing into (6.7), we were able to obtain (6.84).

) . (6.83)

/lva ((Qaaa + Qaae - ()/a + :uh) (/Jh + ae) (Qa + #h))) ((ae + :uh) (ye + #h))
Pev ((Qa + ,uh) (/18 - /lh) (ae + /Jh) (76 + /lh) + (’)’e/leNh) (-Q'a (a'e + a’e) - (761 + :uh) (:uh + a’a)))

As aresult, the EE point of the equation (6.1)) to (6.10) is

wk
Sy =

(E** I** S:*’ E:*, I:*,R** I** EZ*’ SZ*’ S**) , (6.84)

v Tty o a’ a? v

where S3*, EX*, L, S EX, I, R, S, Ey* and I are defined in equation (6.72)), (6.73),

e e a’’a?’

(6.74)), (6.73)), (6.76)), (6.80), (6.81)), (6.82)), (6.83)) and equation (6.84)) respectively. The
malaria model has an EE point between equations (6.31)) to (6.60). So, given the equation

(6.51) to of the malaria model system, there is the DFE point and the EE point.

6.4 Reproductive Number

Let us denote the rate of the disease spread from e to e by S,., from a to a by B,,, from
v to v by B,,, from a to e by B, from e to a by B.,, from e to v by S,,, from v to e
by B, from v to a by B,, and from v to a by 5,,. We use the next-generation operator
approach outlined by [[106]to define the reproductive number as the number of secondary
diseases that one transferable individual would cause above the period of the transferable
period, given that each is vulnerable and the next-generation matrix beta can be attained

by incorporating [71]:

ﬂee ﬁae ﬁve
ﬁ = ﬁea ﬁaa ﬁva (6'85)
ﬂev ﬁav ﬁvv
When each component of B, characterizes the predictable number of secondary suitcases

in the host indexed by g produced by a distinctive primary case in the crowd indexed by

f in a totally sensitive population, where g and f can be a, e, and v. Therefore, based on
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our theory, the non-diseases are disseminated as follows: B.., Buas Bovs Bea and B Next,

we obtained
IBee = Baa = IBW = ﬁea = ﬁae =0. (686)

These are the diseases that spread and are also referred to as B.,, 8.4, B4 and B,,. When it
took place, we had

Bev #0,Bve # 0,Bay # 0,Bvq # 0. (6.87)

As a result, when we combine (6.86)), (6.87) and(6.83)), we get below.

0 0 B
B=l 0 0 B | (6.88)
ﬁev Bav O

Similar to how S/, has the concept of reproductive number, it can be obtained by adding
the average time for the transferable life span, the probability of transmission per con-
tact, the possibility of continued existence up until the transferable state, and the contact
number per unit of time in [58|]. The elements of S that are S,,, B4, B and B,, of B are
gained. When a disease is recently introduced in a population by one polluted person, R,
defines as the typical number of secondary cases produced by that pollutant during his full
infectious period. In the case of our model, a new pollutant can start in the classes S, or
S.orS,. Weplace a single freshly polluted mosquito at the DFE site and define 3, as the
anticipated number of susceptible semi-immune humans that this insect will contaminate.

From this, we can calculate the equivalent number of (6.89).

Yo TS\ [ Pva
va — —_— 6.89
P (uv+%)(Nh)(ﬂv) (059

We gained (6.90) by acquiring f3,., where f3,, is the predicted number of susceptible non-

immune humans that this mosquito will contaminate.

Vo TS\ (e
ve — 6.90
: (uh+%)(Nh)(uv) (620

When a disease first manifests itself in a population due to a semi-immune person who

has been exposed to pollution at the DFE point, we have (6.91).

_ Va TSV)( Pav ) 6.91
P (,uh"")’a)(Nh n + @, (651
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At the DFE point, we first introduce a single freshly polluted non-immune human to the

population after which we have acquired the following equation.

7/8 TSV ¢ev
ev — 6.92
P (ﬂh+7e)( Ny )(/Jh+04e) (0:92)

Let’s define the reproductive number, Ry, for the malaria model with to (6.10) pre-

cisely as the spectral radius of g in [33]], followed by the acquired reproductive number,

(6.93).

