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Abstract

In this time of global health issues, there are out there many viruses that are shaking the world, including the
chikungunya virus, human immunodeficiency virus, corona virus, ebola virus and zika virus.

A metapopulation model describing the spread of Ebola virus disease (EVD) between two patches is developed.
Disease susceptible individuals moving from one patch into the other patch, with entries into each of the patch
as population grow. Due to migration into the patch and birth, with assumption that birth rate and death rate
constant. We also considered movement between the infected individual, amongst patches. Ebola Virus Disease
(EVD), is a very contagious and highly infectious disease which spread is determined by the number of secondary
contacts of an infectious individual moving from one community to another. We show that the metapopulation
model is non-negative, providing condition for stability of the disease at disease free equilibrium (DFE). Which is

said to be linearly stable if Ry < 1 and unstable if Rg > 1.

We also developed and analyzed a metapopulation mathematical model of Zika Virus disease (ZVD) transmis-
sion dynamics in linked communities, with movement parameter related to the two patches. With assumption
that Zika infected individuals do not migrate, we express the reproduction number representing the biological
parameter involved in rate of secondary infection of Zika Virus Disease (ZVD) in both patches. Stability analysis
is performed after which we consider four preventive measures such as personal protective measures, use of indoor
residual spray, responsiveness to health guidelines and health awareness and the prevention of movement from
one infected community to another. Numerical simulations are performed and show compartment dynamics that

concur with the analysis.
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Chapter 1

Introduction

Ebola virus disease (EVD), which ravaged several countries of the world, especially in West Africa, though highly
contagious and noted for its high mortality rate since the initial discovery in 1976 by the medical researcher, Dr.
Peter Piotin in Zaire now Democratic Republic of Congo (DRC), Africa [Team, 2014] said that Ebola virus disease
(EVD) is not a death sentence because it can be treated. So also is Zika virus disease (ZVD), though not as deadly
as EVD is a vector borne disease with higher transmission occurrences from infected individual. ZVD in recent
years attracted global attention because of its effect among neonates in Brazil, other South American countries

and Europe [Ogunbanjo, 2016, ?].

We focus this study on a mathematical model to study and investigate the effect of metapopulation in the
spread of EVD and ZVD noting the impact of movement of individuals from one population to another i.e the
effect of metapopulation and optimal control techniques i.e certain control measures on the proliferation dynamics
of the disease. This chapter is structured as follows: Background of the study, Relevant questions guiding the

research, Aim and objectives of the research, Motivation of the study and Mathematical preliminaries.



1.1 Background of the study.

Mathematical Modelling has been a great tool in the hand of researchers and this tool have been used to make
unimaginable impact to the world at large. As such, mathematical modelling techniques have successfully helped
to check the rate of change of differences in natural occurrences, taking in mind relevant mathematical principles.
Recently the world recorded a great number of casualty as a result of the resurgence of Ebola virus disease (EVD)
outbreak in certain part of Africa, especially West Africa. EVD is a deadly disease in humans which have recorded
up to 90% rate of fatality. Ebola Virus which was formerly known and called Ebola haemorrhagic fever was first
noticed greatly in its appearance in 1976 where two reoccurring outbreaks of the virus occurred in two communities
of Nzara in Sudan and Yambuku, Democratic Republic of Congo [Tseng and Chan, 2015]. EVD outbreak was
a scary scene in West Africa from 2014 to 2016 and the fatality rate was very high. Zika virus disease is not as
deadly as Ebola virus disease, because of its mode of transmission in human is not as rapid as that of EVD. The
effect of Zika virus disease (ZVD), caused by a bite from the Aaedes Mosquitoes, was first noticed in the African
continent, found in a monkey in 1947 and later found to be prevalent in human in 1952 from some countries. The
outbreak of ZVD was reported in 2013 at the island Yap, in South America. EVD and ZVD have taken a whole
new dimension in terms of dangerousness, due to the effect of migration to and from prevalent communities. From
the data released by World Health Organisation (WHO) as of May 2016 data from respective governments, report
about 28,616 suspected cases of Ebola virus disease and 11,310 deaths from infected individuals [Organization
et al., 2014,Organization et al., 2016]. While on March 2016, a Zika virus disease outbreak reported 1,263 suspected
cases, EW21 and EW30, an estimated average suspected cases of about of 293 individual and confirmed cases of
more than 200 ZVD were recorded per week in South America [Duffy et al., 2009]. In the same vain, Javier 2015
reports record of about 1.5 million individual with ZVD in 2014. He also maintained that Brazil has seen more and
more new-born cases with microcephaly abnormal, exhibiting severe congenital condition associated with a small
head, irregular shaped and incomplete brain development. Consequently, successive governments in Africa and
South America have put up different policies to combat the ugly situation. Unfortunately, this had yielded little
result. Despite the fact that governments have been firing at full cylinders to put an end to EVD and ZVD, there
is a dearth of empirical research on mathematical modeling on the spread of EVD and ZVD in metapopulation
system. Against this background, this study will attempt to do a mathematical modeling of the metapopulation

dynamics of these hydra-headed diseases. The field of Mathematical Modeling has been a great tool in modeling



natural occurrences whereby mathematical assumptions are taken governed by known mathematical law, and used
to build research in the field of mathematical modeling where differential equations and integral equations are
used to describe many instances. Principles of stochastic processes have been employed to given results to real
life problems, where the probability space is considered 2 variables of the sample space are defined, as well as the

time ¢ and the probability density function f(t).

1.2 Problem Statement

The literature on metapopulation modeling of diseases is robust, for instance, Jean Jules Tewa et al [Tewa
et al., 2012], examined the mathematical analysis of two patched disease model with reference to a tuberculosis
transmission. while, [Gould et al., 1985] examined the analysis of a multi-vector disease model without any
reference to a specific disease. In like manner [Hethcote, 1989], investigated the real-time forecast of global
epidemic spreading. These and many other studies were concerned with specific diseases other than EVD and
ZVD. To the best of our knowledge, research work on the recent spread of diseases in metapopulation systems
in Africa and South America has not been extensively explored in literature. The effect of migration, tourism,
asylum seekers as well as air and land travel of any kind have made the research on issues bothering the dynamics
of spread of disease in metapopulation systems of great research interest. Hence, this work will focus on effect of
migration and other travels on transmission dynamics of EVD and ZVD on linked communities. We seek to know
the influences of movement to and from different communities with prevalence of EVD and ZVD respectively.
This work also seek to formulate a metapopulation model, what are the equilibrium points of the model and
how can the possible impact of the key parameters of the model be investigated? Which seek to reduce such
transmission with optimal control strategies. Thereby, helping public health experts put up proper and adequate
measures. Hence, contribute its own quota to the existing body of knowledge in Mathematical Modeling of diseases

in metapopulation systems.



1.3 Research Aim and Objectives

1.3.1 Research aim

Our study is aimed at understanding transmission dynamics of Ebola virus disease (EVD) and Zika virus disease
(ZVD) in metapopulation systems, make analysis of the spread of the disease, the system of transmission in linked
communities, taking into account the migration of susceptible individual from one location to another, helping
to formulate a mathematical model of prediction and formulate adequate control measure in reducing the risk

attached to contracting the disease and making recommendation to avoid future occurrences.

