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1 Introduction

In the nonlinear analysis, the concept of measure of noncompactness (MNC) technique
plays an important role in addressing the problems in functional analysis. Kuratowski [1]
was the first to describe the concept of MNC. After that, Darbo [2] developed a result on
fixed point theory by using the concept of MNC. In recent times, the concept of MNC
and its applications in the mathematical sciences have been generalized by many authors
in various ways (see [3—16]).

In [17], the authors established some new generalizations of Darbo’s fixed point theorem
and studied the solvability of an infinite system of weighted fractional integral equations
of a function with respect to another function. In [18], the authors studied the existence of
solutions for an infinite system of Hilfer fractional differential equations in tempered se-
quence spaces via Meir—Keeler condensing operators. In [19], the authors first introduced
the concept of a double sequence space and constructed a Hausdorff measure of noncom-
pactness on this space. Furthermore, by employing this measure of noncompactness, they
discussed the existence of solutions for infinite systems of third-order three-point bound-
ary value problems in a double sequence space. In [20], the authors discussed an existence
result for the solution of an infinite system of fractional differential equations with a three
point boundary value condition. In [21], the authors studied the existence of solutions
for an implicit functional equation involving a fractional integral with respect to a certain
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function, which generalizes the Riemann—Liouville fractional integral and the Hadamard
fractional integral. In [22], the authors presented a generalization of Darbo’s fixed point
theorem, and they used it to investigate the solvability of an infinite system of fractional
order integral equations. In [23], the authors work on the problem of the existence of pos-
itive solutions of a fractional integral equation via measures of noncompactness with the
help of Darbo’s fixed point theorem.

Motivated by the above mentioned works, in this article we establish a new fixed point
theorem with the help of a newly defined condensing operator using a class of functions.
The suggested fixed point theorem has the advantage of relaxing the constraint of the
domain of compactness, which is necessary for several fixed point theorems. For particular
cases of these classes of functions, the established fixed point theorems will reduce to
Darbo’s fixed point theorem.

Is there a contractive condition that ensures the existence of a fixed point but does not
demand that the mapping be continuous at the fixed point? This is an open problem put up
by Rhoades. The authors of [24] were inspired by [9] and used the MNC tool to investigate
the existence of fixed points for mappings satisfying various contractive requirements. For
JS-contractive type mappings in a Banach space, they also put forth expansions of Darbo’s
fixed point theorem.

Also, we investigate the existence of a solution for the following integral equation:

x(r) = T"x(r), 1

where r € L = [0,1] and the operator 7" on the Banach space ® = C(L) is defined by the

following iterative relation:

DK x()] + fy g qht g, o x(h)) dh) - form =1,
T"x(r) = \ DK (r, T 1x(r))|

+fy (’q}’??)sil qhi\g(r, h, T"1x(Rh))|dh) form=2,3,...,

where 0<D <1,0< & <1, Kisafunction from L x Rto R, gisafunction from L x L x R

to R, and Euler’s gamma function is denoted by I'(,) and defined as follows:

reE)= /000 W e du.

Fractional derivatives and integrals are quite flexible for describing the behaviors of dif-
ferent types of real life situations. They can be applied to study the heat transfer problem,
non-Newtonian fluids, etc. In the above equation, we have used the Erdelyi—Kober opera-
tor, which is a fractional integration operator introduced by Arthur Erdelyi and Hermann
Kober in 1940. This integral is given by [25]

t p-1
Lf(t) = ny) /0 (t; _j;(;)_y ds, B>0,0<y<1,

where f is a continuous function. It is a generalization of the Riemann-Liouville fractional
integral. This makes this integral a better choice for our problem.
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In this note, we consider R as a Banach space and B(A, ¢) represents the closed ball in the
Banach space X with center A and with radius ¢. Also, we use B, to represent B(6, ¢), (6
is the zero element), all nonempty bounded subsets of Banach space R are gathered in Xy,
Also, R = (-00,00) and R* = [0, 00). To begin with, we have the following preliminaries.