(R0)2 = (ﬂev) (ﬁve) + (ﬁuv) (ﬁvu) (693)

where the variables £,,, By, Bay and B., are specified in the corresponding equations (6.89),
equation (6.90), equation (6.91)) and equation (6.92)), respectively. Let’s assume that a per-

son lives at the DFE point without any semi-immune humans, in which case we get the
equation (6.94), which states that either all susceptible semi-immune humans are pro-
tected by vaccination, there are no semi-immune humans at the disease-free equilibrium,

or there are other control measures in place. Consequently, we have
Ss=0and S, = N,. (6.94)

Moreover, let’s assume that there are no non-immune individuals in the human population

at the DFE point, as shown by our acquisition of the equation (6.95).
S.,=0and S, = N,. (6.95)

then we obtain (6.96) from(6.90), (6.92) and (6.93).

Be=0 and B, =0. (6.96)
Equation (6.96) was put into (6.93)), and from there we obtained equation (6.100).

RO = V(ﬁva) (Bav)- (697)

As a result of (6.89)), (6.91) and (6.94)), we have obtained the subsequent (6.98), and the

spread from semi-immune people to mosquitoes is zero.

Bav = 0 and B = 0. (6.98)
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Equation (6.98) was inserted into (6.93), and from there we obtained.

Ry = V(ﬂve) (ﬂev)- (699)

If R, is the reproductive number for an infection caused by S,, or B,., then equation (6.93))

becomes the corresponding equation (6.100)

R, = V(ﬁve) (ﬂev)- (6100)

and assuming that R, represents the reproductive number for pollution caused by either
Bay or B4, the equation (6.93)) becomes the following equation (6.10T]).

R, = V(ﬁva) (Bav)- (6.101)

We define the reproductive number, Ry, as in (6.102).

Ry = JR? + R2 (6.102)

where R, and R, are defined in equations (6.100) and (6.101)), respectively.

6.5 Stability of DFE and EE point

We present a fundamentally crucial justification for the persistence of super and sub-
threshold common equilibrium for R, close to unity. We make use of the bifurcation
finding, which is demonstrated in Appendix 2 of the cited work by [38]. Prior to config-
uring these outcomes, we first modify the stability equations for equations through

(6.10) in two scopes. We can rephrase equation to equation (6.10) in the compact

form % = fi(x),i = 1,...,10. The stationary solution is obtained by resolve f(x) = 0,

anywhere f = (f1, ..., fi0)-

Theorem 6.5.1. The disease free stability point is unstable if the reproductive number R
is greater than one and it is GAS in  if the reproductive number R less than or equal
to one, where = {(Se,Ee,Ie,Sa, E,I,,R,S,,E,IL)E€ RLO} such that, S, > 0, E, > 0,
,>0,8,>0E,>0,1,>20,R,>0,S5,>0,E, >0, I, >0, the sumof S,, E,, I, S,
E,, 1, and R, is less than or equal to the total number of people, and the sum of S, E,,

and 1, is less than or equal to the total number of mosquitoes.
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Proof: The Proof follows from [[106]]. We start to rephrase equation (6.1)) in the form of
L =y (S, and & = y(S, I) wherever S = (S.,S., S,) and I = (E,, I, E,, 1, Ro, E, 1,).
Suppose B be the Jacobean matrix of ¢ = (Y, Y») calculate at the DEF (S, 0). Then we

obtained
Bi-B, 0O
B= wherever (6.103)
B] + B2 B3
O 0 0 0O 0 M,
O 0 0 o0 o0 O
O 0 0 o0 0 M,
B, = (6.104)
O 0 0 0 0 O
O 0 0o 0 0 O
0O M, 0 M, 0O O
K, 0 0 0 0O O
-v, Kz O 0 0O O
0 0 K, O 0O O
B, = (6.105)
0 0O —-v, K4 0 O
O -a. 0 —-a, 0 O
0 0 0 0 -v, A4,
B, 0
B; = (6.106)
0 /lev — Hy
— A= S, — A — unS.
B, = h— Hn Hn h— Hn 6.107)
—HnS q —HnS o — M

Sy
wherever, Ky = Ve + uy, Ky = va + pin, K3 = pip + @e, Ky = @ + pn, Moy = Yo, Moy =
T%V%,MW = T(Pvef,—;, M,, = ‘I‘gomi—:. If at least one of B’s eigenvalues has a positive
real component, the DEF point is unstable, and if all of its eigenvalues have negative
real components, it is asymptotically stable close by. The eigenvalues of B are therefore

=S, u, <0, as well as those of B} and By — B,. Numerous statistical analyses demonstrate
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that