1.3.2 Research objectives

To achieve this aim, the following objectives are set:

e Establishing a metapopulation mathematical model suitably representing the attribute of the diseases as

they manifest, putting in mind all constraints.

e Establishing metapopulation mathematical models, capable of analysing mode of transmission dynamics of

ZVD and EVD in relation to movement in and out of connected communities.

e Using epidemiological models to focus mainly on the transmission dynamics of these infections, so also
look at the trait dynamics from one community to the other community: genetic , cultural and addictive
characters. Each and every epidemiological units will be looked at to make proper and adequate model
assumption. In addition, collection of data will be very important as we will be looking at the irregularities

that may arise from wrong data interpretation and data analysis, Ellner et al(1995).

e Making use of results from previous research as a guide to the investigation which will be carried out on the
epidemic state and endemic state, to study the extent of the existence of a global equilibrium point for the

metapopulation and discuss its stability.

e Developing new numerical schemes, which will serve as tools to predict the movements from small patches



to larger patches of the matapopulation system, effectively, modeling the relationship of the sink and serve

sources.

e Formulating an optimal control model for EVD and ZVD respectively.The control variable for the EVD
u1 which is the fraction of susceptible human who do not travel from patch one to patch two adhering to
educational campaign at time t,uo is the fraction of susceptible human who do not travel from two patch
to patch one adhering to educational campaign at time t, ug is the controlled treatment, isolation and safe
burial of infected individuals as a means of controlling and preventing the spread at time t, and w4 is the
effectiveness of vaccine as well as other treatment at time t. The control variable for the ZVD are u;(t) which
is the personal preventive strategy and measures adopted to protect oneself from contracting ZVD such as
insect repellent or mosquito net to reduce the contacts between human, wearing of long sleeve clothing which
covers the body properly. Adequate use of insecticide spraying to kill mosquitoes is ug(t), uz(t) is the rate
of treatment of those infected with ZVD, wuy4(t) represents the efforts deployed to reduce the movement of
infected people from patch one to patch two through screening and testing. While wus(t) represent effective

health regulations approved by WHO and CDC as means of personal protection against the disease.

e Analyzing the optimal control for EVD and ZVD using Pontryagin’s Maximum Principle and Cost-effectiveness

Analysis.

1.3.3 Motivation for the study

Zika virus disease (ZVD) is one of health emergencies causing death globally but that can be treated using surgery.

Ebola virus disease (EVD) which has terminated human lives in west coast of Africa.

e This research is motivated as a form of search for mathematical solution to spread of diseases from one
geographical location to another. because of various type of travels. Finding a way to help reduce the effect

of disease transmission from a particular location to another.

e The need for our continuous research and findings on exploring new methods and techniques like those
related to the concept of differential equations and applying them specifically to epidemic models of current

diseases including Ebola and Zika.



e Another motivation for this thesis is expressed by the necessity of using mathematical models of some real
life phenomena like those mentioned above, to establish broader outlooks on their evolution, so as to be able

to make wider recommendations and predictions.

e The desire of this research is to bring about a faster ways of predicting the spread of Ebola and Zika Viruses
in a metapopulation, to observe the necessary process and formulate new dynamics which will have a great
impact and help the concerned government and organisation responsible for health management to formulate

policies as a result this accomplishment.

e Another motivation to this work is taken by the need to use numerical models to investigate the rational
behind this epidemic, proffer adequate solution and add some new models to the existing ones which have

in the past served as tools used to predict and analyze epidemiological issues.

1.4 Mathematical Modeling

Concepts of Mathematical Modeling have been a great tool in the hand of researchers that has been used to
make unimaginable impact to the world at large. In the field, we apply mathematical modeling techniques to
check the rate of change in natural occurrences translating in appropriate differential equations, obeying relevant
mathematical principles. Mathematical modeling is the basic translation of real life and physical situation of
real world issues to mathematical equations, expressions and representations for proper mathematical analysis,
formulation and prediction which in turn help to give solution and better understanding to real life situations and

problems.

Mathematical models are formulated in different ways depending on the set objectives as well as the aim of
the model. Mathematical Models are linear or non linear, static or dynamic,deterministic or stochastic as well as
discrete or continuous. The nature of the problem will determine the type of model that will be appropriate for
use. While,defining all the arguments, prediction, observation and projection the proposed mathematical model

is aimed to achieve.

Mathematical models also make use of assumptions in order to avoid ambiguity, redundancy and unrealistic



results because the mathematical models must be realistic and applicable to real life issues. Mathematical modeling
is applicable in predicting several sectors of modern technical and scientific world. Mathematical modeling has
been used successfully in meteorological sciences, physical sciences, social sciences: especially in mathematics of
finance, engineering and biological sciences. In biological sciences, mathematical modeling have been useful in its
application to the study of epidemic, spread of diseases, fisheries and aquatic and a whole lot of area of life. [Kapur,
1988] Sates that mathematical models depend on the fact that a mathematical modeler depends on real world

factors to formulate a model which tends to predict and formulate a possible solution to the real world problem.

1.5 Epidemiological preliminaries

Spread of diseases in history of humanity is dated as far back as 10BC [Frank MacFarlane Burnet et al., 1972].
Biblical, epidemic outbreak such as the Egyptian plaque which killed several animal as an outcome of unusual
large widespread of disease can also be seen as one of such older account. Such unusual deaths are caused by
the pathogens which are agents bacterial and virus. The pathogens are carried by the vectors which are capable
of transmitting and transferring the agents from one place to another at a particular rate without having any

negative or harmful effect in them, such agents are also the vector of such pathogenic substance.

Once the human population have a contact with the vector, the disease is hence transferred and begin to
manifest depending on individual systemic immune response. The way individuals react to disease differentiate
those who show symptoms symptomatic to those who do not show symptoms yet can transmit the infection
asymptomatic. Human are regarded as being susceptible to disease when they are prone to develop the disease
but are yet to be infected. The category is denoted by S. Exposed individuals are the collection of individuals
who have ingested the pathogen, have been infected but yet to show visible symptoms of such infection or disease.
The infected are the number of individuals in a population who are either symptomatic or asymptomatic, they
are denoted by I. Those who recovered are denoted by R, those who successfully recover from the infection either

naturally thanks to antibodies or by other treatment methods.

In epidemiology, diseases have different periods within which they manifest. That is known as the latent period

which is the period when the disease or infection haven’t manifested or when the individual infected haven’t



become infectious. In measles it is within 10 days while it is 2 days for Influenza. The period is referred to as

the incubation period of the disease or infection. The infection period of the disease then comes up when the

infectives can transmit infection to either a susceptible host or vector at any contact, either by the bodily fluid,

blood contact and otherwise depending on the pathogenic characteristics of the infection at time t. Mean rate of

infection, the absolute mean number of persons the initial infected individual is prone to infect is called the basic

reproduction rate or standard reproduction number, denoted by Ry.

The standard or basic reproduction number is very important and useful in the study of mathematical modeling

of infectious diseases. Generally, in mathematical modeling, it is known that when Ry < 1, the disease will die

out i:e the infection can not grow but on the other hand,when Ry > 1, then the infection grows and might lead to

an epidemic outbreak.

Epidemic: An epidemic is a very serious outbreak of a disease. There could be epidemics of most common

infections like flu.

Agent: These are the common pathogens that causes diseases such as Virus, Bacteria

Vector: Organisms which are very active in the transmission of infectious agent from a host to another.
Contact Rate: The rate of interactions of a particular community or population.