2 Preliminaries
Definition 2.1 [10] Let u : Xy — R* be a mapping. p is called an MNC on the Banach
space R provided that:

(1) for each N € Xy, u(N) = 0 if and only if NV is a precompact set;

(2) for each pair (N, N7) € Xy x Xy, we have

N C N implies  pu(N) < u(N);
(3) for each V€ Xy, one has
mN) = w(N) = p(conv(\)),

where N is the closure of N and conv A\ is the convex hull of N;
(4) pN + (1 =N < ApWN) + (1 = M)uN) for A € [0,1];
(5) if {N, = N, J§™ € Xy is decreasing and lim,,—, ;o0 w(N;,) = 0, then Nog = (2, N, # 0.

We have the following theorems from [26, 27] in this section.

Theorem 2.1 (Schauder) Let T : U — U be a compact and continuous operator where U
is a nonempty, closed, and convex subset of the Banach space X. As a result, T has at least
one fixed point.

Theorem 2.2 (Darbo) Let T : 5 — U be a continuous operator where U is a nonempty,
bounded, closed, and convex subset of the Banach space X. Assume that for each X C U,
w(TX) < Hu(X), where H € [0,1). Consequently, T has a fixed point.

Theorem 2.3 (Brouwer) Let U be a nonempty, compact, and convex subset of a finite di-
mensional normed space, and let T : 5 — U be a continuous operator. Then T has a fixed
point.

Now, some important definitions of functions are given below.

Definition 2.2 [28] Let §: (R*)* — R be a function that satisfies:
(1) (1,1, s9,83) is continuous;
(2)0<sy<1,8 >1= F(s0,51,5283) < F(1,1,59,83) < 8o;

(3) 3(1,1,50,83) =so =>s2=00rs3 =0.

Also, we denote this class of functions by Z.

For example, §(so,51,52,53) = S0S2 — 51535 S0, S1,S2, S3 € R* is an element of Z.

Definition 2.3 [29] Let ¥, ® : R* — R* be two functions. The pair (¥, ®) is said to be a
pair of shifting distance functions if the following conditions hold:
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(1) For all s, € R*, if U(s) < ®(¢), thens < ¢;
(2) For all {s,},{t,} € R* with lim,,_, o 8,, = lim,,_, o t,, = o and W(s,) < P(¢,)Vn, then
to =0.

We denote the class of all these pairs (¥, @) of shifting distance function by T.

For example, assume that W(sp) = ln(@) and ®(sg) = ln(“%), where sy € R*.

Definition 2.4 [28] Let A be the collection of all functions £ : R* — R* such that
E(s0) = so
for all sy € R*.
For example, let £(sp) = sp for all 55 € R*.
Definition 2.5 Let A’ be the collection of all functions « : R* — R* such that
0=<als) =1
for all sy € R*.

For example, let a(sg) = | sin(sp)| for all sg € R*.

Definition 2.6 Let A be the collection of all functions 8 : R* — R* such that

Blso) =1
for all s € R*.
For example, let B(so) = 1 + s for all s € R*.

Definition 2.7 [30] Let £’ be the collection of all functions S : R* x R* — R* that satisfy:
(1) max{sg,s1} < S(sg,s1) for all 59,57 > 0;
(2) S is continuous and nondecreasing;

(3) S(so + 51,580 + 81) < S(s0,80) + S(s1,587)-
For example, let S(sg,s1) = so + 51 for all 5,51 € R*.

Definition 2.8 [31] A continuous function / : R* x R* — R is a function of class C if the
following conditions are satisfied:

(1) h(so,51) < so,

(2) h(so,s1) = so implies that either sy = 0 or s; = 0. Also, /(0,0) = 0.