—~\  3Aup + (N — )+ + A
Tr(B3) = Vg (”2“”) Hi™ % 0 and (6.108)

det(B3) = Vun — 1) + > 0 (6.109)

As a result, all of By’s eigenvalues have only strictly negative real components. We came

to the conclusion that the eigenvalues of B; — B, are what determine the stability of the
DEF point. Observe that B, has a positive column sum and a negative off-diagonal way
in. It follows that B, is a non-singular M-matrix, according to [18]]. Additionally, since B
is a non-negative matrix as of [[106], the following result was discovered: s(B; — B,) <
0e p(BlBgl) <lors(Bi,-B,)>0¢ p(BlBgl) > 1, where s(Q) is the sum of all the

real components of the eigenvalues of the matrix Q. For the reason that

00 0 0B O
00 00 0 0
B£1B1: 0O 0 0 O B O
0O 0 0 0 0 O
0000 0 0
B 0 B 0 0 0

wherever 3,. is defined in equation , By 18 defined in equation , Bav 1s defined
in equation and f3,, is defined in equation in that case Ry = p (Bngl). Asa
result, the generation of disease in mosquitoes is included in our explanation of R,. Due
to the fact that R, is positive, Ry < 1 is equivalent to RS < 1; Ry = 1 is equivalent to
RS =1, and Ry > 1 is equivalent to R(z) > 1. As aresult, if Ry < 1, the disease free equilib-
rium point is globally asymptotically stable, and as a result, mosquitoes vanish, whereas if

Ry > 1, the disease free equilibrium point is unstable, and as a result, mosquitoes endure.

Theorem 6.5.2. The stationary equations (6.1)) to equation (6.10) can be summary to a
two dimensional one:

F(u)=0,u=(,1)ec U, cR (6.110)

anywhere u in U is a release region of 0 € R? and F is a number of function of the group

C® on U. Furthermore for any 6 > 0 sufficiently small, all solution u € U} := U.N(0,5)*
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of the equation F(u) = 0 communicate to a exceptional solution x = x(u) € Y /{xqs.} from

equation (6.1) to equation (6.10).

A number of bifurcation studies are eliminated with this dimensional reduction. Prior
to describing an example of application, we first state a frequent conclusion. Rewrite

Equation (6.110) in the form of an equation after that.
F(u,x) =0, (6.111)

Whenever there is a bifurcation control with the symbol « in R. This control can orig-
inate from a precise model coefficient or from a large number of models that are all
parametrized by k. For the sake of simplicity, let’s consider k to be one exacting con-
trol that occurs in the model. We will take for granted that: (B;): k € V C R, wherever V
is a number of region of x = 0, (B,): Function F is distinct on some district UxV of 0 € R
and is of the group C? on UxV, (B3): F(0,k) = 0, ¥«V, furthermore, observance in mind
that « is more or less included in a few control of the model, this permit us to clear a map
k — Ry(x) that is suppose to assure, (B4): When x = 0 we get Ry(0) = 1, (Bs): The map
k — Ro(k) is derivable at k = 0 and ‘%IK # 0, and 3;3 The map k — Ry(®) is derivable
at k = 0 and %IK > 0. After that, by means of theorem (6.5.2)) there is a only one of
its kind infection free equilibrium point; therefore the point u = 0 € R* match to x,7..
After that, (4, k), according to Bs, is a one-parameter solution of (6.1TT)) that connects
to the original system’s disease-free equilibrium point. Currently, we have a collection of
ugre(Iy,1,) = (0,0). It will be shown as a result that a transcritical bifurcation may occur
when « crosses k = 0, and the symbol for this bifurcation will be revealed. Because of

this, we focus on the following situation.

Theorem 6.5.3. Assume that B, through By are true. The matrix B(k) = D, (0, k) then has
two simple eigenvalues, o (k) and 0,(k), which depend continuously on kappa and have
values of 071(0) = 0 and 0,(0) < 0, respectively, up to a decrease in the magnitude of
V. Additionally, if Bs is unspecified, the map « to o(x) = 0 is valid up to a decrease in
V.Succeed in satisfying o1(x) # 0 and YV« € v/{0}.

Suppose v and v** be positive right and left eigenvectors of B(0) equivalent to the null

eigenvalue 0(0) and regularize by vIv = v*y = 1. If we set y = v**DﬁF (tgfe, 0)(v, v) the
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subsequent grasp where DﬁF (tgfe, 0) 18 defined in [38].