Asymptomatic: The individual who does not in anyway show symptoms of the disease

Susceptible: Those are the group of individuals who can develop the disease but are yet to be infected. They
are denoted by S

Exposed: The class of the population who host the infection but has not yet began to be infectious, denoted

as F

Infected: A member of the population such that having been infected is transmitting the infection to others.

Simply denoted as I

Passive Immune: This is the class or member of the population such as pregnant women if when pregnant,
such woman is infected, but have some antibodies across the placenta that gives the baby passive immunity.

Denoted as M



e Recovery: Members of the host population who were infected but having gone through some medication,

vaccines etc recovered and became normal. Denoted as R

e Models: Mathematical models are either Deterministic; current event depends on the past event as well as
the occurrence at a time t. Stochastic: do not depend on previous or future events, random time accounted
for at such instance. [Hethcote, 1989] introduced deterministic epidemiological models for infectious diseases
of three basic types,which have been extended to numerous mathematical models SI, SIR,SIRS, SIS, SEIR
and SEIRS used in the description of epidemiological transfer and transmission of disease dynamics. For the
purpose of this thesis, we will be using the SIR, SI and SEIR models to describe the Zika and Ebola disease

dynamics.

Basically in determining the mathematical model which will be used to model disease dynamics of a particular
disease a mathematical model considers the population size, the susceptible human or vector population, depending
of the disease dynamics, movement of individuals and the rate of interaction which determine the spread or
otherwise, the infection period, the mode of transmission of the disease, ecological and human effect, Immunity
of infected individuals as well as the incubation period of the disease are the very important criteria examined

before a mathematical model is used.

1.5.1 SIS model:

This model divides the disease compartment into the susceptible (S) and the infectives (I). The model is common
for diseases like malaria where infectives individuals do not have immunity and can return to be susceptible after
recovery. Which is the reason why the model is called the SIS model.(For more details check [Shuaib et al.,
2014, Nasell, 1996, Luo and Tay, 2013]).

1.5.2 SIR model:

The SIR model compartment are subdivided as the susceptible (S), Infectives (I) and Recovered (R) class. The

model is commonly used for modeling infectious diseases like measles, rubella and mumps where after recovery,



recovered individual are endowed with some sort of permanent immunity.(For more details see [Rachah and Torres,

2015, Weiss, 2013, Kibona and Yang, 2017]).

1.5.3 SEIRS model:

This epidemiological model describes a given disease dynamics with an exposed period where individuals may be
symptomatic ar asymptomatic. With total population subdivided into classes namely susceptible (S), Exposed
(E), Infectives (I) and Recovered (R). In this case, movement of individuals from each compartment occurs with
recovered individuals after losing their immunity returning back to being susceptible with time. (For more details

see [Ma, 2009, Melesse and Gumel, 2010, Wang, 2002]).

1.6 Ebola Virus Disease(EVD)

1.6.1 History

Ebola Virus Disease (EVD) is on record to be one of the most serious viral disease which is currently known in

the world today. EVD is very severe and fatal sickness known to human with fatality rate of about 90%.

Ebola virus disease became an epidemic and a global public health concern in 2013 when it became prevalent
in West Africa. EVD was first discovered in 1976 as a result of a disease in Sudan and in Yambuku, a small
village located near Ebola river in Democratic Republic of Congo where the disease name. Ebola virus disease
(EVD), was before then called Ebola haemorrhagic fever, which manifest primarily in human and primates. Ebola
Virus (EV) comes in six species, with four of the species very dominant in humans, namely: Zaire ebolavirus (ZE)
Sudan ebolavirus (SE), Tai Forest (TF) which was formerly known as Ebola Ivory Coast(EIC) and Bundibugyo
ebolavirus (BE).

10
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Figure 1.1: Ebola Virus Disease prevalence in Africa
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1.6.2 Transmission

Research has shown that EVD transferred to human when in contact with infected primates such as monkey,
apes and other wild animals like bats, who are considered as reservoir of the EVD. On the other hand, transfer
of EVD from one Human-to- another Human, is either through direct contact of infected persons, contact with
bodily fluids, blood, as well as body and organ secretions of an infected individuals. Improper disposal of dead
animals and humans play a majour role in the transmission of EVD, and had killed very many health officials
treating infected individuals. EVD is a deadly illness that often manifests with symptoms including fever, severe
headache, general body pain, muscles pains, soar throats and acute internal weakness. This is followed by several
organs damage eventually leading to death in the space of weeks when proper and adequate care are not given.

The incubation period of EVD is from 2 to 21 days depending on the individual and body immune system.

1.6.3 Treatment

EVD currently do not have a specific and particular drug health officials usually treat the symptoms as they
manifest in the infected individuals, giving fluids and other infusion to manage the infected individuals blood
pressure, sugar level, pains and diarrhea. The procedure of treatment begins with the blood sample of an infected
individual taken to laboratory for proper diagnosis. No anti retro-viral drug currently has been licensed by
the world health organization (WHO) and Centre for Disease Control (CDC). Recently, Recombinant vesicular
stomatitis virus—Zaire Ebola virus (rVSV-ZEBOV) vaccine for vaccinating adults was approved for medical use in
2019 by European Union (EU). The vaccine was also subjected to usage in the E’Quateur province of DR Congo

in a 2018 [Cnops et al., 2015] and have been extensively used to vaccinate more than 90,000.
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1.7 Zika Virus Disease(ZVD)

1.7.1 History

ZVD is of the genus Flavivirus family [Daudens-Vaysse et al., 2016] with about 53 different species [Dick et al.,
1952]. ZVD is caused by mosquito that is very close and related phylogenetically to the already existing mosquito-
borne flaviviruses known by public health specialist Dengue Virus Disease (DVD), Yellow Fever Virus Disease
(YFVD) and West Nile Virus Disease (WNVD) [Gould et al., 1985].The virus which was first discovered in
Uganda over 70 years ago while some researcher where working on YFVD in a forest in Uganda, Africa. ZVD was
first found in a rhesus monkey but the disease was not reported in human until late 1951 in a study carried out in
Africa by Fagbemi a Nigerian Sero-epidemiologist and some other African researchers before the outbreak of ZVD
which occured in Yap Island [Fagbami, 1977] , Micronesia. Prior to that outbreak, only few occurrences of ZVD
had been recorded in Africa and Asia before the 2007 Yap Island outbreak. With epidemiological surveillance,
epidemiological and entomological studies carried out, ZVD is seen as a prevalent in travelers and migrants from
tropical countries to non tropical countries. This is a form of metapopulation, the main focus of this thesis.
However, the recent spread of ZVD in South America [Daudens-Vaysse et al., 2016] have led to concerns of public
health expert as well as mathematical epidemiologists looking at various possible ways to reduce the neonatal

problems in neonate born to ZVD infected mother [Chaikham and Sawangtong, 2017].