Also, we denote this class of functions by L.
For example, let

(1) h(so,51) = S0 — 51,

(2) h(sg,81) = Vsg; 0< V < 1,

for all sy, 51 € R*.
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Definition 2.9 [32] A function v : R — R is an alternating function if:
(1) u(so) =0 if and only if sy = 0,
(2) v is continuous and increasing.

Also, we use ) to denote this class of functions.
For example, let v(sp) = (1 — a)so, where 0 <a <1 and sy € R.

Definition 2.10 [31] Let ) be the collection of all functions @ : R — R such that w(0)=>0
and w(sg) > 0 for all sy > 0.

Definition 2.11 Let )’ be the collection of all functions f : R* — R* such that
f(so) > sp for all sp € R* and £(0) = 0.

For example, let f(sg) = W - 5o, where YW > 1 and 5o € R*.
With the help of these classes of functions, we obtain new generalizations of Darbo’s
fixed point theorem.

3 New fixed point theory
Theorem 3.1 Let T : U — O be a continuous mapping where U is a nonempty, bounded,

closed, and convex subset of N such that
E(¥(w(T7X)))
< Fla(Mn-100), (M1 (X)), @ (M1 (X)), ¥ (Mia (X)) ], (2)
where
My (X) = max{pu(X), w(TX), ..., u(T"'X)}

foreach ¥ # X C U, where u is an arbitrary MNC, (¥, ®) € T, § € ZEcAaecA,BeA,
and y : R* — R*. Then there is at least one fixed point for T in U.

Proof Take Xy = U, Xjyy;m = conv(T"X,) forn=0,1,2,....
Evidently, {X,},.cn is a sequence of nonempty, bounded, closed, and convex subsets such
that

XO QXm QXmH 2 QXm+n~
If for aninteger N € N one has (X ) = 0, then X}y is relatively compact, and so Schauder’s
theorem guarantees the existence of a fixed point for T

So, we can assume u(X,) > 0 for all » € NU {0}.
Now, from (2) we have

= %[O{ (Mm—l(Xn))r IB(Mm—l(Xn))¢ (D(Mm—l(Xn)): 14 (Mm—l(Xn))]
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= %'[Ol (Mm—l (Xn))’ ,3 (Mm—l (Xn))r (D(Mm—l(Xn))’ 14 (Mm—l (Xn))]
< ®(u(X,))[using (2) of Definition 2.5] (3)

for n=0,1,2,..., where
Moy 1(X,) = max {pu(X,), w(Xi1), oo W (Kpamo1) } = (Xon).
On the other hand,
E(Y (1Xonim)) = W (1t Kipam))- @

So, from equations (3) and (4), we get

“I”(M(prm)) = q)(M(Xn))' 5)
Now, let
nli)ngo W Xoem) = nILH;O w(Xy) = r. (6)

Thus, by using condition (2) of Definition 2.3, equation (5), and equation (6), we get
r=0,

ie.,
Nim (Xpn) = lim p(X,,) = 0.

Consequently, we conclude that p(X;,) — 0 as n — o0. Therefore, by Definition 2.1 (6),
Xoo =[hoo X is nonempty, closed, and convex. The set X, under the operation 7 is also
invariant and X, € ker ut. Thus, by using Theorem 2.1 the proof is finished. g

Corollary 3.2 Let T : U — U be a continuous mapping where U is a nonempty, bounded,
closed, and convex subset of X such that

E(¥(u(TX)))
< (¢(Mp1(X)).® (M1 (X)) = (B(Mi1 (X)).y (Mina (X)), (7)

where
M1 (X) = max{p(X), i(TX), ..., (T X)}

for each ) # X C U, where 1 is an arbitrary MNC, (¥, ®) e Y, E e A,a € A, B € A, and
y : R* — R*. Then there is at least one fixed point for T in U.

