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Abstract

This thesis is concerned with the study of remote sublocales which are a pointfree version of
remote subsets which we define using van Mill’s definition of a remote collection. Unlike in van
Mill’s case though, the remote sublocales and remote subsets in this thesis do not necessarily
need to be closed and no separation axioms are imposed on locales and spaces. We characterize
both of these concepts and further show that in a Ty-space, the collection of isolated points is
the largest remote subset of the space. Using the motivation that remote points were initially
introduced with respect to a dense subspace of the Stone-Cech compactification, we introduce
and study properties of some versions of remote sublocales called remote (resp. *remote) from

a dense sublocale.

We also examine localic maps that preserve and reflect remote sublocales and their versions.
We prove that the localic maps whose image functions send remote sublocales to remote
sublocales are precisely those with weakly open left adjoints. We also use the result about the
reflection of remote sublocales to prove that the Booleanization of a locale is the largest remote
sublocale of the locale, a result with no pointset topological counterpart. For the preservation
and reflection of sublocales that are remote from dense sublocales, we use the Stone extension,

realcompact reflector and the Lindelof reflector as particular cases.

Veksler defined a maximal nowhere dense subset of a Tychonoff space as a closed nowhere
dense subset which is not a nowhere dense subset of any closed nowhere dense subset of the
space; it is called homogeneous maximal nowhere dense in case all of its regular-closed subsets
are maximal nowhere dense in the space. We introduce pointfree versions of (homogeneous)
maximal nowhere dense subsets and examine a relationship between the introduced sublocales
and remote sublocales where we show, among other results, that every closed nowhere dense
sublocale which is *remote from its supplement is maximal nowhere dense. Regarding preserva-
tion and reflection of (homogeneous) maximal nowhere dense sublocales, we show that every
open localic map that sends dense elements to dense elements preserves and reflects maxi-
mal nowhere dense sublocales, and if such a localic map is further injective, then it sends

homogeneous maximal nowhere dense sublocales back and forth.

In the category of bilocales, we provide a comprehensive study of (i,j)-nowhere dense

il



sublocales and subsequently introduce (i, j)-remote sublocales and prove that the (7, j)-remote
sublocales of a bilocale whose i-part coincides with the total part of the bilocale are precisely
the sublocales that are (i,7)-remote from dense subbilocales. For a bilocale (L, Ly, Ls), we
introduce and study the sublocale Remp L which is the collection of all elements of L inducing

the closed (i, j)-remote sublocales of L.

Keywords: sublocale, localic map, compactification, bilocale, subbilocale, remote point, re-
mote sublocale, nowhere dense sublocale, maximal nowhere dense sublocale, subbilocale, dense

subbilocale, (7, j)-nowhere dense sublocale, (i, j)-remote sublocale
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Basic Notations

SR: The Stone-Cech compactification of the set of real numbers R.

D X: Locale of opens of a space X.

a*: The pseudocomplement of a.

B L: Booleanization of a locale L.

S: Sublocale induced by a subset S.

Nd(L): The largest nowhere dense sublocale of a locale L.

S(L): Collection of all sublocales of a locale L.

Siem(L): Collection of all remote sublocales of a locale L.

MD(L): Collection of all nowhere dense sublocales of a locale L.

Srem (L x S): Collection of sublocales of L which are remote from S € S(L).

Srem (L x 5): Collection of sublocales of L which are *remote from S € S(L).

Rem(L): All elements of a locale L inducing closed remote sublocales.

Rem(L x S): Collection of all elements of a locale L inducing closed sublocales which are
remote from S € S(L).

*Rem(L x S): The set of elements of a locale L inducing closed sublocales which are *remote
from S € S(L).

Rs(L x S): The largest sublocale of a locale L remote from S € S(L).

*Rs(L x S): The largest sublocale of a locale L *remote from S € S(L).

(L, Ly, Ls): Bilocale.

a®: The bilocale pseudocomplement of a.

RempL: Collection of all elements of L inducing the closed (4, j)-remote sublocales of (L, Ly, Ls).
Obj(A): Collection of all objects of a category A.

Top: Category of topological spaces whose morphisms are continuous maps.

Loc: Category of locales whose morphisms are localic maps.

CRegLoc: Category of completely regular locales whose morphisms are localic maps.
CFLocpg: Category of locales which are also coframes whose morphisms are Rem-maps.
BooLocpg: Full subcategory of CFLocy whose objects are Boolean locales.

BiLoc: Category of bilocales whose morphisms are bilocalic maps.

vil



RemBiLocg: Category of bilocales (L, Ly, Ly) inducing RempgL.

TBiLoc: Full subcategory of BiLoc whose objects are bilocales (L, Ly, Ly) satisfying the con-
dition that each Lo-dense member of L; is complemented in L.

BiCFLoc: Full subcategory of BiLoc where objects are bilocales whose total parts are
coframes.

RemBiLoc: Full subcategory of BiLoc whose objects are bilocales (L, Ly, Ly) giving rise to
the sublocale RempgL.

BiCFLocg: Subcategory of BiCFLoc whose morphisms are Rem g-maps.

RemBiLocg: Subcategory of RemBiLoc whose morphisms are Rem g-maps.
RemBiLocgp: Full subcategory of RemBiLocg whose objects are bilocales (L, Ly, L) with
1 the only Lo-dense element of L.
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Chapter 1

Introduction and Preliminaries

1.1 A brief history on remote points and remote collec-
tions

The notion of a remote point was first introduced by Fine and Gillman [27] in 1962, as a
point p € SR that is not in the closure of any discrete subset of R. Subsequent to that, other
authors considered remote points of arbitrary Tychonoff spaces (see, for instance, Mandelker
[45] and [46]). Van Douwen [14], in 1981, undertook a systematic study of remote points and
gave several characterizations. He referred to remote points as points of 5X ~ X missing the
closure of every nowhere dense subset of a Tychonoff space X, while those missing the closure
of every discrete subset of X as far points. It was shown by Woods [60] in 1971 that these
notions are equivalent in the context of metric space with no isolated points. Van Mill [48],
in 1982, introduced the notion of a remote collection as a collection of closed subsets of a
Tychonoff space in which some member of the collection misses every nowhere dense subset of

the space.

In the pointfree setting, Dube [17], in 2009, approached the characterization of remote
points provided by van Douwen in [14] with a definition heavily dependent on points of com-
pletely regular locales. Subsequent to that, Dube and Mugochi [21], in 2015, generalized the
notion of remote points to arbitrary extensions of locales, and their work depended on points.
The study of remoteness in pointfree topology which does not rely on points is introduced here
for the first time. We aim to introduce remote sublocales using van Mill’s concept of a remote

collection. This will be achieved through defining a remote subset from a singleton remote



collection, and transfer this notion to locales to get remote sublocales. Remote sublocales
are extensions of remote points that were initially introduced by Dube in [17]. We do not
claim that the study of these objects is a completely new work. This thesis contributes to the
theory of sublocales. We wish to adapt most of the work done in [17] and [21] to sublocales,
with no reference to points whatsoever. This is not an outrageous idea. In support of this,
it suffices to mention that the concept of remainder preservation (which refers to points) was
first considered for locales in [22]. A much improved view which deals only with sublocales

and not points was presented in [26].

The work done in [17] only focuses on investigating certain frame homomorphisms such
that the Stone extension transfers remote points back and forth. In this work, we do not only

consider the Stone extension, but also the realcompact reflector and the Lindelof reflector.

To our knowledge, little to none has been done regarding remoteness in the categories of

bitopological spaces and bilocales. In this thesis, we include results about bilocalic remoteness.

1.2 Synopsis of the thesis

This thesis is organized as follows. The last six sections of this chapter provide some back-

ground results that are needed throughout the thesis.

The second chapter introduces the concept of a remote sublocale. The first section of this
chapter begins with a definition of a remote subset constructed from van Mill’s definition of a
remote collection. The remote subsets introduced are not necessarily closed and no separation
axiom is assumed on the space. This is then followed by a definition of a remote sublocale
which turns out to be conservative in locales, in the sense that a subset is remote if and only
if the sublocale it induces is remote in the locale of opens. We show that in T;-spaces, the
collection of isolated points is the largest remote subset. Since the concept of remoteness
was initially introduced with respect to a dense subspace of the Stone-Cech compactification,
we also introduce and study some properties of sublocales that are remote (resp. ‘remote)
from dense sublocales. The chapter ends with two sections that respectively consider algebraic

aspects of remoteness and remoteness in binary coproducts.



Chapter 3 discusses preservations and reflections of the concepts of remoteness introduced
in Chapter 2. The first section focuses on examining localic maps that send remote sublocales
back and forth. It turns out that the localic maps whose image functions send remote sublocales
to remote sublocales are precisely those with weakly open left adjoints. We use a result about
the reflection of remote sublocales to prove that the Booleanization of a locale is the largest
remote sublocale of the locale, a result which does not have a counterpart in spaces. The last
section focuses on localic maps preserving remote sublocales from a dense sublocale. Particular
cases in this section are the Stone extension, realcompact reflector and the Lindelof reflector.
We prove that under certain conditions, the preservation of remote sublocales is equivalent to

the preservation of sublocales that are remote from a dense sublocale.

Since nowhere density plays a crucial role in the study of remote sublocales, in Chapter
4, we introduce some variants of nowhere dense sublocales, particularly maximal nowhere
dense and homogeneous maximal nowhere dense sublocales. These were initially introduced
in spaces, so we show that their localic definitions are conservative in locales and prove some
properties of these sublocales. We further examine a relationship between (homogeneous)
maximal nowhere dense sublocales and remote sublocales via the introduction of (almost)
inaccessible sublocales. We show that every closed nowhere dense sublocale which is remote
from its supplement is maximal nowhere dense. The chapter ends with a study of localic maps
that preserves and reflects (homogeneous) maximal nowhere dense sublocales. It is apparent
that every open localic map that sends dense elements to dense elements preserves and reflects
maximal nowhere dense sublocales. If such a localic map is further injective, then it sends

homogeneous maximal nowhere dense sublocales back and forth.

In the last chapter, Chapter 5, we transfer the notion of remoteness to bilocales. The first
section provides a comprehensive study of (4, 7)-nowhere dense sublocales which are localic
counterparts of (7;,7;)-nowhere dense subsets. Unlike in locales, certain conditions must be
imposed on a bilocale for (i, j)-nowhere dense sublocales to be characterized by the smallest
dense sublocale of the total part of the bilocale. The second section introduces (i, j)-remote
sublocales. We show that for a bilocale (L, L1, Lo), if L; = L, then the (i, j)-remote sublocales
of (L, Ly, Ly) are precisely the sublocales that are (i,j)-remote from dense subbilocales of

(L, Ly, Ly). Unlike in the case of locales, the preservation of (7, j)-remoteness fails to be



characterized using the preservation of (i, j)-nowhere dense sublocales. The last section of
this chapter studies the sublocale RemgL of a bilocale (L, Ly, Ls) which is the collection of all
elements of L inducing the closed (i, j)-remote sublocales of (L, Ly, Ly). We prove that every
bilocale (L, Ly, Ls) in which either all Ly-dense members of L; are complemented in L or the
total part L of (L, Ly, L) is also a coframe, induces the sublocale RempgL. We consider the
category RemBiLocg whose objects are bilocales (L, L1, L) inducing the sublocale RempgL,
and morphisms are Rempg-maps, and show that there is a natural transformation from the

functor Remp : RemBiLocr — Loc to the forgetful functor G : RemBiLocr — Loc.

1.3 Locales and localic maps

We direct the reader to [50] and [26] for more details on meanings presented in this section.

A locale (or frame) is a complete lattice L satisfying the following distributive law:

a;/\\/A:\/{x/\a:aeA}

for all A C L and « € L. The top element and the bottom element of a locale L will be
denoted by 1, and 0y, respectively, with subscripts dropped when L is clear from the context.
A subset F' of a locale L closed under finite meets and arbitrary joins in L is called a subframe
of L. By a point of L we mean an element p < 1 such that a Ab < p implies a < p or b < p,
for all a,b € L.

The pseudocomplement of an element a € L is denoted by
a* = \/{xEL:a/\sz}.

An element a € L is said to be

1. dense if a* = 0.
2. compact if a < \/A for each A C L implies that a < \/B for some finite B C A.
3. complemented if a V a* = 1.

4. rather below an element b € L, denoted a < b, if a* V b = 1.



5. completely below b € L, denoted by a << b, if there is a sequence (z,) of elements of L

indexed by QN [0, 1] such that ay = a, a; = b and =, < z, whenever ¢ < r.
A locale L is

1. compact if 1 is compact.
2. Boolean in case every element is complemented.

3. regular provided that for every a € L,
a:\/{xeL:x-<a}.
4. completely reqular if for all a € L,

a:\/{xEL:x<<a}.

A frame homomorphism is a map between locales which preserves binary meets (including
the top element) and arbitrary joins (including the bottom element). It is called dense in case it
maps only the bottom element to the bottom element, a quotient map provided it is surjective,
and an extension if it is a dense quotient map. Associated with a frame homomorphism

h: M — L is its infima preserving right adjoint h, : L — M given by
ho(x) = \[{a € M : h(a) < }.

It is usually called a localic map. Left adjoints of localic maps, say g, are represented by g*.
In this thesis, h is assumed to be a frame homomorphism whose right adjoint will always be
represented by f. Similarly, f will be a localic map whose left adjoint will always be h. By a

closed frame homomorphism, we mean a frame homomorphism h : M — L such that

f@Vh(y) = flx)Vy
for all z € L and y € M. A localic map f : L — M is dense if f(0) = 0.

A sublocale of a locale L is a subset S C L such that:

1. S is closed under all meets, and



2.t —se S, forallz € Land s €S,

where — is a Heyting operation on L satisfying:
a<b—c ifandonlyif aAnb<c

for every a,b,c¢ € L. The smallest sublocale of L is the sublocale O = {1}. A sublocale S of
L is void if S = O and non-void if S # O. Sublocales are locales in their own rights. The
collection S(L) of all sublocales of L is a lattice where Og(zy = O, 1gzy = L, meet operation
is given by intersection and join operation is given by

\/si={Am: v cJsi}

iel iel
The collection S(L) is a coframe in the sense that, for every S € S(L) and every collection
{4y € S(L),

SV()Ai=[)(SVA).
We shall use the prefix S- for localic properties defined on a sublocale S of L. A sublocale
S C L misses a sublocale T of L if SNT = O. It is complemented if it has a complement in
S(L), and linear if
Sn\/{Ci:iely =\/{SnC;:iel}

for each family {C;: i € I} C S(L).

Every sublocale S of L has a supplement, denoted by S# or L ~. S, where

L~S=\/{AeS(L): AnS =0}

The closed and the open sublocales induced by a € L are the sublocales
c(a) ={reLlL:a<z} and ofa)={re€l:a—ar=a}={a—z:2€Ll},

respectively, and are complements of each other. We shall write A sublocale is clopen if it is
both closed and open. Just like in spaces and subspaces, open sublocales in a sublocale S are
the og(a) = S No(a), and similarly we have the closed sublocale of S, ¢g(a) = S Ne¢(a). The
closure of S € S(L) is denoted by

c(S) =85 =c(/\S) = {e(x) : S C c(x)}

6



and its interior is denoted by
int(S) = o(/\(L ~ 9)) = \/{o(z) : o(z) C 5}.
By a regqular-closed sublocale we mean a sublocale which is the closure of some open sublocale.
Here are some properties of open and closed sublocales.
e 0(0) =¢(1) =0 and ¢(0) = o(1) = L.
e ¢(z) Co(a)if and only if x Va = 1.
e o(z) C ¢(a) if and only if x A a = 0.
e o(z)No(a) =o(zAa)and V. 0(z;) = o(\V,c; ).
e ¢(z) Ve(a) = c(z Aa) and ey e(z;) = ¢( Ve z0).-

e o(a) = c(a*) and (c(a))® = o(a*).

A sublocale S C L is said to be dense if S = L. This is equivalent to requiring S to contain
0. The subset
B(L)={x—0:ze€l}={xel.:z=a"}

of L is the least dense sublocale of L, usually called the Booleanization of L. A sublocale is

nowhere dense if it misses the smallest dense sublocale.

For a localic map f : L — M, the localic image function f[—]:S(L) — S(M), given by
fIS1={f(z): z € 5}
is the left adjoint of the localic preimage function f_1|—]: S(M) — S(L) given by
fall)=\/{AeS(L): AC FH(T)}.

For a localicmap f: L —- M,z € M and A € §(L),

falem(@)] = er(h(@)); - foalom(@)] = or(h(z)) and  flA] C flA]
A localic map f: L — M is dense if and only if f[L] is dense in M.

An alternative representation of a sublocale of L is given by the notion of a nucleus which

is defined as a mapping v : L — L such that



1. a < v(a),
2. a<b=v(a) < v(b),
3. vv(a) = v(a), and

4. v(a Ab) = v(a) A v(b)

for every a,b € L. The set Fix(v) = {a € L : v(a) = a} is a locale with meets in L. For a

sublocale S C L there is the quotient map vg : L — S defined by

vs(a) = /\{s €S:a<s}h
Open sublocales and closed sublocales of a sublocale S of L are given in terms of nucleus as
os(vg(a)) =SNo(a) and cs(rs(a)) =SNc(a),

respectively, for a € L. For any S € S(L) and z € L, S C o(z) if and only if vg(z) = 1. The

joins in a sublocale S of a locale L are given by

V= (V).

A noteworthy result about dense sublocales is that pseudocomplementation in a dense
sublocale is precisely that in the locale. This is so because, if A is a dense sublocale of L and
r € A, then writing *4 and — 4 for, respectively, the pseudocomplement of z in A and the

Heyting operation in A, we have the equalities

=1 5,404 =2— 0, =z"

1.4 Category theory

Our main reference for this section is [34].

By a category we mean a quadruple A = (Obj(.A), hom, id, o) where

1. Obj(A) is a class whose members are called objects of A or simply A-objects,



2. for each pair (A, B) of A-objects, hom4(A, B) is a set whose members are called A-
morphisms from A to B, indicated in terms of arrows by writing f : A — B with A the

domain of f (notation: dom(f)) and B the codomain of f (notation: codom(f)),

3. for each A € Obj(A), idsa : A — A is an A-morphism called the A-identity morphism,

and

4. there is a composition law associating with each pair (f,g) of A-morphisms satisfying

dom(f) = codom(f) an A-morphism g o f : dom(f) — codom(g), satisfying:

(a) ho(go f)=(hog)o [ (associativity) whenever the compositions are defined.

(b) A-identities act as identities with respect to composition, i.e., for A-morphisms
f:A— B,wehaveidgo f=fand foidyg=f.

(c) the sets hom4(A, B) are pairwise disjoint.

A morphism f of a category A is said to be an isomorphism provided that there is another

morphism ¢ of A such that f o g and go f are A-identity morphisms.

We shall use Loc to represent the category whose objects are locales and morphisms are
localic maps. We denote by Frm the category whose objects are frames and morphisms are

frame homomorphisms.

By the opposite category of a category A we mean a category having the same class of
objects and morphisms as A, but with reversed directions of morphisms. It is often denoted

by A°. Loc is the opposite category of Frm.

A functor is a function F' : A — B between categories A and B that assigns to each A-
object A a B-object F'A and to each A-morphism f : A — A" a B-morphism F(f) : FA — FA/,
in such a way that F preserves composition and identity morphisms. A construction with the
properties similar like those of a functor, only modified by reversing the directions of morphisms
is called a contravariant functor. By an endofunctor we refer to a functor that maps objects
and morphisms from one category back to the same category. We shall use id4 to indicate the
identity functor from category A to itself. A functor F': A — B between categories A and B is
said to be faithful if for all A, A" € Obj(A), the restriction F': hom4(A, A") — homp(F A, FA")

is injective.



For functors F' : A — B and G : A — B between categories A and B, we define a natural
transformation w : F — G as a function that assigns to each A-object A a B-morphism
wa : FA — GA in such a way that the following condition holds: For every g € homy(A, A'),

the following square commutes:
FA—2 5 GA

F(g) G(9) (1.4.1)
FA W—A’> GA/

If all the w4’s are isomorphisms, then w is said to be a natural isomorphism. We say that two

functors are naturally isomorphic if there exists a natural isomorphism between them.

By a monad on a category A we mean a triple (T',n, 1) where T': A — A is a functor, and

n:idg — T and p: T oT — T are natural transformations such that the diagrams

TOTOTL) ToT
ToT o s T

and
T e

1.4.3
id id ( )

T

commute. The opposite of a monad is a comonad.

A category B is called a subcategory of a category A in case

1. Obj(B) C Obj(A),
2. homg(B, B") C hom(B, B') for every B, B' € Obj(B),

3. for each B-object B, the A-identity morphism on B is the B-identity morphism on B,

and
4. the composition law in B is the restriction of the composition law in A to B-morphisms.
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If a category B is a subcategory of A with the condition that homg(B, B') = homu(B, B’)
for every B, B’ € Obj(B), then B is said to be a full subcategory of A.

A subcategory B of a category A is called a reflective subcategory of A provided that for
every A € Obj(A), there is a B € Obj(B) and a B-morphism rp : A — B such that for every
A-morphism f: A — B’, where B’ € Obj(B), there is a unique B-morphism f’: B — B’ such
that f'org = f. The morphism 75 is called the B-reflection for A. The opposite of the notion
of a reflective subcategory of a category A is coreflective subcategory of category A and the

opposite of the concept of the B-reflection for A is called the B-coreflection for A.

1.5 Compactifications

We refer to [50], [9] and [23] for the general theory of compactifications of locales.

A compactification of a locale L is a pair (M, h) where:

1. M is a compact and regular locale, and

2. h is a dense and onto frame homomorphism from M to L.
An ideal of a locale L is a subset I of L such that:

1. 0 e,
2. I is closed under binary joins, and

3. a <bimplies a € I, for all a € L and each b € [.

A filter F is defined dually and is proper if 0 ¢ F, otherwise it is improper. An ideal I of a
locale L is regular (resp. completely regular) if for every a € I, there is b € I such that a < b
(resp. a << b). The collection CRJ L of all completely regular ideals of a locale L, ordered by
inclusion, is a compact and completely regular locale where Ocr 7. = {0}, lerge = L, meet is
given by intersection and join is given by

\/Ii = {\/F : I is finite and F C U[,}

iel iel
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The Stone-Cech compactification of a locale L is the pair (6L, BL), where L = CRJ L and 5y,
is the join map L — L which is an extension. The right adjoint of 3y, is given by the localic
embedding

rp:x—{y€L:y <<z}

For any localic map f : L — M between completely regular locales L and M, there is a localic

map S(f): BL — M, called the Stone extension, defined by

B(f): I+ \/{J€BM:h(J)CI}
with its left adjoint 5(h) : BM — BL given by

B(h):J—{x € L:x < h(y) for some y € J}.

[7] Cozero elements of a locale L are precisely those elements a € L such that

a= \/{a:n LT, << a}

for some sequence (x,,) in L, or equivalently,

a= \/{an Dy << Ay}
for some sequence (a,) in L.
The cozero part of L, denoted by Coz L, is the collection of all cozero elements of L.

Let L be a completely regular locale. An ideal of Coz L is a o—ideal if it is closed under
countable joins. The locale of o-ideals of Coz L, denoted by AL, is the reqular Lindelof reflection
of L and the extension A : AL — L defined by I — \/ I, is the regular Lindeldf coreflection
map whose right adjoint is called the reqular Lindeldf reflection map, [44]. This is a special case
of a more general result concerning r-locales (see [43]). We define the extension k, : L — AL

by I — (I),, where (-) signifies o-ideal generation in Coz L.

For any x € L, let

(2] ={a € Coz L:a<uz}.

The map
0L = AL, T s [\/I} A N\LP € PHAL) : I < P}
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is a nucleus. The locale vL defined to be Fix(¢) is the realcompact reflection of L with
the realcompact reflection map given by the join map vy : v, — L which is an extension.
The extension AL — vL effected by ¢ is denoted by ¢. See [8] for the construction of the

realcompact reflection.

When §L is regarded as the locale of regular ideals of Coz L, we get the following commuting
diagram in the category CRegLoc of completely regular locales whose morphisms are localic

maps between them. It puts into perspective the collection of the maps described above.

L > M
('UL)* ("—’M)*
I v(f) M
(AL)« v v (Anr)«
rL (Lr)« (bar)« M (1.5.1)
AN ——— \M
A(f)
(HL)* (HM)*
pL 5(5) > M

For any completely regular locale L and =z € L, we have

Co([x])(Ap)s () = (vr)i() = (€r)([2]) = [2].
By a 7-lift we mean the localic morphism ~(f) : vL — M, where v € {5, A\, v}.

For v € {3, A\, v}, the assignment

v : CRegLoc — CRegLoc

f=a(f)

is a functor.

1.6 Remote points

For detailed meanings of the notions introduced in this section, we refer to [14] and [18].
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In point-set topology, a point p € X ~ X, where 8X is the Stone-Cech compactification

of a completely regular space X, is remote if p ¢ NﬁX, for every nowhere dense set N C X.

In point-free setting, for a completely regular locale L, a point I € SL is a remote point if
for each nowhere dense quotient map h : M — L, IV rp(h.(0)) = 1gp, where h is nowhere

dense if for every non-zero & € M there exists a non-zero y < x in M such that h(y) = 0.

1.7 Binary coproducts of locales

See [50, 10, 13] as references for binary coproducts of locales.

For any two locales L and M, we construct the binary coproduct L& M as follows. Consider
the set
DILxM)={UCLxM:|lU=U##0},

ordered by inclusion. A member U of D(L x M) is said to be saturated in case
1. {a} x B C U implies (a,\/ B) € U for every a € L, B C M, and
2. Ax {b} CU implies (\/ A,b) e U forall AC L, be M.

For each a € L, b € M, the set
a®b={(0,b),(a,0)}U ] (a,b)
is the least saturated member of D(L x M) containing | (a,b). The collection
Le& M ={Ue€D(Lx M):U is saturated }

is a locale and the maps

q:L—-Le&Ma—adl

and

qu - M — LS M,b— 1D
are frame homomorphisms which are usually called coproduct injections.

The top element and bottom element of L& M are denoted by 1743 and Oraas, respectively.
For any a,c € Land b,d € M, if Opgpn # a®b < c®d, then a < c and b < d. For every (a,b) €
LXxM,a®b=0pg if and only if a = 0 or b = 0. Consequently, (a®b)* = (a* D 1)V (1D b*).
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1.8 Bilocales
We recall some terminology from [5, 51].
A bilocale is a triple (L, Ly, Ly) where Ly, Ly are subframes of a locale L and for all @ € L,

a:\/{al/\agzaleLl,ageLg and a; A as < a}.

We call L the total part of (L, Ly, Ls), and Ly, Lo the first and second parts, respectively.
We use the notations L;, L; to denote the first or second parts of (L, Ly, Ly), always assuming

that i, = 1,2, i # .

For ¢ € L; we denote

c* :\/{xGLj cx Ac=0}.
A subbilocale of a bilocale (L, Ly, L) is a triple (5,51, S2) where S is a sublocale of L and

S; =vgll;] for i1=1,2.

A biframe homomorphism (or biframe map) h : (M, My, My) — (L, Ly, Ly) is a frame

homomorphism h : M — L for which
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Chapter 2

On Remote Sublocales

This chapter aims to introduce and provide a study of a concept of remoteness in locales. The
information in this chapter forms part of the research paper: M.S. Nxumalo, On sublocales

that miss every nowhere dense sublocale, Quaest. Math., (2023)(Under Review).

2.1 Introducing remote sublocales

The objective in this section is to extend to pointfree topology the notion of a remote subset
introduced by van Mill in [48]. Unlike in [48], where remoteness is defined only for Tychonoff
spaces and remote subspaces are required to be closed, we broaden the scope by working in

arbitrary spaces and do not require remote subspaces to be closed.

Recall that a subspace of a topological space is called nowhere dense if its closure has an
empty interior. In the introduction, we recalled van Mill’s definition of a remote collection
which is a collection F of closed subsets of a Tychonoff space X where every nowhere dense
subset of X misses some member of F. In the event that F is a singleton, say F = {A}, this
then reduces to saying the closed set A is remote. Since van Mill does not explicitly mention

the remoteness of arbitrary subsets of arbitrary spaces, we formulate the following definition.
Definition 2.1.1. A subset A of a space X is remote if AN N = () for every nowhere dense

N C X.

We shall extend this concept to locales by merely replacing subspaces with sublocales, and

then show that the extension is conservative, in the sense that a subset A of a space X is
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remote if and only if the induced sublocale of DX is remote.

Definition 2.1.2. We say a sublocale of a locale L is remote if it misses every nowhere dense

sublocale of L.

Before we proceed, we give examples of remote sublocales and show that unlike in the case
of nowhere denseness (recall that, in [53], Plewe shows that the closure of a nowhere dense

sublocale is nowhere dense), the closure of a remote sublocale need not be remote.

We need the following lemma which will also be used elsewhere. In [53], Plewe observed
that a complemented sublocale is nowhere dense if and only if its closure has a void interior.
Since a sublocale of a nowhere dense sublocale is nowhere dense, it follows then that a sublocale

is nowhere dense if and only if its closure is nowhere dense.

Lemma 2.1.3. A sublocale N of a locale L is nowhere dense iff \ N is dense in L. In

particular, ¢(a) is nowhere dense iff a is dense.

Proof.
N is nowhere dense <= ¢ ( /\ N ) is nowhere dense
= ( AN ) =0
< 0 (( N ) > = 0(0)
— ( AN > =0,
which proves the lemma. O

A consequence of this lemma which we are going to use further below, is the following

corollary.

Corollary 2.1.4. A sublocale N of L is nowhere dense iff L ~ N is dense.

Proof. By Lemma 2.1.3, N is nowhere dense if and only if A\ N is dense, which is true if and
only if o(/\ V) is dense. So, from the equalities

L\NZL\c(/\N) =o</\N>,
it follows that N is nowhere dense if and only if L ~ N is dense. [
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Observation 2.1.5. From Corollary 2.1.4, we also observe that an open sublocale is dense if
and only if its supplement is nowhere dense. Indeed, o(x) is dense if and only if x is dense if

and only if ¢(z) is nowhere dense if and only if L \ o(z) is nowhere dense.

Another consequence of Lemma 2.1.3 is the following result.

Corollary 2.1.6. Fvery closed remote sublocale is clopen.

Proof. Consider an arbitrary closed sublocale ¢(x) which is remote. Since ¢(z V x*) is nowhere
dense, ¢(x) Ne¢(x V 2*) = O, which implies ¢(z V x V z*) = ¢(1), whence z V 2* = 1 showing

that x is complemented, and hence ¢(x) is clopen. O

Using Lemma 2.1.3, we prove the following proposition, which will enable us to present the

examples alluded to above.