Theorem 6.5.4. Assuming that By through Bs are true. The answer to the equation (6.111))
is u(x) € U(0, 1)? iff yo1(k) < O, which means that if y # 0, there is a neighbourhood of
u C U of u =0 and a neighbourhood of v C V of k = 0.

The proof of this result can be found in [38]. Now that we know how the bifurcating

answer u(k) works, we can look into it.

Theorem 6.5.5. Assume that By through B, and B; are true. Then, if n > 0, there is
widespread equilibrium x € Q close to the infection free equation xqz. for 1 —n < Ry < 1
and if x > 0, there is endemic stability x € Q close to the infection free equation x,y, for

I<Ry<1+n.

Note that when y0, making R, somewhat more than one by a little modification in the
control, offer increase to a positive branch of stability, in order to provide some strictly
relevant analysis of the aforementioned result. However, there isn’t an ordinary stable
state if we drop Ry to a little below one. Frequently referred to as a forward bifurcation,
this type of bifurcation. For the time being, when y > 0, we obtain a positive branch
of equilibrium when Ry is just below one. Also known as a backward bifurcation or
a sub-critical bifurcation, this type of bifurcation has two branches. To sum up, if we
apply the amount R, directly to manage the malaria, we must lower R, beneath one to
prevent it when y > 0. But in order to prevent malaria when y > 0, R, must be less
than the amount suggested by £. For some n > 0, we can observe that ¢ < 1 — . This
is according to the theory (6.5.5). We should not forget that the bifurcation was prone to
occur at Ry = 1 in the analysis of common epidemic models. In recent times, some authors
have developed epidemic models that are crucial to the sub-critical bifurcation at Ry = 1
and have emphasized their importance for the transmission of communicable diseases.
For a known control situation, numerous stable states might undoubtedly persist even if
Ry < 1. The stability performance may change significantly with only little changes to

the underlying concepts of these controls.
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6.6 Effort required to control malaria

[52]] By connecting the type-reproduction number w for each host kind, the reproductive
number (R;) is a common signal that clarifies the required control effort for a particular
host kind and offers an acceptable reproductive number. We examined the potential for
controlling malaria through one of the three host types. The reproductive factor is the
projected number of cases in individuals of type /, caused by one infected individual of
kind / in a completely susceptible population, either directly or indirectly. We developed
it separately for each variety of host. In [85], it is defined as the number of cases in in-
dividuals of kind /, directly or indirectly. The three host types that our model considers
are mosquitoes, semi-immune hosts, and non-immune hosts. As was shown in the previ-
ous part, if we directly apply R, to control malaria, we must lower R, to less than one to
avoid malaria while y < 0, or we must lower Ry to less than xi to prevent malaria while
X > 0. If we use the human population as the type host /, it is evident that the original
definition of the malaria reproductive number accords with the type reproduction number
w;. We must send the control to each subgroup in each situation in order to drop R, below
one or ¢. Given how difficult and expensive it is to control each sub-group in order to
minimize malaria, we pose the following question: Is it possible to eradicate malaria by
using a particular subgroup of mosquitoes, such as non-immune or semi-immune insects?
For each host type non-immune, semi—immune, and mosquito, we calculate the type re-
productive numbers w,, w,, w, using the method outlined in [85]. The symbol p(Q) is
used to represent the spectral radius of the matrix Q, which is the transpose of the vector
I, and the matrix Q, which is the 3 X 3 identity matrix. According to Roberts’ citation,

w; =vyv(I(1 = B) - Bt forevery [ = e, a, and v.

ve=(1 0 0) 1 00 010 000
ve=0 1 0) ,te=|10 0 0 [|,ta=|0 0 0|, &t=(0 0 0
vw=0 0 1) 00O 00O 0 01

and the next-generation matrix indicated by Equation (6.83) is 8. The author demonstrates
in [[85]] that if the host kind 3; cannot sustain an epidemic on their own, then wj is defined.
It is demonstrated logically that p((I — £;)B) < 1 is positive if w; is correctly defined. The

truth is that if w; is defined, a decrease of w; below one is sufficient to lower Ry below 1
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by limiting a control to the particular host /. Their theory is appropriate when the model
is unable to exhibit the y < 0 backward bifurcation that is specified by Theorem (6.5.3]).
But when y > 0, we reinstate the condition p((I — £;)B) < 1 by p((I = €;)B) < € < 1. The

following results are obtained for w,, w, and w,.