Proof Putting §(so,51,52,83) = SoS2 — s153 for all sp,51,52,53 € R* in equation (2) of Theo-
rem 3.1, we can get the above result. O
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Corollary 3.3 Let T : U — U be a continuous mapping where U is a nonempty, bounded,
closed, and convex subset of N such that

1(T"X) < My (X), ©
where
M1 (X) = max{ u(X), W(TX), ..., u (T X))

foreach W # X C U, where . is an arbitrary MNC. Then there is at least one fixed point for
T in ©.

Proof Putting E(so) = s0, ¥ (s0) =0, a(so) = 1, W(sp) = so, and P(sp) = 50 for all 5o € R* in
equation (7) of Corollary 3.2, we can get the above result. O

Theorem 3.4 Let T : U — O be a continuous mapping where U is a nonempty, bounded,
closed, and convex subset of X such that
FIo[S(T"X0),0 (u(T"X)))]]
< H[{S (M1 (), (M1 (X)) b, 0] S (Mo (X), 0 (Mo GO}, ©)

where
Mmfl (X) = max{M(X), M(TX)’ s M(Tm_lX)}

foreach ¥ # X C U, and p is an arbitrary MNC, S et/ h e Lve) we J_/,f c), and
o :R* — R*. Then there is at least one fixed point for T in U.

Proof Taking Xo = U, Xyyym = conv(T™X,) forn=0,1,2,....
Evidently, {X,},.cn is a sequence of nonempty, bounded, closed, and convex subsets such
that

XOQXWIQXWI+12”'2XW[+}12”"

If for an integer N € N one has u(Xy) = 0, then Xy is relatively compact, and so
Schauder’s theorem guarantees the existence of a fixed point for 7.

So, we can assume 4(X,,) > 0 for all z € N U {0}.

Now, from (9) we have

T[S (#Knim), o (1K) ]]

=f[v[S (n(conv(T7X,)), o (1 (conv(T7X,)))) ]]
v[S((T" %), 0 (1(T"X0)))]]
V{S(Mo1(X0), 0 (M1 ()} o S (M1 (X,), 0 (Mo (X)) ]
V{8, o (u (X))}, 0 S (1), o (u(X)) }]

— —
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< v{S(uX), 0 (n(Xn)} (10)
forn=0,1,2,..., where
M,1(X,) = maX{M(Xn): w(Xni1)s -+ ,U«(Xn+m—1)} = u(X,).

Also,

FIV[S (1 XKonem)s 0 (1 X)) ]] = 0[S (1K) 0 (1 (Kiim))) ]- (11)

Clearly, {v[S(1(Xp1m), 0 (W(Xsm)))]}52; is a nonnegative and nonincreasing sequence.
Hence, 3§ > 0 such that

lim U[S(M(Xmm)ra(ﬂ(xmm)))] =4. (12)

n—00

If possible, let § > 0. As n — 00, we get
S =3,
which is a contradiction. Hence, § =0, i.e.,
v lim S(uCuin)so (1Xum)) | =0,
that is,

lim S(H(ann): o (I/L(erm))) =0,

n— 00

which gives
lim w(X,)=0.
n—00

Therefore, by Definition 2.1 (6), Xo = ﬂiO:o X, is nonempty, closed, and convex.
Additionally, the set X, under operator T is invariant and X € ker . The proof is
finished by using Theorem 2.1. O

Theorem 3.5 Let T : U — U be a continuous mapping where U is a nonempty, bounded,
closed, and convex subset of ¥ such that

flo((T7X) + o (1(T7X)))]
< h[v(Mp1(X) + 0 (M1 (X)), (M1 (X) + 0 (M1 (X)), (13)

where
Mi_1(X) = max{p(X), w(TX), ..., u(T"'X)}

foreach® #X C U, and p is an arbitrary MNC, h € Lve) we 3_),f eY,ando Rt —
R*. Then there is at least one fixed point for T in U.
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Proof Putting S(so,s1) = So + 51 (0,51 € R*) in equation (9) of Theorem 3.4, we can get the
above result. |

Theorem 3.6 Let T : G — U be a continuous self-mapping on a nonempty, bounded,

closed, and convex subset U of N such that

flo(u(T7X))]
< oMy 1 (X), (Mo 1 00))]s (14)

where
M1 (X) = max{ p(X), i(TX), ..., u(T"1X)}

foreach W # X C U, and  is an arbitrary MNC, h € Lve) we), and f € )'. Then
there is at least one fixed point for T in U.