Proposition 2.1.7. A locale is remote as a sublocale of itself iff it is Boolean.

Proof. (=>): Let L be a locale which is a remote sublocale of itself. If a € L is dense and
a < 1, then the nowhere dense sublocale ¢(a) is non-void, which is not possible since L misses
every nowhere dense sublocale of itself. Thus a = 1. Hence for any x € L, x V * = 1 because

z V z* is dense. This shows that L is Boolean.

(<=): Suppose that L is Boolean. First, observe that a locale M is Boolean if and only if
the void sublocale is its only nowhere dense sublocale. Indeed, if M is Boolean, then ¢y/(a) is
nowhere dense if and only if a = 1. On the other hand, for any a € M, a V a* is dense, hence
¢(a V a*) is nowhere dense, making ¢y/(a V a*) = O, hence a V a* = 1, whence M is Boolean.
Therefore, the only nowhere dense sublocale of L is O. Thus L misses every nowhere dense

sublocale of itself, making it a remote sublocale of itself. ]

This naturally raises a question as to when a space is remote as a subspace of itself. We
answer that in Proposition 2.1.9 below. Recall, for instance, from [41], that a space is almost
discrete if each closed subset is open (equivalently, each open subset is closed). We start by

showing that almost discrete spaces are precisely those whose locales of opens are Boolean.

Proposition 2.1.8. A space X is almost discrete if and only if OX is Boolean.
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Proof. (=): Assume X is almost discrete and let U € OX. Then U = U, so U V U* =
UU(X \U) =X = lpx, where U* is the pseudocomplement in OX of U given by

U=X~U=(X\U)°,
showing that DX is Boolean.

(«<=): Suppose that DX is Boolean and let U be an open subset of X. Then U € OX
and so, in light of DX being Boolean, X = UV U* = UU (X \U). Since UN (X \U) =0, it
follows that U C U so that U = U. Thus U is closed. O

Proposition 2.1.9. A space X is remote as a subset of itself iff it is almost discrete.

Proof. (=>): Let A C X be closed. Then X \ A is open so that X . AN A is nowhere dense.
Since X is remote, we have that ) = X N X N ANA=ANX ~ A. Therefore

A C X~XNA
= int(X N (X N A)) =int(A).
Thus A is open. Hence X is almost discrete.

(«<=): Recall from [40] that the only nowhere dense subset of an almost discrete space is
the empty set. So X misses every nowhere dense subset of itself, making it a remote subset of

itself. ]

We note some examples.

Example 2.1.10. (1) The sublocales O and B L are remote sublocales. This shows, among

other things, that a locale always has a dense remote sublocale.

(2) Every sublocale contained in a remote sublocale is remote.

Remark 2.1.11. The closure of a remote sublocale is not necessarily remote. For instance, if
L is not Boolean, then $BL is a remote sublocale whose closure is not remote because BL = L

and, as observed above, a locale is remote if and only if it is Boolean.

We are now going to show that in the class of T p-spaces localic remoteness is “conservative”

in the sense that a subset of a Tp-space is remote if and only if the sublocale it induces is
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remote. Firstly, we note that the following proposition holds by virtue of Plewe’s results

recalled above.

Proposition 2.1.12. A sublocale is remote iff it misses every closed nowhere dense sublocale.

Secondly, we need to know that a subspace of a Tp-space is nowhere dense if and only if
the sublocale it induces is nowhere dense. We have not seen a proof of this in the literature,
so we furnish one. We require two lemmas, the first of which is proved in [24, Lemma 3.5]
but for Tychonoff spaces; however a closer look at the proof given in that paper shows that
the result holds for all Tp-spaces. Before we state the first lemma, we recall that if X is a

topological space and A C X, then the induced sublocale A is the set
A={int (X ~AUG):GeOHX}.

In particular, if A is closed, then

A={(X VA UG:Ge DX}

The lemma states the following.

Lemma 2.1.13. [2/] For any subset S of a Tp-space X, S = S.

The second lemma was mentioned in [1] without a proof. We furnish its proof.

Lemma 2.1.14. [1] If K is a closed subset of a space X, then K= cox (X N K).

Proof. By what we observed above,
K={(X<~EK)UG:GeOX}Ceox(X~K).

On the other hand, if V' € ¢ox(X \ K), then X N\ K C V so that V = (X ~ K)U V. This
makes V € K. Thus cox(X ~ K) C K. O

Lemma 2.1.15. A subset S of a Tp-space X is nowhere dense iff S is a nowhere dense

sublocale of OX .
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Proof. We first prove the result for closed subsets. So let K be a closed subset of X. Since
K =cox(X W K), int K = 0ox ((X N K)*), and so

K is nowhere dense oox (X NK)*)=0
(X N K)* = ODX
XNXNK=10

K° =90

(A

K is nowhere dense.

Therefore, for any S C X,

S is nowhere dense <= S is nowhere dense
<= S is nowhere dense since S is closed
<~ S is nowhere dense by Lemma 2.1.13
<= S is nowhere dense.
This proves the proposition. O]

As in [50], for any topological space X and = € X, we set
=X~ {z},

and recall that {Z,1px} is a sublocale of OX. In general, if p is a point in a locale L, then
{p, 1} is a sublocale of L, and these are what are called the one-point sublocales of L. In [49],
the authors show that if X is a topological space and Y C X, then

Y = \/{{g, lox}:y € Y},

where the join is calculated in S(OX). This says that the locale Y is covered by the one-point

sublocales of X associated with the elements of Y.

In the upcoming proof we shall use the fact that complemented sublocales are linear,
[35, 36]. We shall also use [50, Proposition VI. 1.3.1], which states that if X is a Tp-space,
then for any x € X and A C X, fegifandonlyifxEA.

Theorem 2.1.16. A subset of a Tp-space is remote iff the sublocale it induces is remote.
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Proof. (=): Let S be a subset of a Tp-space X. We suppose, first, that S is remote, and
prove that S is remote. In accordance with the definition, we need to show that S misses every
nowhere dense sublocale of 9 X. By Proposition 2.1.12, it suffices to show that S misses every
closed nowhere dense sublocale of DX . So, let B be a closed nowhere dense sublocale of DX

Then there is an open set U C X such that, in light of Lemma 2.1.14,

B=cox(U) = cox (X~ (X~U)) =X U
since X \ U is closed in X. By Lemma 2.1.15, X ~ U is nowhere dense in X, and so
SN (X \U) = 0. Note that, by [49, Proposition VI. 1.3.1], if s € S, then 5 ¢ m, and so
X<Un {5,1ox} = O. Now,

SNnB=X~UnS = X<Un\/{{51ox}:5€5)}
= \/{m N{5 1ox}:s€ S} since X< Uis complemented

pumy O’

showing that S is remote.

(<=): Suppose that S is remote. Let K be a nowhere dense subset of X. Then K
is nowhere dense in X which implies that % is a nowhere dense sublocale of DX, and so
gﬂ% = O. If there was an element w € SN K, then, for the one-point sublocale {w, 1ox} we
would have %ﬂ {w,1px} # O, and so, by the calculation observed in the preceding paragraph
of the proof, we would have % ns £ 0. It follows therefore that S N K = () which implies
that SN K = (. Thus S is remote. O

Observation 2.1.17. Inside the proof of the forward direction of Theorem 2.1.16, we deduce
that for a Tp-space X and subsets A and B of X where A is either closed or open, AN B = ()
if and only if ANnB=0.

We introduce the following notations, for any locale L. We set

Srem(L) = {5 € S(L) : S is a remote sublocale},

and for elements we set
Rem(L) ={a € L:¢(a) € Siem(L)}.
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We aim to characterize remote sublocales in Theorem 2.1.18 below. We first give a charac-
terization with no restriction on sublocales and, subsequently, a characterization restricted to
complemented sublocales. Towards that end, we remind the reader of the following notation

from [25]:
Nd(L) = \/{S € S(L) : S is nowhere dense} = \/{c(x) : x is a dense element of L}.
In [25], the authors further observe that
Nd(L) = L ~*BL.
We shall at times use this description of the sublocale Nd(L).

Theorem 2.1.18. Let L be a locale and A € S(L). The following statements are equivalent.

1. Ae Spen(L).

2. For all nowhere dense N € S(L), ANN = 0.

3. A is contained in every dense open sublocale of L.

4. For all dense a € L, va(a) = 1.

5. For every open sublocale U € S(L), A C U implies A C U.

6. For each N € S(L), BLNNNA=0 implies ANN = O.

Proof. (1) = (2): Follows since every closure of a nowhere dense sublocale is nowhere dense.

(2) = (3): Follows since o(x) is dense if and only if x is dense if and only if ¢(z) is nowhere

dense.

(3) = (4): True because va(x) =1 if and only if A C o(x).

(4) = (5): Let U = oy (x) be such that A C or(z). Then ANog(z*) = O which implies
0a(va(z*)) = ANog(z*) = O. We get that va(2*) = 04. Because x V z* is dense in L, it
follows that

valx Va*) =va(r) Vva(z*) = 1.
Therefore v4(z) = 1. Thus A C o(x).
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(5) = (6): Let N € S(L) be such that BLNN N A= 0. Then BL C L~ N N A so that
L~ NN Aisdense hence A C L~ NN A. The hypothesis in (5) implies that A C L~ N N A.

Since L ~ N N A is complemented,

O=ANL~N(L~NNA)=ANNNAD(NNANNNA=NNA.

(6) = (1): Let C be a nowhere dense sublocale of L. Then ANC'is a nowhere dense sublocale
of L. Since this implies AN C' is a nowhere dense sublocale of L, we have BLN ANC = O.
It follows that AN C = O. [

In view of the equivalence of (1) and (3) in the foregoing theorem, we have that:

A sublocale of L is remote if and only if it is contained in the intersection of all

dense open sublocales of L.

In the event of complemented sublocales, we also have the following characterization.

Proposition 2.1.19. A complemented sublocale of a locale L is remote iff it misses Nd(L).

Proof. Recall that the closed nowhere sublocales of L are precisely the sublocales ¢(z), for =

dense in L. Now, if A is a complemented sublocale of L, then

ANNd(L)=0 <<= An \/{c(x) cxisdensein L} =0
= \/{A Ne¢(z) : zis dense in L} =0
< Anc(z) =0 for all dense = € L
<= A is remote
which proves the result. O]

Next, we show that every locale has the largest remote sublocale. In the first section of
Chapter 3, we will show that this largest remote sublocale is precisely the Booleanization of a

locale.

Proposition 2.1.20. The join of remote sublocales is remote.
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Proof. Let {A; : © € I} be a family of remote sublocales and N a closed nowhere dense
sublocale of L. Then since complemented sublocales are linear,
Nn\/4;=\/(Nn4) =0,

which proves that \/; 4; is remote. ]

This result enables us to show that S,em(L), partially ordered by inclusion, is a coframe.
In this regard, recall that a subset S of a coframe H is called a subcolocale of H if it closed

under joins and if for all s € S and z € H, s \ z € S, where

S\x:/\{aeH:sga\/x}.

Since for any sublocales S and T, the sublocale S ~\ T is contained in S, and since a
sublocale smaller than a remote sublocale is remote, we deduce from Proposition 2.1.20 the

following result.
Proposition 2.1.21. For any locale L, Syern(L) is a coframe.

We have just mentioned that in Chapter 3 we will show that for any locale L, *BL is the
largest remote sublocale of L. In the case of fit locales, we can actually deduce this result from
the characterization that a sublocale is remote if and only if it is contained in the intersection

of all dense open sublocales. To do this, we recall that a locale is fit if and only if every

sublocale is a meet of open sublocales.

Corollary 2.1.22. If L is a fit locale, then BL s the largest remote sublocale of L.

Proof. Since L is fit, BL is an intersection of open, hence dense open, sublocales. But every

dense sublocale of L contains 8L, hence
BL = ﬂ{U € S(L) : U is open and dense},

that is BL is the intersection of all open dense sublocales of L. So, by the equivalence of
conditions (1) and (3) in Theorem 2.1.18, a sublocale is remote if and only if it is contained

in *BL. Since BL is remote, it follows that B L is the largest remote sublocale of L. [
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Observation 2.1.23. The above corollary tells us that, BL is the only dense and remote
sublocale of a fit locale L. This is because, if A is dense and remote, then its density gives

BL C A and its remoteness implies A C B L.

The equivalences (1), (2), (3) and (5) of Theorem 2.1.18 can be obtained for T p-spaces as
a corollary to Theorem 2.1.18. It turns out, however, that these equivalences hold even for

spaces that are not Tp, as we show in the next theorem.

Theorem 2.1.24. Let X be a space and S C X. The following statements are equivalent.

1. S is remote.
2. SN N =0 for each nowhere dense N C X.
3. S is contained in every dense open subset of X.

4. If S C U, then S C U for each open subset U C X.

Proof. (1) = (2): Let N C X be nowhere dense. Then N is nowhere dense. It follows that
S NN = as required.

(2) = (3): Let U be a dense and open subset of X. Since the complement of a dense

open set is nowhere dense, we have that X \ U = X \ U is nowhere dense. By condition (2),

SN(X\U)=0sothat SCU.

(3) = (4): Let U C X be open such that S C U. Since (X \ V)UV = X for every open
V C X, by condition (3), S € (X \U)UU. Therefore S=SNU C U.

(4) = (1): Let N C X be nowhere dense. Then X \ N is open and dense. We get that
SCX~N.By(4),SCX~NCX- N. Therefore SN N = () making S remote. O]

As in locales, from the equivalence of (1) and (3) in the foregoing theorem, we have that:

A subset of a space X is remote if and only if it is contained in the intersection of

all dense open subsets of X.
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Just like in locales, the union of remote subsets is remote. This is because, for any collection

{4; :i € I} of remote subsets of X and any nowhere dense N C X,

Nl JAi={J{Nn4:ieT}=0.

el )
This tells us that every space has the largest remote subset. In T;-spaces, we can actually
identify this subset. Recall that a point © € X is called an isolated point in case {z} is an

open subset of X. We denote by Iso(X) the set of all isolated points of X.

Proposition 2.1.25. In a Ti-space X, Iso(X) is the largest remote subset of X.

Proof. We start by showing that x is isolated if and only if {x} is remote. Indeed, suppose that
x 1is isolated and choose a closed nowhere dense N C X. Then X ~ N is dense in X. But the
nonempty set {z} is open, so {z} N (X ~\ N) # 0, which implies that {z} " N = (). Therefore
{z} is remote. Conversely, suppose that {z} is remote. Then {x} misses every nowhere dense

subset of X. This means that {z} is not nowhere dense in X. Observe that,

{z} is not nowhere dense <= X \ {z} is not dense
<= {x} is open

<= 1z is isolated

which proves the converse.

Since every subset contained in a remote subset is remote, we get that, if R C X is
remote, then {z} is remote for each x € R. Therefore each z € R belongs to Iso(X), making
R C Iso(X). Because {z} is remote for each z € Iso(X), we have that |J,cpox) {2} = Iso(X)

is remote. Thus Iso(X) is the largest remote subset of X. ]

Corollary 2.1.26. If a Ti-space has no isolated points, then the empty set is the only remote

subset of the space.
We observe from Proposition 2.1.25 that

In a Ty-space, a subset is remote if and only if it consists entirely of isolated

points.
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From the above paragraph, we get that remote subsets of a Tychonoff space are precisely the
remote subsets of its Stone-Cech compactification. This follows since the isolated points of
the Stone-Cech compactification of a Tychonoff space are precisely the isolated points of the

underlying space.

Remark 2.1.27. In a Ty-space X, the pair (Iso(X), Syem (X)), where S;en (X) is the collection
of all remote subsets of X, is a discrete topological space. This follows since every subset of

Iso(X) is a remote subset of X, hence belonging to S;em (X).

Having characterized closed remote sublocales, it makes sense to characterize elements that
induce closed remote sublocales. That is, we seek to have other descriptions of the elements
that belong to Rem(L). The descriptions follow easily from the fact that ¢(a) N¢(b) = c¢(a V b)
and O = ¢(1).

Proposition 2.1.28. The following are equivalent for an element a € L.

(a) a € Rem(L).
(b) aVvd=1 for every dense d € L.

(c) d* < a implies dV a =1 for every d € L.

The result in Proposition 2.1.28(b) enables us to show that Rem(L) is a filter in L. Indeed,
(i) 1 € Rem(L) (ii) if @« < b and a € Rem(L), then b € Rem(L), and (iii) if a,b € Rem(L) and
d is dense, then

(anb)vVd=(aVd)NbANd) =1,
showing that a A b € Rem(L).

Observation 2.1.29. For any locale L, the set Rem(L)U{0} is a subframe of L, as one checks

routinely.

In the following corollary, we give yet another characterization of when a locale L is Boolean

in terms of Rem(L).

Corollary 2.1.30. A locale L is Boolean iff L = Rem(L).
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Proof. (=) : Suppose that L is Boolean. Then the only dense element of L is the top element,
so the bottom element of L joins all dense elements of L at the top, hence 0 € Rem(L). Since
Rem(L) is a filter, Rem(L) is then an improper filter, i.e., Rem(L) = L.

(<) : Assume that L = Rem(L) and let x € L. Then = € Rem(L). But x V z* is dense,

so by Proposition 2.1.28, x Vx Vx* =1, ie., x V2* = 1, showing that L is Boolean. ]

Another corollary of Proposition 2.1.28 is the following. In the proof we shall use the

following lemma.

Lemma 2.1.31. A closed sublocale of a locale which is also a coframe is itself a coframe.

Proof. Let L be a locale which is a coframe and ¢(z) € S(L). Then, for each a,b; € ¢(x),

aVew (Ab) = v (av (b)) since \/di=vs (\/ d;) forall d; € 1,5 € S(L)
S

= V) (/\(a Vv bz)> since L is a coframe

= Ve(Oa) (/\(a \% bz)) since ¢(z) is closed
= Oc(w) V (/\(a V bl)) since Vc(d) (C) =dV c for all c, de L

= /\ (Ocwy V (@ V b;)) since L is a coframe

= /\ (VC(I)<CL V bz))
= /\ (a Ve(a) bz) .

Thus ¢(z) is a coframe. O

Corollary 2.1.32. If L is a locale which is also a coframe, then Rem(L) is a sublocale of L.

Furthermore, Rem(L) is a closed remote sublocale and hence a coframe.

Proof. Let {a; : i € I} be a subset of Rem(L). For any dense d € L,

hence Aa; € Rem(L). Next, if x € L and a € Rem(L), then, in light of the fact that
a < x — a, the element * — a joins every dense element of L at the top, showing that

r — a € Rem(L). Therefore Rem(L) is a sublocale of L.
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Rem(L) is a remote sublocale of L: Consider any closed sublocale ¢(z) which is nowhere
dense. Then x is dense. Thus, if a € ¢(x) N Rem(L), then z < a and x V a = 1 which implies

a = 1, showing that ¢(x) N Rem(L) = O. Therefore Rem(L) is a remote sublocale.

Rem(L) is closed: Let € Rem L and choose a dense y € L. Then Ogen, = A\ Rem L < z.
Since Oremr, € Rem L, ¥y V Oremr = 1 so that y Vo = 1. Thus € Rem L making Rem L a
closed sublocale of L. O

We have, so far, introduced what we can refer to as remoteness on a single locale. In what
follows, we consider sublocales of a locale which are remote from the locale’s dense sublocales.
This is supported by the reason that remoteness already present in the literature is for points

of the Stone-Cech compactification SL with respect to underlying locale L.

The following variants of remoteness shall be frequently referred to as remoteness from a

dense sublocale, to differentiate them from the remoteness introduced in Definition 2.1.2.

Definition 2.1.33. Let S C L be a dense sublocale of L. Then

1. T € S(L) is remote from S if T N N' =0 for every S-nowhere dense N € §(S).

2. A sublocale T C L ~. S is *remote from S if T N N =0 for every S-nowhere dense
N e S§(9).

We shall drop the superscript L from the closure of N in the above definition to mean that

the closure is taken in the whole locale L.

The motivation for Definition 2.1.33(2) is that remote points were initially defined in spaces

to be points belonging to fX ~\ X and not contained in the closure of any nowhere dense subset

of X.

In the case of a single locale L, T" being remote in L is equivalent to 7" missing the closure
of every nowhere dense sublocale of L, which suggests that the author in [48] still had in mind
the definition of a remote point which involves missing the closure of a nowhere dense subset
when he formulated the definition of a remote collection. This is not the case for T being
remote from a dense sublocale. So, the choice of missing N instead of just N is to align with

the idea of missing the closure of a nowhere dense subset from remote points.
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For a sublocale S of a locale L, set
Sem(L X S) ={A € S(L) : A is remote from S},

Srem(L x §) ={A € S(L) : Ais *remote from S},

and for elements, set
Rem(L x S)={a € L:cy(a) € Siem(L X S)},
*Rem(L x S)={a € L:cp(a) € Sem(L x 5)}.

Since the set Syem (L X S) does not restrict where its members come from, we have the following

result.
Proposition 2.1.34. For every dense sublocale S of a locale L, *Syep(L X S) C Spem(L x S).

Observation 2.1.35. For a non-void Boolean locale L, we have that *Syem (L X L) C Sem (L X
L). This is because L € Syem(L X L) but L is not contained in L \ L = O.

In an attempt to obtain an equality in Proposition 2.1.34, we start by recalling from [53]
that a sublocale is rare if its supplement is the whole locale. Restricting our sublocales to dense
and rare sublocales yields the following proposition which is easy to prove. Sublocales which
are simultaneously dense and rare do exist. For instance, recall that Plewe in [53] defines a
locale to be dense in itself if every Boolean sublocale has a dense supplement. He then shows
that a locale is dense in itself if and only if its Booleanization is rare. The locale O(R), where
R is the set of real numbers, is an example of a dense in itself locale. This is motivated by the
fact that the space R is dense in itself (because it has no isolated points) and since, according
to [53], every sober space is dense in itself if and only if its locale of opens is dense in itself,

the real line being sober and dense in itself makes O(R) dense in itself.

Proposition 2.1.36. If S is a dense and rare sublocale of a locale L, then *Syep(L X S) =
Srem(L x 9).

We collect into one proposition some observations about the variants of remoteness intro-

duced in Definition 2.1.33. Observe that if K is a dense sublocale of L, then BL = B K since,

K

as presented in the preliminaries, z** = z* for every x € K. As a result of this, a sublocale of

K is nowhere dense in K if and only if it is nowhere dense in L.
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Proposition 2.1.37. Let S be a dense sublocale of a locale L. FEach of the following statements
holds.

1. Spem(L x BL) = S(L).

2. *Spem(L x BL) ={T € S(L): T C L~ BL}.

3. For each A,B € S(L), if AC B and B € S;en(L X S), then A € Spem(L x S).
4. Srem(L) C Sem(L % S) for every dense S € S(L).

5. For any sublocale T of L with S C T, Syep(L X T) C Spern(L X S) and *Syen(L x T') C
Srem(L X S).

6. If A C L is remote from S, then ANS € Spem(L).

7. 5 € Spem(L % S) iff S = BL.

Proof. (1) If A€ S(L) and N € S(*BL) is nowhere dense in *BL, then N = O which implies
that ANN = O. Thus A € Syem(LxBL). Hence S(L) C Siem(LXBL), making Syem (LXBL) =

S(L) since the other containment always holds.
(2) Can be deduced from (1).
(3) This is trivial.

(4) Follows since a remote sublocale of L misses the closure of every nowhere dense sublocale
of L, and hence the closure of every nowhere dense sublocale of S since S is a dense sublocale

of L.

(5) Let T'e S(L) and S C T, so that T is also dense in L. That Siem (L X T) C Spem(L X S)
follows because every S-nowhere dense sublocale is T-nowhere dense, which follows since S is
dense in T. The containment *Sep (L X T') C *Spem(L X S) uses the facts that LT C L\ S
and Siem(L X T') C Spem(L x 5).

(6) Assume that A € Siem(L X .S) and let N be nowhere dense in L. Since NNS C N, NNS
is nowhere dense in L which in turn makes it S-nowhere dense. By hypothesis, ANS NN = O.
This makes (AN S)NN =0. Thus ANS € Sem(L).
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(7) (=) : Let N be S-nowhere dense. Then since S € Siem(L x S), SN N = O which
implies that O = SN N = N. This makes S Boolean. So, S = BL because the only dense
Boolean sublocale of L is BL.

(«<=) : Follows since BL € Siem (L), hence by (4), S = BL € Siem(L X S). O

Observation 2.1.38. (1) From Proposition 2.1.37(2), observe that when L is not dense in
itself, we get another case where *Sepm (L X S) # Spem(L X S). This is because we have that
L # L ~BL so that by Proposition 2.1.37(1), L € Siem(L X BL) but L ¢ *Syem(L X BL).

(2) Using Proposition 2.1.37(1) and the fact that L € Siem(L) if and only if L is Boolean
(from Corollary 2.1.30), it is easy to see that for a non-Boolean locale L, L € Syern (L X B L) but

L & Siem(L). This is a particular case where we do not have equality in Proposition 2.1.37(4).
However, S;em(L X L) = Srem(L).

We note some examples.

Example 2.1.39. (1) Recall from preliminaries the notion of a remote point of SL. A point
I € BL is remote if and only if ¢(7) is remote from L. This follows since, for any dense x € L,

IVrp(x) =T if and only if ¢(I) N¢(ry(z)) = O.

(2) In Top (the category of topological spaces whose morphisms are continuous functions
between them), we say that A C X \Y, where Y is a dense subspace of X, is *remote from Y
in case ANN ' = () for any nowhere dense subset N of Y. For a Tychonoff space X, a point
p € BX ~ X is remote if and only if {p} is *remote from X. To see this, observe that a point
p € BX \ X if and only if {p} C X \ X, and also, for a nowhere dense subset N of X, pis a
remote point if and only if p ¢ N7 if and only if {p} AN = 0if and only if {p} is *remote
from X.

The following proposition shows that BL is the only dense sublocale from which L is

remote.

Proposition 2.1.40. Let S be a dense sublocale of L. The following statements are equivalent.

1. L is remote from S.
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2. S is a Boolean algebra.

3.8 ="BL.

Proof. (1) = (2): We start by showing that O is the only S-nowhere dense sublocale of S.
Let N € S(S) be S-nowhere dense. Since L is remote from S, we have that O = LN N, which
implies that N = O. This makes O the only S-nowhere dense sublocale of S, hence S is a

Boolean algebra.

(2) = (3): The only dense Boolean sublocale of any locale is its Booleanization.

(3) = (1): Follows from Proposition 2.1.37(1). O
Observation 2.1.41. A locale is dense in itself if and only if it is ‘remote from its Booleaniza-
tion. To verify this, observe that L is dense in itself if and only if B L is rare if and only if

LCL~®BLifandonlyif L e{T € S(L):T C L~BL} ="Sien(L x BL), where the last
equality holds by Proposition 2.1.37(2).

We characterize members of Siem(L X S) and *Spem(L x S). The proof of the following

proposition relies on the fact that

cs(@) = ¢ A\(es(a))) = e(a)

for each a € S € S(L). We shall only prove the equivalence of statements (2) and (3) regarding
the set Syem(L X 5).

Proposition 2.1.42. Let S € S(L) be dense in a locale L and A € S(L) (resp. A € S(L\.S)).

The following statements are equivalent.

1. A€ Sen(L X S) (resp. A €*Spem(L x 5)).

2. ANN = O for each S-closed and S-nowhere dense N.
3. For all S-dense v € S, ANc¢(x) =0.

4. For all S-dense x € S, A C o(x).

5. For every S-dense v € S, va(zx) = 1.
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Proof. (2) = (3): Let x € S be S-dense. Then cg(x) is S-closed and S-nowhere dense. By

(2), 0= AN cs(@) = AN c(z).

(3) = (2): If N € §(95) is S-closed and S-nowhere dense, then A\ N is S-dense. It follows
from (3) that O = ANc¢ (/A N)= AN N which proves the result. O

Comment 2.1.43. The equivalence of (4) in Proposition 2.1.42 tells us that, A is remote (resp.

*remote) from S if and only if it is contained in every open dense sublocale of L induced by
an element of S. This is reminiscent of the characterization of the remote sublocales of L as

precisely those that are contained in every dense sublocale of L.

Proposition 2.1.42 leads us to another example of a sublocale of L which is remote from a

dense sublocale S.

Example 2.1.44. If S is a dense sublocale of L, then the sublocale L ~\ Nd(S) is remote from

S. To see this, choose an S-dense z € S, then cg(z) is S-nowhere dense and contained in

Nd(5), so that ¢(x) = cs(z) € Nd(S). Therefore ¢(z) N (L ~ Nd(S)) = O. By Proposition

2.1.42(3), L ~ Nd(S) is remote from S.

Concerning the above example, there is a case where L\ Nd(.S) is different from O. Firstly,
recall from [15] that if cg(a) is nowhere dense in a dense sublocale S of L, then ¢(a) is nowhere
dense in L. Now, consider a dense sublocale S € S(L) where Nd(S) is S-nowhere dense
and L # O (for instance, a locale whose Booleanization is complemented, see [25, Corollary
4.16]). Since Nd(S) is the largest S-nowhere dense sublocale and its closure in S is S-nowhere
dense, Nd(S) = W(S)S making it S-closed nowhere dense. Because S is dense in L, Nd(S) is
nowhere dense in L so that Nd(S) is nowhere dense in L. Therefore L # Nd(S) which means

that L ~ Nd(S) # O.

Just like in Proposition 2.1.20, from Proposition 2.1.42 one can deduce that every locale
has the largest sublocale which is remote (resp. *remote) from a given dense sublocale. We

formalise this deduction in the following proposition.

Proposition 2.1.45. Let S € S(L) be dense in a locale L. The join of sublocales of L remote

(resp. *remote) from S is remote (resp. *remote) from S.
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For S € S(L) dense in L, set
Rs(Lx 8) = \/{A€S(L): A€ Sen(L x S)}

and

Rs(L x §) = \/{A€S(L): A€ Sem(L x 5)}.

Observation 2.1.46. (1) Since, according to Example 2.1.39(3), BL is remote from S, we
have that BL C Rs(L x S), which makes Rs(L x S) a dense sublocale of L.

(2) In any locale L, *Rs(L x BL) = L B L. This follows since, by Proposition 2.1.37(2),
LN BL € Sem(L xBL) making L ~ BL C *Rs(L x BL). Also all *remote sublocales
(including *Rs(L x *BL)) belong to the set {T'€ S(L): T C L~BL}.