1.7.2 Transmission

ZVD is an arboviral disease which also manifests like a DVD-like infection is believed to be transmitted by the
Aedes mosquito which is the main vector. There are other mode of transmission of ZVD besides the mosquito
vector, transplacental transmission between an infected mother and the new born child is presently a global
concern on the rate of ZVD infection [Duffy et al., 2009]. ZVD can also be transmitted sexually [Kucharski et al.,
2016]. Safety guidelines for prevention of sexually transmission of ZVD by World Health Organization and other
public health organization. ZVD can also be transmitted through unscreened blood transfusion [Wagner et al.,

2019, Willyard, 2017].
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1.7.3 Treatment

Clinical observation shows that ZVD causes acute febrile sickness, about 25% of infected persons develop mild
and self-limited illnesses, with flu-like syndromes which occur with some slight fever, rash, headache, myalgia and
frequent vomiting [Chikaki and Ishikawa, 2009] . ZVD is an emerging infection, with no specified antiviral drug or
vaccine [Dick et al., 1952]. Because the ZVD manifest like DVD, the drugs and procedure used for the treatment
of DVD are used [Fauci and Morens, 2016, Chikaki and Ishikawa, 2009]. The prevention of ZVD is a deliberate
measure which include prevention of arboviral infection, using mosquito treated nets, wearing long gear covering
body. Efforts towards having a vaccine to prevent ZVD are currently ongoing [Barrett, 2018] pregnant women in

ZVD prone communities are advised to avoid crowded areas.

1.8 Metapopulation

A metapopulation is a concept that has been a very powerful demographical tool in analysis of ecological processes,
spatial processes and temporal processes. metapopulation is a constituent of spatially separated populations of
a group of the same species, either animals or organisms interacting at some level. [Vandermeer and Carvajal,
2001] gave a definition of metapopulation as “set of local populations within some larger area, where typically
migration from one local population to at least some other patches is possible” Metapopulation is also considered
to be a random walk which animals undergo within the range of their home. For the purpose of this thesis, we
define a slightly simpler version, as a cohort of local populations between which distributing, spreading of living
things or people over a wide area is possible. Especially within their natural habitat in form of a local population,
subcommunity or subpopulation. These are groups of such individuals inhabiting a particular habitat or a patch
and due to the common boundaries and nearness of some sort, share and interact with each other. The potential
population in each of the habitats and patches is very important because features of a metapopulation are the
critical habitat, how and where interactions occur within or outside, as events happen from one patch to another.
Metapopulation is a concept fondly used in conservation and pest management which is used to explain persistence

of species.

Metapopulation models often refereed to as patchy models considers the implicitly characteristics of both
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temporal and spatial subpopulations. The concept of metapopulation has been widely explored farther habitats
are considered because of various means of transportation, especially in humans [Heino and Hanski, 2001]. Air
travels, tourism, migration and so on, have made movement from one habitat to another easy. In these model we
are looking at local habitat patches which exist and there are interactions between the each of the communities,

what is the effect of such movements and interactions on the spread of diseases.

1.8.1 Colnfection

Coinfection occurs when an infected individual is diagonized simultaneously with multiple pathogen species. In
virology, coinfection of infected individuals includes simultaneous effect of a single cell by two or more virus or
bacterial particles. The most common coinfection globally is tuberculosis and HIV [Muthuri and Malonza, 2018].
For the purpose of this thesis, we are not considering coinfection of EVD and ZVD. ZVD and Chikungunya virus
disease (CVD) are flavivirus and alphavirus respectively, which are infectious RNA arboviruses transmitted to
humans by the bite of Aedesspecies mosquitoes [Fleming-Dutra et al., 2016, Sanchez-Vargas et al., 2004]. Making
coinfection of both ZVD and CVD possible in human. There is no evidence of coinfection of EVD and ZVD in

the literature.

1.9 Mathematical preliminaries

We discuss briefly essential principles of mathematical modeling used in this thesis. The concept of basic repro-
duction number, stability results for ordinary differential equation, bifurcation analysis, optimal control method,
the general optimal control problem, Pontryagin’s maximum principle, necessary and sufficient conditions of the
optimal control. Kermack-McKendrick, introduced the deterministic model for communicable diseases. Which is

a system of two differential equations:

S = —BSI
I'=(BS —a)l

R =al
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the population under study is divided into three compartments: S,I, and R with the key value Threshold governing
the evaluation of the epidemic given by:

Ry =5

o
Ry defines the number of secondary infection after an interaction with the infectious case.

e when Ry < 1,in this case,is the rate the disease will decline and eventually die out.

e when Ry > 1,in this case,each existing infection causes more than one new infection. Such that
dI
— >0

extensions allow the model to take in some new parameters like birth, migration and death and some sort of
immunity, which is represented as:

as

7 =byg+bgS+ bl +brR—AS —mgS
di di . . .
7 + da = d(a)A(S+oR) —~(a)i — p(a)i —mi(a)i

1) = /0 ~ i(a,t)da

d oo
ar / (v(a)i(a,t)da — o AR — mprR
dt 0

where by is known as the rate of immigration of the susceptible population, b; is the birth rate and m; is the
mortality rate in a given state j. with infection pressure

)\:/0 (B(a)i(a,t)da).

Kermack and McKendrick showed that stationary solution is attainable in an endemic state

Theorem 1.9.1. {Kermack-McKendrick} A general epidemic notation evolves according to the differential equa-
tions from initial values (Sp, Iy, 0), where Sy + Ip = N.

1. (Survival and Total Size). This is the entire sample scale, which is the population where infection ultimately

cases spreading, given a positive number S of susceptible remains uninfected, and the total number Ro, of
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individual which ultimately infected are then removed equals to So + Iy — Se. Then there exists the unique
root of the equation

R,

N — Roo = So+ Iy — Reo 2506_70
where Iy < Roo < So+ Iy, p = % accumulatively are the relative removal rate.

. (Threshold Theorem). In a given population, under which a given state is maintained, a majour outbreak

occurs if and only if % (0) > 0; this happens only if initial number of S —0 > p.

. (Second Threshold Theorem) If Sy exceeds a given threshold o by a small quantity v while the initial number
of infectives Iy is small relatives v, then the remaining number of susceptibles left in the population is
approximately o — v the level of susceptibles is to a certain point below the threshold as it originally was

above it:

Proof. Given the rate of transmission of the equations above

1dS  BdR _ 1dR

Sdt ydt o dt

, from which we get

R(t)
Y

S(t) = Spe”

where R is equal to 0 as t — oo

O

Theorem 1.9.2. Let (S(t),1(t)) be a solution of the differential equation as defined above. If o > 1 then D =

((S5,0) : 0 < S < 1) is an asymptotic stability region for the equilibrium point (

o <1 D is an asymptotic stability region.

), where o = ﬁ If

Theorem 1.9.3. Assume that P,QQ € R are continuously differentiable in an open connected region D, one the

solution path of
a'(t) = P(z,y)

y'(t) = Q(z,y)
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if there exists a continuous differentiable point in D such that:

0 0
52 BP) + 5.(BQ)

then, there are no closed paths in D

Proof. The Closed paths must contain at least one eliminate possibility, so that if R contains no closed paths in
D. Since no path leaves D, R is contained in D, by assumption