Proof Putting o (s) = 0, (so € R*) in equation (13) of Theorem 3.5, we can get the above
result. 0

Theorem 3.7 Let T : U — U be a continuous self-mapping on a nonempty, bounded,

closed, and convex subset U of R such that

f[S(u(TX), 0 ((T7X)))]]
< v{S(My1(X),0 (M1 (X))}, (15)

where
M1 (X) = max{p(X), w(TX), ..., u(T"'X)}

foreach ¥ # X C U, and w is an arbitrary MNC,v € ), w € J_),f €)', and o :R* — R".
Then there is at least one fixed point for T in U.

Proof Putting h(so,s1) < S0, (S0,s1 € R*) in equation (9) of Theorem 3.4, we can get the

above result. O
Corollary 3.8 Putting S(so,51) = So + 51, 0(s0) = 0, v(t') = ¢, h(so,81) =V - S0, and f(so) =

W - so, where 0 <V <1, W > 1, 50,51 € R*, and t' € R in equation (9) of Theorem 3.4, we
obtain

w(T"X) < ¢ - My (X), (16)
where { = % €(0,1) and

Mp_1(X) = max{uw(X), w(TX), ..., u(T"X)}.
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4 Measure of noncompactness on C([0, 1])
Let ® = C(L) be the set of all real continuous functions on L = [0,1]. Then X is a Banach
space with the norm

I£]l = sup{|£(p)| :pe L}, £eX.

Assume that /(# ) € R is bounded. For given £ € J and arbitrary dy > 0, n(£,dp) is the

modulus of the continuity of £ written as

n(£,do) = sup{|£(p1) — £(p2)| : p1,p2 € L, Ip2 = p1| < do}.
Also, we define

n(J,do) = sup{n(£,do) : £ €]}
and

no(/) = dloigoﬂ(]; do).

The MNC in R is denoted by the function 79, and the Hausdorff MNC is denoted by 3,
which is defined as 3(J) = %770(]) (see [33]).

5 Solvability of a fractional integral equation
The aim of this section is to investigate the existence of a solution for the integral equation

x(r) = T"x(r), (17)

where r € L and the operator 7" on X = C(L) is defined by the following iterative relation:

DK (%)) + f] (r”—rigf’l qh®|g(r, h,x(h))|dh) form=1,
T"x(r) = { DK (r, T x(r))|

b fy O gk g, T ()| dB) - for m=2,3,...,

where 0 <D < 1.

For example, for case m = 2, the integral equation is as follows:

F (= )

x(r) = D(|IC(r, Tx(r))| + \ o)

qh®|g(r, b, Tx())| dh),
or equivalently

G DK, x)] + fy D gh g, By ()| )

*(r) =D 7 L g g, B, DK, ()

1 —o7)E-1
+ Jy G 401 g, 0,4(0) | o))

We assume that

Dpy = {xeR=C(L): lxll <bo}.
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We now take into account the following hypotheses:
(i) Let K:L x R — R be a continuous function such that

’lC(r,x(r)) - lC(r,y(r))| < ’x(r) -y(r)|, relL, x,yeC).

Furthermore, the function r — X(r, 0) is a member of & = C(L).
(i) Letg:L x L x R — R be a continuous and bounded function such that

lg(r, B, x())] <*P.

(iii) There is a positive solution by for
D(bo + Qm) < by,

where

Q:sup{|l€(r,0)| rq:rEO}.

"TE+)
Theorem 5.1 The integral equation (17) has at least one solution in C(L) according to

hypotheses (i)—(iii).