W = 75 and Ry = (I - £)
W = 2 and Ry = Bp(l - £,) (6.112)
w,=Rand Bp(I-1¢,)=0

Assume y > 0 is true. The same reasoning can be applied if y is greater than O by putting
¢ = 1. w, and w, are clearly well defined if R; < ¢ and pB(I — ¢,) = 0 < 1 are equal to
0, and w, 1s always well defined regardless of whether the substance is semi-resistant or

not. As a result, the following can be said:

1. Inregions with R; < £and R, < &, suchas 1 < Ry < V2&€or | < w, < 2¢2, malaria

can be completely eliminated by targeting a control to one of the three host types.

2. To eradicate malaria in places where R; < & and R, > £ exist, it is sufficient to

target a control to semi-resistant or mosquito host types.

3. In locations where R; > & and R, < & are present, it is sufficient to target a control

towards non-resistant mosquito host types.

4. Either we need to simultaneously target semi-resistant and non-resistant host types,

or we need to focus on mosquito control in locations where Ry > £ and R, > &.

Considering that the aim of the malaria control program is to reduce the proportion of
susceptible people in a specific host type [, [ = a, e, v after one of the conditions (1) — (4),
Keep in mind that the next-generation matrix coefficients, denoted by ;;, represent the
expected number of hosts of type / that would contract an infection from a single infec-
tious host of type j. To totally eradicate malaria in the three populations in question, a
fraction of s; > 1 — fTZI of susceptible host type / needs to be safeguarded (by the con-
trol). When & = 1, see [52,85]]. This is presuming that 8 is linearly affected by the
aforementioned controls. The use of bed nets sprayed with insecticide, sporadic preven-

tative care, or a vaccine for those who are not yet resistant can all be used to implement
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this control strategy. As a method of vector control for mosquitoes, residual insecticide
spraying inside is an option, as are insecticide-treated nets. It is sufficient to eradicate a
percentage of mosquitoes greater than 1 — i—i, a percentage of non-resistant mosquitoes
greater than 1 — 5726, or a percentage of semi-resistant mosquitoes in areas where condition
(1) is satisfied. It is sufficient to destroy a percentage of mosquitoes greater than 1 — 572
in places where condition (2) is met, or to permanently protect a section of semi-resistant
plants more than 1 — 5720 It is sufficient to permanently protect a portion of non-resistant
organisms greater than 1 — i—z or destroy a portion of mosquitoes greater than 1 — i—z in
places where condition (3) is satisfied. For malaria to be completely eradicated or to con-
currently protect the non-resistant and the semi-resistant, it is sufficient to permanently

. 2 . . . ., . .
remove a part of mosquitoes more thanl — 57 at birth in locations where condition (4) is

met.

Since the non-immune are the most vulnerable, we must begin the control process with
them. This has led to a decline in morbidity and mortality. Effective control may also
contribute to the eventual eradication of malaria because requirement (3) is frequently
satisfied. A forward bifurcation of endemic steady states in the malaria model is possible,
according to simulations with realistic parameter settings. Because of this, eliminating
malaria may not always be feasible when Ry is less than 1. Even if malaria has been
completely eradicated in the region in question, a slight disturbance, such as ecological
changes, could still result in its reappearance in the three categories (mosquitoes, non-
resistant people, and semi-resistant people). In an area with low or moderate malaria
transmission, our model suggests that it is sufficient to target a control at a specific host
type to eradicate malaria. In a larger area where the birth rate of semi-resistant people is
much higher than the birth rate of non-resistant humans, malaria can always be kept un-
der control among the non-resistant population. Malaria can always be maintained under
control among the semi-resistant in a populated area where the birth rate of non-resistant
people is fairly high, followed by the birth rate of semi-resistant people. With the use of
vaccines, malaria can be fully eradicated in some regions where there is a low number of
human births. Based on the results of our investigation, we draw the conclusion that if a

vaccine or other straightforward preventive measure were to become available, it would
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be required to research the particular host type in order to entirely eradicate malaria. In re-
gions where we are unable to target a control toward either non-resistant or semi-resistant
host species to prevent the transmission of malaria, our model shows that malaria can
be entirely eradicated by controlling mosquitoes. Similar to this, malaria can always be
managed by employing non-resistant people in an area where the disease is endemic and
there is a high rate of births per person. Epidemiological outbreaks can occasionally oc-
cur in regions of the world where the spread of malaria is unpredictable and varies greatly
from year to year. Our analysis leads us to the conclusion that we need to pinpoint the
exact host type to focus on if we want to eradicate malaria. Even if a simple vaccine
or preventive measure were to become available, this would still be the case. Our model
shows that, even in environments where we are unable to direct a control toward either the
non-resistant human host type or the semi-resistant human host type, malaria can always

be entirely eradicated by controlling mosquitoes.