We noticed in Example 2.1.44 that L ~ Nd(S) is remote from a dense sublocale S of L. In
the following result, we give a necessary and sufficient condition for it to be precisely Rs(L x 5).
Let us start by recalling that an extension map sends dense elements to dense elements. This
was stated in [10] and later proved in [12] in terms of weakly open maps, which we shall discuss

in the next chapter.

Proposition 2.1.47. Let S be a dense sublocale of a locale L. The following statements are

equivalent.

1. Rs(L x §) = L~ Nd(9).

2. Nd(S) is S-nowhere dense.

Proof. (1) = (2): Assume that Rs(L x S) = L ~ Nd(S). Since BL C Rs(L x S), we have
that BL C L ~ Nd(S). Therefore 8L N Nd(S) = O which implies that BL N Nd(S) = O.
Therefore Nd(S) is nowhere dense making A Nd(S) dense in L. But S is dense, so vg is an
extenstion so that vg (A Nd(S)) = ANd(S) is S-dense. By Lemma 2.1.3, Nd(S) is S-nowhere

dense.

(2) = (1): Since L ~ Nd(S) C Rs(L x S), we need to only show that Rs(L x S) C
L~ Nd(S). Nd(S) being S-nowhere dense implies that Rs(L x S) N Nd(S) = O. This gives
Rs(L x S) C L~ Nd(S). 0
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We observed above that Syem(L) = Spem(L X L). In Chapter 5, we will give a case where the
equality Srem(L) = Srem(L X S§) holds even for sublocales S # L. For now, we only establish
a relationship between S,em(S) and Spem (L X S) which, incidentally, is one of the main results

within this section.

Proposition 2.1.48. Let S be a dense sublocale of a locale L. Then

S NSrem(L X S) = Spem(S).
Proof. S(S) N Siem(L X S) C Siem(S): Let A € S(S) N Sem (L x S) and choose an S-nowhere
dense N € §(5). Then A NN = O which implies that AN N = O. Thus A € Srem (9).

Srem(S) € S(5) N Siem(L x 5): Let A € Sem(S) and choose an S-nowhere dense N.
Then N° is S-nowhere dense so that O = ANN = ANNNS = ANN. Thus A €
S(S) N Sem(L x 9). O

Below, we consider a relationship between Rem(L x S) and Rem(.S). We start by charac-
terizing members of Rem(L x S) just like we did in Proposition 2.1.28. We also include the

characterization of members of *Rem(L x S).

Proposition 2.1.49. Let S € S(L) be dense.

1. a€ Rem(L x S) iff aVx =1 for all dense x € S.

2. Forc(a) CLNS,a€*Rem(L x S) iffaVa=1 for all dense x € S.

We also note the following proposition about members of the set Rem(L x S).
Proposition 2.1.50. Let S € S(L) be dense. If a € SN Rem(L x S), then x* < a implies

aVx=1forallxelb.

Proof. Let a € SNRem(L x S) and choose « € S such that 2* < a. Since x V z* is dense in L
and vg is an extension, vg(z V z*) = vg(x) V vg(x*) is dense in S. It follows from Proposition

2.1.49(1) that a V vg(z) V vs(z*) = 1. But z* < a, so vg(z*) < vg(a) implying that
l=aVuvs(z)Vrvs(a) =vs(x)Vig(a) =2V a,
where the latter equality holds since x,a € S. O
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Observation 2.1.51. The preceding result also holds for a € *Rem(L x S) N S. When S is
complemented, we get that S N (L ~ S) = O which implies a = 1 making the statement of
Proposition 2.1.50 trivial for the case of *Rs(L x S).

For the following proof, we need a condition on a sublocale S such that the localic em-
bedding i : S < L is uplifting (according to [20], a localic map f : L — M is uplifting if
xVy=11implies f(z)V f(y) = 1). This is rather a weaker condition of a flat sublocale which
was defined by Johnstone in [39] as a sublocale of a locale which is a sublattice of the locale.

So, we shall say that S is weakly flat in case the localic embedding 7 : S < L is uplifting.

Proposition 2.1.52. Let S € S(L) be dense and weakly flat. Then SNRem(Lx S) = Rem(S).

Proof. Observe that

re€SNRem(LxS) <= =xz€SandxVy=1forall S-densey € S
< ze€SandxVgy=1forall S-dense y € 5,
since S is weakly flat

<= 1z € Rem(9),

which proves the result. O

2.2 Algebraic approach to remoteness

We now wish to consider an algebraic notion of remoteness motivated by remoteness of sublo-

cales.

Recall from Theorem 2.1.18 that a sublocale A of L is remote precisely when the corre-
sponding frame surjection v4 : L. — A sends every dense element to the top. This motivates the
following definition which applies to frame homomorphisms which are not necessarily quotient

maps.

Definition 2.2.1. We say a frame homomorphism h : M — L is heavy if h(a) = 1 for every

dense a € M.
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For the following characterization of heavy quotient maps, we start by recalling from [18§]

that a quotient map g : M — L is nowhere dense if and only if ¢,(07) is dense in M.

Proposition 2.2.2. Let h: M — L be a quotient map. The following statements are equiva-

lent.

1. h is heavy.
2. h.[L] is a remote sublocale of M.
3. Fix(hyh) € N{Fix(vow)) : @ is dense in M}.

4. hi L] Na[N] = O for every nowhere dense quotient map o : M — N.

Proof. (1) = (2): Let a € M be dense in M. We show that vy, [zj(a) = 1. Let x € h,[L] be
such that @ < x. Then h(a) < h(x). Since h is heavy, h(a) = 1 so that h(z) = 1. Therefore
r = 1 making A{z € h[L] : a < z} = vy gy(a) = 1. It follows from Theorem 2.1.18(4) that

h.[L] is remote.

(2) = (3): Let y € Fix(h.h) and z be a dense element of M. Then y = h.(h(y)), making
y € hy[L]. Since h,[L] is a remote sublocale of M and o(z) is a dense sublocale of M, by
Theorem 2.1.18, h.[L] C o(z). We get that y € o(2), ie., y = 2 = ¥y = Vy)(y). Thus
y € N{Fix(vo()) : @ is dense in M}.

(3) = (4): Let « : M — N be a nowhere dense quotient map. Then a.(0y) is dense in M.
Choose z € h,[L|Na,[N]. Then = h,(b) and = a,(c) for some b € L and ¢ € N. Therefore
z = h,(b) = a.(c) > a,(0y) making x dense in M. Since h.(h(h.(h(a)))) = h.(h(a)) for every
a € M, h,(h(x)) € Fix(h.h). It follows from condition (3) that h.(h(z)) € Fix(v()), i.e.,
Vo(z)(h«(h(2))) = hi(h(x)). Therefore & — h.(h(x)) = h.(h(x)) which implies that

he(h(z) = h(z)) = he(h(x)).

But a — a = 1 for every a, so h.(1) = h.(h(z) — h(x)) = hi(h(x)) which implies h(z) = 1.
Therefore z = 1 so that h,[L] N a,[N] = O as required.

(4) = (1): Let € M be dense. Then ¢(z) is M-nowhere dense which implies that the

left adjoint ¢* : M — ¢(x) of the localic embedding map ¢ : ¢(z) < M is a nowhere dense
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quotient map. By (4), O = h,[L] N (i*).[c(x)] = hi[L] N c(z). Observe that h.(h(z)) € h.[L]
and h.(h(z)) € ¢(x) where the latter statement follows since a < h,(h(a)) for every a € M.
Therefore h,(h(x)) = 1 making h(x) = 1. Thus h is heavy. O

Remark 2.2.3. We note that, since a heavy frame homomorphsim h : M — L sends dense
elements to the top element, then 2 V z* being dense implies that 1 = h(z VvV z*) = h(z) V h(z*)
for all x € M. Since h(x) Ah(xz*) = h(z Ax*) = 0, h(z) is a complemented element. Therefore
h sends every element to a complemented element. It follows from [39] that there is a unique
frame homomorphism & : S(M)°® — L such that ko ¢ = h, where ¢ : M — S(M)°P is given
by a — ¢(a).

We close this section with an introduction and a discussion of some variant of heavy
homomorphisms in line with the definition of sublocales that are remote from dense sublocales
which was introduced in Definition 2.1.33. We showed in Proposition 2.1.42 that for any dense
sublocale S of a locale L, a sublocale A of L is remote from S if and only if the corresponding
quotient map v4 : L — A sends all S-dense elements to the top. This motivates the following

definition.

Definition 2.2.4. Let h : M — L be a frame homomorphism. A frame homomorphism

g: M — T is said to be h-weakly heavy in case g(h.(a)) =1 for every L-dense a.

We shall drop the prefix h- when there is no danger of confusion.

We consider a relationship between heavy frame homomorphisms and weakly heavy frame

homomorphisms. The first result explores heaviness on a single frame homomorphism.
Proposition 2.2.5. Let h: M — L be a frame homomorphism.
1. If h, sends dense elements to dense elements, then h is heavy implies h is weakly heavy.

2. If h is weakly open, then h is weakly heavy implies h is heavy.
Proof. (1) Let x € L be L-dense. Since h, sends dense elements to dense elements, h,(x) is
dense in M. It follows that h(h.(z)) = 1 making h a weakly heavy frame homomorphism.

(2) Let x € M be dense. The weakly openness of h implies that h(z) is L-dense. Therefore
h(h.(h(z))) = 1 so that h(z) = 1. Thus h is heavy. O
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Observation 2.2.6. We also get that if a frame homomorphism h : M — L is heavy and h,
sends dense elements to dense elements, then L is Boolean. To verify this, let x € L be dense.
We show that x = 1. Since h, sends dense elements to dense elements, h.(x) is dense in M.

Heaviness of h implies h(h.(z)) = 1 making x = 1. Thus L is Boolean.

Proposition 2.2.7. Let h: M — L and g : M — T be frame homomorphisms.

1. If h, sends dense elements to dense elements, then h is heavy implies g is weakly heavy.
2. If h is injective and weakly open, then g is weakly heavy implies g is heavy.
Proof. (1) Let z € L be L-dense. Since, by Observation 2.2.6, L is Boolean, x = 1. Therefore
g(h«(x)) = g(1) = 1 making g weakly heavy.

(2) Let x € M be dense. Then h(x) is dense in L by weakly openness of h. Since g is
weakly heavy, g(h.(h(x))) = 1. Because h is injective, 1 = g(z) = g(h«(h(z))). Thus g is

heavy. O

Next, we characterize weakly heavy quotient maps. The proof follows a similar sketch of
the proof of Proposition 2.2.2 taking into account that if A : M — L is a quotient map, then
hy : L — h.[L] is a frame isomorphism, and hence sends dense elements back and forth. We

shall only prove the equivalence of (1) and (2).

Proposition 2.2.8. Let h: M — L be an extension and consider a quotient map g : M — T

The following statements are equivalent.
1. g is h-weakly heavy.
2. g.[T] is remote from h.[L].
3. Fix(g.9) € N{Fix(vo)) : = is dense in h.[L]}.

4. For every nowhere dense quotient o : L — N, ¢[(ah).(0n)] N g.[T] = O.

Proof. (1) = (2): Let a € h.[L] be dense in h,[L]. We show that vy, py(a) = 1. Choose
xr € g.|T] such that a < x. Then a = h,(y) for some y € L. Such y is clearly dense in L.
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We get that g(a) = g(h.(y)) < g(z). Since g is weakly heavy, 1 = g(h.(y)) = g(a) so that
g(z) = 1. Therefore x = 1 which implies vy, r1(a) = 1. Thus g,[T] is remote from h,[L] by
Proposition 2.2.2(4).

(2) = (1): Let x € L be L-dense. Since h is a quotient map, h. : L — h,[L] is a
frame isomorphism making h.(z) dense in h,[L]. By condition (2), vy, 7j(h(x)) = 1. Since

9+(9(h())) € g.[T] and h.(z) < g.(9(h.(2))), 9+ (9(hs(2))) € {t € g.[T] : hu(x) <} s0 that
L= A\f{t € ¢.[T]: ha(2) <t} = vy (he()) < g.(g(he(2))).

Therefore g(h.(z)) = g(g.(g(h«(z)))) = 1 making g weakly heavy. O

2.3 Remoteness in binary coproducts

We close this chapter with a short discussion of remoteness in binary coproducts. We have
expended a great deal of effort in trying to prove the result we present below for arbitrary
coproducts, but our efforts were not successful. The main difficulty seems to emanate from
the behaviour of coproduct injections in arbitrary coproducts; even coproducts of countably
many locales. We thus leave the general case as an (at the moment) unresolved matter, which

we plan to pursue in another undertaking.

Our focus will be on members of the set Rem(L @& M). We start by recalling from prelim-
inaries that a frame homomorphism h : M — L is closed if f(a V h(b)) = f(a) V b for every
a € L,be M. We also recall from [21, Proposition 4.3.] that if an element a € L is dense in
L, then a® 1 is dense in L & M. To see this, using the fact that (z@y)* = (z*® 1)V (1B y*)
forall z € L, y € M (from [10]), we get that

@al) =(@al)v(lel)=0a1)V(1a0) =0y

Proposition 2.3.1. Let L and M be locales such that the coproduct injection L s LM
is closed. If for anyx € L andy € M, x®y € Rem(L @ M), then x € Rem(L). Consequently,
if L "% LM <™ M are closed coproduct injections, then for any x € L andy € M,

r @y € Rem(L & M) implies v € Rem(L) and y € Rem(M).

Proof. Let x € L, y € M and assume that * & y € Rem(L & M). For any dense a € L,
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we get that ¢r(a) = a@® 1 is dense in L @ M. Since x @ y € Rem(L & M), we get that
(x®y)V(a®1) = 1rgm, which implies that (x ®y) V qr(a) = 1renm. Therefore in light of ¢,
being a closed homomorphism, (¢1)«(z®y)Va = 1. If a = 1, then we are done. If a # 1, then

(qr)z@y)=\/{beL:q)<zay=\/{becL:bol<zay}+£0.

Therefore there exists b # 0 in L such that Opgn # 0@ 1 < z @ y, which implies that b < x

and y = 1. Therefore

L=(q)(z®y)Va=(q)(z®1)Va=(q)lq(z)) Va=1zVa,

where the latter equality holds since ¢y, is injective. Thus # € Rem(L). Similarly, y € Rem(M)

whenever ¢, is closed. O

Remark 2.3.2. We note that there are cases where the coproduct injections are closed. For
instance, according to [13], the injection ¢y, is closed whenever either M is compact or L is a

coframe.
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Chapter 3

Preservation and Reflection of
Remoteness

The work presented in this chapter is part of the research paper: M.S. Nxumalo, On sublocales

that miss every nowhere dense sublocale, Quaest. Math., (2023)(Under Review).

3.1 Pushing forward and pulling back of remote sublo-
cales

In this section, we focus on describing localic maps that send the sublocales introduced in
Definition 2.1.2 back and forth. We shall say that a localic map preserves sublocales with

property P if it takes a sublocale with property P to a sublocale with property P.

We begin this section by considering a localic map f such that f[—] preserves remote

sublocales.

Recall from [11] that a frame homomorphism h : M — L is weakly open (or skeletal) if
h(z*) < h(z)™ for every x € M. We shall frequently make use of the following equivalent

condition of a weakly open map which was proved in the cited paper:
h sends dense elements to dense elements.

We have the following characterization of weakly open maps in terms of nowhere dense sublo-

cales.
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Lemma 3.1.1. A frame homomorphism h : M — L is weakly open iff f_1[—] sends nowhere

dense sublocales to nowhere dense sublocales.

Proof. (=): Assume that h : M — L is weakly open and let N € S(M) be nowhere dense.
By Lemma 2.1.3, A\ N is dense. The hypothesis implies that i (/ N) is dense in L. Therefore

¢c(h(AN)) = f_1[N] is nowhere dense. But f_[N] C f_1[N], so f_1[N] is nowhere dense.
(<): Let x € M be dense. Then ¢(z) is nowhere dense. By hypothesis, f_i[c(z)] is

nowhere dense. But f_;[c(z)] = ¢(h(x)), so h(z) is dense in L, as required. O

We note that the forward implication of the previous lemma provides a different way of
proving the result by Stephen in her doctoral thesis [57, Lemma 4.2.20(2)], where she showed
that, if h is dense and onto, then f_;[—] preserves nowhere dense sublocales. This follows

since, according to [10], every dense and onto frame homomorphism is weakly open.

We now characterize localic maps whose localic image functions preserve remote sublocales.

As in [50], if S is a sublocale of L, we shall write jg : S — L for the mapping x — x.

Theorem 3.1.2. Let f: L — M be a localic map. The following statements are equivalent:

1. f|—] preserves remote sublocales.

2. fIBL] is a remote sublocale of M.

3. f_1[—] preserves nowhere dense sublocales.

4. f_1[—] preserves closed nowhere dense sublocales.
5. h is weakly open.

6. There is a unique localic map Bf : BL — BM such that the diagram

BL — 2 @M

JBL JBM (3'1'1)

_—
L 7 M

commutes.
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Proof. (1) = (2): Since BL € S(L) is remote, it follows from (1) that f[BL] € S(M) is

remote.

(2) = (3): If N is nowhere dense in M, then f[BL] NN = O since f[BL] is remote, by
(2). Therefore

O = f1[0] = f[fIBLINN] = f[f[BL] N f1[N] 2BLN f4[N],

making f_;[N]| nowhere dense in L.
(3) = (4): Trivial.
(4) = (5): Similar to Lemma 3.1.1.
(5) <= (6): Follows from [10, Proposition 1.1.].

(6) = (1): Let A € S;em(L). If 0(a) is dense in M, then

BM Co(a) = Bf[BL]Co(a) since Bf[BL] C BM
= Jau[Bf[BL] Co(a)
—  fljur[BL]] Co(a) by commutativity of diagram 3.1.1
—  fIBL] C o(a)
= BLC ffo(a)] = o(h(a)).

We get that the open sublocale f_i[o(a)] is dense in L, so A C f_i[o(a)] since A is remote.
Therefore f[A] C o(a), showing that f[A] is contained in every open dense sublocale, and

therefore is remote. O]

Remark 3.1.3. In [38], Johnstone gives other characterizations (in terms of sublocales) of
localic maps whose left adjoints are weakly open homomorphisms. None of the characteriza-
tions in the foregoing theorem appears in Johnstone’s cited paper except that condition (2) in
Theorem 3.1.2 is a re-wording of Johnstone’s condition that states that f restricts to a localic

map BL — BM.

We include a case where a localic map sends members of Rem(L) to members of Rem(M).
Recall from [47] that a frame homomorphism h : M — L is said to be weakly closed in case

aV h(b) = 1 implies f(a) Vb = 1 for every a € L and b € M. This is clearly a weakening
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of the condition that defines closed homomorphisms, but agrees with it if the domain of the

homomorphism is regular, as shown in [18].

Proposition 3.1.4. Let f : L — M be a localic map. If h is weakly open and weakly closed,
then f[Rem(L)] € Rem(M).

Proof. Let x € Rem(L) and choose a dense y € M. By hypothesis, h(y) is dense in L, making
zV h(y) = 1. But h is weakly closed, so f(z) Vy = 1. Thus f(z) € Rem(M). O

In the following result we show that if the left adjoint of an injective localic map is heavy,

then the localic map preserves remote sublocales.

Proposition 3.1.5. Let f : L — M be an injective localic map whose left adjoint is heavy.
Then f|—| preserves remote sublocales. Moreover, if L is Boolean, then h is heavy iff f|—]

preserves remote sublocales.

Proof. Assume that h : M — L is heavy. It follows from Proposition 2.2.2 that f[L] is a
remote sublocale of M. Therefore the localic image of every sublocale of L (including remote

sublocales of L) under f is a remote sublocale of M. Thus f[—] preserves remote sublocales.
For the special case, if L is Boolean, then L = BL. So, f[—| preserves remote sublocales

implies f[L] = f[BL] is a remote sublocale of M, making h heavy. O

In the special case of the preceding proposition we saw the impact of a Boolean domain of

a localic map. In the following proposition, we consider a Boolean codomain of a localic map.

Proposition 3.1.6. If f : L — M s a localic map and M is Boolean, then f[—] preserves

remote sublocales.

Proof. Follows since in a Boolean locale, every sublocale is remote. ]

We move to giving conditions on localic maps such that their localic preimage functions

preserve remote sublocales. En route to that, we record the following result.

Lemma 3.1.7. Let f : L — M be a localic map. Then f sends dense elements to dense

elements iff f|—| preserves nowhere dense sublocales.
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Proof. (=): Suppose that f sends dense elements to dense elements and let N be a nowhere
dense sublocale of L. Then A N is dense making f[A\ N| = A f[N] dense in M, by hypothesis.
So, by Lemma 2.1.3, ¢ (/\ f[IV]) is a nowhere dense sublocale of M. Because ¢ (/A f[N]) =

fIN] 2 f[N], we get that f[N] is a nowhere dense sublocale of M.

(«<=): Recall that f[c(a)] = ¢(f(a)) for every a € L, because

flel@] = ¢ Afleta))
= ¢ ( f < /\ c(a))) because f preserves meets
= <(f(a)).

Now, if € L is dense, then ¢(x) is a nowhere dense sublocale of L which, by hypothesis,
implies that f[c(z)] is a nowhere dense sublocale of M. But the closure of a nowhere dense

sublocale is nowhere dense, so flc(x)] = ¢(f(x)) is nowhere dense, making f(z) dense. O

The proof of Proposition 3.1.8(1) below follows since the preimage function f_;[—] of a
localic map f preserves meets and O. We only prove Proposition 3.1.8(2) since the proof of

(1) is along the lines of the proof of the implication (2) = (3) in Theorem 3.1.2.

Proposition 3.1.8. Let f : L — M be a localic map that sends dense elements to dense

elements. Then:

1. The preimage function f_i[—]: S(M) — S(L) preserves remote sublocales.

2. h(Rem(M)) C Rem(L).

Proof. (2) Let y € Rem(M) and choose a dense x € L. By hypothesis, f(x) is dense in
M. Therefore y vV f(z) = 1, making 1 = h(y V f(z)) = h(y) V h(f(z)) < h(y) V . Thus
h(y) € Rem(L). O

We give some examples.

Example 3.1.9. (1) Let N be a nowhere dense sublocale of L. The map jx : N — L sends
dense elements to dense elements. Indeed, if x € N is N-dense, then cy(z) is N-nowhere

dense. Because every sublocale contained in a nowhere dense sublocale is nowhere dense, we
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have that ¢y (x) is nowhere dense in L. It follows that ¢y (z) is nowhere dense in L, i.e., ¢(z)

is nowhere dense. Thus = = jy(z) is dense in L.

(2) Using Proposition 3.1.8(1), it follows that the localic preimage function (jy)_1[—] in-
duced by the localic embedding in (1) preserves remote sublocales. However, we can show this

without relying on the fact that jy sends dense elements to dense elements. Indeed, for each

A € S(N) and each B € S;em(L), we have that BN A = O. Therefore
0 = (jn)alBNA] = (jn)1[B] N (i) lA] = (iv) - [B] N A.

Thus (jx)_1[B] € Seem (V).

(3) In a given localic map f : L — M with Boolean locale M, L is Boolean if and only if
f-1[M] is a remote sublocale of L. This follows since L = f_;[M].

(4) In Top, the author of [32] defined a continuous mapping from a space X onto a space
Y as closed irreducible if the image under f of every proper closed subset of X is a proper
closed subset of Y. The author further proved that if a continuous map f : X — Y is closed
irreducible, then the image of every closed nowhere dense subset of X under f is closed and
nowhere dense in Y. We claim that the preimage of a remote subset of ¥ under a closed
irreducible continuous map f : X — Y is a remote subset of X. Indeed, let A be a remote
subset of Y and F be nowhere dense in X. Then F is nowhere dense. It follows that f[F] is
nowhere dense (and closed) in Y. Therefore AN f[F] = () so that f~'[A]NF = (). This implies
that f~'[A] N F = . Thus f~![4] is a remote subset of X.

We characterize remote-preserving localic maps below in terms of BL. We start by giving
Proposition 3.1.10 below which shows that B L is the largest remote sublocale of a locale L.
Recall that in Chapter 2 we showed that the join of remote sublocales of any locale is a remote
sublocale, hence every locale has the largest remote sublocale. Hence this proposition identifies

B L as the largest sublocale of L.

Proposition 3.1.10. Let L be a locale. Then BL is the largest remote sublocale of L.

Proof. Let A € S(L) be the largest remote sublocale of L which exists according to Proposition
2.1.20. Since BL is remote, we have that BL C A, making A dense. We show that A is a
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Boolean algebra. Since the map j4 : A — L sends dense elements to dense elements, it follows
from Proposition 3.1.8 that (j4)-1[A] is a remote sublocale of A. Since A = (ja)_1][A], A is a
remote sublocale of itself. It follows from Proposition 2.1.7 that A is Boolean. But 8L is the
only dense and Boolean sublocale of L, so A = BL. [

Therefore we have the following proposition which characterizes remote sublocales in terms

of the smallest dense sublocale.

Proposition 3.1.11. A sublocale is remote if and only if it is contained in the smallest dense

sublocale.

Although the result in the foregoing proposition informs us where to locate all the remote
sublocales of a given locale, it does not give a fuller description of them. We shall now describe
these sublocales. Towards that end, we recall (from our main reference [50]) that for every
a € L, the set

b(a)={r = a:x€L}

is a sublocale of L, and furthermore:

e b(a) is the smallest sublocale of L containing a. “Smallest” here means that b(a) is

contained in every sublocale of L which contains a.
e A sublocale of L is Boolean if and only if it is of the form b(z) for some z € L.

Theorem 3.1.12. For any locale L,
Srem(L) = {b(z") : x € L}.

Proof. Let A be a remote sublocale of L. Then by Proposition 3.1.11, A C B L. Since every
sublocale of a Boolean locale is Boolean, A is a Boolean sublocale of L and so there is an a € L
such that A = b(a). Since a € b(a), it follows that a € BL, and so a = a**. This proves the

containment C in the claimed equality.

To reverse the containment, let x € L and consider the sublocale b(z*) of L. Since z*

belongs to B L and b(z*) is the smallest sublocale containing z*, we have b(z*) C B L, and so
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b(z*) is a remote sublocale of L by Proposition 3.1.11. This proves the containment 2O, and

hence establishes the claimed equality. ]

Observation 3.1.13. (1) Among other things, Proposition 3.1.10 tells us that a sublocale is

nowhere dense if and only if it misses every remote sublocale, because

S is nowhere densein . <= SNBL=0

< SN R=0 for every remote sublocale R.

(2) For a dense sublocale S of L we have Rs(L x S) NS = BL. To see this, we have that
BL C Rs(LxS)NS since both Rs(Lx .S) and S are dense in L, where density of Rs(Lx .S) was
recorded in Observation 2.1.46. For the other containment, recall from Proposition 2.1.37 (6)
that for a locale M and a dense sublocale T' of M, A € S;em(M x T') implies ANT € Syem(M).
Since Rs(L X S) € Siem(L X S), it follows that Rs(L x S) NS € Siem(L). Now, B L being the
largest remote sublocale of L gives Rs(L x S) NS CBL. Thus Rs(L x S)NS =BL.

Remark 3.1.14. In Chapter 2 we commented that for fit locales, the smallest dense sublocale
of a locale is the only sublocale which is simultaneously dense and remote. At that stage, we
did not have enough machinery to relax the fitness condition. We are now able to remove this

condition and state that:

For any locale L, °BL is the only sublocale which is simultaneously dense and re-

mote.

—_——

Remark 3.1.15. In any Ty-space X, Iso(X) is a remote subset of X, hence Iso(X) is a remote

P —_—

sublocale of DX, and therefore Iso(X) C B(DX). Thus, if Iso(X) is dense in X, then Iso(X)

e~ e~ —

is dense in OX, hence B(OX) C Iso(X), implying that Iso(X) = B(OX). This is one of

those instances where the smallest dense sublocale of a spatial locale is induced by a subspace.

We use Proposition 3.1.10 to characterize remote preserving localic maps in terms of the

least dense sublocale.

Theorem 3.1.16. Let f: L — M be a localic map. The following statements are equivalent.

1. f_1[—] preserves remote sublocales.
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2. [1[BM] is a remote sublocale of L.

Proof. We only show that (2) = (1): Let B € Syem(M). Since BM is the largest member
of Sem(M), we have that B C BM. Therefore f_1[B] C f_1[BM]. Since, by hypothesis,

fo1[BM] € Siem(L), using the fact that a sublocale of a remote sublocale is remote, we get
that f_1[B] € Siem(L). O

We proved in Corollary 2.1.32 that Rem(L) is a remote sublocale whenever the locale
L is a coframe. Since we now know that B[ is the largest remote sublocale of a locale L,
Rem(L) C B L making Rem(L) Boolean because every sublocale of a Boolean locale is Boolean.
Since a locale M is Boolean if and only if M = Rem(M), Rem(Rem(L)) = Rem(L). Unlike
in the situation of Pel™(L) given by Dube in [17], the sequence of Rem®(L)’s, where § is an
ordinal, stabilizes at Rem(L).

Definition 3.1.17. Define a Rem-map to be a localic map f : L — M such that f[Rem(L)] C
Rem(M).

Denote by CFLocg the category of locales which are also coframes whose morphisms are
Rem-maps, and by BooLocy the full subcategory of CFLocr whose objects are Boolean

locales.

We show that BooLocpy, is a coreflective subcategory of CFLocg. That is, for each L €
Obj(CFLocg), we shall find a Boolean locale P and a Rem-map ¢ : P — L such that for every

Rem-map f : N — L, from a Boolean locale N, there exists a unique Rem-map f': N — P

such that co f' = f.

Proposition 3.1.18. BooLocy is a corefiective subcategory of CFLocg.

Proof. Let L € Obj(CFLocg). Since Rem(L) is a remote sublocale, it is therefore contained
in the largest remote sublocale BL of L making it a Boolean locale so that it belongs to

BooLocgp.
The map ¢ = jrem(r) : Rem(L) — L is a Rem-map. Indeed,
c[Rem(Rem(L))] = Rem(Rem(L)) C Rem(L)
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making ¢ a Rem-map.

Let f: N — L be a Rem-map where N is a Boolean locale. Then N = Rem(N). So,
there is a localic map, say f': N — Rem(L), which maps as f. This localic map is clearly a

Rem-map satisfying co f' = f.

f’ is unique: Let k : N — Rem(L) be a Rem-map such that co k = f. Then, for each
x €N, k(x) =c(k(x)) = f(x) =c(f'(x)) = f'(x). Thus k = f’ so that f’ is unique. O

Recall that if f : L — M is a localic map with S € S(L) and T' € S(M) such that
f1S] € T, then the restriction map fig : S — T is a localic map. It is clear that for a Rem-
map f : L — M, where L, M € Obj(CFLocg), the function firem(r) : Rem(L) — Rem(M) is
a localic map because f[Rem(L)] C Rem(M), Rem(L) € S(L) and Rem(M) € S(M). Using
this argument, one can easily show that there is an endofunctor Rem : CFLocg — CFLocg
which maps each Rem-map f: L — M to the restriction map firem(r) : Rem(L) — Rem(M).