0 0

52 (BP)+ 5. (BQ)

has the same sign throughout D and Green’s theorem,

0

dedy dydz
= B|l———-—=—)dt=
/F (dt dt dt dt)

which is a contradiction. O

0+ / / [ (BP) + 8(3@)] dA = intr(BP)dy — BQdx

1.9.1 Basic Reproduction Number

The basic reproduction number or basic reproduction ratio denoted by Ry is as the average number of persons
infected by an index infective individual in a population considering that all others are susceptible | [Van den
Driessche and Watmough, 2002, Van den Driessche and Watmough, 2008] In this study, the reproduction number
is carefully thought out with the peculiarities of EVD and ZVD respectively. The movement within each patch
played a critical role in the maximum reproduction number R,,,,; which was adopted to represents average number
of secondary case resulting from the contact of the index case with susceptible individuals in each of the population.
The maximum reproduction number helps in determining whether or not a disease (Ebola and Zika) will spread
through in each of their separate metapopulation. The transmission and contagion effect of EVD and ZVD
will be reduced to zero as disease will be regarded to have died out of the each metapopulation, if R, < 1.
Whenever R4, > 1, meaning each infected individual who is either infected with EVD or ZVD in their respective
metapopulation, infects more than one person as the case may be, such that EVD and ZVD disease persists in

the population.
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In doing this, we explore the non-negative next generation matrix to find the basic reproduction number, which
is the spectral radius of the next generation matrix. The next generation matrix technique which was studied
by Van dan Driessche and Watmough [van den Driessche and Watmough, 2002, van den Driessche, 2017] is a
general method for Rmax in cases where several classes of infections are involved. Basic reproduction number
cannot be determined from mathematical models alone considering the heterogeneous population especially with
spatial factors to be considered. Different stages of the disease are grouped on n compartments such that z =
(w1, 22,3, ..., 1) for every x; > 0 indicating the number of individuals in each of the compartment depending on
the mathematical model. Let X4 be the set of all disease free state, that is Xy =2 >0:2;,=0,1=1,2,3,....m
where m is the number of disease free state in each of the population. Let F;(x) be the appearance rate of new
arrival of infected individual in compartment ¢, V;r is the rate of transfer of infected individuals into compartment
i, by all means considered, V™ is the rate of transfer out of compartment ¢ by other means as Fy and Zj is the

Ebola free equilibrium and Zika free equilibrium respectively.

Considering a non-negative disease transmission model as state and a continuously differentiable function of

the system of equation:
da:i
dt

= Fi—Via),i=1,2,3,..,n (1.9.1)

where n is the number of compartment in the population considered and V;(z) = V; (z) — Vi (z). If zp is the

disease free equilibrium point as the derivatives of F' and V represented by mxzm matrices, then:

F and V matrices are computed such that F'= Jacobian Matrix of F at disease free equilibrium [8@30)}

V= Jacobian Matrix of V at disease free equilibrium [8%75;0)]

with 1<t <m

The matrices F' contains trend of new infections while V' contains the transfer of infection. The basic repro-
duction number Ry = p(FV 1) of the next generation matrix which is defined as F'V ! is the spectral radius or

the dominant eigenvalue of the next generation matrix.
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1.9.2 Stability Analysis

The stability analysis of any ordinary differential equation is very important as regards mathematical modeling.
Stability analysis of a dynamical system play a very important role, the stability and instability of the equilibra
determine these roles. Hence, it is very useful to be able to be able to classify equilibrium point based on its

stability.

Definition 1.9.1. A steady state x* is said to be Lyapunov stable if any trajectory stationary near x* remains

forever. In other words ¥ € >0, 3 6 > 0 such that if ||£(0) —z* < §||, then ||z(0) — z*| <€

Definition 1.9.2. A steady state x* is said to be asymptotically stable if it is Lyapunov stable and all trajectory

converges to x*. In other words ¥ € > 0, 3 6 > 0 such that if [|x(0) — z* < 0|, then tlim |x(0) —2*|| =0
—00

Theorem 1. Given the system & = Ax, where A is the matrixz of the linearized nonlinear system (1.5). Then,

e the equilibrium point, &, is stable if all the eigenvalues of A have only imaginary parts.
e the equilibrium point, &, is asymptotically stable if all the eigenvalues of A have negative real parts.

e the equilibrium point is unstable in all other cases.

Local stability:

Considering a system of an ordinary differential equation below:

dx

—=F 1.9.2
= F(@) (192)
where = (z1,72,...,2,)7 and F = (F}, I, ..., F,)T where each F; for every i = 1,2,3,...,n is a continuous

function for R™ to R.

dx;
dt

The equilibrium point for the above system (1.9.2) is found by setting =0 for i =1,2,3,...,n which gives

E(fla T2, T3,y .eny w_n) =0
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for i #1,2,3,...,n and T = (21, T2, T3, ..., )L in R™.
To determine the steady state solution (local stability) of the equilibrium point, we shift the origin to Z using
transformation;

Xi=z;—x;,1=1,2,3,....n

neglecting higher order terms with this change of variable in equation (1.9.2) we have a linearized term below;

dX
— = AX.
dt

Which is called the Jacobian matrix of the system (1.9.2) such that

oF;

A= X,

and

X = (X1, X9, X3, ..., X,)T

and the system (1.9.2 ) is said to be asymptotically stable for system (1.9.2).

Whenever the eigenvalues of the Jacobian matrix are will negative real parts, to ensure that the dynamic system
is linearly asymptotically stable at equilibrium point, the sign of the roots of the characteristics equation corre-
sponding to the Jacobian matrix are useful relying on verifiable mathematical assertions like the Routh Hurwitz
Criterion [Afanasiev et al., 2013] of stability. Which gives necessary and sufficient condition for a polynomial to

have all its roots negative real parts.

Routh Hurwitiz Criterion:

The Routh- Hurwitz stability criterion is a popular and well used mathematical analysis in control system which
gives necessary and sufficient condition to adequate establishment of stability of a linear dynamical system of a

differential equation.

The Routh test or Routh array as it is popularly called is an effective and efficient algorithm developed by

Edward John Routh in 1876. Edward who is an English mathematician used his array to check if all roots
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of a certain characteristics polynomial of a linear system do have negative real parts. While o the other hand,
another German Mathematician named Adolf Hurwitz in 1895 proposed after an independent research by arranging

coefficients of a polynomial into an array which he named the Hurwitz matrix.

Showing that the polynomial is stable if and only if it is clearly shown that the sequence of the eigenvalues of
it’s sub-matrices are non-negative. Both Edwards and Adolf’s procedures which are equivalent in determining the
determinant of a characteristic polynomial is popularly called the Routh-Hurwitz Criterion if and only if all the

elements of the first column be nonzero and have the same sign .

In the application of Routh-Hurwitz criterion,two special cases are considered, although they are not likely
to occur in applications. The first of this special case occurs when a coefficient in the first column is zero, in
calculation of the array. Second special case occurs when all coefficients in a row are zero when calculating the

array.

Routh-Hurwitz Theorem

Theorem 2. A Polynomial q(s) = qos™ + q1s" ! + ... + quwhere (q1 € R, qo # 0)is stable if and only if all n + 1

elements of the first column of the routh table are nonzero and have same sign.

" + a0t aa" 4 4 ay, =0 (1.9.3)

where a1, a9, as, ..., a, be n real numbers whose roots have negative real parts if and only if the values of the

determinants of the matrices are positive,

Ul 1 0
(51 1
M1=<u1>,M2= 7M3: uz U2 Uy 5
us u2
us U4 U3
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vy 1 0 O 0
Ul 1 0 0 us U2 Ul 1 0
us u2 Ul 1 us U4 U3 U2 0
My = , M, =
us U4 U3 U2 Uy Ug U5 U4 0
uy U U5 U4
0 Unp,

1st Dimension:

,up >0

2nd Dimension:

q(s) = 82+ a5+ ag which have both roots in the open left plane of the characteristics equation ¢(s) = 0 is stable.

if and only if a1 > 0

3rd Dimension:

A third order polynomial q(s) = s + aas? + ays + ag has all roots in the open left plane if and only if ag, ag are

positive and asa; > ag

4th Dimension:

Fourth order polynomial q(s) = S* 4 azs® + ass® + a1s + ap has all roots in the open left plane if and only if

asag, a1 are positive and agasai > ag
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nth Dimension:

Let,
q(s) =aps" + an—lsnil + an—28n72 + ...+a1s+ag
Qp, p—2 0anpn—4 0Qp-6 - QQ
Gn-1 Qp—3 GQp—5 Gp—7 . O
bn—l bn—S bn—5 bn—’? . 0 . o ]
M, = Number of roots of ¢(s) with positive real parts is equal to the number
Ch—1 ©Cn-3 Cpn-5 Cp-7 - 0
hn—l . . . . Sp

1 Qn Qp—2

an—1

of changes in sign of the first column of the Routh array.—
Gp—1 Aan-3
( For further reading on Routh-Hurwitz Criterion, check [Khatwani, 1981, Clark, 1992])

Central Manifold Theory:

The Central Manifold theorem is well stated and will be used to prove the local asymptotic stability of the endemic
equilibrium point.