Even if doing so has a well-known result, it is frequently easier said than done. This is
because it is impossible to entirely eradicate mosquitoes in places where there is a sig-
nificant mosquito population. Even if these steps are feasible, they are very expensive.
On the other hand, by reducing the mosquito population in locations where malaria trans-
mission is comparatively weak, malaria can be successfully eradicated in areas with a
low mosquito population. Consider a region with a very low human birthrate per person,
which makes it possible for it to be disregarded, as in the scenario where condition (2) is
met. The semi-immune are the only ones who support the human population. Therefore,
we must target the semi-immune with the control in order to stop the sickness. In light
of this, if a vaccine were available, it would be sufficient to immunize any susceptible
semi-immune, and if condition (3) were satisfied, R, might naturally be lower than one
in accordance with the theory known as transmission-blocking immunity, which consid-
ers that immunity reduces the transmission of parasites from semi-immune to mosquito).
As a result, the possibility of transmission from a person who is partially immune to a
mosquito is discounted. We must concentrate the control on non-immune people in or-
der to stop the disease from spreading since semi-immune people have a built-in immune

memory and there is less chance that an infected semi-immune will transmit the disease
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to a mosquito. Consequently, if a vaccine were to become available, it would be sufficient

to immunize every susceptible, non-immune person.

6.7 Numerical Simulation

Table (6.3) is plotted with a constraint worth mentioning in region two of the charitable
figure (6.2): R, = 2.62339 > 1, R, = 1.4225 > 1 and Ry = 2.97458 > 1, respectively.
Figure (6.3)is achieved with constraint ideals that are evident in Table (6.3) in region
one charitable R; = 0.445567 < 1, R, = 0.36789 < 1, Ry = 0.73795 < 1, w, = 1.6876,
w, = 17.29 and w, = 1.3937 with original situation: E, = 0.000, £, = 0.000, I, = 2.0000,
I, = 1.00, R, = 29.000, E, = 18.0000, I, = 13.00, N, = 395.00 and N, = 13,000.0000.
with the original situation. An example in mathematics is Ry = 2.9838, R, = 2.6449 and
R, = 1.4245 with the following primary situation: E, = 0.000, E, = 0.000, I, = 2.00, 1, =
1.0000, R, = 29.0000, E, = 19.0000, I, = 11.0000, N, = 396 and N, = 13,000 are plotted
with constraint worth defined in Table (6.3)) region one are specified in Figure (6.2). When
using the restrictions in Table (6.3]), on region two, we were able to see the broad stability

values for the number of transferable non-resistant individuals in Figure (6.4).
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Figure 6.2: Infectous and semi-infectious class: Ry > 1 and R, > 1
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Table 6.3: The Base Line principles and variety for ten dimensional malaria model

No | parameter (constraint) | region one | region two | low high
1 |4 0.23 0.23 0.4 0.39
2 | ¢ 0.0430 0.092 0.033 0.45
3 | Yuw 0.044 0.044 0.03 0.49
4 | Qe 0.33 0.66 0.078 0.96
5 | @ 0.09 0.6600 0.083 0.93
T | ve 0.3 0.3 0.087 0.45
8 | Va 0.09 0.09 0.088 0.04
9 | 0.091 0.094 0.094 0.33
10 | a4 0.03 0.03 0.0025 0.035
11 | 0.007 0.006 0.0066 0.087
12 | w, 0.055 0.066 0.008 0.9
13 |7 0.48 0.49 0.55 0.77
14 | Q, 0.88x107° | 0.45%107* | 0.33x107* | 0.77x107°
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Figure 6.3: Infectous and semi-infectious class: Ry < 1 and R, < 1
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6.8 Conclusion