We formalize this in the following result.

Proposition 3.1.19. The assignment
Rem : CFLocp — CFLocg, (f: L — M)+~ (firem(z) : Rem(L) — Rem(M))

s an endofunctor.

The fact that Rem(L) = Rem(Rem(L)) = Rem(Rem(Rem(L))) for every L € Obj(CFLocg)
leads to the realization that the endofunctor Rem : CFLocr — CFLocy forms a comonad.
That is, there are natural transformations 7 : Rem — idcrroc, and p : Rem — Rem o Rem

such that the following diagrams commute:

p w
Rem Rem o Rem Rem Rem o Rem
K nRem I Rem p
id
Rem o Rem Rem Rem o Rem Rem o Rem o Rem
Remn pRem

(3.1.2)
Proposition 3.1.20. The triple (Rem,n, u) where
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1. Rem is the endofunctor Rem : CFLocgr — CF Locg,

2. n: Rem — idgrrec, s a function that assigns to each L € Obj(CFLocg) the map

NL = Jrem(r) : Rem(L) — L, and
3. p: Rem — RemoRem is a map assigning to each L € Obj(CFLocg) the map up =
idRem(z) : Rem(L) — Rem(Rem(L))

s a comonad.

Proof. n : Rem — idcFrLoc, is a natural transformation: Let L € Obj(CFLocg) and define
L = Jrem(L). It is clear that 7, is a localic map and 7, [Rem(Rem(L))] = n,[Rem(L)] C
Rem(L), making 1y, a Rem-map. For each Rem-map f : L — M, the diagram

Rem(L) B iderFLocy (L) = L
Rem(f) idCFLocR (f):f <313)
Rem(M) e idCFLocR (M) =M

commutes. Indeed, for each x € Rem(L),

f(nu(x)) = f(z) = Rem(f)(x) = nu (Rem(f)(2)).

Thus 7 is a natural transformation.

i : Rem — Rem o Rem is a natural transformation: Choose L € Obj(CFLocg) and let p,
be the localic map idgem(r) : Rem(L) — Rem(Rem(L)) which exists because Rem(Rem(L)) =
Rem(L). Then pur[Rem(Rem(L))] = pr[Rem(L)] = Rem(L) = Rem(Rem(Rem(L))) so that
pr is a Rem-map. For each f € homerrocy, (L, M) where M € Obj(CFLocg), we have that

Rem(Rem(f)) = Rem(firem())

= (fiRem(L))|Rem(Rem(L))
= (fiRem(L))[Rem(L)

- f|Rem(L)

= Rem(f).
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Therefore the following diagram commutes:

Rem(L) "2~ Rem(Rem(L)) = Rem(L)
Rem(f) Rem(Rem(f))=Rem(f) (3.1.4)
Rem(M) Rem(Rem(M)) = M

123,74

Thus p is a natural transformation.

nRem o p=1id: Let L € Obj(CFLocg). Then
(nRem)r o pir, = NRem(L) © IdRem(L) = JRem(Rem(L)) = idRem(L) -
Remn o p=id: For each M € Obj(CFLocg),
(Rem )y o piar = Rem(nar) 0 idrem(ar) = (10) Rem(Rem(M)) = (JRem (M) ) [Rem(Rem (M) = idRem(n1) -
Rempy o p=pRem o p: Let N € Obj(CFLocg). Then

(Remp)yopun = Rem(uy) o idrem(w)

= (UN)|Rem(Rem(N)) © IdRem(n)
= idRem(Rem()) © idRem ()

= [Rem(N) © idRem()

= (/LRGH’I)NO,U,N.

Thus (Rem, n, 1) is a comonad. O
We close this section with a description of localic maps f : L — M such that:

1. A€ Sem(L) if and only if  f[A] € Siem(M);

2. x € Rem(L) if and only if f(x) € Rem(M);

3. foi1[A] € Stem(M) if and only if A € Siem(M); and
4. h(y) € Rem(L) if and only if y € Rem(M).

We have the following results.
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Proposition 3.1.21. Let f : L — M be localic map such that f sends dense elements to dense

elements and h is weakly open. Then:

1. A€ Sen(L) iff fA] € Srem(M) for each A € S(L).

2. If f is closed, then x € Rem(L) iff f(x) € Rem(M) for all x € L.

Proof. The forward implications of (1) and (2) follow from Theorem 3.1.2 and Proposition
3.1.4, respectively. We only prove the reverse direction of (1). The proof for (2) follows a
similar sketch. Let A € S(L) be such that f[A] € Siem(M) and let o(z) be dense in L. Then
x is dense in L. Since f sends dense elements to dense elements, f(x) is dense in M so that

o(f(x)) is also dense in M. The remoteness of f[A] gives f[A] C o(f(x)) which implies that

A C falflA]] € falo(f(2))] = o(h(f(x))) € o(x).
Thus A is contained in every open dense sublocale of L, making it a remote sublocale of L. [

Proposition 3.1.22. Let f : L — M be localic map such that f[—] is surjective, f sends

dense elements to dense elements and h is weakly open. Then:

1. f4[B] € Sem(L) iff B € Spem(M) for all B € S(M).

2. h(y) € Rem(L) iff y € Rem(M) for each y € M.
Proof. The reverse directions of both (1) and (2) were proved in Proposition 3.1.8. For the
forward directions, we only give a proof for (1). Let B € S(M) be such that f_1[B] € Siem(L)
and choose a dense sublocale o(x) of M. Since h is weakly open and x is dense in M, h(zx) is

dense in L so that o(h(x)) is a dense sublocale of L. It follows that f_;[B] C o(h(z)) because

f-1[B] is a remote sublocale of L. Therefore

Thus B € Srem(M). O

Here is an example of a localic map with the features hypothesized above which is not an

isomorphism.
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Example 3.1.23. Consider a Boolean locale L with a subframe M # L and M not isomorphic
to L. For instance, the two-element chain as a subframe of the four-element Boolean algebra.
Let f : L — M be the localic map whose left adjoint is the identical embedding M — L. Then
f is surjective and not an isomorphism. We claim that f[—]: S(L) — S(M) is surjective. To
see this, consider any sublocale T of M. Since M is Boolean, T is a closed sublocale of M and
hence T' = ¢(z) for some = € M. Since f is onto, there is a € L such that f(a) = . In light

of all sublocales of M being closed,

fle(a)] = fle(a)] = e(f(a)) = e(z) =T,

showing that f[—] is surjective. Since the only dense element in any Boolean locale is the
top element, both f and its left adjoint send dense elements to dense elements, hence the left
adjoint of f is weakly open. This is also an example of a localic map that is not an isomorphism

yet it is closed, sends dense elements to dense elements and has a weakly open left adjoint.

Comment 3.1.24. In [20], the authors show that for any localic map f : L — M, if f[—] :
S(L) — S(M) is surjective, then f is also surjective. They however do not comment about
surjectivity of localic image function if the underlying localic map is surjective. The calculation
in the foregoing example shows that if a surjective localic map has a Boolean codomain, then

the induced localic image function is also surjective.

3.2 Pushing forward and pulling back of sublocales which
are remote (resp. *remote) from dense sublocales

This section focuses on discussing preservation and reflection of sublocales that are remote
(resp. *remote) from dense sublocales. For the rest of this section, we regard SL as the locale

of regular ideals of Coz L so that the diagram 1.5.1 commutes.

S T
al lw (3.2.1)
L M

Consider a commuting diagram

g
_
_—

f
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where S, T, L and M are locales, f and g are localic maps and the downward morphisms are
dense injective localic maps. Our discussion will make use of the information provided in
diagram 3.2.1. We commented in the preliminaries that a localic map k& : P — @ is dense if
and only if k[P] is a dense sublocale of Q). So, a[S] and w[T] are dense sublocales of L and
M, respectively. Since for an extension v : W — Y, v, : Y — v,[Y] is an isomorphism, we will

sometimes write S and 7' for the sublocales a[S] and w[T], respectively.

A particular case of the situation depicted in diagram 3.2.1 is that of ~-lifts given in diagram

1.5.1.

For *remoteness, we note that, A N «a[S] = O implies A C L\ «o[S] but A C L \ «[S] does
not always imply that A misses «[S] unless «[S] is complemented. We will sometimes treat

these cases differently.

We start by recording a description of localic maps that preserve remoteness from a dense
sublocale. For the following result, we recall from [26] that a localic map f : L — M takes
A-remainder to B-remainder if f[L ~ A] C M ~ B where A € S(L), B € §(M). We shall
write f : L — M takes S-remainder to T-remainder to mean that f takes a[S]-remainder to

w[T']-remainder.

Proposition 3.2.1. Assume that g* in diagram 3.2.1 is weakly open and f*ow = aog*. Then

1. flSrem(L % S)] C Spem(M x T).
2. If f* is weakly closed, then f[Rem(L x S)] C Rem(M x T).

3. Suppose that f takes S-remainder to T-remainder, then

(@) f[Srem(L % S)] C *Spem(M x T).

(b) If f* is weakly closed, then f[*Rem(L x S)] C *Rem(M x T).

Proof. (1) Let A € S;em(L x S) and choose an w[T]-dense y € w[T]. Then y = w(t) for some
t € T. Because g* is weakly open, g*(t) is S-dense so that a(g*(t)) is «[S]-dense since o : S —
a[S] is an isomorphism. Therefore O = A Ncp(a(g*(t)) = AN cep(f*(w(t)) where the latter
equality follows since f* ow = a o g*. Therefore A C o(f*(w(t))) = f-1[o(w(t))] = f-1[o(v)].
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We get that f[A] C f[f-1]o(y)]] C o(y). This tells us that f[A] is contained in every open
sublocale induced by an w[T]-dense element, so by Proposition 2.1.42(3), f[A] € Srem(M x T').

(2) Let 2 € Rem(L x S) and choose an w[T]-dense t € w[T]. Therefore ¢t = w(y) for some
y € T. Since g* is weakly open, ¢*(y) is S-dense, making a(g*(y)) a[S]-dense. It follows that
a(g*(y)) Vo = 1. Because aog* = f*ow, f*(w(y)) Vo = 1. The weakly closedness of f*
implies that 1y = w(y) V f(z) =tV f(z). Thus f(x) € Rem(M x T).

(3) With the assumption that f takes S-remainder to T-remainder, it is clear that A C
L~ a[S] implies f[A] C fIL~ «a[S]] € M \w[T] for all A € S(L). This together with (1) and
(2) show that (3)(a) and (3)(b) hold. O

Observation 3.2.2. (1) In terms of ~-lifts, the condition f*ow = ao g* on f resembles that

of a v-map which was defined in [23] as a frame homomorphism ¢ : M — L that satisfies
V(&) o (vm) = () ot

(2) For Proposition 3.2.1(3), in the case where a[S] is complemented, we replace f takes
S-remainder to T-remainder with the condition that f is injective and fla[S]] = w[T]. From
this we get that A C L ~ «[S] implies A N a[S] = O. Therefore O = f[0] = f[ANalS]] =
71411 flafS]) so that f[A] € M ~ fla[S]) = M ~ w[T].

We digress to explore localic maps with the properties given in Proposition 3.2.1(1) and
Proposition 3.2.1(3)(a). We shall say that ¢ in diagram 3.2.1 is f-remote preserving if
flSrem(L x S)] C Stem(M x T') and f-*remote preserving if f[*Siem(L X S)] C *Spem(M x T).
In the case of ~-lifts, we shall say that f is y-remote preserving if v(f)[Srem(7L X L)] C
Srem (YM x M) and y-*remote preserving provided that v(f) [Srem (7L X L)] C *Spem(YM x M).

Since BL € S, (L x S) for every dense sublocale S of L, in the next result, we characterize
f-remote preserving maps in terms of the Booleanization of a locale. We also include, in the
same result, a characterization in terms of the largest sublocale remote from a given dense
sublocale. We recall that if w: P — @ is a dense injective localic map, then for all x € P, x

is P-dense if and only if w(z) is L-dense.

Theorem 3.2.3. Suppose that f* ow = ao g*. The following statements are equivalent.

1. g is f-remote preserving.
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2. fIBL] € Spem(M X T).
3. fIRs(L x S)] € Spem(M x T).
4. fIRs(L x S)] CRs(M x T).

Proof. (1) = (2): Since BL is remote from every dense sublocale of L and «[S] is a dense
sublocale of L, BL is remote from «[S]. By (1), f[BL] € Stem(M x T).

(2) = (3): Let a € w[T] be w[T]-dense. Then a = w(x) for some x € T. By hypothesis,
fIBL] C o(w(z)). Therefore BL C f_y[o(w(z))] = o[f*(w(x))]. Since f*ow = «a o g*,
BL C o[a(g*(x))], making a(g*(x)) L-dense so that ¢g*(x) is S-dense and hence a(g*(x)) is
a[S]-dense. But Rs(L x S) is remote from a[S], so Rs(L x S) C o[a(g*(x))]. Therefore

FRs(L < S)] € flo(a(g™(x)))] = flo(f*(w(@)))] = flfalo(w(@))] € o(w(@)) = ofa).
Thus f[Rs(L x S)] € Stem(M x T).
(3) = (4): Follows since Rs(M x T') is the largest sublocale remote from w|T.

(4) = (1): Let A € S;em(L x S). Then A C Rs(L x S) so that f[A] C f[Rs(L x 5)].
But f[Rs(L x S)] C Rs(M x T, so f[A] C f[Rs(M x T)]. Since sublocales contained in
members of Syep (M X T') are remote from w(T], f[A] is remote from w[T]. Thus g is f-remote

preserving. O]

We give the following characterization of f-*remote preserving maps.

Proposition 3.2.4. Assume that the downward embeddings « and w in diagram 3.2.1 are

dense and f*ow = a o g*. The following statements are equivalent.

1. g is f-*remote preserving.
2. f[Rs(L x S)] is *remote from w[T)].
3. fIRs(L x S)] C*Rs(M x T).
Proof. (1) = (2): Follows since *Rs(L x S) € *Siem(L X S).
(2) = (3): Trivial.
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(3) = (1): Proof is similar to that of Theorem 3.2.3 (4) = (1). O

In Proposition 3.2.6 below, we explore a relationship between f-remote preservation and
preservation of remote sublocales. We give the following lemma which will be useful in proving

the result.

Lemma 3.2.5. The following statements hold.

1. A€ Sen(S) iff a[A] € Spem(L x S).

2. A€ Spem(L x S) implies () _1[A] € Spem(S).

Proof. (1) Recall from Proposition 2.1.48 that Syem(K) = Srem(L X K) NS(K) for each dense
K € S(L). Therefore a[A] € Sem(a[S]) if and only if a[A] € Siem (L X S) NS(a[S]). Since a :
S — «[S] is an isomorphism, it is easy to see that A € S (S) if and only if a[A] € Syem(a[S])
if and only if a[A] € Siem(L % S) N S(al5]).

(2) Let x € S be S-dense. Then «a(x) is a[S]-dense. It follows that A N ¢y (a(z)) = O.

Therefore

proving the result. [

Proposition 3.2.6. Assume that f*ow = «a o g*. Then g is f-remote preserving iff g[—]

preserves remote sublocales.

Proof. (=) : Since «[S] is dense in L, Ba[S] = BL making Ba[S] = a[BS] remote from
a[S]. Because g is f-remote preserving, we have that f[a[BS]] € Siem(M x T') which implies
that w[g[BS]] € Srem(M X T') since w* o f = go a*. It follows from Lemma 3.2.5(2) that
(W) 1[w[g[BS]] € Srem(T). But g[BS] € (w)1[w[g[BS]]], s0 g[BS] € Srem(T). By Theorem

3.1.2(2), g preserves remote sublocales.

(<=) : We show that f[BL] is remore from w[T]. Since BL € S;em(L x S), it follows
from Lemma 3.2.5(2) that (a)_1[BL] € Siem(S). By hypothesis, g[(a)_1[BL]] € Siem(T).
By Lemma 3.2.5(1), wlg[(a)_1[BL]]] € Stem(M x T) which implies that fla[(a)_1[BL]]] €
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Srem(M X T) since foa = wog. But BL = Ba[S] C afS] and using the fact that a : S — a[9]

is an isomorphism,
flal(@)[BL]J] = flal(e)1[BalS]]]] = f[BalS]] = f[BL] € Siem(M x T)

as required. H

Consider a commuting diagram

S 9 s T

a R—-U w (3.2.2)
A RN

L 7 s M

where S, T, R, U, L and M are locales, the downward arrows are dense injective localic maps and
the horizontal arrows are localic maps. We find a relationship between f-remote preservation

and p-remote preservation. En route to that, we give the following lemma.

Lemma 3.2.7. From diagram 3.2.2, 0[Syem(R X S)] C Spem(L x 5).

Proof. We have that « is dense since it is the composite of two dense localic maps 7 and 6.
Let A € Siem(R x §) and choose an «[S]-dense y € «a[S]. Then y = a(z) for some z € S.
Since a : S — «[S5] is an isomorphism, x is S-dense so that i(z) is i[S]-dense. Therefore
ANcg(i(z)) = O. Observe that [A] N cr(a(x)) = O. To see this, let a € O[A] N cp(a(x)).
Then a = 6(b) for some b € A and a(x) < a. We have that

i(x) = 67(0(i(x))) = 0%(a()) < 67(6(b)) = b

since 0 is injective and o = 6 o i. Therefore b € A N cg(i(x)) which implies b = 1 so that

a=0(b) = 1. Thus 0[A] Ncr(a(x)) = O. Hence 0[A] € Syem(L x S). O

Since 0[R] C L, we have that
{BeS([R)): Bna[S] =0} C{C e S(L): CNnals] =0}
so that
0[R] ~ a[S] = \/{B € S(O[R]) : BNa[S] =0} C \/{C € S(L) : CnalS] =0} = L~ al).
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As a result of this and Lemma 3.2.7, we have the following result.
Lemma 3.2.8. From diagram 3.2.2, 0['S,em(R X S)] C *Spem(L x S).

Observation 3.2.9. In light of the preceding two lemmas and the relationship between the

£,v and A extensions depicted in diagram 1.5.1, we have
Srem(VL X L) C Spem(AL X L) C Syem(BL X L)

and

Stem(VL X L) C Spom(AL X L) C S (SL X L).

Proposition 3.2.10. If g in diagram 3.2.2 is f-remote preserving, then it is p-remote pre-

Serving.

Proof. Let A € Siem(R x S). It follows from Lemma 3.2.7 that 0[A] € S;em(L X S). Since g
is f-remote preserving, f[0[A]] € Siem(M x T) making o[p[A]] € Siem(M x T). By Lemma
3.2.5(2), (o)_1[o]p[A]]] € Stem(U) C Seem(U x T). Since ¢[A] C (0)_1[o]p[A]]] and a sublocale
of any member of Sy (U X T') belongs to S,em(U x T), we have that p[A] € Siem(U x T)).

Thus g is ¢-remote preserving. [

Observation 3.2.11. Recall from [26] that given a localic map f : L — M and any K € S(L),
fIL N~ K] € M ~ f[K] whenever K = f_;[J] for some J € S(M). Since for the *remoteness
case of Proposition 3.2.10 we need ¢[R \ i[S]] C U \ k[T, we assume that i[S] = ¢_1[k[T]]

and [—] is surjective in diagram 3.2.2. Then
PRSI €U N @lilS]] = U~ @loa[k[T]]] = U~ K[T]

so that A € *Siem(R x S) implies p[A] € Siem(U x T'). This approach also helps in verifying

‘remoteness cases of Corollary 3.2.13 and Proposition 3.2.15(2) and (3) below.

Observation 3.2.12. The converse of Proposition 3.2.10 holds if a[—] is surjective (hence an
isomorphism). Indeed, assume that g is p-remote preserving and let A € S,em(L x S). By
Lemma 3.2.5(2), a_1[A] € Siem(S). Therefore i[a_1[A]] € Siem(R X S) by Lemma 3.2.5(1).
Since g is p-remote preserving, p[i[a_1[A]]] € Stem(U X T'). By Lemma 3.2.7, o[p[i[a_1[A]]]] €
Srem (M x T') so that f[0[ila—1[A]]]] € Srem(M X T') because f o = oo p. Since #oi =« and
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al—] is surjective, f[0[ila_i[A]]]] = flala-1]A]]] = f[4] € Stem(M x T'). Thus g is f-remote

preserving.
Corollary 3.2.13. We have that
B-remote preserving = A-remote preserving => v-remote preserving.

Observation 3.2.14. To get the reverse directions of Corollary 3.2.13, we observe that the
morphisms vy, 8; and A; are isomorphisms whenever L is compact. The case of \j follows
since, according to [37], Ay, is injective (hence an isomorphism) whenever L is Lindel6f. Because

every compact locale is Lindel6f, we have that Ay is an isomorphism whenever L is compact.

We end our digression with the following result.

Proposition 3.2.15. Consider a commuting diagram

L— 1 sy
. (3.2.3)
t
N

where f,qg and t are localic maps and L, M and N are locales.

1. If ¢ and f are y-remote preserving, then t is y-remote preserving.

2. If t is y-remote preserving, ¢ sends elements to dense elements, then f is y-remote

preserving.

3. If t is y-remote preserving and A C v(f)[B,1] for all A € Spep(yM x M), then ¢ is

y-remote preserving.

Proof. (1) For each A € S(vL), we have

AeSem(7VLx L) = (f)]A] € Stem(yM x M) since f 1is ~-remote preserving

vo f)[A] € Stem(YN x N) since < is a functor

(
Y(@)[V()A]] € Sem(YN X N) since ¢ is y-remote preserving
(

(

U

Y(t)[A] € Siem(yYN x N).
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(2) Let A € Siem (7L x L) and choose dense x € M. Since t is y-remote preserving, we have

that v(¢)[A4] € Srem (7N x N). Since ¢ sends dense elements to dense elements, we have that
¢(x) is dense in N. It follows that v(£)[A] C o((yn)«(p(z))). But (yn)« 00 =v(¢) o (Yar)«, SO

YO[A] S o(y(0)((7ar)«(x))). Therefore v() 1 [y()[A]] S o((yar)«(x)) making () -1 [y(£)[A]]
remote from M. Since v()[v(f)[A]] = v(¢t)[A] implies v(f)[A] C v(¢)-1[7(¢t)[A]], we have that
v(f)[A] is remote from M.

(3) Let A € Srem(yYM x M). Then A C v(f)[B,] which implies that

Y(@)[A] € () v (f)[B,L]] = v()[B4L]-

But v(¢)[B,] is remote from N, so v(¢)[4] is remote from N. It follows that ¢ is y-remote

preserving. O]

Observation 3.2.16. We commented in Observation 3.2.11 that the approach given in that
observation can be used to prove the ‘remoteness case of Proposition 3.2.15(2) and (3). The
remoteness case of Proposition 3.2.15(1) follows the similar sketch of the proof of Proposition

3.2.15(1) where ~-remote preserving is replaced by ~-*remote preserving.

We return to descriptions of localic maps that reflect and preserve the variants of remoteness

introduced in Definition 2.1.33.

Proposition 3.2.17. Assume that the morphism g in diagram 3.2.1 sends dense elements to

dense elements. Then

1. flA] € Spem(M x T) implies A € Syem(L X S) for every A € S(L).

2. f(x) € Rem(M x T) implies © € Rem(L x S) for all z € L.

3. Suppose that w[T| is a complemented sublocale of M and f_1[w[T]] = «[S]. Then
(a) flA] € Spem(M x T) implies A € *Syem(L x S) for every A € S(L).

(b) f(z) € *Rem(M x T) implies x € *Rem(L x S) for all x € L.

Proof. (1) Assume that f[A] € S;em(M x T') and let a € a[S] be a[S]-dense. Then a = «a(x)

for some x € S where such x is S-dense. Since g sends dense elements to dense elements,
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g(x) is T-dense so that w(g(x)) is w[T|-dense. It follows that f[A] C o(w(g(z))) which implies
fIA] C o(f(a(x))) because k o g = f o . Therefore

A C [alflA] € Falo(f(a(@)))] = o(h(f(a(x)))) € o(a(z)) = o(a).
Thus A € Siem(L x S).
(2) Follows similar sketch of the proof of (1).

(3) We only show that f[A] C M \ w[T] implies A C L \ «[S]. Observe that for comple-
mented w[T] in M with f_;[w[T]] = a[S],

fIA|IC M\ w[T] < [fI[AlNw[T]=0
= AN f4w[T]]=0
<~ Ana[S]=0

= ACL~qal5].
for all A e S(L). O

Proposition 3.2.18. Suppose that the localic map g in diagram 3.2.1 sends dense elements

to dense elements. Then

1 fa[Srem(M X T)] C Srem(L % S).

2. h[Rem(M x T)] C Rem(L x S).

3. If f1[w[T]] = o[S] and w[T] is complemented in M, then:
(@) f-1["Srem(M % T)] C "Spem(L % S).

(b) h[*Rem(M x T')] C *Rem(L x S).

Proof. (1) Let A € Sem(M x T') and choose an S-dense a € S. Then a = a(z) for some x € S
which is S-dense. g(z) is T-dense because g sends dense elements to dense elements. It follows

that A C o(w(g(x))) since w(g(x)) is w[T]-dense and A € Syem (M x T'). Therefore
JlAl € falo(w(g(x)))] = o(h(w(g(x)))) = o(h(f(a(x)))) € o(a(z)) = o(x)
making f_1[A] € Srem(L X S).
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(2) Proof follows similar sketch of the proof of (1).

(3) Assume that f_[w[T]] = a[S] and w[T] is complemented in M. We only show that
A C M~ w[T] implies f_1[A] C L ~\ «[S] which is needed for both 3(a) and 3(b). We have
that A C M \ w[T] gives ANw[T] = O. Therefore O = f_1[A] N f1[w[T]] = f-1[A] N 5],
which implies that f_;[A] C L \ «[S]. O

Proposition 3.2.19. Suppose g* in diagram 3.2.1 is a weakly open map.

1. The following hold for ao g* = f* ow and surjective f[—].

(a) f-1[A] € Sem(L x S) implies A € Sye(M x T') for all A € S(M).
(b) If f takes S-remainder to T-remainder, then f_1[A] € *Sem(L X S) implies A €
Srem(M X T) for every A € S(M).

2. The following statements hold for either weakly closed f* and surjective g or aog* = f*ow

and surjective f.

(a) For each x € M, f*(z) € Rem(L x S) implies v € Rem(M x T').
(b) If f[L ~ alS]] € M \w[T], then f*(x) € *Rem(L x S) implies x € *Rem(M x T')
forallxz e M.

Proof. (1) Assume that oo g* = f* ow and surjective f[—].

(a) Let A € S(M) be such that f_;[A] € Srem(L X S) and choose an w|T]-dense b € w[T].
Then b = w(x) for some x € T with x a T-dense element. The weakly openness of g* implies

that ¢g*(x) is S-dense so that a(g*(x)) is «[S]-dense. Therefore

0 = falAlNe(alg(2))) = falAlNe(f*(w(x)) = falA]l N fale(w(@))] = falANc(w(z)].

Since f[—]| is surjective, O = f[f_1[A N ¢(w(x))]] = AN c(w(xz)) = ANe). Thus A €
Srem (M x T).

(b) We only show that f_1[A] C L \ «[S] implies A C L \ «[S]. Observe that

JAalAl € LxalS] = fIfa[A € fILN S]] = AC M\ w[T].
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(2) (a) Suppose that f* is weakly closed, g is surjective and let 7" € T be T-dense. Then
t = w(b) for some b € T which is T-dense. Then g*(b) is S-dense since g* is weakly open.
Because f*(z) € Rem(L x §), we get that

ff(z) vValg () =1. (3.2.4)
The weakly closedness of f* gives x V f(a(g*(b))) = 1. Therefore
l=2zVw(g(g*)))=zVwbd =xVt

where the second equality holds since g is surjective. Thus x € Rem(M x T).

Assume that v o ¢g* = f* ow and f is surjective. Then from equation 3.2.4, we get that

f*(z) v f*(t) = 1 which implies that

f(fr@vt) = f(f (@) v () =r1)=1
so that by surjectivity of f, V¢t =1 making x € Rem(M x T).

(b) Can be deduced from 1(b) and 2(a). O
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Chapter 4

Maximal Nowhere Density

In [59], Veksler introduced a notion of a maximal nowhere dense subset. Since nowhere density
is of paramount importance when discussing remoteness, we dedicate this chapter to introduc-
ing and studying maximal nowhere dense sublocales from Veksler’s classical definition, and

also establishing a relationship between maximal nowhere density and remoteness.

This chapter has four sections. The first section discusses maximal nowhere dense sublo-
cales, the second section discusses homogeneous maximal nowhere density which is a variant of
maximal nowhere density that was also introduced by Veksler in the cited article. In Section
4.3, we examine a relationship between the introduced notions of maximal nowhere density
and remoteness. The last section shows how localic maps transfer (homogeneous) maximal

nowhere dense sublocales back and forth.

This chapter forms part of the results in the paper: M.S. Nxumalo, On mazimal nowhere

dense sublocales, Appl. Gen. Topology, (2023)(Under Review).

4.1 Maximal nowhere dense sublocales

This section introduces a localic notion of maximal nowhere density from that of Veksler. We
will further show that the localic definition of maximal nowhere density is conservative in

locales and finally discuss some properties of maximal nowhere dense sublocales.

Let us recall from [59] that a closed nowhere dense subset F' of a Tychonoff space X is

maximal nowhere dense if there is no closed nowhere dense X C X such that F' is nowhere
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dense in K.

We broaden our study to arbitrary nowhere dense subsets of any topological space. We

give the following definition.

Definition 4.1.1. A nowhere dense subset N of a topological space X is maximal nowhere

dense in case there is no nowhere dense subset K of X such that N is nowhere dense in K.

We define maximal nowhere dense sublocales by replacing subsets with sublocales from

Definition 4.1.1.

Definition 4.1.2. Let L be a locale. A nowhere dense sublocale N of L is mazimal nowhere

dense (m.n.d) if there is no nowhere dense sublocale S of L such that N is nowhere dense in

S.

Denote by 9t(L) the collection of all maximal nowhere dense sublocales of a locale L.

In what follows, we consider some examples. We remind the reader that the only locale

that is nowhere dense in itself is the trivial one. That is, L is nowhere dense as a sublocale of

itself if and only if L = {1}.