Theorem 3. Consider the following system of ordinary differential equations with parameter T

‘C% = f(z,7), f : R" x R = RandC*(R"™ x R) (1.9.4)

Where 0 is an equilibrium point of the system i:e f(0,7) = OVT and with the assumption that the following
holds:

1. A= D,f(0,0) L") is the linearization matriz of the system (1.9.5) around the equilibrium 0 and T
g \Ys

evaluated at 0. Zero is a simple eigenvalue of A and the other eigenvalues of A have negative real parts.

2. Matriz A has a right eigenvector w and a left eigenvalue v (each corresponding to the zero eigenvalue); let
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fi be the k" component of f and

a= i WiwW;v 782‘]% (0,0),b = i UV O fi (0,0)
el (adV] k@xzax] ’ ’ i~ 2 kal'la’r )

The local dynamics of the system around O is totally determined by the signs of a and b

1:a>0,b>0 when 7 < 1, 0 is locally asymptotically stable and 3 a positive unstable equilibrium, when

0 <7 <1, 0is unstable and there exist a negative, locally asymptotically stable equilibrium;

it a<0,b<0 when T <0, with |7| < 1, 0 is unstable; when 0 < 7 < 1 is locally asymptotically stable, and

3 a positive unstable equilibrium.
i1t a < 0,b <0 when 7 <0 with || < 1, 0 is stable and positive unstable equilibrium appears;

iwa < 0,b > 0 when T changes from negative to positive, 0 changes its stability from stable to unstable.

Corresponding a negative equilibrium becomes positive and locally asymptotically stable.

(For more details on Central Manifold Theorem, see [Mohammed et al., 2008, Renardy, 1992]).

Global stability:

To ensure the dynamic system is globally asymptotically stable at any region even if it is not close to the origin, the

comparison theorem that is the Castillo-Chavez et al [Castillo-Chavez et al., 2002] theorem as well as Lyapunov

Functions of the general linear forms have been very useful.

Theorem 4. The dynamical system of (1.9.2) written in the form X' (t) = F(X,Y) Y (t) = G(X,Y),G(X,0) =0

where XR'? denotes the number of uninfected individuals and YR’} which denotes the number of infected individuals

including all other compartments.

The disease free equilibrium (DFE) of the mathematical model My = (Xp,0) such that the following conditions
holds such that ForX'(t) = F(Xy,0) X, is globally asymptotically stable

G(X,Y)=AY —G(X,Y),G(X,Y) >0
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for (X,Y)D where the system (1.9.2) satisfies the given condition if and only if the theorem holds.

Theorem 5. The fized point of the DFE My = (Xo,0) is globally asymptotically stable for the system (1.9.2)

given Ry < 1 and the condition above is satisfied.

(For more details on Global Stability, see [Mei, 2013, Shu et al., 2020]).

1.9.3 Lyapunov Function

Lyapunov function have been a useful mathematical tool in population dynamics which was first constructed by
Volterra in 1920 for a predator-prey model. Provided the necessary and sufficient conditions are met the global
asymptotic stability follows directly from the LaSalles Invariance Principle [La Salle, 1976]. The dynamical system
given on an open set as defined above i.e Q@ C R and Z € Q an equilibrium point. A function V' C C(2,R) is

called a Lyapunov function provided
h—0 h

where V (z) is the divided derivative of V in the direction of F.Additionally, V(Z) = 0 and V() > 0 Vz € D {z},

=vV(x).f(x) <OVx €D (1.9.5)

then V is a positively define Lyapunov function.

Applying chain rule on V(z(t)) given that z = x(¢) is a solution of the dynamical function defined above.
Hence we have

VV.f(z)V(x(t)) (1.9.6)

dV(2(t)) _ ~ V() dza(t)
dt _; or,  dt

The equation reveals the reason why V is sometimes called the trajectory inclined derivative, which gives infor-

mation about V without having prior information about their solutions

Theorem 6. If we can find a positive Lyapunov function V' of the dynamical system differentiable on the neigh-
borhood of D with equilibrium point &, then T can be said to be asymptotically stable if V (z(t)) <0,V z € D {z}
and asymptotically unstable if V(x(t)) >0,V z € D {Z}

Theorem 7 (LaSalle’s Invariance Principle). Let V be a Lyapunov function of the system (1.9.2) defined on
D. We define S such that, S = x € D : V(a:) = 0. Let G be the largest invariant set in S. FEvery boundary of

trajectory for t = 0 for the system (1.9.2),which remain in D approaches the set S as t — 400
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(For more details on Lyapunov Function, see [Diehl et al., 2010, Rafikov et al., 2008]).

1.9.4 Sensitivity Analysis

Sensitivity Analysis is used to test the effectiveness of some properties on a given quantity of a model.

Definition 1.9.3. The absolute sensitivity coefficient of a quantity R with respect to a parameter x is defined as

the rate of change R with respect to z. It is denoted by %—f

This sensitivity coefficient gives the information of increment or decrement as a parametric variable. The
sensitivity coefficient gives the effect of the sensitivity of the variable in the model and the influence of parameter

of the quantities R and x respectively.

Definition 1.9.4. The relative sensitivity coefficient (or normalized forward sensitivity index) of a quantity R
with respect to a parameter T is
OR «x
R,=— x —
v r R
The sensitivity analysis, is very useful in epidemiological modeling, which is used to investigate the effect of

parametric entries as it affects the number of secondary infections. (For more details on Sensitivity Analysis,

see [Saltelli, 2002, Christopher Frey and Patil, 2002]).

1.9.5 Bifurcation Analysis

In the study of dynamical system and its analysis, it have been seen that, there are various form of reaction and
changes regarding the behaviour of the system and adaptation to such changes. Mathematical examination of
such changes in qualitative behaviour of dynamical systems as its parameter passes through a critical value in
the system called a bifurcation point. This critical point is also known as Bifurcation Analysis. This changes
occur as responses in the behaviour of the dynamical system to for example the stability of an equilibrium point,
the appearance of periodic solutions which initially were not present due to changes in initial conditions as well

as parameter values in the model. Bifurcation can also occur in a dynamical system when certain parameters
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not included initial are added to the model. The parameters which are responsible for these sudden changes in
the system are known as bifurcation parameters [Ueta and Chen, 2000]. In mathematical epidemiology, the basic
reproduction number have been one of the bifurcation parameters known, when Ry = 1 direction of the bifurcation
can be determined either as a supercritical movement or a sub-critical movement. Which is an example of a local
bifurcation used in analysing changes in stability of equilibra as a model parameter varies with basic reproduction

number Ry being a key parameter in this regard.