In this section of the thesis, we examined a 10-compartmental mathematical model for
the transmission of malaria. We divided the human host into two major groups: the first
group, called non-immune, included all individuals who are not immune to malaria, and
the second group, called semi-immune, included those who are somewhat immune to
malaria. On the other hand, we divided non-immune persons into vulnerable, exposed,
and infectious groups as well as semi-immune people into vulnerable, exposed, and infec-
tious categories. Additionally, we separated the mosquito population into three categories:
vulnerable, exposed, and infectious. We provide an explicit formula for the reproduc-
tive number that depends on the weights of transmission from non-immune humans to
mosquito and from non-immune humans to mosquito, as well as the weights of transmis-
sion from semi-immune humans to mosquito and from mosquito to semi-immune humans.
As a result, the reproductive number for the entire population is equal to the square root
of the sum of the squares of these weights for the two types of interaction. The DFE point
is stable if Ry > 1, which indicates that the population is still infected with malaria, and
the DFE point is GAS if Ry < 1, which indicates that the malaria dies off. We discuss the
potential for a control for malaria transmission throughout a specific sub-group such as
non-immune or semi-immune mosquitoes. The model’s results confirm that the disease
free equilibrium is asymptotically stable at the reproductive number less than one and un-
stable at the reproductive number greater than one. To present the findings and investigate
potential outcomes of the developed model, simulations are run. Our model has a sin-

gular, globally defined solution that stays in this area for all non-negative moments, and



Conclusion 105

we have cleared this area of that solution. By using the local stability of the DFE point,
we were able to obtain an explicit formula for the reproductive number,R,. We discussed
R, which is the weight of the transmission from semi-immune to mosquito and -semi-
immune and R,, which is the weight of the transmission from semi-resistant mosquito to
semi-resistant mosquito. When we attempted to evaluate the mathematical modeling of
malaria transmission in ten dimensions like we did the other mathematical modeling of
malaria transmission, it was challenging or we could not analyze some aspects due to the

number of dimensions.



Chapter 7

CONCLUSION AND
RECOMMENDATION

Smallpox, tetanus, and seasonal influenza are just a few of the illnesses that can be avoided
with vaccination. For some diseases, such as HIV, there is no vaccine against resistance.
According to one study, malaria is an infectious illness that passes between people through
mosquito bites and claims the lives of almost two million people every year. The pre-
vention of these diseases requires a multi-system approach, which includes the use of
vaccines that can be purchased. The spread of communicable diseases has a negative in-
fluence on the economics and population growth of non-vaccination countries, even when
vaccination campaigns are ineffectual. In this thesis, we look at the analysis of a SIR
model with reproduction number R, and the analysis of a S /RV model with a new repro-
duction number R,. Along with the relationship between the two models S IR and S IRV
with regard to the existence of the DFE and EE points, the viability of the solution, the
positivity of the solution, the reproductive number, and the analysis of the linear stability
and the global stability of both the models SIR and S /RV are all argued. In this thesis,
we extend the derivation and analysis to a five-compartmental mathematical model, with
three human factors and two insect factors, for better acceptance of the transmission of

malaria infection. This mathematical model with five compartments is analyzed by exam-
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ining the reproductive number, reproductive viability, equilibrium points, linear stability,

and global stability of the solution.

In order to better understand the transmission of malaria infection, we further expand the
derivation and analysis in this thesis to a ten-compartmental mathematical model with
four variables for semi-immune humans, three variables for non-immune humans, and
three variables for mosquitoes. The analysis of the reproductive number, equilibrium
points, linear stability, and global stability, as well as the viability and positivity of the
solution, are all included in this ten-compartment mathematical model’s investigation. It
progresses from straightforward analysis to intricate analysis, as we observed in our study
of the three, four, five, and ten-compartmental models. The ten-compartmental model in
particular was more challenging to assess and less clear-cut than the three, four, and five
compartmental models. Although it is advantageous to develop a ten-compartment math-
ematical model to better understand malaria transmission, we suggested that it would be
better to study a model with fewer compartments. It is common knowledge that Ethiopia
is one of the underdeveloped countries lacking adequate resources. We suggested to those
nations including Ethiopia that they lacked the resources necessary to comprehend the
life cycle of mosquitoes, how malaria is spread, and how to create a mathematical model
of malaria transmission in order to completely remove the disease from their populations.
When we studied the mathematical modeling of malaria transmission in ten compartments
like we did with the other mathematical modeling of malaria transmission, it was chal-

lenging or we couldn’t investigate some points because of the numbers of the dimensions.
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