Example 4.1.3. (1) In a non-Boolean strongly submaximal locale L (according to [19], a locale
is strongly submazimal if each of its dense sublocales is open), Nd(L) is maximal nowhere dense.
To see this, we start by showing that in a strongly submaximal locale L, Nd(L) is nowhere
dense. Indeed, observe that in a strongly submaximal locale L, the dense sublocale BL is

open (in particular, complemented), so

BLNANA(L) = BLN \/{S : S is nowhere dense}
= \/ {BLNS:S is nowhere dense}

= \/{0}=0
making Nd(L) nowhere dense.

Now, let A € S(L) be nowhere dense such that Nd(L) is nowhere dense in A. By the
nature of Nd(L), A = Nd(L), making Nd(L) nowhere dense as a sublocale of itself. Hence
Nd(L) = O. This means that O is the only nowhere dense sublocale of L, which contradicts

that L is non-Boolean.
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(2) O is not maximal nowhere dense. This follows since O is nowhere dense as a sublocale
of itself. As a result, we get that a Boolean locale does not have a maximal nowhere dense
sublocale. This also tells us that N in Definition 4.1.2 cannot be open. Otherwise, by Propo-
sition 2.1.4, L~ N is dense making L ~ N dense because L~ N C L~ N. Since N is non-void
(since it is maximal nowhere dense making it different from O) and open, we must have that

(L~ N)N N # O which is not possible because N is complemented.

(3) A non-closed maximal nowhere dense sublocale: Consider the set X = {a,b,c,d} en-

dowed with OX = {0, X,{a},{a,c}}. We have that B7 = {0, X} and {Ac/} = {{a}, X}.

Therefore {c} is a non-closed nowhere dense sublocale of OX. The only nowhere dense sublo-

cales of OX containing {Ac/} are {{a}, {a,c}, X} and {Ac/} It is easy to check that the sublocale

{c} is not nowhere dense in any of the nowhere dense sublocales of OX, making it a non-closed

maximal nowhere dense sublocale.

In Proposition 4.1.5 below, we give a characterization of maximal nowhere dense sublocales

some part of which will be used in calculations that involve maximal nowhere dense sublocales.

Recall from the preliminaries that for a sublocale A of L, 2*4 denotes the pseudocomple-

ment of an x € A, calculated in A.

For use below, we prove the following lemma.

Lemma 4.1.4. A sublocale N of a locale L is nowhere dense in K € S(L) iff N is nowhere

dense in K.

Proof. Recall that BS = BL for every dense S € S(L). Because every sublocale is dense in
its closure, we have N N BK = N N‘BK, which implies N is nowhere dense in K if and only

if N is nowhere dense in K. O

We shall use MO (L) to denote the collection of all nowhere dense sublocales of a locale L.

Proposition 4.1.5. Let N be a nowhere dense sublocale of a locale L. The following state-

ments are equivalent.

1. N is mazimal nowhere dense.
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2. There is no closed nowhere dense sublocale ¢(y) of L in which N is a nowhere dense

sublocale of ¢(y).
3. N is mazimal nowhere dense.
4. N is not a nowhere dense sublocale of any closed nowhere dense sublocale of L.

5. There is no dense y € L such that y < AN and (AN)*“Y =y.

Proof. (1) = (2): Follows since there is no nowhere dense (particularly, closed nowhere

dense) sublocale A of L in which N € MD(A).

(2) = (3): Suppose that there is a nowhere dense sublocale K such that N is nowhere
dense in K. Since every sublocale of a nowhere dense sublocale is nowhere dense, N is nowhere
dense in K. By Lemma 4.1.4, N is nowhere dense in the closed nowhere dense sublocale K,

which contradicts the hypothesis in condition (2). Thus N is maximal nowhere dense.
(3) = (4): Trivial.

(4) = (5): Let y € L be dense such that y < AN and (A N)*® = y. This means that
AN is ¢(y)-dense which implies that ¢, (/A V) is ¢(y)-nowhere dense. Because ¢, (A N) =
NnNc(y) = N, we have that N is nowhere dense in the closed sublocale ¢(y), which contradicts

the hypothesis.

(5) = (1): Assume that N is nowhere dense in a nowhere dense sublocale K of L. By
Lemma 4.1.4, N is nowhere dense in the closed nowhere dense sublocale K. Therefore A\ K is

a dense element of L such that A K < A N and (A N )*F = A\ K, which is a contradiction. []

In terms of closed nowhere dense sublocales, we have the following result which holds since
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for every a,b € L,

PO — \/{x €cb):aNz =0y =b}
c(b)

20 (\/{x €c(b): a/\x:b})
= b\/(\/{xeL:a/\x:b}>
= bV(a—0D)

= a—b.

Corollary 4.1.6. Let L be a locale and ¢(x) € S(L). Then ¢(x) is mazimal nowhere dense if

and only if there is no dense y € L such that y < x and x — y =vy.

Proposition 4.1.5 suggests that, when doing calculations about maximal nowhere dense

sublocales, there is no loss of generality with restricting to closed nowhere dense sublocales.

We give the following result regarding binary intersections of induced sublocales which will

be used below. Recall from [1] that o(U) = U for all U € OX.

Lemma 4.1.7. Let X be a space. For any A, B,C C X with B either open or closed, ANB C
C implies ANBCC.

Proof. Assume that AN B C C. Then A C C U (X \ B). Because SUT = SV T for all

S, T C X, we have that A C C'V X ~ B. If B is open, then X<B-= ¢(B) so that
ACCve¢B) = Ano(B)CC since ¢(B) is complemented

— ANBCC since o(B) = B.

e~

If B is closed, then X \ B = o(X ~\ B). Therefore

ACCVo(X~B) = ACCV(OX-c¢(X\B))

— An¢X~B)CC
— ANBCC since (X ~ B) = B.
In both cases, AN B C C implies ANB C C. O
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Using the preceding result, we show below that a subset is nowhere dense in a subspace of
a T p-space precisely when the sublocale it induces is nowhere dense in the sublocale induced
by the subspace. We shall make use of [3, Proposition 4.1.] which states that a sublocale is
nowhere dense if and only if its closure has a void interior. Incidentally, this result generalizes
a similar one of Plewe’s which is stated only for complemented sublocales. We remind the
reader that open sublocales of a sublocale S of a locale L are the og(a) = SNo(a) for a € S.

So, in X, open sublocales of S§ € S(OX) are the og(U) = SNo(U)=SNU for U € S.

Lemma 4.1.8. Let X be a Tp-space and F° C X. Then A C F is F-nowhere dense @ﬁ;{ 18

F-nowhere dense.

~ —=F ~ ~ =F = ~
Proof. (=) : Let U € F' be such that 05(U) CA . Then U € OX and UNF C A =ANF

sothat UNF C UNF - j Therefore UNF C A making UNF C ZF. Since A is F-nowhere
- - —F -
dense, U N F' = (. By Observation 2.1.17, U N F' = O making intx (A ) = 0. Thus A is

F-nowhere dense.

(<) : Let U € DX be such that U N F QZF = ANF. Then UNF C A. Since U is
open, it follows from Lemma 4.1.7 that UNF - j which gives UNF C j N F. Because A is
F-nowhere dense, UNF=0 implying that U N F = (). Therefore A is F-nowhere dense. [

We are now in a position to show that the notion of maximal nowhere density introduced

in Definition 4.1.2 is conversative in locales.

Proposition 4.1.9. Let X be a Tp-space. A subset F' of X is mazrimal nowhere dense in X
iff F e MOX).

Proof. (=) We prove this by contradiction. Let F' C X be maximal nowhere dense. It follows
from Proposition 4.1.5 that F' is maximal nowhere dense. We will show that Fe M(OX)
which, by Proposition 4.1.5, will imply that F € M(OX). Suppose that there is a closed
S € NMD(OX) such that Fe ND(S), ie., Fe ND(S). Because S is a closed sublocale of
DX, choose a closed set K C X such that S = ¢(X N K) = K. It follows from Lemma 4.1.8
that F' is K-nowhere dense making F to be K-nowhere dense which is a contradiction. Thus

Fe M(OX) which implies that F € M(OX).
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(«<=) Suppose that F is maximal nowhere dense in OX but F is not maximal nowhere
dense in X. Then F' is nowhere dense in some nowhere dense subset K of X. It follows from
Lemma 4.1.8 that F' is nowhere dense in the nowhere dense sublocale K of OX , contradicting

that F is maximal nowhere dense in ©X. Thus F is maximal nowhere dense in X. ]

We close this section with a consideration of some results about maximal nowhere dense

sublocales.

For the proof of Proposition 4.1.11(2), we start by recalling from [26] that for any sublocale
Sof L,

int(S) =o (/\(L\S)) :L\c</\(L\S)> =L~L\S.

The above can also be applied to all complemented sublocales of a locale, as shown below.

Lemma 4.1.10. Let L be a locale. Then a sublocale F' of a complemented sublocale A of L is
A-nowhere dense if and only if AC AN (L~ F).

Proof. We have that

F is nowhere dense in A
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which proves the result. ]

Proposition 4.1.11. Let L be a locale and F' a non-void nowhere dense sublocale of L. Then

1. IfAeND(L), F € M(L) and F C A, then A € M(L).

2. If FN(L~N)# O for all N € "D(L \ F), then F € M(L).

Proof. (1) It A€ MD(L), F € M(L), F C Aand N € NMD(L) such that A € MD(N), then
F € MO(N), which is a contradiction. Thus A € M(L).

(2) Assume that there is a nowhere dense sublocale ¢(x) such that F' € MO (¢(x)). We get
that ¢(x) N (L ~c(x)N (L~ F)) O. Observe that ¢(z) N (L~ F) € MD(L \ F). This is so
because for each a € L, o(a) N (L~ F) C (L~ F)Nc¢(x) implies o(a) N (L~ F) C ¢(x). But
¢(z) € MD(L) and ¢(a) N (L~ F) is open in L so ¢(a) N (L ~ F) = O. Therefore o(a) C F.

alt
Since F' is nowhere dense in L, o(a) = O making o(a) N (L ~. F) = O as required. Now, by
hypothesis, F'N (L N~ ¢(z) N (L~ F)) # O. That is, ¢(x) N (L~ (L~ F)Nc(z)) # O since
F C¢(x). This is a contradiction. Thus F' € 9M(L). O

Observation 4.1.12. Using the fact that a finite join of nowhere dense sublocales is nowhere
dense, Proposition 4.1.11(1) tells us that any finite join of maximal nowhere dense sublocales

is maximal nowhere dense.

In what follows, we show that a nowhere dense sublocale which is maximal, in the usual
sense of not being contained in any other nowhere dense sublocale other than itself, exists

precisely when a locale has the largest nowhere dense sublocale.

Let us call a nowhere dense sublocale N of a locale L strongly maximal nowhere dense if,

for any nowhere dense sublocale A, N C A implies A = N.

Proposition 4.1.13. Let L be a locale. The following statements are equivalent.

1. L has a strongly mazimal nowhere dense sublocale.

2. Nd(L) is nowhere dense.

If L is non-Boolean, this is further equivalent to:
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3. Nd(L) is mazimal nowhere dense.

Proof. (1) = (2): Let A € S(L) be strongly maximal nowhere dense. We show that Nd(L) C
A which will make Nd(L) nowhere dense. Choose a nowhere dense N € S(L). Then N and A
are nowhere dense sublocales making N V A nowhere dense. But A C NV A and A is strongly
maximal nowhere dense, so A =N V A. Therefore N € NV A = A. Since N was arbitrary,
Nd(L) =\V{SeS(L):SeND(L)} C A. Thus Nd(L) C A implying that Nd(L) is nowhere

dense.

(2) = (1): If Nd(L) is nowhere dense, then there is no other nowhere dense sublocale

containing Nd(L) other than itself. Thus Nd(L) is a strongly maximal nowhere dense sublocale

of L.

Assume that L is non-Boolean. The equivalence (2) <= (3) follows since Nd(L) contains
every nowhere dense sublocale of L and Nd(L) # O. O

4.2 Homogeneous maximal nowhere dense sublocales

Related to a maximal nowhere dense subset is a homogeneous maximal nowhere dense subset
which was defined for spaces by Veksler in [59] as a closed nowhere dense subset F' of a
Tychonoff space X in which each non-empty F'-regular-closed subset is maximal nowhere
dense in X. In this thesis, we do not only focus on Tychonoff spaces, but all topological

spaces.

We extend Veksler’s definition of a homogeneous maximal nowhere dense subset of any
topological space to locales as follows. We start by reminding the reader that we use prefix S-

for a localic property defined on a sublocale S.

Definition 4.2.1. A closed nowhere dense sublocale N of a locale L is homogeneous maximal

nowhere dense (h.m.n.d) if each non-void N-regular-closed sublocale is maximal nowhere dense

in L.

Without the closedness requirement in Definition 4.2.1, we give the following definition.
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Definition 4.2.2. A nowhere dense sublocale F' of a locale L is strongly homogeneous mazximal

nowhere dense if each non-void F-regular-closed sublocale is maximal nowhere dense in L.

Denote by $H9(L) the collection of homogeneous maximal nowhere dense sublocales of a

locale L.

Observation 4.2.3. We note that regular-closed sublocales of a closed nowhere dense sublo-
cale ¢(x) of L are of the form ¢(a — x) for some a € L. Indeed, A is ¢(z)-regular-closed if and

only if A =o0(a)Nc(z)Ne(x) for some a € L. Therefore

o@ne@ne@ = (/@) ne@))ne)
= ¢ (A (o (@) ) N ()
= ¢ (U@(@)) Ne(z)
= c¢(a—z)Nc(x)
(

= c¢(a—z) sincezr<a— z.

In light of Observation 4.2.3 and the characterizations of maximal nowhere dense sublocales
given in Proposition 4.1.5, we get the following characterizations of homogeneous maximal

nowhere dense sublocales. The proof is straightforward and shall be omitted.

Proposition 4.2.4. Let L be a locale and x € L. The following statements are equivalent.

1. ¢(x) € HM(L).
2. For each a € L, ¢(a — x) € M(L).

3. For each a € L, there is no dense y € L such that y < a — x and (a — x)*W¥) = y.

In the next result, we show that the definition of a homogeneous maximal nowhere dense
sublocale given in Definition 4.2.1 is conservative in locales. Prior to that, we give the following
lemma which is related to Lemma 4.1.8. The notation A of a sublocale induced by a subset A
of a space X fails to display for long equations. To address this issue, we adopt [49]’s notation
S of a sublocale induced by a subset A of a space X which we shall use interchangeably with

the usual notation A.
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Lemma 4.2.5. Let X be a Tp-space, U € OX, K C X and F a closed subset of X such that
UNF CK. Then UNF is K-nowhere dense iff UNFE is K-nowhere dense.

Proof. (=) : Since U is open in X, UNF C K by Lemma 4.1.7. Let V € OX be such that

VAKCUNFNK. Then VNK CUNE. Since

UNF = ol)Nc(X~F)

- c(/\(o(U)ﬂc(X\F))>
= (U—=(X\F))

= (it(X N (UNF)))
= S(X\int(X\(UﬂF)))

= S(X\(X\(UOF)))

= UNF,

we have that VN K C UNFN K. Since UN F is K-nowhere dense and V N K is K-open,
V N K = () which gives VN K =0. Thus U N F is K-nowhere dense.

(<=): Let V € OX be such that VN K CUNF N K. Since V is open and ANB CANB
for all A, B C X, it follows from Proposition 4.1.7 that

—_—
~ ~ —_~—— —~ —~

VNKCUNF=UNFCUNF

—_——

making VAKCUNFNK. ThereforeO:Vﬂl?QVﬁKmaking VNK =0. ThusUNF

is K-nowhere dense. O]

Observation 4.2.6. Observe that for closed subsets A and B of a Tp-space X,

—_——

ANB=¢X~A)Nc(X~B)=c((X~AUKXB)=c¢X(ANB))=ANB.

So, for closed subsets F' and C' of X, it follows from Lemma 4.1.8 that F' N C' is K-nowhere
dense if and only if Fﬁf’ = F N C is K-nowhere dense.

Proposition 4.2.7. Let X be Tp-space. A closed set F' C X is homogeneous maximal nowhere

dense zﬁﬁ C OX is homogeneous mazximal nowhere dense.
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Proof. (=) : Suppose that F' C X is homogeneous maximal nowhere dense in X. Let S be a
non-void F -regular-closed sublocale and assume that there is a closed sublocale K of DX such
that S € MDO(K). Since both S and K are closed in ©X, where closedness of S follows since
F is closed in DX, we have S = A and K = F for some closed sets A, FE C X. Both A and
E are non-empty. Because A is non-void regular-closed in F , there is a non-empty U € OX

such that A = FNUNF = FNU. The sublocale FNU is clearly non-void. Since FNUCA

and A is nowhere dense in E , we must have that FNU is nowhere dense in E. By Proposition
4.2.5, FNU is E-nowhere dense. It follows from Observation 2.1.17 that F N U # (. Since
E is closed, F'N U° =FnUCE making FNU € MO(E). Since subsets contained in a

nowhere dense subset are nowhere dense, the non-empty F'-regular-closed subset F' N U N F'is

E-nowhere dense which is a contradiction. Thus F € HM(OX).

(«<=) : Suppose that F' is homogeneous maximal nowhere dense in OX. Let U € DX
be such that U N F N F' is non-empty and K-nowhere dense for some closed nowhere dense

K C X. Observe that U N F C K and since U is open, it follows from Proposition 4.1.7 that

UNFE C K. Because K is closed, we have that K= E sothat UNENF C K. It is easy to

see that the sublocale U N FNF is F -regular-closed and non-void. Since U N F'N F' is nowhere

dense in K, we have that U N F' is also K-nowhere dense. It follows from Lemma 4.2.5 that

U N F is K-nowhere dense. This makes U N F N F a K-nowhere dense sublocale which is a

contradiction. Thus F' is homogeneous maximal nowhere dense. ]

The following result tells us that homogeneous maximal nowhere density is regular-closed

hereditary.

Proposition 4.2.8. Let L be a locale and F be a closed nowhere dense sublocale of L. If
F e 9§M(L) and A is a non-void F-reqular-closed sublocale, then A € HIM(L).

Proof. Let N be a non-void regular-closed sublocale of A and suppose that there is B €
ND(L) such that N € MD(B). Because A is F-regular-closed and N is A-regular-closed,

(x)NFNFand N =o0(y) N AN A for some z,y € L. Since both F' and A are closed,

A=o
A=o(x)NF and N =o(y) N A so that N = o(y) No(z) N F. Therefore

o(y)No(z)NF=o(yAnz)NEF C N.
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The sublocale o(y) No(z) N F # O, otherwise o(y) No(z)NF = O making o(y) No(z) N F =0
which is not possible. Since N is nowhere dense in B, we get that W is nowhere
dense in B making o(y A z) N F N F € ND(B). This is not possible because o(y Az) N FNF
is non-void and regular-closed in F' which must be maximal nowhere dense in L. Thus A €

HM(L). n

We close this section by considering a relationship between maximal nowhere dense sublo-

cales and (strongly) homogeneous maximal nowhere dense sublocales.

Proposition 4.2.9. Every homogeneous mazimal nowhere dense (resp. strongly homogeneous

mazimal nowhere dense) sublocale is mazimal nowhere dense.

Proof. Follows since every locale is a regular-closed sublocale of itself. ]

4.3 Remoteness and maximal nowhere density

The aim of this section is to explore a relationship between remote sublocales and (homoge-

neous) maximal nowhere dense sublocales.

We begin by introducing inaccessible and almost inaccessible sublocales from Veksler’s
notions of inaccessible points and almost inaccessible points. To do this, we shall start by

transferring inaccessible points from spaces to locales.

Recall from [59] that a point x € F C X is E-inaccessible (resp. almost E-inaccessible) if
x ¢ N (resp. x ¢ intg(N N E)) for all (X \ E)-closed nowhere dense N.

Our journey to introducing localic notions of inaccessible and almost inaccessible points

will start with inaccessible points and end with almost inaccessible points.

In a Tychonoff space X, we have that z ¢ N if and only if m NN = 0 if and only if
(X~ {z}) U(X N~ N) = X for every x € X, N C X. So the definition of an E-inaccessible

point x € ¥ C X is equivalent to:

(X ~{z}) U(X ~N) =X for all (X \ E)-closed nowhere dense N.
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Recall that X ~ A =0 7 for any subset A of a space X. This and the preceding paragraph

motivate the following localic definition of an inaccessible point.

Definition 4.3.1. A point p of a sublocale S of a completely regular locale L is S-inaccessible
if for each (L . .S)-closed nowhere dense sublocale N, Oy V p = 1, where the join is calculated

in L.

Recall from [2, Lemma 3.2.1] that for a subset A of a Tp-space X,
VXNl X} o g Ay =X <A
is the supplement of Av, ie., m = X <A

According to [21, 54|, a regular locale is T} in the sense that every point is a maximal
element. Hence a point p of a regular locale L has a property that a V p = 1 if and only if

a & p for every a € L.

In what follows, we show that a point = of a Tychonoff space X is inaccessible if and only
if T is inaccessible, where 7 is the point of DX induced by x € X. We shall need the following

lemma.

Lemma 4.3.2. Let X be a topological space, F a closed subset of X and A C X. Then

AFNA) =int(X ~A)U(X N F))

Proof. We have that X ~\ F C (X ~ A) U (X \ F), making
XNF=int(X\NF)Cint((XNAUXNF))

so that int((X ~ A)U (X \ F)) € F. Also, since X \ F is open, int((X ~ A)U (X \ F)) € A.
Therefore int((X ~ A) U (X ~ F)) € FN A, making \(FNA) <int((X ~ A) U (X~ F)).
On the other hand, let V € FNA. Then X ~ F CV and V = int((X ~ A)UG) for some
G € OX. We get that
int(X NA)UXNF) C (X NAUV)
= (X NA)Uint((X N A)UG))
C int((XNA)UG)

= V.
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Therefore int (X ~ A)U(X ~F)) < A(FNA) and hence A(FNA) = int((X ~A)U(X~F)). O

Proposition 4.3.3. Let X be a Tychonoff space and x € E C X. Then x is E-inaccessible

iff © is E-inaccessible.

Proof. (=) : Let K be an (X ~ E)-closed nowhere dense sublocale. Choose a closed subset
F of X such that K = F N (5( ~ E’) Since X \ F = )?:/E, K= ﬁ’ﬂX/:/E 2 Srn(xE))-
It follows from Lemma 4.1.8 that F'N (X \ F) is an (X ~\ E)-closed nowhere dense subset.

Since x is E-inaccessible,
(X\@)u (X\Fm(X\E)) ~ X.

Because 7 = X ~ m is a point and every completely regular locale is regular and hence
Ty, it follows that X N\ FN (X N E) £ Z. Since X N\ FN(X N E) =int(EU (X \ F)) and
int(EU (X~ F))=AFn m) by Lemma 4.3.2, A(F N X/i/E) £ ¥ so that

—_——

ANFNXNE)VE=0gVF=1lox

because OX is T;. Thus 7 is a E-inaccessible point.

(«<=) : Let C be an (X \ E)-closed nowhere dense subset. Set C'= F'N (X \ E) for some
closed F C X. If follows from Proposition 4.2.5 that £ N X< Eis ()?t/E)—closed nowhere
dense. But X \ E = X/:/E, so the (X \ E)-closed sublocale F'N (X \ E) is (X \ E)-nowhere
dense. By hypothesis, TV 0 = 1lpx. By Lemma 4.3.2, 0 = X ~ m Therefore
<X N m) U (X N m> = X which implies that

D={z}NnFN(XNE)={z}nFN(X\E).
Thus » ¢ FN (X \ E) = C, making  E-inaccessible. O

To transfer almost inaccessibility to locales, we recall that for x € £ C X,

v¢intg(NNE) <= x¢Eﬂ<X\Em(X\N))

— ze€EN(X~N).
The above equivalence motivates the following localic definition of an almost inaccessible point.
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Definition 4.3.4. A point p of a sublocale S of a completely regular locale L is almost
inaccessible if for each (L \ S)-closed nowhere dense sublocale N, p € clg (SN (L~ N)).

In what follows we prove that a point x of X is almost inaccessible precisely when x is

almost inaccessible.

Proposition 4.3.5. Let X be a Tychonoff space. A point x of a subset E of X is almost

E-inaccessible iff T is almost E-inaccessible.

Proof. (=) : It is clear that Z is a point belonging to the closed sublocale E = E Choose
an (X ~ E)-closed nowhere dense K. Then K = F N (X ~ E) for some closed F' C X. Since
X\E = m, K = FANX<E. 1t follows from Proposition 4.2.5 that F N (X \ E)
is (X \ E)-closed nowhere dense. Therefore z ¢ intg(F N (X ~ E) N E) which means z €
EN(X~FN(X\E)). We show that T € m Let U € OX be such that E N
(X\T) C e(U). Then B0 (X~ F (X < B)) € e(U), i, BN (;z “FAx< E) C ().
We get that

~ —_—~—

E (U)VFNXNE

- c(U)\/c(/\ (fﬂ(m)»
::cwqu\FﬁﬁiibsMBA(ﬁwf?E):X\ﬁWYTE

N

= (Un(X~FAX~ D))

S((X\U)Um) by Lemma 2.1.14.

Therefore E C (X NU)UFN (X N E)sothat EN(XNFN(XNE)) CX\U. Because U

is open, X \ U is closed, making x € EN (X N~ FN (X N\ E)) C X\ U since U was arbitrary.
Therefore 7 € X ~ U = ¢(U) implying that ¥ € E N (X ~ K). Thus

feEmd&JﬂmE:dE@th\?g
which means that 7 is almost E-inaccessible.

(<) : Let N be an (X \ E)-closed nowhere dense subset and set N = F N (X \ E) for
some closed F C X. It follows from Proposition 4.2.5 that F N X<E=Fn (X < E) is

(m =X~ E)—closed nowhere dense. Therefore
T € clg (Eﬂ ()Z'\ﬁﬂ()?\ﬁ)))
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We show that # € EN (X \ N). Let K be a closed set such that £ N (X ~ N) C K. Then
E C NUK so that

Egﬁvf(:ﬁvf(:S(pm(X\E))vf(gFm()?\E>\/f(.

Therefore
B (;z\ﬁn (55\5)) c i

Because K is a closed sublocale,

clE(Em<X\ﬁm(f(\E)>> :Em(ﬁm(f(\ﬁm(i\ﬁ)» CK

sothat € K. Thereforez € K. Thusz € E N (X ~ N) which implies 2 € clg (EN(X \N)).
As a result, x ¢ intg (E N N). Hence z is almost E-inaccessible. ]

In terms of sublocales, we define inaccessibility and almost inaccessibility on arbitrary

locales. We give the following definition.

Definition 4.3.6. Let S be a sublocale of L. A sublocale T" € §(5) is S-inaccessible (resp.
almost S-inaccessible) if for all (L . S)-nowhere dense sublocale N, TN N = O (resp. T C
s (SN (L~ N))).

We introduce the following notations for any locale L and S € S(L):
Stnac(S) = {A € S(L) : A is S-inaccessible},

and

Sainac(S) = {4 € S(L) : A is almost S-inaccessible}.
We shall drop the prefix S- if the sublocale is clear from the context.

In what follows, we characterize inaccessible sublocales. The proof is similar to that of

Proposition 2.1.42 and shall be omitted.

Proposition 4.3.7. The following are equivalent for a sublocale of S of L.

1. T € §(S) is S-inaccessible.
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2. TNe(x) =0 for each (L S)-dense x € L . S.
3. T Co(x) for every (L . S)-dense x € L\ S.

4. vr(z) =1 for each (L~ S)-dense x € L\ S.

For sublocales F' and A of a locale L, we have that
FCcdp(FNA) < F=cp(FNA) <= FnAis F-dense.
As a result of this, we have the following observation regarding almost inaccessible sublocales.

Observation 4.3.8. Let F' be a sublocale of a locale L. The following statements are equiv-

alent.

1. F'e SAinac(F)'
2. F =clp(FN (L~ N)) for every (L . F)-nowhere dense N.

3. FN (L~ N) is F-dense for every (L \. F)-nowhere dense N.

We give the following lemma which we shall use below.

Lemma 4.3.9. Let L be a locale, N € S(L), S a complemented sublocale of L and T € S(S).
Then T C clg(SN (L~ N)) iff T Nintg (SNN) = 0.

Proof. We have that

TCds(SN(L~N)) <« TCSN(L~N)
— Tm(L\m>=o
— TﬂSﬁ(L\m>:O
<~ TnNints (SNN) =0
which proves the resul. O

The preceding lemma leads us to the following characterization of almost inaccessible sublo-

cales of complemented sublocales. We only prove the equivalences (2) <= (3).
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Proposition 4.3.10. The following are equivalent for a complemented sublocale S of a locale

L and T € §(S).

1. T s almost S-inaccessible.

2. TNintg(SNN) = O for each (L ~ S)-nowhere dense sublocale N.
If in particular, S is closed, this is further equivalent to:
3. a— (ANS) S AT for every (L \ S)-dense a.

Proof. (2) <= (3): Let a be (L \ S)-dense. Then ¢(;g)(a) is (L \ S)-nowhere dense. By (2),

TNints(SNeps(@) =0 <= T Cdg (Sm(L\m)) since S is complemented
= TgSm(L\m>
— TCSN(L~c(a) since e (a)=c(a)
— Tgc(/\(5m0<a)))
= Tgc(a—></\5>> since S is closed
e Tee(e (A9)
= a— (/\S) < AT

Starting the above argument with an (L ~\ S)-nowhere dense N and using the fact that N is
(L ~ S)-nowhere dense if and only if A N is (L \.S), gives the desired equivalence. O

Next, we collect into one proposition some results about inaccessible sublocales and almost

inaccessible sublocales.

Proposition 4.3.11. Let L be a locale and S € S(L).

1. Every S-inaccessible sublocale is almost S-inaccessible.

2. If A e S(L) is S-inaccessible (resp. almost S-inaccessible) and S(L) > B C A, then B

is S-inaccessible (resp. almost S-inaccessible).

3. If S is open in L, then S is S-inaccessible.
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4. L is L-inaccessible and hence by (2) every sublocale of L is L-inaccessible.

5. If S is complemented, then every sublocale T of L ~ S which is open in L is (L ~ S)-

1naccessible.

6. A join of S-inaccessible (resp. almost S-inaccessible) sublocales is S-inaccessible (resp.

almost S-inaccessible).

7. If S is open, then S N Rs(L x S) is S-inaccessible. Moreover, if S is dense and open,
then BL is S-inaccessible.

Proof. (1) Let T € S(S) be such that T is S-inaccessible. Then TN N = O for all N €
ND(L ~ ), which implies that T C L ~ N. Therefore T C SN (L~ N) C clg(SN (L~ N))

which proves the result.
(2) Straightforward.