Proof First, we show that 7" is a self-mapping on C(L).

Because all the functions involved in the operator 7" are continuous, 7”x(r) : R* — R
is a continuous function.

On the other hand, for an arbitrary fixed function x € C(L), using the above hypotheses,
we get

| T"x(r) |

< D(|IC(V, Tm"lx(r)) - K(r, 0)| + |/C(r, 0)\

r _ £-1
+/0 %qhq’%g(nh, T’”lx(h))|dﬁ)
B

D150+ [0 + B (107 -19)°Ty))

IA

IA

m-1 f‘B i3
D(|T x(r)| + !lC(r,O)| + F(S).Erq )

r _ £-1
< D(D(|IC(r, Tm_zx(r))| +‘/0 %qh‘f"ﬂg(n B, T 2x(h))| dh)

+ |IC(r, 0)| + %r‘ﬁ) [where,l"(é).&‘ =T(E+ 1)]

T (1 — R9)ET

-1 m—2
@) qh®|g(r,h, T"“x(h)| dh

< D(!K(r, T"’_zx(r))‘ +
0

+ |K(r,0)] + 1"(2?— l)r‘ﬁ)

Page 11 0f 18
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< D(|IC(V, Tm"zx(r)) - K(r, 0)| + |/C(r, 0)|

B £ B E>
+ " r? +|IC(r,O)|+F($+1)rq

< D(!T”’_zx(r)} + 2’1C(r, 0)’ + 2[‘(‘?1 D rqé)

<D !Tx r)| (m — l)VC(r,O)} +(m-1)

P ok
r@+nﬂ>

D(|IC r,x(r IC(r,O)| +m|IC(r,0)| +m1"(;i— l)rﬁ)

IA

<D {x r)| +m|lC(r,0)| +mF(;i l)rqs>

<D(llx]l + Qm)

<|x|+ Qm<oo [since0<D<1].

Therefore, the above discussion shows that 7" : C(L) — C(L) is well defined. Moreover,

applying assumption (iii) for each x € D, we have
|T’”x(r)| < D(||x|| + Qm) <D(by + Qm) < by, [since0<D<1].

So, the function T" is a self-mapping on the ball .
To show that 7" is continuous on Dy, we take dy > 0 and x,y € Dy, such that ||x - y|| <

do. So, we get

| T"x(r) = T"y(r)|

r _ £-1
D(|IC(r, T””lx(r))| +/ %qhq’l |g(r, h, T"‘lx(h))|dh)

rd — h1)51
—D(|IC(V,T"’1 /( F(g)) qhq_1|g(r,h,T’”‘W(h))‘dh)‘

_ ja)E-1
< D('|K(r, T"’_lx(r))| +/0 7( F(S))
" (11— pa)51

r'()
= D[l 7509 - [t 7500 |

qht |g(r, A, T’"‘lx(h))| dh

- VC(V’, Tm_ly(r))| —/0 qhq"1|g(r, h, Tm_ly(h))|dh‘)

N r (I"q _ hq)E—I
0 ')

rd — h1)5-1
/( F(E)) qhq_lyg(r,h,Tm_ly(h))‘dh)

m-1 m—1 ¥ & ¥ E)
<'D(|IC(}’,T x(r)) - K(r, T y(f))| T(E + 1) 4 l—‘(%-_'_l)rq

qht™! |g(r, h, T"’_lx(h))’ dh

Page 12 0f 18
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< D(|Tm_1x(r) - Tm_ly(r)| + ZF(;Ii l)ﬂé)

r _ E-
5D<‘D<’I€(r, T 2(r))| + f wqhq’l|g(r,h, T’”Zx(h))|dh>
0

r')
" (r1 — pa)5t
- D(|IC(r, Tm_zy(r))| +/0 %qh’rl |g(r, h, T'”_Zy(h)| dh)'
P
™)