Subcritical Bifurcation which is also called Backward Bifurcation (BB) whenever there is a coexistence between
an unstable endemic equilibrium and a stable disease-free equilibrium at Ry when such coexistence is less than
unity near the threshold RO = 1. Conversely, a supercritical bifurcation also known as Forward Bifurcation (FB)
occurs only when a locally asymptotically stable positive equilibrium tends to appear at Ry slightly above unity.
Where Castillo-Chavez and Song [Mathematical Biosciences ..., 2004] proposed a general center manifold theory
to determine the existence of forward and backward bifurcations in epidemiological models. (For more details on

Bifurcation Theorem, see [Ma, 2009, Melesse and Gumel, 2010, Wang, 2002]).

1.9.6 Optimal Control Analysis

Optimal control theory, a concept derived from the calculus of variation and optimality, is a mathematical tech-
nique which has proved very useful in decision making regarding complex biological situations where the behaviour
of a dynamical system is described by state variable(s) [Lenhart and Workman, 2007]. With the general knowledge
that there are possible ways of modifying and adjusting state variable(s) x when acted upon with suitable controls.
Which the dynamic of the system (state x) depends on which usually is the controlu [Okosun et al., 2013, Okosun
et al., 2017, Oke et al., 2018]. The control dynamics u is to effect either a minimization or maximization of the
given objective functional J(u(t),z(t),t) which attains the expected goal and required cost [Fleming and Lions,
2012]. The optimal solution which is desired is said to be achieved when the set goals are met. The functional

variables as well depends on the control and the state variables.

The Pontryagin Maximum Principle [Pontryagin et al., 1962] are one of the different methods used in calculating
optimal control dedicated to specific models. In its own case, it allows for the calculation of the control strategy

model of an ordinary differential system of equation with given constraints. With other powerful control techniques
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which are derived using partial differential equation and difference equation. Pontryagin et al., 1962 Optimal
control is very useful technique for mathematical epidemiology, it helps in controlling stability of a dynamical
system when proper control measure are added to the system. Application of controls in a system changes the
dynamical system from one position to a suitable position and controls helps in getting more valuable information

of the system and helps more in making better observation.

we consider an optimal control of the form

tr
min{y (5, z(ty)) +/o 9o(t,(t) u(t))dt }
when
F(z(t) = [x1(t), 22(2), oo, 2 (1)) VR
is the control vector given f(u(t)) = [u1(t), ...., uy, (t)]TVR™ is the control vector.

The state and control vectors are governed by the dynamic system described by a set of first order differential
equation.
dx
i f(t,z(t),u(t));zo = x(0),0 St <ty (1.9.7)
The function
fho : T x R™ x R™R"
foo : T xR" x R™R"

are continuously differentiable with respect to each component of x and u and piece-wise continuous with respect

to t.

1.9.7 Pontrayin’s Maximum Principle

The principle converts the maximization and minimization of the objective function J The converstion of maximum
and minimum of the objective functional J is carried out basically by Pontrayin Maximum principle, coupled with

the state variable into maximising or minimizing pointwisely with respect to the control and the Hamiltonian.
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In this thesis, an optimal control problem is formulated with the aim of minimizing the effect of transmission of
Zika virus disease and Ebola virus disease in a metapopulation system. We incorporate the model time dependent
control measures for preventing intervention of migrating individual to and from both patches . Then we applied
optimal control method using Pontrayin’s maximum principle to determine the sufficient condition for optimal
control of the Ebola virus and Zika virus respectively. Which may lead to further studies that is relevant to more

clinical research.

Theorem 8. If u*(t) and x*(t) are optimal problem (Equation) then 3 a piece-wise differential adjoint variable
0(t) such that
H(ta(t),u(t), 08)) < H(t,a* (), u" (¢), 0(2)) (1.9.8)

for all contents of u at each time t, where H is the Hamiltonian and is written as H = f(t,xz(t),u(t)) +

O(t)g(t,z(t),u(t)) and
At) OH(t,z"(t), u"(t),0(t)),0(ts)

at X =0

Necessary Condition
If u*(t) and x*(t) are optimal, then the following condition holds:

0(t)  OH(t,xz*(t),u*(t),0(t))

= % : (1.9.9)
0(ty) =0

OH (1, " (1) w* (H,0(1)) _,
oUu B

Sufficient Condition
If u*(t) and 6(ty) satisfies the following conditions:

ot) _ OH (L (1) (1), 0(1) L9.10)

Q(tf) =0
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Then u*(t) and x*(t) are optimality value, where 6(¢) which denotes the increase of the objective functional
and gives the shadow price or co-state variable due to a marginal increase of the state variable. This makes it easy
for policy makers and public health organization to generate direct contribution in the objective function and also
to control the variable which is represented by the terms f(¢,2(t), u(¢)) in the Hamiltonian. Which also can used
for variable change in order to generate some contribution to the objective function in the future as deemed fit by

experts. [Pontryagin et al., 1962, Kassa and Hove-Musekwa, 2014, Aweke and Kassa, 2015]
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Chapter 2

Literature Review

e Mathematical Epidemiology: Epidemiological models focuses mainly on the movement and the system which
the transmission of diseases takes, the dynamics of the transmission and the traits which are transmitted
from one place to another, from one community to another, from one state or province to another, from one
country to another. the study of epidemic was first carried out as early as in the days of the Prophets, as in
the Holy Bible, in the book of Exodus: it described the plague that the Almighty Jehovah God brought unto
the people of Egypt through the hands of Moses and the wise men of the land of Egypt where not able to
prevent the outbreak of the epidemic, which lead to the death of thousands, both animals and human alike.
Aristotle in 384BC gave discussion about some living creature as agent of diseases. Which was developed as
a theory in the 16th century. Leeuwenhoek(1723) with the use of enlarging instruments was able to see germs
and make physical expression. Physician and Medical laboratory scientist have contributed immensely to
the study of mathematical epidemiology. The general mechanism of the rate of spread of infection which are
mainly carried by the pathogens such as measles, influenza and Chicken pox. Which mainly are carried by
virus are very infectious. While the pathogens such are Gonorrhea, Tuberculosis are transmitted by bacteria
and are not viral infectious. The diseases like Malaria are carried vectors and agents who have been infected.
This diseases have form part of our daily living, whereby we have epidemic diseases which comes and cause
a lot of causality and the endemics diseases which is always present in a given community. Epidemiological

models are developed to as to formulate a mathematical model for the spread of the epidemic and are
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formulated to analysis the rate of interaction of such epidemic: taking information with relevant technique
and then use the information to formulate an hypothesis. Also in some case of Mathematics of Epidemic,
data are taken and are used for future prediction, if such case occurs in future. Mathematical modeling of
epidemic gives us the underlying facts which contributes and influences the spread of diseases and it also use
this same means to possible solutions given then parameters within reach. Kermack and McKenrick in 1927
formulated a straight forward and a simpler model that had similar behaviour to some observed epidemic.
McNeil in 1992 [McNeil and Khakee, 1992], modeled the the growth in Britain and China, while Anderson in
1982 [Anderson, 1982], modeled the population dynamics of infectious diseases and mathematical models on
sexually transmitted diseases was done by Blythe and Castillo-Chavez in 1990 [Brauer et al., 2012, Blythe and
Castillo-Chavez, 1990]. Mathematical Epidemiological models have been developed into ability to model in
various ways such as: Models with more compartments, Vertical and Vector Transmission, Non Homogeneous

and Age structured populations, Variable infectivity and Macroparasitic infections, and Stochastic Models