(3) Assume that S is open in L and choose N € MD(L . S). It is clear that N C L~ S

since L \ S is closed. Because S is complemented, we have that S N (L~ §) = O so that
SNN =0. Thus S € Spac(S).

(4) Because L is open as a sublocale of itself, it follows from (3) that L is L-inaccessible.

Therefore, by (2), every sublocale of L is L-inaccessible.

(5) Let T be a sublocale of L \. .S which is open in L. We must show that TN N = O for
every (L~ (L ~ S))-nowhere dense N, i.e., for every S-nowhere dense N. Since T'C L\ S,
T NS = 0 because S is complemented. So, for any S-nowhere dense N, TN N = 0. But T
is open in L so TN N = 0.

(6) We only verify the case of S-inaccessible. Let U; € Spac(S) (for @ € I) and choose
N € MD(L \ S). Since N is complemented, NN\ U; = \/ (NNU;) = V{O} = O. Thus
\/ Uz < SInac(S)-

(7) Since S is open and hence complemented, we have that
SNRs(Lx 8)=SN\/{A€S(L): A€ Sem(Lx9)}=\/{ANS:AE Sum(Lx S)}.

Because a join of S-inaccessible sublocales is S-inaccessible, it suffices to show that each

sublocale of the form SN A for some A € Sy (L X .S) is S-inaccessible. Since S € Spac(S) and

88



every sublocale contained in an inaccessible sublocale is inaccessible, we get that sublocales
of the from S N A for some A € Siem(L X S) are S-inaccessible. Thus S N Rs(L x S) is

S-inaccessible.

Since, according to Observation 3.1.13(2), BL = T' N Rs(L x T') for any dense T' € S(L),
we have that BL = S N Rs(L x S) is S-inaccessible for dense and open S. [

Observation 4.3.12. Proposition 4.3.11(4) differentiates between remoteness and inacces-
sibility. Recall that a necessary and sufficient condition for a locale L to be remote as a
sublocale of itself is that it must be Boolean. Yet, every locale L (not necessarily Boolean) is

L-inaccessible as a sublocale of itself.

Remark 4.3.13. We note from the preceding observation that since every sublocale S of
a locale L is a locale in its own right, it is therefore S-inaccessible as a sublocale of itself.
However, in this thesis, the notion S € Spac(S) for S € S(L), read as S is inaccessible as a
sublocale of L with respect to itself, shall mean SN N = O for every (L \ S)-nowhere dense
sublocale N. This also applies to S € Sainac(5).

We note some examples.

Example 4.3.14. (1) In a completely regular locale L, a point p of L is ¢(p)-inaccessible (resp.

almost ¢(p)-inaccessible) if and only if ¢(p) is ¢(p)-inaccessible (resp. almost ¢(p)-inaccessible).

(2) [58] In Top, we have that a point p € 5X \ X, where X is Tychonoff, is remote if and

only if p is (X ~\ X)-inaccessible.

Observe that for each dense and complemented S € S(L), T' € S(L ~\ S) is (L \ 9)-
inaccessible if and only if 7N N = O for every (L \ (L \ S))-nowhere dense sublocale N,
i.e. for every S-nowhere dense sublocale N. This shows that sublocales of L ~\. S which are
*remote from a dense and complemented sublocale S of L are precisely the (L \ S)-inaccessible

sublocales. We formalise this in the following proposition.

Proposition 4.3.15. A sublocale T € S(L \ S) where S is dense and complemented in a

locale L, is (L ~. S)-inaccessible iff it is *remote from S.

89



In the following result, we codify the variants of remoteness and inaccessibility for dense

and complemented sublocales.

Proposition 4.3.16. Let L be a locale, S a dense and complemented sublocale of L and

T e S(L~\S). We have the following situation where arrows indicate implications:

(1) T € Syem(L). H (2) T € Spom(L % S). H (3) T € *Spom(L % ). \

\ (4) T € Siac(L ~ 5). \

|

(5) T € Saucl L~ 5). |

Proof. (1) = (2): Follows from Proposition 2.1.37(4).
(2) <= (3): This is a combination of Proposition 2.1.34 and the fact that 7" C L \. S.
(3) <= (4): Follows from Proposition 4.3.15.
(4) = (5): For each S-nowhere dense N, we have that TN N = O by (4). Therefore

T C (L~ S)N (L~ N) which implies that T C cl;.s (L~ S) N (L \ N)), as required. [

We give the following theorem in which some of its statements prepare us for a relationship

between maximal nowhere density and remoteness in Proposition 4.3.23.

Theorem 4.3.17. Let L be a locale and F' be a non-void and closed nowhere dense sublocale

of L. Then each of the following statements holds.

1. If F € Sainac(F), then F € M(L).

2. If L is compact, then F € (L) implies that there is x € F such that x ¢ intp(N N F)

for every (L . F')-nowhere dense N.

3. F € §M(L) implies that every sublocale of F is almost F-inaccessible.

Proof. (1) Let F' = ¢(b) for some b € L and choose ¢(c) € MD(L) such that F C ¢(c). We
show that F' is not nowhere dense in ¢(c). Observe that ¢(c) \ ¢(b) € MD(0(b)). Indeed, if

o(b)

o(z) No(b) C c(e) ~c(d)' = c(c) o) No(b) = c¢(c) No(b),
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then o(x) No(b) = o(x A b) C ¢(c). But ¢(c) € MDO(L), so o(x Ab) = O. Thus ¢(c) \ ¢(b) €
ND(0(b)).

Since ¢(b) € Sainac(c(b)), we have that
¢(b) = clig, (c(b) N (L NGO c(b)))) = cl (c(b) < (clO)~ c(b))) .
Because ¢(b) is non-void, ¢(b) \ (¢(c) \ ¢(b)) # O. Since ¢(b) C ¢(c), c(c) \ (¢(c) \ ¢(b)) # O.

We must have that ¢(b) ¢ 9D (¢(c)), otherwise

0O = mtc)((b) )

which is not possible. So there is no closed K € MN®(L) such that FF € MDO(K). Thus
FeML).
(2) Assume that L is compact, F' = ¢(b) € M(L) and suppose that for each x € F, there is

an o(b)-nowhere dense N, such that = € int.p)(c(b) N N,). Set inte)(c(b) N N,) = o(ay) Ne(d).
Then

¢(0) € \/ (o(az) Ne(b)) C o ( \/ ax> .

xz€c(b) xz€c(b)

Therefore bV (\/xec(b) aa,> = 1. By compactness of L, there is a finite set B C ¢(b) such that
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bV (V,ep as) = 1. We get that

c(b)

c(b)No (\/ ax>
c(b) N \/ o(a,)

V (e(b) no(as))

zeEB

\/ (inte (c(0) N N;.))

zeB

V () N N)

zeB

cb)n'\/ No

zeEB

VN

reB

\/ N..

zeB

Observe that N, € 9O(L). This is so because NN, is nowhere dense in a dense sublocale

o(b) of L making it nowhere dense in L. Therefore N, € MD(L). Since finite joins of closed

nowhere dense sublocales are nowhere dense, \/ .z N, = \/,cp N, is nowhere dense in L. We

show that ¢(b) is nowhere dense in \/, 5 N, which will contradict that ¢(b) € 9MM(L).

Set A =

zeB

int 4 <@A>

N

N,. Observe that

AN
AN

AN

AN

AN

0.

(
(

L\(AmL\W>
L\m)

L~ (\/ Nxﬂo(b)>

()

L\\/N$>

z€B

since \/ N, C o(b)

r€B

Thus ¢(b) is nowhere dense in A which is a contradiction.
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(3) Suppose that there is B € S(F') such that B ¢ Saiac(F'). Then, by Proposition 4.3.10,
BNintg(NNF) # O for some N € MD(L \ F). We get that intz(N N F) # O. Set
A =intg(NNF). Then A" =7 is a non-void F-regular-closed sublocale. Since F' € (L),
A is maximal nowhere dense in L. We show that A is nowhere dense in N which will contradict

that it is a maximal nowhere dense sublocale. It is clear that A C N. Furthermore, observe

that
inty (ﬁi) = intw(A)
- Nn(L~NnL\74)
- Nﬂ(L\W) since ACF
C Nn(IL~NAL<F)
= NN(L~N) since NCL\F
= 0.

Thus A is nowhere dense in N which is not possible. Hence every sublocale of F' belongs to

Stnac(F). O

If we consider F-clopen sublocales, we get the following result.

Proposition 4.3.18. Let F' be a non-void nowhere dense sublocale of L. If F' is homogeneous
mazximal nowhere dense, then each F-clopen sublocale is almost inaccessible as a sublocale of

L with respect to itself.

Proof. Let A be an F-clopen sublocale and assume that A Nints(N N A) # O for some
N € MD(L . A). Then int4(N N A) is F-open so that int,(N N A) N F = int4(N) is a non-

void regular-closed sublocale of F. By hypothesis, int4(N N A) is maximal nowhere dense.
Following the argument used in last part of the proof of Theorem 4.3.17(3) and using the fact
that A is F-closed, we get that int4(N N A) is nowhere dense in N which is not possible. [

We note the following example.

Example 4.3.19. (1) If X is a Hausdorff space with no isolated point, then every one-point

sublocale of DX which is almost inaccessible as a sublocale of DX with respect to itself is
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maximal nowhere dense. To see this, it suffices to show that such sublocales are non-void
closed nowhere dense in DX . Since every Hausdorff space is sober, each point p of 9 X is of
the form p = X ~ m for some x € X. Applying Hausdorffness again gives p = X ~ {z}
which is open and dense in X, making {z} closed nowhere dense in X. It follows from Lemma
2.1.15 that {fa\;} is closed and nowhere dense in OX. But {f;:J} ={X~A{z},1ox} = {p, lox}, so
the one-point sublocale {p, 1ox} is non-void closed nowhere dense. Now, if such a one-point
sublocale {p, 1px} is an almost inaccessible sublocale of L with respect to itself, it follows from

Proposition 4.3.17(1) that {p, lox} is maximal nowhere dense.

(2) The sublocales described in (1) are homogeneous maximal nowhere dense. This is so
because for any point p € DX, {p, lox} is the only non-void sublocale contained in {p, 1ox }.

Therefore all non-void {p, 1o x }-regular-closed sublocales are maximal nowhere dense in DX

We include the following result where we make use of Theorem 4.3.17(3) to show that
a homogeneous maximal nowhere dense sublocale is regular-closed in every complemented

nowhere dense sublocale containing it.

Proposition 4.3.20. Let L be a locale and F a non-void closed nowhere dense sublocale of
L. If F e §ON(L) and F C A, where A is a complemented nowhere dense sublocale of L, then

F is an A-reqular-closed sublocale.

Proof. Assume that F' # int4(F"). Because it is always true that int 4 (F') C F, this assumption
says that F' ¢ int4(F). Therefore the F-open sublocale F' \ int4(F) = F N (L ~ intA(F)> is
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non-void. Also, F' \int4(F) C A~ F. Indeed,

F~ints(F) C FnN

—~

L~ inty(F))
= Fn L\QMWL\ZﬁﬁiiﬂD>

= Fn(I~AV(ENENANTNF)))

/N7 NN

- Fﬂ(L\MVAﬂ@\FD
= (FN(LNA)V(FNAN(LNF))
= OV(FNAN(LNF))since A is complemented and FF C A

= FNAN(LNF)

N

AN(LNF)=ANF.

This makes <F ~ m> Nintp(FNANF) # O. Observe that AN F € MD(L N F). To
see this, let U be an open sublocale of L \ F' contained in A<F"Y —AFn (L F).
Then U C A. But A € MD(L) and an open sublocale of L \. F is open in L, we have that
U=0. Thus AN F € MD(L ~ F). We have found a sublocale F ~ int,(F) of F and
ANF € MO(L \ F) such that <F \M) Nintp (FNANF) # O, ie, a sublocale of
F which is not almost F-inaccessible. By Theorem 4.3.17(3), F' is not homogeneous maximal

nowhere dense, which is a contradiction. ]

In what follows, we characterize locales in which every non-void nowhere dense sublocale
is maximal nowhere dense. Recall from [19] that the boundary of a sublocale S of a locale L
is given by bd(S) = S \ int(S) and a sublocale S of L is preopen if S C int (S). For an open
sublocale o(z) € S(L), bd(o(x)) = ¢(x V z*) which is nowhere dense. Call a sublocale S of a

locale L semi-open in case S C int(S) and a-open provided that S C int(int(5)).

Theorem 4.3.21. Let L be a locale. The following statements are equivalent.

1. Every non-void nowhere dense sublocale of L is maximal nowhere dense.
2. Every non-void closed nowhere dense sublocale is maximal nowhere dense.

3. FEvery non-void open sublocale induced by a non-complemented element of L has a maz-

imal nowhere dense boundary.
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4. Fvery non-void closed nowhere dense sublocale of L is homogeneous mazximal nowhere

dense.

5. Fvery non-void closed nowhere dense sublocale is almost inaccessible as a sublocale of L

with respect to itself.

6. Every non-void closed nowhere dense sublocale is inaccessible as a sublocale of L with

respect to itself.

7. Every non-void preopen sublocale of a closed nowhere dense sublocale is maximal nowhere

dense.

8. FEvery non-void semi-open sublocale of a closed mowhere dense sublocale is maximal

nowhere dense.

9. Every non-void a-open sublocale of a closed nowhere dense sublocale is mazimal nowhere

dense.

Proof. (1) <= (2): Follows from Proposition 4.1.5.

(2) = (3): Let o(z) € S(L) be non-void with z non-complemented. Then = V z* # 1
making bd(o(z)) = ¢(z V 2*) a non-void closed nowhere dense sublocale. It follows from (2)

that bd(o(x)) is maximal nowhere dense.

(3) = (4): Let ¢(x) be a non-void nowhere dense sublocale of L and choose y € L such

that o(y) Ne(z) Ne(z) # O. Then

o(y) Ne(z) Ne(z) = o(y) Ne(x) =c(y —x) #0O

implying that y — x # 1. But ¢(y — z) C ¢(z) € MD(L), so ¢(y — x) € ND(L) making

o(y — x) non-void, open and
(y—=x)V(y—z)=Wy—2)V0i=y—>x#1.
It follows from (3) that

bd(o(y = z)) =c((y = 2) V(y = 2)") = c(y = ) = o(y) Nc(z)
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is maximal nowhere dense. Thus ¢(z) is homogeneous maximal nowhere dense.
(4) = (5): Follows from Theorem 4.3.17(3).

(5) = (6): Let ¢(z) be a non-void nowhere dense sublocale and assume that N N¢(z) # O
for some N € MO ((L~c(z)) = o(x)). Since o(x) is dense in L, N is nowhere dense in L so that
the non-void sublocale N N¢(x) is closed nowhere dense in L. It follows from (5) that NNe(z) is
almost (N N ¢(z))-inaccessible. Observe that N € MD(L~(NNe(z))). To see this, let a € L be
such that o(a)N (L~ (N Ne(z))) € NN (L~ (NNe(z))). Then o(a)N (L~ (N Ne(z))) € N.
Because N € NMD(L) and o(a) N (L~ (N Ne(z))) is open, o(a) N (L~ (NNe(z))) = O.
Therefore o(a) € N N¢(x) making o(a) = O since N N¢(r) = m is nowhere dense in L.
Thus N € MD(L ~\ (N Ne(x))).

Therefore N N¢(z) € (NNe(z)) N (L~ N) =0 = O which is not possible. Thus ¢(z) N
N = 0 making ¢(x) € Spac(c()).

(6) = (7): Let F' be closed nowhere dense and A be a non-void F-preopen sublocale.
Then A is closed nowhere dense in L and non-void. It follows from (6) that A € Spac(A).
Because Siac(A) € Saiac(A) by Proposition 4.3.11(1), it follows from Theorem 4.3.17(1) that
A is maximal nowhere dense. Because A C F, it follows from Proposition 4.1.11(1) that F is

maximal nowhere dense.

(7) = (8): Let F be a closed nowhere sublocale of L and A a non-void F-semi-open

sublocale. Then intF(A)F = intp(A) # O since O # A C intF(A)F and F is closed. Since
every open sublocale is preopen, intg(A) is preopen, non-void and nowhere dense because
it is contained in the nowhere dense sublocale mF which is nowhere dense by virtue
of being a sublocale of the nowhere dense sublocale F. It follows from (6) that intp(A) is
maximal nowhere dense. By Proposition 4.1.5, m is maximal nowhere dense. Observe
that A = m Indeed, intp(A) C A C A implying that m C A. On the other hand,
AC m implies A C m Thus A = m Therefore A is maximal nowhere dense.

Applying Proposition 4.1.5 yields A is maximal nowhere dense.

(8) = (9): Let F be a closed nowhere sublocale of L and A € S(F) be such that O # A C
intp (intF(A)F>. Then A is nowhere dense in L and O # A C intp (intF(A)F> C intp(A) so

that A is non-void F-semi-open. By (7), A is maximal nowhere dense.
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(9) = (1): Let F be a non-void nowhere dense sublocale of L. Then F is non-void
nowhere dense. Since every locale is a-open as a sublocale of itself, F is F-a-open. It follows

from (8) that F is maximal nowhere dense. By Proposition 4.1.5, F is maximal nowhere

dense. O]

In the following example we show that there is a locale having the properties described in

Theorem 4.3.21.

Example 4.3.22. Consider the three-element chain 3 = {1,0,a}. Clearly, 3 is non-Boolean
and the only non-void closed nowhere dense sublocale of 3 is ¢(a) which is maximal nowhere

dense because it is not nowhere dense as a sublocale of itself.

Using Proposition 4.3.16 and the fact that if S € S(L) is open and dense, then S# = L~ S

is nowhere dense, we get the following result about remoteness and maximal nowhere density.

Proposition 4.3.23. Let S # L be an open dense sublocale of L.

1. If S# € *Spep(L x S), then S* € M(L).

2. If S* € H§M(L), then every S*-remote sublocale is *remote from S.

Proof. (1) If S# € *Siem(L x S), then, by Proposition 4.3.16, S# € Spinac(S*). It follows from
Theorem 4.3.17(1) that S# € M(L).

(2) Let A € Sem(S™) and choose an S-nowhere dense N. Since, by Theorem 4.3.17(3),
sublocales of homogeneous maximal nowhere dense sublocales are almost inaccessible as sublo-
cales of L with respect to themselves, S# is almost S#-inaccessible, i.e., intg+(S#* N N) = O.

_ —_g# _
Since S¥ NN = S#NN | we get that S# N N is S#-nowhere dense. Because A € Syem (S7),

O=ANS*¥NN=ANN.

Thus A € Spem(L X S) making A € *S,em(L x S) since A C S#. O
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4.4 Preservation and reflection of maximal nowhere den-
sity

We end this chapter with a discussion of localic maps that send maximal nowhere density back

and forth. We shall also include results about inaccessibility.

Proposition 4.4.1. Let f : L — M be a localic map such that both f and h send dense

elements to dense elements. Then f reflects maximal nowhere dense sublocales.

Proof. Let N € S(M) be maximal nowhere dense in M. Then N € 9t(M). Since h is weakly
open, it follows from Theorem 3.1.2 that f reflects closed nowhere dense sublocales so that
f-1[N] (which is equal to ¢(h(/\ N))) is nowhere dense in L. It is left to show that it is maximal
nowhere dense. Suppose not, that is, there exists a nowhere dense sublocale ¢(b) of L such
that f_1[N] is nowhere dense in ¢(b). Since f sends dense elements to dense elements, f(b)
is dense in M making ¢(f(b)) nowhere dense in M. The sublocale N is nowhere dense in the
nowhere dense sublocale ¢(f(b)). Indeed, if o(z) Nc(f(b)) C YO — N n ¢(f(b)) for some
x € M, then o(z) Ne(f(b)) C N so that

o(h(x)) Ne(b) S o(h(x)) Ne(h(f (b)) = falo(x) Ne(f ()] S f[N].

Therefore o(h(z)) N ¢(b) € f_1[N] N ¢(b). Since f1[N] € ND(c(b)) and o(h(z)) N ¢(b) is
open in ¢(b), o(h(x)) Nc(b) = O which implies that ¢(b) C ¢(h(z)) = f-i[c(z)]. Therefore
Fe®)] € FIf @) € c(x) implying that «(f(t) = FRO)] C (@) = c(x). This makes
c(f(b)) No(z) = O. Therefore N is nowhere dense in ¢(f(b)) which contradicts that N is

(b
)

)
)
maximal nowhere dense in M. Therefore f_;1[N] is maximal nowhere dense in L. O

In the next result, we discuss localic maps that preserve maximal nowhere dense sublocales.
We recall from [52] that if a localic map f : L — M is open, then f_;[A] = f_4[A] for each
A € §(M). We also note that an open localic map has a weakly open left adjoint. Indeed,
assume that f : L — M is an open localic map, let x € M be dense and choose y € L such
that h(z) Ay = 0. Then o(y) C c(h(x)) so that flo(y)] C flc(h(x))] = flf-1][c(x)]] C ¢(z). But
¢(x) is nowhere dense and f[o(y)] is open by openness of f, we get that f[o(y)] = O. Therefore
o(y) C f-1[flo(y)]] = f=1[0] = O. Thus y = 0 making h(x) dense in L.

99



Observation 4.4.2. Not every open localic map sends dense elements to dense elements.
Consider the localic map f : L — 2 where L is non-Boolean. Since 2 is Boolean, every
sublocale of 2 is open making the localic image of each open sublocale of L to be open in 2.
Hence f is open. However, f does not send all dense elements to dense elements since the only
element (dense) of L that is mapped to 1 (the only dense element of 2) is 1. But 1 is not the

only dense element of L otherwise L is Boolean.

Proposition 4.4.3. Let f : L — M be an open localic map that sends dense elements to dense

elements. Then f preserves maximal nowhere dense sublocales.

Proof. Let N € 9(L). We show that f[N] € M(M). It follows from Lemma 3.1.7 that

fIN] is nowhere dense in M so that f[N] = ¢ (f(/\ N)) is nowhere dense in M. Suppose that
c(f(ANN)) € ND(c(y)) for some ¢(y) € ND(M). By Lemma 4.1.10, ¢(y) C c(y) No (f(AN)).
Therefore f 4[e(y)] = e(A(y)) € f1 |e(y) Mo (FAN))|. By openness of f,

c(h(y) S o fe)no (FAN)]

= ¢(h(y))No (h (f </\ N)))
C <hw)no (AN
= <(h(y) N (LN).

Therefore ¢(h(y)) N (L ~c(h(y)) N (L \N)) = 0. This makes N € 9D (c(h(y))), where

c(h(y)) € MD(L), contradicting that N € 9MM(L). Therefore f[N] is maximal nowhere dense

so that by Proposition 4.1.5, f[N] is maximal nowhere dense sublocales. O

Since in Proposition 4.4.1 we only needed a condition that both f and h send dense elements
to dense elements and because the left adjoint of an open localic map is weakly open, we have

the following result.

Corollary 4.4.4. Every open localic map that sends dense elements to dense elements pre-

serves and reflects maximal nowhere dense sublocales.

In the next result, we discuss preservation and reflection of strongly homogeneous maximal

nowhere dense sublocales by localic maps.
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Proposition 4.4.5. Let f : L — M be an open localic map that sends dense elements to dense

elements.

1. Then f preserves strongly homogeneous maximal nowhere dense sublocales.

2. If f is injective, then it reflects (strongly) homogeneous mazximal nowhere dense sublo-

cales.

Proof. (1) Let F be a strongly homogeneous maximal nowhere dense sublocale of L and choose
a non-void sublocale o(y) N f[F] N f[F] where y € M. Such a sublocale is f[F]-regular-closed.
The F-regular-closed sublocale o(h(y)) N F N F is non-void otherwise, o(h(y)) N F = O so
that f[F] C flc(h(y))] = flf-1]c(v)]] C ¢(y). Therefore f[F]No(y) = O which is not possible.
Since F' is strongly h.m.n.d, W N F is m.n.d. Because open localic maps that send

dense elements to dense elements preserve maximal nowhere dense sublocales (by Proposition

44.3), f [o(h(y)) AFN F} is mn.d in M. Since

f[oEIAFAF]

N
~
j=)
=
<

N 1N
| =
| "o
==
<L
~—|
~—| |
D)
=
D
=
)

N

o(y) N fIF] O fIF]

and because o(y) N f[F] N f[F] is nowhere dense in M, it follows from Proposition 4.1.11(2)
that o(y) N f[F] N f[F] is m.n.d. Thus f[F] is strongly homogeneous maximal nowhere dense
in M.

(2) We only prove reflection of strongly homogeneous maximal nowhere dense sublocales.
That of homogeneous maximal nowhere dense sublocales follows the same sketch. Let K
be a strongly homogeneous maximal nowhere dense sublocale of M and consider a non-void
sublocale o(x) N f_1[K] N f_1[K] where 2 € L. We must show that this f_;[K]-regular-closed
sublocale is m.n.d. We have that o(f(z)) N KNK is a non-void K-regular-closed sublocale. To
see that it is non-void, observe that having o( f(z)) N K N K = O implies that o(f(z))NK = O
so that

O = falo(f(@)] N falK] = o(h(f(2))) N falK] = o(z) N [ [K]
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where the latter equality follows from injectivity of f. This cannot be true, so o( f(z)) N KNK
is non-void. Since K is strongly homogeneous maximal nowhere dense, o(f(z)) N K N K is
m.n.d in M. Because open localic maps are weakly open and f sends dense elements to dense

elements, it follows from Proposition 4.4.1 that f_i[o(f(z)) N K N K] is m.n.d. Observe that

Salo(f(z)) N KN K] = falo(f(2) NK]O foaK] = falo(f(2))] N fo[K] N K]
where the latter equality follows from openness of f. By injectivity of f,
Jaalo(f(2)) N KN K] =o(z) N fa[K]N f4]K]

making o(x) N f_1[K] N f-1[K] m.n.d. in L. Thus f_;[K] is strongly homogeneous maximal

nowhere dense in L. O]

Observation 4.4.6. For the preservation of homogeneous maximal nowhere dense sublocales,
the localic map f in Proposition 4.4.5 must also preserve closed sublocales. That is, it must

also be closed which is a rather too stringent condition.

Open localic maps also allow us to study, under certain conditions, preservation and re-

flection of inaccessible and almost inaccessible sublocales as presented below.

Proposition 4.4.7. Let f : L — M be an open and injective localic map. Then for all open
S eS(L),

1. f[SInaC(S)] g SInaC(f[S])7 and

2. f[SAinac(S)] g SAinac(f[S])'

Proof. (1) Let S = o(x) for some = € L and choose A € Sppac(S). Observe that f[A] C f[S].
To show that f[A] is f[S]-inaccessible, select an (M \ f[S])-nowhere dense sublocale N. Since
f is open, we have that f[S] is open so that f[S] = o(y) for some y € M. Now, N C ¢(y)
which implies that f_;[N] C f_1[c(y)] = ¢(h(y)). Observe that ¢(h(y)) = c¢(z). To see this, let
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My)<a = y< (i) < f(o)
—  o(y) C o(f(a))
— flo(@)] € o(f(a) since flo(z)] = f[S] = o(y)
— o(2) € falflo(@)] € Falo(f(a))] = o(h(f(a))) € o(a)
—  ¢(a) C cfa)

so that a € ¢(x). On the other hand, for a € ¢(z), we have

r<a

(y)
o(h(y)) = f-1lo(y)] € f-1[flo(a)]] = o(a) since f is injective

el

making a € c(h(y)).

Therefore f_1[N]
ie, M~ fIS]=c(y)

¢(x). We show that f_1[N] € NMO(L \ S). Since N € MO(M ~ f[9]),
c¢(y) N M ~ N, we have ¢(y) = c¢(y) N o (/\ N). Therefore

) = Falew] € £ fetnne (AN))
= [ m(/\N)] since f is open
= (b)) no(h(AN))
- (e {AV)))
= <(h(y) N (L~ fa[N))
- c(h(y))m(L\f,l[N]) since f is open.

Therefore ¢(h(y)) N [L < c(h(y)) N (L N f_l[N]ﬂ — O making f1[N] € MD(c(h(y))). Be-
cause ¢(h(y)) = ¢(x) = L S, we have that

Fa[N] € MD(L N S). (4.4.1)
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Since A € Spac(S), AN f_1[N] = O. Because f is open, AN f_1[N] = O. Since f_;[N] =

c(h(AN)), AC o (h(AN)) = f-rlo (AN)]sothat f[A] C f[f-1[o (AN)]] € o (AN). There-
fore O = f[A]Nc¢(AN) = fI[A]N'N. Thus f[A] € Smac(f[S]).

(2) Choose A € Sainac(S) and an (M \ f[S])-nowhere dense sublocale N. (4.4.1) still holds

since it does not require A to be S-inaccessible. Therefore A C SN SN L\ f_1[N] so that
ACSNSN fqlo(AN)] because f is open. We get that

fiap < s lsnsnr o (AN)]

N
=
A
D
—
W
D
™
o
I~

N
=
X
D
&h
W0
D
™
)
~

M
=
X
D
=
A
D
kﬁ
™
o
—
=
~—

IN
)
je2)
)
)
2
)
()
>
=
N———

Thus FA] € Samel /5], .

Proposition 4.4.8. Let f : L — M be localic map such that both f and h send dense elements

to dense elements and let T € S(M) be closed nowhere dense. Then

1. f1[Smac(T)] € Smac(f-1[17]), and

2. [ff is open, then f*l[SAinac(T)] - SInac(ffl[T])'

Proof. (1) Let T € S(M) be closed and nowhere dense and choose A € Spac(T). Then
f-1[A] C f4[T]. Let N € MO(L ~\ f_1[T]). Since, by [26], P~ g_1[C] C g_1[R ~\ C] for every
localic map ¢ : P — R with C' € S(R), we get that N C L~ f_1[T] C f_1[M \ T)]. Therefore
fIN] C flf-1[M \T)] € M ~T. We show that f[N] € MD(M ~ T). Because h is weakly
open, it follows from Theorem 3.1.2 that f_,[—] : S(M) — S(L) preserves closed nowhere
dense sublocales so that f_1[T] is closed nowhere dense in L. By Corollary 2.1.4, L ~ f_1[T]

is open and dense. Now, N being nowhere dense in L ~ f_1[T] implies N is nowhere dense
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in L. Since f sends dense elements to dense elements, it follows from Lemma 3.1.7 that f[—]
preserves nowhere dense sublocales so that f[N] is nowhere dense in M. Observe that f[N] is
nowhere dense in M ~\.T. To see this, let y € M be such that o(y)N(M~T) C f[N]N(M~T).
Then o(y) N (M \T) C f[N]. Because M . T is open in M and f[N] € MD (M), we have that
o(y) N (M \T) = O making o(y) € 7. But T is nowhere dense in M, so o(y) = O implying
that

fIN] e MD(M N\ T). (4.4.2)

S-inaccessibility of A implies AN f[IN] = O. Therefore
O = [ANTINT| = FalA) 0 fo [FINT) = falal e (n (£ (AN))) 2 FalAI NN,

Thus f_1[A] € Smac(f-1[T]).