< D(D(VC(}’, T 2x(r)) - K(r, Tm"zy(r))|

— p)s-1

! (rq - hq)é_l -1 m—1 m §
+A thq |g(r,h,T y(h))|dh> +2mr‘] )

< D(D(UC(;", T 2x(r)) - K(r, T™2y(r))| + F(;ﬁ 1),{18 + I’(;i 1)7’15)
P o
i)

< D({ T"2x(r) — T’”’zy(r)| + 41_‘(?1 l)ﬂs)

<D {Tx(r) y( r)| +2(m — 1)1_‘(;;+ l)rqg)

IA

D !lC r,x(r r,y(r))| +2(m — I)F(i—‘% 1);«45 + 2[‘(;% 1),61&)

IA

r'E+1)

P o
<Dl |lx- y||+2ml_‘(E l)rq)

IA

D

(
(1
D(|xr) 30|+ 2m—2 rqé)
(
(002

)rqé), (18)

ie.,

’T”’x(r) - T’”y(r)| <dy+2m ¥ [since 0 <D < 1].

B
rE+1)

The operator T™ on the ball Dy, is therefore continuous.

Next, we elect an arbitrary nonempty subset G of the ball ©;,. We consider a constant
number dy > 0. We take arbitrary numbers r,7” € [0, 1] such that |r — r’| < dj. It can be
assumed that ” < r without losing generality. So, for x € G we obtain

| T (T"x(r)) = T"(T"x(r"))|

— | szx(r) _ Tme(r//) ‘

Page 13 0f 18
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D<|IC(r T %) | + fy I gha g (r, h, T2 1x(h))|dh>

Dl T () |+ i I g g T )

IA

’(rq hq qht- 1|g( "R, T2M-1 x(h))| dh|
|f() rqrhqé lqﬁq 1|g(r// T2m lx(h))ldh

! (R rmf L ghtVg(r", B, T \x(h))| |

D({Tz”‘ Lx(r) — T2 1 x(r )| + Ub(();g+t11())) +Q(r,r ))

DK, T () + f; 5 I g g(r, b, T x(1h)| d)
<D | | -DUKG", T2 + [y L gha- 1|g( ", b, T 2x(h)| dh)

nho(gd) q
+ T ! +Qr,

KnTMZv» K, T2 ~w> ) | ﬂ
F(g + 1)

)

IA

rE 4+ Q(r, 1)

TZ’”1 (r) - K@, T>"'x(r"))|
+ fo - "ﬂ qht~\g(r, h, T*"1x(h))| dh

D ‘ , Moo
rE+1)

( }sz 2x(r) — T2 (r )|+ My (&> do) qE+Q(,,’ )

rE+1)
e Mo @, co) 1+ Q(r,r ))

r'E+1)
m— m— /! 0 ’d ) /!
< D(|T2 2x(r) — T? 2x(r )| + 2%%{5 + 2Q(r,r ))
< D(|IC(r, Tx(r)) = K(r", Tx(r"))| + (2m - 1) 7?2?;6110)) 1+ (2m - 1)Q(r, r”))
— b (&> do)
< D({K(r,x(r)) -K(",x(r"))| +2m FE& ) 1+ 2mQ(r, )>
< D(!x(r) —x(r”)| + ZMM % 4 2m§2(r, ))
N r'E+1)
< D(max{n(x, do),....n(T"'x,do)} +2m r?(()ég dl)) +2mQ(r, r”)),

where

/!

N (g, do) = sup{ ’g(r, h,x(h)) —g(r”, h,x(h))’ :r, ", he[0,1],x € [-by,

)

and

/ (1 = o)t hq)El

e
/o re 2

He (', b, T x(h)) ‘ dh

g(r", b T*"x(h)) ‘ dh‘
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r _ £-1
< / %qhq‘l g(r”,h,sz_lx(h))’dh
0

( //)q hq)é 1
S T

[ poye?

g(r”, n, T x(R)) ‘ dh’

-1 g(i"//, h, TZm—lx(h)) ‘ dh‘

qh?