(2) Assume that f is open. Set 7' = ¢(b) for some b € M and choose A € Spinac(T). (4.4.2)
still holds, so

A Ce(b)Ne(b) N (M \m) — ¢(b)Ne(b)No (/\f[N]).

Therefore

= c¢(h(b)Nf [c(b) No (/\ f[N])} since f is open

= che) et no (n(f(AN)))
C  o(h(b)) Ne(h(b)) No (/\ N)
= falTInfa[T]n (L~ N)

= lefl[T} (f_l[T] N (L AN N)) .

Thus f_1[A] € Sainac(f-1[T]). -
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Chapter 5

Remoteness in Bilocales

In mathematics (particularly, frame theory), it is prevalent to want to know how an introduced
notion fits in other settings. In this chapter, we present an extension of remoteness in the

category of bilocales.

5.1 (7,j)—nowhere dense sublocales

We devote this section to introducing (4, j)-nowhere dense sublocales from (7, j)-nowhere dense
subspaces and studying some of their properties. (i, 7)-nowhere dense sublocales will be used

in the theory of (i, j)-remote sublocales that will follow after this section.

Recall from [30] that for a bitopological space (bispace in short) (X, 7, 72), where int,,
and cl,, (for ¢ = 1,2) denote the 7;-interior and 7;-closure, respectively, a subset A of X is
(73, 7;)-nowhere dense in X if int, (cl;,(A)) = 0 (i # j). We will extend this notion to locales

and explore some of its bilocalic properties.

We recall the following notions of bilocales from Chapter 1. A bilocale is a triple (L, Ly, L»)

where L1, Ly are subframes of a locale L and for all a € L,

a:\/{(ll/\GQIClleLl,ageLg and a; A as < a}.

We call L the total part of (L, Ly, Ly), and Ly, Ly the first and second parts, respectively.
We use the notations L;, L; to denote the first or second parts of (L, L1, Ly), always assuming

that i,j = 1,2, i # j.
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For ¢ € L; we denote

c':\/{xELj:a:/\c:O}.

For a bilocalic notion of (7;, 7;)-nowhere density, we introduce bilocalic counterparts of the
notions of closure and interior. Let (L, Ly, L2) be a bilocale. In [51], the authors introduced

the following notation for a sublocale S C L:
eLi(S) = ({ela) sa € L, S C e(a)} = ¢ (\/{a €L;:SC c(a)}) (i =1,2).
We define int;(S) as follows:

int;(S) = \/{o(a) : a € Li,0(a) € S} (i =1,2).

We shall refer to these concepts as bilocale closure and bilocale interior, respectively.

Throughout this thesis, we assume that ¢ # j € {1,2}, unless otherwise stated.

We define an (7, j)-nowhere dense sublocale as follows.

Definition 5.1.1. Let (L, Ly, L2) be a bilocale. A sublocale S of L is (i, j)-nowhere dense if
int;(cl;(5)) =0 (i # j € {1,2}).

Our discussion of (7, j)-nowhere density involves bilocale interiors and bilocale closures.
Before we consider the properties of bilocale closures and bilocale interiors which will be
useful below, we collect some properties of the bilocale pseudocomplement in the following

proposition. We remark that some of these might be part of bilocale folklore.

Proposition 5.1.2. Let (L, Ly, Ly) be a bilocale and i # j € {1,2}. Then

1.0° =1y,
2. For everya € L;, a Na® = 0.

3. aNb=0iffa<0® forallac L;be L.
4. a < b implies b* < a® for all a,b € L;.

5. For each a € L;, a < a*°.
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6. For each a € L;, a® = a**®.

7. (aVb)* =a®* A for every a,b € L;.

Proof. (1) By definition of a bilocale pseudocomplement,

0':\/{1:6Li:x/\0:0}:1Li.

(2) If a € L;, then
a/\a’za/\\/{xELj::U/\a:0}:\/{a/\x:xeLj,x/\a:()}:O

where the second equality follows since L is a locale.
(3) Let a € L and b € L;.
(=) Ifanb=0,thenac{z e L;:2ANb=0}.So,a<b*=\{zeLl;:zNb=0}

(<=): Assume that a < b°*. Since b* is the largest element in L; missing b, a must also

miss b.

(4) Let a,b € L; be such that @ < b and let ¢ = b*. Then ¢ < b* and ¢ € L;. It follows
from (3) that ¢ A b= 0 so that ¢ A a = 0. Therefore ¢ < a®. Thus 0* < a°.

(5) For each a € L;, we have that a*®* = \/{x € L; : 2 Aa®*=0}. ButaAa®*=0and a € L;

so a < a*.

(6) Let a € L;. From (5) we have that a < a*® so that by (4), a**® < a®. For the other
inequality, we have from (2) that a® A (a®)®* = 0. Now that a* € L; and (a*)® € L;, application
of (3) gives a® < (a®)** = a***. Thus a® = a***.

(7) Let a,b € L, and y = (a vV b)*. Since L; is a subframe, a Vb € L; so that y € L;. It
follows from (3) that y A (aVb) =0, i.e., (yAa)V (yAb) = 0. Therefore yAa =0and yAb=10
making y < a® and y < b°, by (3). Thus y < a® A b°.
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On the other hand, we have that

@V A@ ALY = ((
= ((
(b

= 0.

aVb)ANa®)A((aVb)AD®)

aNa®)V(bAa®)) A ((aAND®)V (BADY))

ANa®) A (aAND®)

Therefore a®* Ab* < (a VvV b)*. Thus (aV b)* = a® Ab°.

We discuss some properties of bilocale closure and bilocale interior in the next result.

Proposition 5.1.3. Let (L, L1, Ly) be a bilocale and S,T € S(L).
hold for i # j € {1,2}.

10.

11.

12.

15.

. [51] S C S C cly(S).

If T C S, then cl;(T) C cl;(9).

. ¢(a) = cli(c(a)) for every a € L;.

int;(S) = o (\/{a € L; : o(a)  S}).
int;(S) C int(S) C S.

[fT CS, then inty(T) C int;(S).
int; (int;(S)) = int;(S).

o(a) = int;(o(a)) for every a € Li.

For each a € L;, ¢(a®) = cl;(o(a)).

For each a € L;, 0(a®) = int;(c(a)).

For each a € L;, cl;(o(a)) = L \ int;(c(a)).

For each a € L;, int;(c(a)) = L~ ¢

Lj(o(a)).
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14. For each a € L, L ~ int;(0(a)) = cl;(c(a)).
15. For each a € L, L ~ cli(c(a)) = int;(o(a)).
Proof. (1) Observe that {a € L; : § C ¢(a)} C {b € L: 5 C ¢(b)}. Therefore
V{eeLi:SCc(a)} <\/{beL:SCc(b)}
so that
SCS=c¢ <\/{b €L:SC c(b)}) Ce (\/{a €L;:5C c(a)}) — cli(S).
(2) Let T C S. Then
{aeLi:SCe(a)} C{beli:TCed)} = \/{beLi:SCc)}<\/{aeL:TCca)}

Therefore

(3) It suffices to show that cl;(cl;(S)) C cl;(S):

cli(cli(S)) = (C (\/{x €L;:5C C(JU)}))
= ¢ <\/{y €Li:c (\/{:1: €Li:SC c(:B)}) - C(y)}>
= c(\/{yELi:yg\/{xeLi:SQC(x)}}).

Observe that
freLi:SCe@)}C{yeLiy<\/{zeL:SCca)})
which implies
cli(cly(S)) = ¢ (\/{y €Li:y<\/{freL:Sc c(x)}}) Ce (\/{x €Li:SC c(x)}) — cli(S).
(4) We have
cli(cl(a)) = ¢ (\/{x € L :c(a) C c(:v)}) —¢ (\/{x €L x< a}) — ¢(a)
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for all a € L;.

(5) We have
int,(S) = \/{o(a) : a € Ly, 0(a) € S} = 0 (\/{a € Li:oa) C 5}) .
(6) Observe that {o(a) : a € L;,0(a) C S} C {o(b) : b € L,0(b) C S}. Therefore,
int;(S) = \/{o(a) : a € L, 0(a) € S} € \/{o(b) : 0(b) C S} =int;(S) C S.

(7) Similar to the proof of (2).
(8) Similar to the proof of (3).
(9) Similar to the proof of (4).
(10) We have that
dilo(@) = ¢(\{w €L, o) Ce(@)})
= c(\/{xEL x/\a—O})

for each a € L;.

(11) Similar to the proof of (10).
(12) Combination of (10) and (11).
(13) Similar to the argument of (12).
(14)

14) Observe that

L~inti(o(a)) = L~o (\/{x €L o(x) C 0(a)}>
— Lo (\/{x € L;: c(a) C c(:@})
= ¢ <\/{x € L; : c(a) C c(w
= cli(c(a))

S~—
——
v

for all a € L.
(15) Similar to the proof of (14). O

We consider i-dense sublocales. Recall from [55] that a subset A of a bitopological space
(X, 71, 72) is i-dense if cl,,(A) = X. This recalled notion motivates the following definition of

an i-dense sublocale.
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Definition 5.1.4. A sublocale A of a bilocale (L, Ly, Ly) is i-dense if cl;(A) = L.

We work towards showing that a subset A of a bitopological space (X, 7y, 7) is i-dense if

and only if A is i-dense.

Recall from [42] that given a topological property P, a bitopological space (X, 7, 7) is
sup-P if (X, 71 V 72) has property P. We say that (X, 7y, 72) is sup-Tp if (X, 71 V 72) is Tp.

In bilocalic terms, we denote the sublocale induced by a subset A of X as follows:
A = {int;yn, (X N A UG): GenVn}

We shall denote by 7 the topology 71 V 7.

Lemma 5.1.5 below provides a useful property of bilocale closure.

Lemma 5.1.5. Let A be a subset of a sup-Tp-bispace (X, 71, 72). Then

cl,(A) = cl;(A) fori=1,2.

Proof. Since A C cl,(A), AcC Cm) Because cl;, (A) is 7-closed, AC c(X~cl,(4)) = CIF;\(Z)

by Lemma 2.1.14. By Proposition 5.1.3(2), cl;(A) C cl;(¢(X ~cl,, (A))). Since X \cl, (A) € 7,
it follows from Proposition 5.1.3(4) that cl;(¢(X ~\ ¢l (A4))) = ¢(X ~ cl,(A)) which gives

N —~——

cl;(A) Ce(X Nl (A)) =cl, (A).

On the other hand, since cl;(A) = ¢ (\/{U er AC c(U)}), set \V{U € 1:: AC ¢(U)} =
V for some V € 7. Then A C ¢(V) = X<V implying that A C X ~ V. Therefore
cl,(A) Cel (X NV) =X NV since X \V is 1y-closed. We get V' C X ~\ cl,(A) so that

N —~——

¢(V) Ce(X N cl,(A)). Therefore cl;(A) C cl,,(A).

—~ —~—

Thus cl;(A) = cl, (A). O

As a result of Lemma 5.1.5, we have the following proposition which shows that in the
class of sup-Tp-bispaces, the definition of ¢-density given in Definition 5.1.4 is conservative in
bilocales in a sense that a subset A of a sup-Tp-bispace (X, 71, 72) is i-dense precisely when A

is i-dense in the bilocale (1,7, 7).
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Proposition 5.1.6. Let A be a subset of a sup-Tp-bispace (X, 11, 72). Then A is i-dense iff
A is i-dense.

—_—

Proof. A subset A of X is i-dense if and only if cl,,(A) = X if and only if cl,,(A4) = X if and
only if cl;(A) = X if and only if A is i-dense. O

We give an elementary notion of i-density.

Definition 5.1.7. Define an element z € L; of a bilocale (L, Ly, Ly) to be L;-dense (or just

i-dense) if z* = 0.

The following result gives a characterization of i-dense elements.

Proposition 5.1.8. Let (L, L, Ls) be a bilocale and x € L;. Then the following statements

are equivalent.

1. z s i-dense.

2. o(x) is i-dense.

3. Foralla € L;, a Nz =0 implies a = 0.
Proof. (1) <= (2): Observe that for any z € L;,

*=0 <= ¢2*)=L
< cl(o(z)) =L since ¢(z*) = cl;(o(x)) from Proposition 5.1.3(10)

<= o(x) is j-dense.
(2) = (3): If a € L; such that z A a = 0, then o(z) C ¢(a) which implies that
L =¢(0) = cli(o(x)) C cli(c(a)) = ¢(a).

Thus a = 0.

(3) = (1): Recall that 2* Az = 0 by Proposition 5.1.2(2). The hypothesis gives z* = 0.

Thus z is i-dense. O]
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Observation 5.1.9. Every y € L; such that x < y for some i-dense x € L; is i-dense. Indeed,

if a € L; is such that a Ay = 0, then a A x = 0 so that a = 0 because x is i-dense.

In the next result, we show that in the class of sup-Tp-bispaces, the definition of (i, j)-

nowhere density given in Definition 5.1.1 is conservative in bilocales. Recall that for each

UETZ',

vr = \{Germ:GnU=0}
= \/{GETJ:GQX\U}
= it (X \U)

= Xl (U).

Proposition 5.1.10. Let (X, 7y, 72) be a sup-Tp-bispace. A subset A C X is (7;, 7;)-nowhere

dense iff A is (i, j)-nowhere dense.

Proof. Observe that

int,, (cl, (A))

0

[ A A A A

which proves the result.

X N inty, (cl, (A) = X

ol (X el (4) = X

X Nl (X Nl (A) =10

(X Nl (A)* =0 since U*=X~cl,(U) forall Uemr
o((X \cl,(4)*) =0

int;(c¢(X \ cl;;(A4))) =0 from Proposition 5.1.3(9)

—~— ~

cleZ)) =0 since cl,(4) is 7 — closed
A O since cl,(A) = cl;(A4)

(&
int; <clz~(A)> =

The following result gives a characterization of (i, j)-nowhere dense sublocales.

Theorem 5.1.11. Let (L, Ly, Ls) be a bilocale and S € S(L). The following statements are

equivalent.
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1. S is (i,j)-nowhere dense.
2. L~ cli(S) is j-dense.

3. (V{zeL;:SCc(x)}) =0.
4. \[{z € L; - S Cc(x)} is j-dense.

5. cly(S) is (i, j)-nowhere dense.

Proof. (1) <= (2): We have that

int;(c(S) =0 <= o (\/{a €L;:0(a) C cli(S)}> ~0
— (\/{a €L;:o(a)C cli(S)}> -y
— (\/{a e L;: (L~cL(S)) C c(a)}) - I,
since cl;(.S) is complemented.

<= cli(L~cl(S)) =L by Proposition 5.1.3(4).

(2) <= (3): Observe that

ci(L~cl(S)) =L

cl; (L\C<\/{xeL S Co(z >) I
o (o (V{zeLi:sce@)})) =1

‘ ((\/{x €Li:SC C(33)}> ) L by Proposition 5.1.3(10)
(\/{a} €L;:5C c(x)}). —0.

[

(3) <= (4): Follows from definition of j-density.
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(4) <= (5): We have that

\/{a: € L;: S Cc(x)}is j-dense

(5) <= (1): Follows since cl;(cl;(5))

IHHHHHHIIHHHHI

\/A{z € Li: cli(S) C cli(e(x)) = e(x)} is j-dense
\/{z € L;:o(x) C L\ cli(S)} is j-dense

( (\/{xEL CL\cl(S)}>>:L
( (\/{meL S C ez )})) ~
( )

o L\t( {xeLi:Sgc(as)}> ~L

ey (L~ cl(S)) = L

L~cl (L~ cL(S) =0

0 (\/{a eL;: L~cl(S)C c(a)}) ~0
(\/{a €L, o) Cdl (S)}) ~0

int; (cl;(S)) =0

int; (cLi(cli(S))) = O since cli(cl;(S)) = cli(S)

cl;(S) is (7, j)-nowhere dense.

In terms of closed sublocales, we get the following characterization of (7, j)-nowhere dense

sublocales.

Corollary 5.1.12. An element a € L; is j-dense iff ¢(a) is (i, j)-nowhere dense.

We give more properties of (i, j)-nowhere dense sublocales.

Proposition 5.1.13. Let (L, Ly, Ly) be a bilocale and S € S(L). The following statements

hold.

1. S is (i,j)-nowhere dense whenever cl;(S)NBL = 0.

2. Let T € S(L). If S is (i,7)-nowhere dense and T' C S, then T is (i, j)-nowhere dense.
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Proof. (1) Observe that

() NBL=0 <<= BLC L~ cli(9) since cl;(5) is complemented
— L~ci(S)=1L
= cl;(L~cli(S)) =L by Proposition 5.1.3(1)

< int;(cli(5)) =0

where the latter equivalence can be deduced from the proof of Proposition 5.1.11(4) <= (5).

(2) f T C S, then cl;(T) C cl;(S) by Proposition 5.1.3(2). This implies that int;(cl;(7")) C
int;(cl;(9)). But int;(cl;(S)) = O, so int;(cl;(T")) = O.

OJ

To characterize (7, j)-nowhere dense sublocales in terms of B L, we recall from [29] that a

bilocale (L, Ly, Ls) is balanced if x € Ly implies * € Ly and = € Ly implies 2* € L.

In a balanced bilocale (L, Ly, Ly), a* = a® for all a € L;. Indeed, it is clear that a* < a*.

Furthermore, if y = a*, then y € L; and y A a = 0. Therefore y € {x € L; : a Az = 0}. Thus
y:a*g\/{xeLj:a/\x:O}:a'.

Proposition 5.1.14. Let (L, Ly, Lo) be a balanced bilocale and N € S(L). Then N € S(L) is
(i, j)-nowhere dense iff BL Ncl;(N) = O.

Proof. For each N € S(L), we have that

N is (i,j)-nowhere dense <= (\/{a: €L;,:NC c(:p)}). = 0 by Theorem 5.1.11
= (VlzeL:nc c(m)}>* — 0 since (L, L1, Ly)
is balanced
< o0 <\/{x €eL;,:NC c(a:)}) is dense
< BLCo (\/{x €L;:NC c(x)})
= %Lﬁc(\/{xELi:Ngc(x)}>:O
— BLNL(N)=0
which proves the result. [
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We recalled in preliminaries the frame-theoretic definition of a nowhere dense quotient
map which was defined by Dube in [16]. This notion was motivated by Plewe’s definition
of a nowhere dense sublocale. In bilocales, we could only get the following result in an at-
tempt to get a notion of an (7, j)-nowhere dense biframe homomorphism in such a way that
a sublocale S of a bilocale (L.Ly, Ls) is (4, j)-nowhere dense precisely when the biframe map

vs : (L, Ly, Ly) — (S, S1,S2) is (i, j)-nowhere dense.

Proposition 5.1.15. Let (L, Ly, Ly) be a bilocale and S € S(L). If S is (i, j)-nowhere dense,

then for each non-zero x € L;, there exists a non-zero y € L with y < = such that vs(y) = Os.

Proof. Let x be a non-zero element of L;. Since S is (i, j)-nowhere dense, the L;-element

\/{aeLi:Sgc(a)}:\/{aeLi:ag/\S}

is j-dense by Theorem 5.1.11. It follows from Proposition 5.1.8 that \/ {a € L; : a < \ S} Ax #
0.Sety=V{aeL,:a<A\NS}Az. Theny <z, y#0and

Vs(y):V,g(\/{CLGLiZCLS/\S}/\{L') :VS<\/{6LELi2a§/\S}>/\Vs(l‘)SOS

which proves the result. [

We show below that the converse of Proposition 5.1.15 is not always true.

Example 5.1.16. Let (X, 71, 72) be a bitopological space where X = {a,b,c}, 1 = {0, X, {a}}
and 75 = {0, X, {a,b}}. Then the triple (7 = {0, X, {a}, {a,b}}, 71, 7) is a bilocale and the
sublocale S = {X,{a}} is not (1, 2)-nowhere dense but for each non-empty A € 7, there is a
non-empty B € 7 such that B C A and vg[B] = 05 = {a}.

We introduce certain types (4, j)-nowhere dense sublocales which give the converse of Propo-

sition 5.1.15. In light of Proposition 5.1.8(3), we give the following definition.

Definition 5.1.17. Let (L, Ly, L) be a bilocale.

1. An element y € L is said to be almost i-dense in case y A a = 0 implies a = 0 for all

CI/GLZ
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2. A sublocale of L is almost i-dense if it meets every non-void open sublocale induced by

an element of L;.

3. A sublocale N of L is almost (i, j)-nowhere dense if Oy is almost j-dense.

We give the following results, some of which will be used below.

Proposition 5.1.18. Let (L, Ly, L) be a bilocale.

1. For both elements and sublocales, i-density implies almost i-density.
2. An element y € L; is i-dense if and only if it is almost i-dense.

3. Everyy € L such that x <y for some i-dense (resp. almost i-dense) x € L; is almost

1-dense.
4. Fvery element that is dense in the total part of a bilocale is almost i-dense.
5. (i,j)-nowhere density implies almost (i, j)-nowhere density.
6. A sublocale N C L is almost (i, 7)-nowhere dense iff N is almost (i, j)-nowhere dense.

7. For each N € S(L), if cl;(N) is almost (i,j)-nowhere dense, then N is almost (i,7j)-

nowhere dense.

Proof. (1) The proof for elements is clear.

For sublocales, let S € S(L) be i-dense. We show that for every x € L;, SNno(x) = O
implies o(x) = O. Let x € L;. Then

SNo(z) =0 = S C¢x)

™~
I
el
=
N
o,
=
E
[
2
8
S~—

l
=3
=
Il
O

(2) Trivial.

(3) Let y € L be such that x <y for some i-dense x € L;. If z € L; is such that y Az =0,

then x A z = 0. Since x is i-dense, z = 0, making y almost i-dense.
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The other part follows since by (2), almost i-dense = i-dense for all z € L,.

(4) Let € L be dense in L and choose a € L; such that x Aa = 0. Then a < z* = 0,

making a = 0. Thus z is almost ¢-dense.

(5) Let S € S(L) be (7, j)-nowhere dense. It follows from Theorem 5.1.11 that \/{a € L; :
S Cc(a)} is j-dense. Since \/[{a € L; : S Cc(a)} = \/{a € L; : a <05} < 0g, it follows from

(3) that Og is almost j-dense. Thus S is almost (4, j)-nowhere dense.
(6) Follows since 0y = Oy for every N € S(L).

(7) Because Oc,(vy = V{a € L; : a < On} < Op, it follows from (3) that Oy is almost
j-dense whenever Oq,(n) is. Thus if cl;(N) is almost (7, j)-nowhere dense, then N is almost

(1, 7)-nowhere dense. O

We get the following result where the left to right implication is proved similarly to Propo-

sition 5.1.15. We shall therefore only prove the converse.

Proposition 5.1.19. Let (L, Ly, Lo) be a bilocale and S € S(L). Then S is almost (i,7)-

nowhere dense iff for each non-zero x € L;, there exists a non-zeroy € L with y < x such that

Vg(y) = OS-

Proof. (<=): We show that Og is almost j-dense, i.e., 0g Az # 0 for every non-zero = € Lj;.
Let z € L; be such that = # 0. By hypothesis, there is a non-zero y € L with y < z such that
vs(y) = 0s. Because y < vs(y) and y A x # 0, we have that 0g A x # 0. Thus Og is almost

j-dense making S almost (7, j)-nowhere dense. O

Observation 5.1.20. The combination of Proposition 5.1.19 and Proposition 5.1.15 tells us

that (i, j)-nowhere density implies almost (4, j)-nowhere density.

5.2 (i,j)-remote sublocales

The aim of this section is to introduce and study (i, j)-remote sublocales. These are bilocale

counterparts of remote sublocales introduced in Chapter 2.

We give a definition of an (i, j)-remote sublocale.
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Definition 5.2.1. Let (L, Ly, Ly) be a bilocale. A sublocale S C L is (i, j)-remote if NNS = O

for every (i, j)-nowhere dense sublocale N of L.

In bispaces, we shall say that a subset A of a bispace (X, 1, 72) is (7, 7;)-remote in case

NNA=0 for all (r;, 7;)-nowhere dense subset N of X.

We consider some examples.

Example 5.2.2. (1) The void sublocale is (i, j)-remote.

(2) In a balanced bilocale (L, Ly, Ls), BL is (i, j)-remote. This follows from Proposition
5.1.14.

(3) In a symmetric bilocale, which was defined in [4] as a bilocale (L, Ly, Ly) in which

L = Ly = Ly, the sublocale BL is (i, j)-remote.

(4) If A is an (i, j)-remote sublocale of L, then every sublocale of L contained in A is

(i, j)-remote.

Next, we define sublocales that are (i, j)-remote from a dense subbilocale. Recall from
Chapter 1 that a subbilocale of a bilocale (L, Ly, Lo) is a triple (5, S, S2) where S is a sublocale
of L and

S; =vglL;] for i=1,2.

We shall say that (5,51, 52) is a dense subbilocale of L in case S is dense in L. To avoid

confusion, we shall use subscripts i and jg for subframes of a sublocale S.

Definition 5.2.3. Let (5,51, 52) be a dense subbilocale of a bilocale (L, Ly, Ly). A sublocale
T C Lis (i,7)-remote from (S,S1,5) if cl;(N) N T = O for every (ig,js)-nowhere dense
N € 8(9), for i # j € {1,2}.

We combine into one theorem results about both the notions of (7, j)-remoteness given in
Definition 5.2.1 and Definition 5.2.3. In the same theorem, we give a condition such that all

the results are equivalent.

We start by observing that, for a subbilocale (.S, S1, Ss) of a bilocale (L, Ly, L), cl;(cs(x)) =
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cli(c(x)) for every x € S;. Indeed,

iles(z) = ¢ (\/{y € Li:cs(z) Cely })
= o(ViyeLiies@) ey
= <\/{y € Li:c(x) C C(y)}> since  ¢s(x) = ¢(x)
l(e(x)).

We remind the reader that for any dense sublocale S of a locale L, 0g = 0y and hence

vs(z) = 0g if and only if x = 0.
The following lemma will be useful below.
Lemma 5.2.4. Let (S, Sy, 52) be a dense subbilocale of a bilocale (L, Ly, Lo). An element y of

L; is j-dense iff vs(y) is j-denses.

Proof. (=): Let y € L; be a j-dense element. Since vg[L;] = S;, vs(y) € S;. Now, choose

a € S; such that a A vg(y) = 0. Then a = vg(z) for some x € L;. Therefore
0=wvs(z) Avs(y) =vs(x Ay) =z Ay.

Since y is j-dense and « € L;, x = 0 so that vg(z) = 0. Thus vg(y) is j-denseg.

(<=): Let y € L; be such that vg(y) is j-denseg and choose a € L; such that a Ay = 0.
Then 0 = vg(a Ay) = vs(a) A vs(y). But vs(y) is j-denseg, so vs(a) = 0 by Proposition
5.1.8(3). Since a < vg(a), a = 0 making y j-dense. O

Theorem 5.2.5. Let (S,51,52) be a dense subbilocale of a bilocale (L, Ly, La) and let A €
S(L). Consider the following statements.

1. A is (i,7)-remote.

2. Ancly(C) =0 for every (i, j)-nowhere dense C' € S(L).
3. ANN = O for every (i, j)-nowhere dense N.

4. ANc(z) = O for each j-dense x € L;.

5. A Co(a) for every j-dense a € L;.
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6. va(d) =1 for every j-dense d € L;.
7. A is (i, 7)-remote from S.
8. Ancli(c(c)) = O for each j-denses c € S;.

9. A Cint;(o(p)) for every j-denses p € S;.

Then 1 <= 2 <=3 <=4 <= 5<+= 6 — 7 <= 8 <= 9. Moreover, all these statements

are equivalent whenever S; = L; (with © not neccessarily equal to j).

Proof. (1) <= (2): Follows since a sublocale C' of L is (i, j)-nowhere dense if and only if

cl;(C) is (i, j)-nowhere dense.

(2) = (3): Let N € S(L) be (i, j)-nowhere dense. Since N C cl;(N), it follows from
Proposition 5.1.13(2) that N is (4, j)-nowhere dense. Therefore AN N = O.

(3) = (4): Let « € L; be j-dense. It follows that ¢(x) is (i, j)-nowhere dense. By (3),

O=Anc(z) =AnNc(x).

(4) <= (5): Follows since AN¢(y) = O if and only if A C o(y) for all A € S(L) and every
ye L.

(5) = (6): Let d € L; be j-dense. By (5), A C o(d). Since vg(a) = 1 if and only if
B Co(a) for every a € L, B € S(L), va(d) = 1.

(6) = (1): Let N € S(L) be (7, j)-nowhere dense. It follows from Theorem 5.1.11 that
V{a € L;: N Cc(a)}isa j-dense element of L;. By hypothesis, v4(\/{a € L; : N C¢(a)}) =1
which implies that A Co(\/{a € L; : N C ¢(a)}). Therefore

O=Anc (\/{a €L NC c(a)}) = AN cL(N).

(6) = (7): Choose an (ig, js)-nowhere dense N € S(S). Then cl;((N) is (ig, js)-nowhere
dense. But clj(N) = ¢s(\Vg{b € Si: N Ceg(b)}),soset c=\g{be S;: NCcg(b)}. Then

¢ € S; and j-denseg. Since S; = vg[L;], there is y € L; such that vg(y) = ¢. Tt follows from
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Lemma 5.2.4 that y is j-dense. By (6),

valy) =1 <= A Co(y) since vg(a) =1 if and only if B C o(a) for every a € L, B € S(L)
= Anc(y)=0
< Ancl(c(y)) =0 by Proposition 5.1.3(4)
—  Ancdc(c(vs(y))) = since ¢(vs(y)) C ¢(y)

(
—  Ancl(eg(c)) =0
< Ancl(clig(cs(c))) = O by Proposition 5.1.3(4)
(

—  Ancl(cy

clig(N))) =0
=  Ancl(N)=0.

S

(7) = (8): Let ¢ € S; be j-denseg. Then cg(c) is (ig, js)-nowhere dense. By (7),

0 = cl(cs(c)) N A = cli(e(c)) N Al

(8) <= (9): We have that ANcl;(c(z)) = O if and only if A C L ~\ cl;(¢(z)) = int;(o(z))
for all A € S(L) and every = € L.