(- 1) ] - [ - )],

NGE

B o
e (O =1 T)
< e (- ) () -))

P "a
+ F(§+l)(((r) _,g)é‘)

=i ) (7~ 00 22 =)

So, we have
| T"(T"x(r)) = T"(T"%(r")) |

< D(max{n(x, do),....,n(T" 'x,do)} +2 ﬂb(ég:l;o)) “ 4 2mQ(r, 7’ )) (19)

As dy— 0, one has r — r”, ny,(g,do) — 0 and Q(r,r”) — 0, and so we get
no(T"(T"X)) < ‘}ginOD(max{n(X, do),....,n(N"'X,do)}),
ie.,
no(T" (T X)) < D(max{no(X),...,no(T"'X)}). (20)
So, from (16) and using Corollary 3.8, the result is obtained. a

Example 5.1 Letus define the functional integral equation, a special type of equation (17),

as follows:
x(r) = T?x(r), (21)
where
1 (x(r)+1 (- B3 r*x*(h)
Tx(r)_5< s +/0 F(%L) cos<1+h2>dh>.

In other words,

T (73— h3)3 2T (2 (R
x(r) = T(Tx(r)) = %(T(;(:)'); ! +/0 r I‘(l)) cos(r jlﬂ(fh(z ))) dh),
4
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where

1 (x(r)+1 (3 - 13)1 r*x*(h)
Tx(r)—i( s +/o F(%L) Cos<1+h2>dh>.

In fact, we check the existence of the solution to the following integral equation:

3 3
%(xr%—l fO hl) 4 COS(r x(h) Ydh)+1

7412 <1) 1+h
7+r2
x(r) == 2 . 22
") 2 3 2 LB h3—@3 i os( 72202 ) 4oy (22
r (VS_h?))—@ 4 7+h2 0 1) 1+02 dh
+ /o ) cos( T )
We have
x(r)+1
K(r,x(r)) = ——,
( ( )) 74712

~ r2x(h)?
g(r, h,x(h)) = cos( 72 ),
bl
2

Now we examine the conditions of Theorem 5.1.
(i) K(r,x()) = x(’ 11 is a continuous function such that

x(r)+1  y(r)+1 - |x =y

’C s — ’C s = — <
0050 = K0 = [t =20 < B2 < oy
foreachr e L and x,y € R.

Furthermore, K(r,0) = T —L is continuous and |KC(r,0)| < %

So, the function r — K(r,0) is a member of C(L).

(i) g(r,h,x(R)) = cos(’lx(g2 ) is a continuous and bounded function,

as

cos(if?j) <1="B[say].

(iii) Now, we calculate the constant Q:

Q= sup{|l€(r,0)| + 1irq r> O}

+1)
:sup{ >+ mgrq:rZO}
741 T'(3)
1 1
:—+—5
7 F(E)
+T

74T
G

Page 16 of 18
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where the inequality
D(bo + Qm) 1(b 2(7+F(2)) <b
+ = — + [
0 m 5 0 71"(2) = Do

7+0(3) 7+r(g))
71(3) TE)
Therefore, we draw the conclusion that the integral equation (5.1) has at least one solu-

tion, which is in the ball ®, in C(L) in accordance with the Theorem 5.1.

). Therefore, as a number by, we can catch by = 2(

holds for every by > 2(

6 Conclusion

In this article, we have established a new fixed point theorem with the help of newly de-
fined condensing operators using a class of functions. This newly established theorem is a
generalization of the Darbo’s fixed point theorem. We have applied this theorem to find the
existence of a solution of a fractional integral equation involving an operator with iterative
relations in a Banach space, which is an extension of simple fractional integral equations.
Finally, we have justified our findings with the help of a suitable example. So, our work is

an extension of some previous generalizations in fixed point theory.
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