(9) = (7): Let N € S(S) be (ig, js)-nowhere dense. We get that \/¢{a € S; : N C ¢cg(a)}
is a j-denseg element of S;. By (9), A Cint; (0 (\/g{a € S; : N C c¢g(a)})) which implies that

0=An (L . int; <o <\/{a €S;:NC cS(a)}>>> = Ancl; <c (\/{a €S;:NC cs(a)}>>

where the last equality follows from Proposition 5.1.3(14). But

cl; (cs (\/{a €S;:NC cs(a)}>> Ccl; <c (\/{a €S;:NC cs(a)}>> :
S S

O=Anc, (cs (\/{a €Si:NC cs(a)}>) =AnNcl (cliy(N)) 2 Ancl(N).
S

SO

For the special case, assume that S; = L;. We prove (7) = (4). For each j-dense
a € L;, we have that a € S; and a is j-denseg, so that ¢(a) is (ig, js)-nowhere dense. By (7),
cli(es(a)) N A = O which implies that O = cl;(¢(a)) N A = ¢(a) N A. O

124



We give a neccessary and sufficient condition for the total part of a bilocale to be (i, j)-

remote as a sublocale of itself.

Proposition 5.2.6. Let (L, Ly, Ly) be a bilocale. The following statements are equivalent.

1. L is (i,j)-remote as a sublocale of itself.

2. 1 is the only j-dense element of L;.

Proof. (1) = (2): Let x € L; be j-dense. We show that x = 1. Since L is (i, j)-remote as a
sublocale of itself, L N ¢(z) = O by Theorem 5.2.5(3). Therefore ¢(z) = O making x = 1.

(2) = (1): Let x € L; be j-dense. By (2), x = 1 so that ¢(z) = O. Therefore LN¢(z) = O.

Thus L is (i, j)-remote as a sublocale of itself.

Next, we discuss (i, j)-remoteness of closed sublocales.

Proposition 5.2.7. Let (L, Ly, Lo) be a bilocale and a € L. Then c(a) is (i,])-remote iff

aVx =1 for every j-dense x € L;.

Proof. For each j-dense z € L;, Theorem 5.2.5 implies that

c(a) Ncli(e(x)) =0 <= ¢(a)Ne(z) =0
<~ <¢(ava)=0

<— aVzx=1

which proves the result. O]

Following Proposition 5.2.7, we get the following result for the case of sublocales that are

(i, j)-remote from a dense subbilocale.

Proposition 5.2.8. Let (5,51, 52) be a dense subbilocale of a bilocale (L, Ly, Ly) and a € L.

Then c(a) is (i, 7)-remote from S iff aV x =1 for every j-denses x € S;.

In what follows, we move the introduced notions of (7, j)-remoteness to bispaces.
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Proposition 5.2.9. Let (X, 7, 7) be a sup-Tp bitopological space and A C X. Then A is
(i,7)-remote iff A is (1;,7;)-remote, where i # j € {1,2}.

Proof. (=) : Let N C X be (7;, 7;)-nowhere dense. By Proposition 5.1.10, N is (1, j)-nowhere

dense in 7. By hypothesis, gﬂCli(ﬁ) = 0. But cli(ﬁ) = cl,.(N), so EﬂclTi(N) — O. Therefore
Sand,, (v)) = O making A Ncl,, (N) = 0.

(«<=) : Let F be an (i, j)-nowhere dense sublocale of 7. By Theorem 5.1.11, cl;(F) is (4, j)-
nowhere dense in 7. But cl;(F) is 7-closed, so there is a 7-closed B C X such that cl;(F) = B.
It follows from Proposition 5.1.10 that B is (7;, 7;)-nowhere dense. Therefore BN A = (). By
Observation 2.1.17,

O=BnA=c,(F)NA

which implies that F'N A=0 as required. ]

In bispaces, recall that the authors of [31] define a subbispace of a bispace (X, 7, 7;) as a
triple (S, Sy, Sr,) where S, is a topology induced on S C X by 7;, for i € {1,2}. For a bispace
(X, 11, 72), we shall say that A C X is (7, 7;)-remote from a dense subbispace (S, S:,,Sr,) of
(X, 71, 72) in case A misses the 7-closure of every (55, S;,)-nowhere dense N C S. To transfer
the notion of a sublocale which is (i, j)-remote from a dense subbilocale, we start by showing
that (7, j)-nowhere density of subbilocales is conservative in bilocales. For a bispace (X, 71, 73)
and S C X, set vg[r] = S) and vg(Ta] = S,. It is clear that the triple (S, S, S») is a subbilocale

of (1,71, 7).
Lemma 5.2.10. Let (S,S51,S5) be a subbilocale of a bilocale (L, Ly, La). Then cliy(N) =

ci(N)N S for each N € §(S), where i € {1,2}.

Proof. Let x € cl; (N) and choose ¢(a) € S(L) where a € L; and N C ¢(a). Then N C
c(a) NS = cs(vs(a)) and vg(a) € S; since vg[L;] = S;. Therefore x € cs(vg(a)) C c¢(a). Thus

On the other hand, let x € c|;[N]NS and a € S; be such that N C ¢g(a). Since S; = vg[L;],

a = vg(y) for some y € L;. Because cg(a) = c(a) NS,

N Ce(a) NS =cws(y)) NS < e(vs(y)) € ely).
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Therefore z € ¢(y) making = € ¢(y) N S = cs(vs(y)) = cs(a). Thus = € cl;((N). O

Proposition 5.2.11. Let (X, 7,72) be a sup-Tp-bispace and S C X. Then N C S is
(Sr;, S5, )-nowhere dense iff N C S is (i3, j5)-nowhere dense, where i # j € {1,2}.

Proof. (=): We show that

\/ {o§(U) LU €8, 05(U) C clig[ﬁ]} — 0.

5
Let U € §j be such that og(U) C cl; (]V) Because §j = vg[7;], U = vg(V) for some V € 7;.
We get that 0g(U) = 0g(vg(V)) = o(V)NS = VNS Since cl;_ (N’) — L, (M)NS = o, (N)NS
by Lemma 5.2.10, VNS C cﬁ)ﬂg Therefore V 1 S - cm) making VNS Ccl,(N)NS.
But V € 75,50 VNS € S;,. Therefore VNS = (). Because V' € 7, it follows from Observation

2.1.17 that 0 = VN S = 05(U) making int;_ (clig <N)) — 0. Thus N is (i5, j5)-nowhere

dense.

(<=): Let U € S, be such that U C cl,(N). Then U =V NS for some V € 7;. Since V'

e~ —

is 7-open, it follows from Lemma 4.1.7 that V N .S C cl,(N) = cl;(N). Therefore

05(vg(V) =o(V)NS =V NS Ccl(N)NS = cli_(N).
Such vg(V') belongs to vg[7;] = S;. Since N is (ig, jg)-nowhere dense,

OZOg(Vg(V)):VﬂSQVﬂS.

Therefore ) = V' NS = U. Thus N is (S5, S, )-nowhere dense. O

Now, we show that the definition of a sublocale (i, j)-remote from a dense subbilocale is
conservative in bilocales. The proof is similar to that of Proposition 5.2.9, taking into account

the result proved in Proposition 5.2.11. It shall be omitted.
Proposition 5.2.12. Let (X, 1, 72) be a sup-Tp-bispace and S C X. Then A C X is (1;,7;)-
remote from (S, S:, Sr,) iff A € S(7) is (i, j)-remote from (g, S, §2)

We close this section with a short discussion on how (4, j)-remote sublocales are sent back
and forth by bilocalic maps as defined below. We start by recalling that a biframe map
h: (M, My, My) — (L, Ly, Ly) is a frame homomorphism h : M — L for which

h(M)C L, (i=1,2).

127



Definition 5.2.13. We call f : (L, Ly, L) — (M, My, Ms) a bilocalic map if (i) f: L — M is
a localic map, (ii) f[L;] € M, for i = 1,2, and (iii) f*: (M, My, My) — (L, Ly, Ls) is a biframe
map, where f*: M — L is the left adjoint of f.

For a bilocalic map f : (L, Ly, Ly) — (M, My, M), the localic map f : L — M is called
the total part of f: (L, Ly, Ly) — (M, My, Ms).

For a bilocalic map f : (L, Ly, Lo) — (M, My, My), f[-] : S(L) - S(M) and f_;[—] :
S(M) — S(L) are respectively the usual localic image and localic preimage functions induced

by the total part of f.

We have not seen the above introduced concept of a bilocalic map in the literature.

Example 5.2.14. For a locale L and S € S(L), the localic embedding map (S,S,S) —
(L,L, L) is a bilocalic map.

Proposition 5.2.15. Let f : (L, Ly, L) — (M, M, M) be a bilocalic map. Consider the

following statements:

1. f* sends j-dense elements to j-dense elements.
2. foa]—]: S(M) — S(L) preserves (i, j)-nowhere dense sublocales.

3. fl=]: S(L) = S(M) preserves (i, j)-remote sublocales.

Then for i # j € {1,2}, (1) <= (2) = (3). Moreover, if (L, Ly, L) is balanced, then
(1) = (2) = (3).

Proof. (1) = (2): Let A € S(M) be (i, j)-nowhere dense. Then \/{x € M, : A C ¢(x)} € M;
is j-dense. It follows that f*(\/{z € M; : A C ¢(z)}) is j-dense and f*(\/{z € M; : A C

¢(z)}) € L; because f* is a biframe homomorphism. Therefore

¢ (f* <\/{x €M :AC c(m)})) - [c (\/{x €M :AC c(x)})] — 1 [cLi(A)]

is (4, j)-nowhere dense by Proposition 5.1.12. Because f_1[A] C f_1[cl;(A4)], it follows from
Proposition 5.1.13(2) that f_;[A] is (¢, j)-nowhere dense.
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(2) = (1): Let a € M; be j-dense. By Corollary 5.1.12, ¢(a) is (7, j)-nowhere dense. By
hypothesis, f_i[¢(a)] is (i,j)-nowhere dense. But f_i[c(a)] = o(f*(a)), so ¢(f*(a)) is (4,))-

nowhere dense, making f*(a) € L; j-dense by Proposition 5.1.12.
(2) = (3): Let A € S(L) be (i, j)-remote and choose an (i, j)-nowhere dense sublocale N
of M. Set cl;(N) = ¢(a) for some a € M;. By (2),

cli(f1]e(@)]) N A = cl(c(f*(a))) N A = O.

But f*(a) € L;, so ¢(f*(a)) N A = 0. Clearly ¢(a) N f[A] = O. Thus cl;(N) N f[A] = O.

For the special case, we prove (3) = (1). Assume that (L, Ly, Ly) is balanced, f[—]
preserves (i, j)-remote sublocales and let a € M;. It follows from Example 5.2.2(2) that BL
is (i, j)-remote. Since (i, j)-remote sublocales are contained in every open sublocale induced
by Lj-elements and f[—] preserves (i, j)-remote sublocales, f[BL] C o(a). Therefore BL C
f-1[o(a)] = o(f*(a)), making the L;-element f*(a) a dense element of L. By Proposition
5.1.18(4), f*(a) is almost j-dense so that it is j-dense by Proposition 5.1.18(2). ]

Proposition 5.2.16. Let f : (L, Ly, Ly) — (M, My, Ms) be a bilocalic map that sends j-dense

elements to j-dense elements. Then f_,|—| preserves (i, j)-remote sublocales.

Proof. Let A € S(M) be (i, j)-remote and choose a j-dense x € L;. Since f[L;] C M; and f
sends j-dense elements to j-dense elements, f(x) € M; is j-dense. Therefore ANc(f(z)) =0
which implies that f_;[A] N¢(x) = O, as required. O

To give an example of a bilocalic map f such that f_;[—] preserves (i, j)-remote sublocales,

we consider the following notations.

Definition 5.2.17. Let f : (L, Ly, Ly) — (M, My, M5) be a bilocalic map. We call f:

1. Dense if its total part is dense.

2. Injective if the restrictions f|;, : L, — M; are injective maps, for i € {1,2}.

It is clear that an injective bilocalic map has an injective total part.
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Example 5.2.18. For a dense and injective bilocalic map f : (L, Ly, Ls) — (M, My, Ms),
f-1]—] preserves (i, j)-remote sublocales. To verify this, it suffices to show that f sends j-
dense elements to j-dense elements. Let y € L; be j-dense and choose z € M, such that

z A f(y) =0. Then

[r@) Ny = f @) N (fy) = (@A fly) = f(0)=0.
Since y is j-dense, f*(x) = 0. Therefore x = f(f*(x)) = 0. Thus f(y) is j-dense. It follows

from Proposition 5.2.16 that f_i[—] preserves (i, j)-remote sublocales.

5.3 A sublocale RempglL

In this section, we construct a sublocale from a collection of elements inducing (i, j)-remote

sublocales. Some properties of this sublocale will be studied.

For a bilocale (L, Ly, L), set
RemgpL = {xz € L:c(z) is (1,2)-remote} = {z € L : xV a =1 for every 2-dense a € L,}.

In the following result, we put some restrictions on (L, Ly, Ly) so that RemgL is a sublocale

of L.

Proposition 5.3.1. Let (L, Ly, L) be a bilocale such that:

1. L is a coframe, or

2. Every La-dense member of Ly is complemented in L.
Then RempL is a sublocale of L.

Proof. We only verify (2). Let each a, € RemgL and y € L be 2-dense. Since y is comple-

mented in L,

yv/\aa:/\(yvaa):/\{l}zl

so that A aq € RempL.
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Furthermore, let x € L, a € RempgL and y € L; be Ly-dense. Then y V a = 1. Since
a < x — a, we have that y V (r — a) = 1. Thus x — a € RemgL.

Hence RempL is a sublocale of L. O

Comment 5.3.2. The idea of having a subframe L; of L whose members are complemented
in L is not outrageous. Zarghani et. al. in [62] and [61] define a topoframe as a pair (L, T)

where L is a frame and 7 a subframe of L all of whose elements are complemented in L.
Denote by:

1. BiLoc the category of bilocales whose morphisms are bilocalic maps.

2. TBiLoc the full subcategory of BiLoc whose objects are bilocales (L, Ly, L) satisfying

the condition that each Ls-dense member of L; is complemented in L.

3. BiCFLoc the full subcategory of BiLoc where objects are bilocales whose total parts

are coframes.

4. RemBiLoc the full subcategory of BiLoc whose objects are bilocales (L, L1, Ls) giving

rise to the sublocale RempgL.

Observation 5.3.3. Proposition 5.3.1 tells us that TBiLoc and BiCFLoc are full subcate-

gories of RemBiLoc.

We consider some examples.

Example 5.3.4. (1) Consider the bitopological space (X, 11, 7), where X = {a,b,c}, 1, =
{0, X,{a},{b,c}} and 7o, = {0, X, {b}}. Tt is clear that all 75-dense members of 7; are comple-
mented in 7 = {0, X, {a}, {0}, {b, ¢}, {a,b}} and RempT = ¢({a}) is a sublocale of 7.

(2) Consider the bitopological space (X, 11, 72), where X = {a,b,c,d}, 1 = {0, X,{b, c}, {b}}

and 7 = {0, X, {a, b}, {c,d}}. Tt is clear that all T5-dense members of 7; are complemented in

T ={0, X, {b}, {c}, {b,c}, {a,b}, {c,d},{a,b,c}, {b,c,d}}

and RempT = {X}.
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(3) The total parts of the bilocales in (1) and (2) are coframes. In fact, in both (1) and
(2) we considered the category TBiLoc N BiCFLoc. For a different perspective, consider the
bilocale (OR, L; = {0, R}, Ly = OR). We have that (OR, L, Ly) ¢ Obj(BiCFLoc) (see, for
instance, [33]). Since 1 = R is the only Ls-dense element of L; and 1 is complemented in L,

(OR, Ly, Ly) € Obj(TBiLoc).

(4) Consider the bitopological space (X, 11, 72), where X = {a,b,c,d}, 1 = {0, X,{c},{a,c}}
and 7 = {0, X, {b,c}}. Clearly,

7= {0, X,{c},{a,c},{b,c}, {a,b,c}}

is a coframe so that (7,71, 7) € Obj(BiCFLoc), but {c} is a 7»-dense member of 7; which is

not complemented in 7, making (7,7, 72) ¢ Obj(TBiLoc).

(5) A bilocale is Boolean, [56], if © <; « for each z € L;, i = 1,2, i.e., there is ¢ € L; (i # j)
such that xtAc = 0 and xVe¢ = 1. This tells us that each x € L;, i = 1, 2, is complemented in L.
As a result of this, every Boolean bilocale is an object of TBiLoc and hence of RemBiLoc.
A symmetric Boolean bilocale is an object of TBiLoc N BiCFLoc. This is so because every

Boolean locale is a coframe.

(6) Recall from [28] that the collection €L of all congruences on the locale L form a locale.
The triple (€L, V,Ar), where Vi = {V, :a € L} and Ay is the subframe of €L generated
by {A, : a € L}, is a bilocale called the congruence bilocale of L. The congruence bilocale of
a locale is an object of TBiLoc. This follows since every member of V is complemented in

CL.

(7) For a symmetric bilocale (L, Ly, Ly), RempL = L if and only if L is Boolean. The

verification is similar to that of Corollary 2.1.30.

In what follows, we consider conditions such that the bilocale of ideals of a locale L induce
RempL. Recall from [4] that the triple (JL, (JL)1, (JL)2), where JL is the locale of all ideals
of L and (JL); (i = 1,2) is the subframe of JL consisting of all ideals J C L generated by
J N L;, is a bilocale called the ideal bilocale. A locale is called Noetherian if all of its elements

are compact. All ideals in the following result are in the total part of the bilocale.
Proposition 5.3.5. A bilocale (L, Ly, L) is an object of TBiLoc only if (JL,(JL)1, (JL)2) €
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Obj(TBiLoc). Moreover, if L is Noetherian, then (L, Ly, Ly) is an object of TBiLoc iff
(JL, (IL)1, (JL)2) € Obj(TBiLoc)

Proof. Let x € Ly be Ls-dense. Since a < x € Ly N Jx for each a € |z and |x € JL,
Jz € (JL);. The ideal |z is (JL)o-dense. Indeed, let J € (JL)y be such that J A Lz = 0yz.
If a € J, then a < b for some b € JN Ly. But (AJ)Ax =0and b <\ J,sobAz =0
making b = 0 since x is Lo-dense. Therefore a = 0. Thus J = 037, so that |x is (JL)s-dense.
By hypothesis, |z is complemented in JL, i.e., there is I € JL such that I A | = 05, and
IV ]z =15 =]1. Since I C |(\/I), (VI)V z = 1. Since we also have that (\/I) Az =0, z
is complemented in L. Thus (L, Ly, L2) € Obj(TBiLoc).

For the special case, let J € (JL); be (JL)o-dense. Recall from [6] that a locale is Noethe-
rian if and only if each ideal is principal. So, |\/J = J, making \/J € J. Therefore \/J < z
for some z € L; N J, making \/J = x € Ly. Observe that \/J is Ly-dense. To see this, choose
y € Lo such that y A (\/J) = 0. Then (J\VJ)Nly = 0z.. But J C [(\/J), so JNly = 0;1, so
that |y = 03z. Therefore y = 0 and hence \/J is Lo-dense. Since (L, L1, Ly) € Obj(TBiLoc),
\/J is complemented in L, i.e., there is a € L such that a vV (\/J) = 1 and a A (\/J) = 0.
Therefore 13, = (L\V/J) Ve = JV ]a and 03, = (L\V/J) Ada = J A la. Therefore J is
complemented in JL. Thus (JL, (JL)1, (JL)2) € Obj(TBiLoc). O

Proposition 5.3.6. Let (L, L1, Ls) € Obj(RemBiLoc). Then RempglL is a closed sublocale
of L.

Proof. We show that for every A € S(L), A C RempgL implies A C RempL. Assume that
A C RempL and let 2 € A and y € L; be 2-dense. Since A A € RempL, (A A)Vy = 1. But
NA <z soxVy=1. Thusz € RempL. Consequently, RemgL C RempL, making RemgL

a closed sublocale. O

Observation 5.3.7. Since BL is seldomly complemented, Proposition 5.3.6 tells us that
RempgL is not always the same as B L. This is also confirmed by Example 5.3.4(1) where
Br = {0, X,{a},{b,c}} # Rempr. Noting the fact that B7 N Rempr = {{a}, X}, we also
get that RempL is not always nowhere dense. Since Ogem,- = {a} does not meet the non-zero

{b} € 7, Remp7 is also not almost (1,2)-nowhere dense (hence, not (1,2)-nowhere dense).
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Lastly, Remp7 is not remote because it does not miss the T-nowhere dense sublocale ¢({a, b}).

We showed earlier that every closed sublocale of a locale which is also a coframe is a
coframe. As a result of this, we have that if (L, Ly, Ls) € Obj(BiCFLoc), then RempL is

closed and hence a coframe. We get the following immediate result.

Proposition 5.3.8. If (L, Ly, Ly) € Obj(BiCFLoc), then (RempL, V(gem1)[L1]; V(Rempr) [ L2])
is an object of RemBiLoc.

In the following result, we give neccessary and sufficient conditions for RemgL to be the

whole locale.

Proposition 5.3.9. Let (L, Ly, Ly) € Obj(RemBiLoc). The following statements are equiv-

alent.

1. RemgL = L.
2. L is (1,2)-remote as a sublocale of itself.

3. 1 is the only 2-dense element of L.

4. 0e RemBL.

Proof. (1) = (2): Let € L; be 2-dense. Since 0 € RempL, we have that 0Vz = 1, implying
that x = 1. Thus 1 is the only 2-dense element of L;.

(2) <= (3): Follows from Proposition 5.2.6.

(3) = (4): Since 1 is the only 2-dense element of L;, we have that 0 V x = 1 for every

2-dense x € L, making 0 € RempgL.

(4) = (1): Follows since RempgL is closed. O
Observation 5.3.10. One should not confuse Example 5.3.4(5) with Proposition 5.3.9. The
conditions in Proposition 5.3.9 do not always imply that the total part L is Boolean. For

instance, consider the set X = {a,b, c} endowed with topologies 71 = {0, X, {a}} and 7 =
{0, X,{b}}. We have that 7 = {0, X, {a}, {b},{a,b}} and the only 75-dense member of 7 is
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X which is complemented in 7 making (7, 7y, 73) € Obj(TBiLoc). It follows from Proposition
5.3.9 that RempT = 7, but 7 is not Boolean since, for instance, the element {a} is not

complemented.

We consider a condition on (L, L;, L) € Obj(RBiLoc) such that RemgL is a remote

sublocale of L.

Proposition 5.3.11. Let (L, Ly, Ls) be a bilocale. If

1. (L, Ly, Ly) € Obj(BiCFLoc), OR

2. (L, Ly, Ly) € Obj(TBiLoc) with L, = L,

then RempL is a remote sublocale of L.

Proof. The case of (L, Ly, Ly) € Obj(BiCFLoc) follows from Corollary 2.1.32.

For (L, Ly, Ly) € Obj(TBiLoc), let y € L be dense. By Proposition 5.1.18(4), v is almost
2-dense. But y € Ly, so y is 2-dense by Proposition 5.1.18(2). It follows from Theorem 5.2.5
that ¢(z) C o(y) for every z € RempL. That is © € o(y) for all z € RempL. Therefore

RempgL C o(y). Thus RemgL is a remote sublocale of L. O

Observation 5.3.12. (1) The converse of Proposition 5.3.11 is not always true. Example

5.3.4(1)-(4) are counter examples.

(2) Since BL is the largest remote sublocale of a locale L, Proposition 5.3.11 tells us that
RempL C BL whenever Ly = L.

Since, according to [50], the frame homomorphism V : L — €L is an isomorphism if and
only if L is Boolean, we have the following result which holds since RempgL is remote and

hence Boolean for (L, Ly, Ls) € Obj(BiCFLoc).

Corollary 5.3.13. For every (L, Ly, Ly) € Obj(BtCFLoc), Vrem,r : RempL — €RempgL

s an isomorphism.

In light of Example 5.3.4(7), we have the following result.
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Proposition 5.3.14. Let (L, Ly, L2) € Obj(RemBiLoc). Then
(RempL,RempL,RempL) = (L, L, L)
iff L is Boolean.

Proposition 5.3.15. Let (L, Ly, Ly) € Obj(RemBiLoc). Then vg[RemgL] C RempgS for
every dense subbilocale (S, S1,52) € Obj(RemBiLoc) of (L, Ly, Ly).

Proof. Let © € RempgL and choose a 2g-dense y € S;. Then y = vg(a) for some a € L. It

follows from Lemma 5.2.4 that a is 2-dense. Therefore z V a = 1 so that
1 =vs(x Va)=rvs(x) Vs vs(a) = vs(z) Vs y.
Thus vg(z) € RempS. O

Observation 5.3.16. If (L, L,, Ls) € Obj(BiCFLoc), then all open subbilocales and closed
subbilocales of (L, Ly, L) are objects of BICFLoc. The case of closed subbilocales was verified
in Chapter 2 where we showed that every closed sublocale of a locale that is a coframe is itself
a coframe. We verify the case of open subbilocales. Choose x € L. We show that o(x) is a

coframe. Let a, € o(z) for each a and y € o(x). Then

Y Vo(z) /\ Ao = Vo(a) (y V /\ aa)
= V() (/\(y vV aa)> since L is a coframe
= x— /\(y Voag,)
= /\(x — (y V a,)) since b — /\ca = /\(b — ¢Cq), forall b,c, € L
= AWy V ad))
= /\(?J Vo(z) Qa)-
Recall from [51] that, for any subframe L’ and sublocale S of a locale L, there is a frame

homomorphism

c

I s L 224 S

For a closed sublocale S, say S = c¢(z) for some x € L, the above frame homomorphism

vg o C : L' — S takes each a € L' to a V 2. We give the following result.
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Proposition 5.3.17. Let (L, Ly, Ly) € Obj(RemBiLoc). Then the frame homomorphism

a: Ly — RempL, defined by x +— xV Oremyr, sends L-dense elements of Ly to the top.

Proof. Let x € Ly be L-dense. It follows from Proposition 5.1.18(4) that z is almost 2-dense so
that it is 2-dense by Proposition 5.1.18(2). Since Oremyz, € RempL, 1 = 2VO0gremyr = a(x). O

In Proposition 5.3.18 below, we give conditions on a bilocalic map f : (L, Ly, Ly) —
(M, My, Ms) such that the restriction map between RempL and Rempg M is a localic map. By
a weakly closed biframe homomorphism we mean a biframe map whose total part is weakly

closed.

Proposition 5.3.18. Let (L, Ly, L), (M, My, M,) € Obj(RemBiLoc) and f : (L, Ly, Ly) —
(M, My, My) be a bilocalic map such that h : (M, My, My) — (L, Ly, Ly) is weakly closed and

sends 2-dense elements to 2-dense elements. Then
flRempr : RempL — Remp M

1s a localic map.

Proof. 1t suffices to show that f[RempL] C Remp M. Choose x € RempL and let y € M; be
2-dense. Since h sends 2-dense elements to 2-dense elements, h(y) € L; is 2-dense. Therefore

h(y) Vz = 1. But h is weakly closed so y V f(z) = 1. Thus f(z) € Remp M. O

Definition 5.3.19. Call a bilocalic map f : (L, Ly, Ly) — (M, M, My) a Remg-map if
f[RempL] C Remp M.

Example 5.3.20. The bilocalic maps described in the statement of Proposition 5.3.18 are

Rempg-maps.

Denote by BiCFLoci and RemBiLocy the subcategories of BiCFLoc and RemBiLoc,

respectively, whose morphisms are Rempg-maps.

There is a functor between RemBiLocy and Loc, as one checks routinely.
Proposition 5.3.21. The assignment
Rempg : RemBiLocr — Loc,
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(L, L17L2) — RempglL,
RemB(.f : (La L17L2) — (Ma M17M2)) = f|RemBL

with the usual composition in Loe, is a functor.

Using the fact that each RemgL € Obj(BooLoc) for every (L, Ly, Ly) € Obj(BiCFLoc),

we have the following result.

Proposition 5.3.22. The assignment Rem'y : BiCFLocy — BooLoc mapping as Remp is

a functor.

Recall from [5] that there is a faithful functor U : BiFrm — Frm which takes the total
part. It is clear that there is also a functor F' : BiLoc — Loc behaving the same as the
functor U. Furthermore, one can easily see that there is a functor G : RemBiLocp — Loc

which maps as F'.

In what follows, we show that there is a natural transformation from Rempg to G.

Proposition 5.3.23. There is a natural transformation n : Remg — G.

Proof. Let (L, Ly, Ly) € Obj(RemBiLocg) and 1,1, 1,) be the map jremyr : RempL — L.
The map 7 1, 1,) is clearly a localic map. Now, choose f : (L, Ly, Ly) — (M, M, M) €
Morp(RemBiLocg). Then the diagram

N(L,Ly,Ly)

RemplL > L
Remp (f) la(f) (5.3.1)
RemB M (M, M7, M) » M

commutes. Indeed, for each x € RemglL,

G(f)(U(L,Ll,Lz)(x» = G(f)(l’) = f(.%') = n(M,Ml,M2)<f(x)) = n(Mle,Mz)(RemB(f)(z))

which proves the result. O

Denote by RemBiLocgp the full subcategory of RemBiLocy whose objects are bilocales

(L, Ly, Ly) with 1 the only Lo-dense element of L;.
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Proposition 5.3.24. The assignment Remgp : RemBiLocgrg — Loc, where Remgp L =

RempgL and Rempgp(f) = Remg(f), is a faithful functor.

Proof. We only prove faithfulness: Let f, g : (L, L1, Ly) — (M, My, My) € Morp(RemBiLocgpg)
be such that Remgp(f) = Rempgp(g). Since, by Proposition 5.3.9, RempL = L and Remp M =
M, we have that

total part of f = firemyz = Rempgp(f) = Rempp(g) = gjremyr = total part of g.

So that f = g, making Rempgp faithful. ]

Consider the functor G : RemBiLocgrp — Loc which maps as G : RemBiLocrp — Loc.

We have the following result.

Proposition 5.3.25. The functors G and Rempp are naturally isomorphic.

Proof. Consider the natural transformation w : Rempp — G which maps as the natural
transformation 7 : Remp — G given in Proposition 5.3.23. Since L = Rempg L = Rempgp L for
every (L, Ly, Ly) € Obj(RemBiLocgg), each component w(z, 1, 1,) = Jremyr : RempL — L is

an isomorphism. Thus w is a natural isomorphism. O]
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