Ebola Virus Disease (EVD); previously called Ebola haemorrhagic fever, causing severe, often fatal illnesses
in humans, as the virus which always remain potent, when usually transmitted to human whether living
or dead, wild animals alike, the EVD can be spread across human population through human to human
transmission. EVD comes with an average case fatality rate around 50%. The rate at which this fatality have
varied is between 25% to 90% in previous outbreaks. During the 2014-2016 EVD outbreak in West Africa,
which was on record as the largest and most complex Ebola outbreak since the discovery of the virus in
1976 [Team, 2014]. Recording far more cases of death in that single outbreak than all other previous incidence
combined. Spreading between countries and territories, starting in Guinea, with movement across land
boarders of neighbouring countries like Seria Leone and Liberia [Gire et al., 2014]. The Ebola haemerrhagic
fever, belongs to the family of filoviridae which are severe viral and fatal hemorrhagic disease usually coming
out with initial symptoms of fever, malaise, bleeding, shock, multi-organ system failure, reduction in sight
and neuro systemic pains. This ravaging Ebola Virus is a members of the filoviridae family(Filo Virus)
discussed, which is referred to as genus Ebola, together with the genus Marbug Virus and the Genus Gueva
Virus. Genus Ebola Virus is itself is subdivided into distinct species, namely: Bundibuggo , Zaire, Sudan,
Reston and Taii which are all (EVD). The Ebola virus can also be spread through indirect means of contact
with environments contaminated with such fluids. The rate at which the infected zone play a great role in the

amount of people affected with the disease when traveling in and out of the infected area is very high [Fulford
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et al., 2002]. The first human case of EVD believed to have lead to the current outbreak was the case of a two
year old boy who died on 6 December, 2013 in the village of Meliandon in Guinea. Leading to death of family
members who had close contact with the deceased, exhibiting symptoms consistent with Ebola infection.
Affecting individual who came in direct contact with infected environment, leading to spread of disease to
other villages, cities and countries through movement of infected people from one place to another. Example
is the case of the Liberian official Late Patrick Swayer [Garrett, 2015, Ambe and Kombe, 2019], who died
in Lagos, Nigeria. Which made the virus prevalent in Nigeria because of the first set of people that came
in contact with him. Which lead to the death of Dr Stella Emayo Adadavoh. Gire et al [Gire et al., 2014]
looked at clinical acts of Ebola virus Disease as it affected human at the Ngaliema Hospital in Zaire. In 1989
Sureau PH et al [Sureau, 1989] conducted medical and clinical observations of haemorrhagic manifestations
in Ebola haemorrhagic fever in Zaire. In 1995, EVD due to EBOV-Z reemerged in the DRC [Gulland, 2014]
caused an estimated 315 cases and 250 deaths, representing (CFR:81%) of cases that occurred during this
large epidemic. While in the 2008 Ebola outbreak, which occurred in Kasai Occidental Province of DRC
there were 32 recorded cases with 15 deaths (CFR: 47%) [Gire et al., 2014].

Zika Virus Disease (ZVD), a viral infection of the family flavivindae (genus flavivirus) mosquito-borne
positive stranded RNA, causing massive health emergency, large-scale and unprecedented outbreak in the
North and South America [Boorman et al., 1956]. Historically, Zika Virus Disease (ZVD) was discovered
in the forest code named Zika forest of Uganda in 1947, ZVD was not prevalent for abut 60 years of the
first case found in the equatorial zone of Africa and Asia. ZVD, which often come with symptoms similar
to mild form of dengue fever with no specific treatment since the outbreak of ZVD in 2016. Which at
that time defiled basic care by medications or vaccines. Making ZVD a global menace to the world health
community and the research world. ZVD is usually seen to begin its spread from pregnant women to their
babies, leading to acute microcephaly, a severe brain malfunctions, coming with other child birth defects.
Zika Virus Disease (ZVD) is primarily spread by female mosquitos as stated by Hayes et al [Hayes, 2009] and
the virus is usually transmitted during sexual intercourse or during blood transfusion. During the quarterly
report of the Latin America and the Caribbian in 2015, which drew attention on the rapid spread of Zika in
countries like Barbados, Brazil, Bolivia, Colombia, The Dominican Republic, Ecuador, El Salvador, Haiti,
Honduras, Mexico, Panama, Paraguay, Pueto Rico and Venezuela the most hit. While in 2016, the number

of countries with ZVD infection increased to more than 50 countries, all experiencing transmission of ZVD
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within their respective local communities. The effect of this prompted the United States in January of
2016 to issue a travel guidance to countries affected with ZVD local transmission of active cases. They also

included guideline for pregnant woman, the use of enhanced precautions and considering postponing travel.

The first isolated issue of ZVD was recorded in 1947 after a research on a rhesus macque monkey placed
in a cage in the Zika forest of Uganda near the Lake Victoria, by the scientist of yellow fever research
institute [Musso et al., 2015]. A second case of isolation from the mosquito was discussed by Oechler E et al
in January, 1948 [Oehler et al., 2014]. The first true case of human infection of ZVD was identified by Fauci
AS et al [Fauci and Morens, 2016]. Not much of human infection was deducted or investigate for more than
40 years, but in 2007, there were reported cases of 15 confirmed ZVD cases in human from the continent of
Africa to southeast Asia, Rasmussen A. B et al [Rasmussen et al., 2016]. In 1954, ZVD was seen to occur
in eastern Nigeria where it was seen that the conditions and symptoms showing on three individual who
were observed. Where the patients with liver damage and serological studies showed a relationship between
jaundice and the development of virus [Rowthorn et al., 2009]. Jan C. et al in 1978 [JAN et al., 1935],
looked at the serological studies for arbvirus antibodies. Where they gave an analysis by taking samples
of potent serum specimen. They carried out this study on 1.279 human serum specimen collected from
adults in south-eastern part of Garbon from June to September 1975 during a multipurpose epidemiological
survey. The result of which showed positivity of more than 25% [Krauer et al., 2016]. In 2007, there
was a mild outbreak of ZVD characterized by rash on the Yap Island located in the south western pacific
Ocean [Sulania et al., 2016]. Which was first time that ZVD was discovered outside the continent of Africa
and Asia. This outbreak in April of 2007 was characterised by rash and the likes in Yap Island in the
Federated States of Micronesia [Johnson et al., 2005]. Where similar experiment as that which was carried
out in Garbon and Nigeria was carried out on random serum samples of selected men investigating RNA
of Zika, which is a flavivirus in the family of yellow fever, dengue,West Nie and Japanese encephalitic
Virus [Hayes, 2009, Solomon and Mallewa, 2001]. ZVD has spread in the Americas and the Caribbean,
following first detection in Brazil in May 2015. The risk of ZVD emergence in Europe increased as imported
cases are repeatedly reported. Together with Chikungunya Virus and Dengue Virus. In 2017, Baud D,
et al [Baud et al., 2017] showed through a research titled Zika, a new threat to human reproduction, that
followed by French Polynesia in 2013 and Brazil in 2015. the ZVD is mainly transmitted through aedes

35



mosquito bites, but sexual and post-transfusion transmission which most times are not checked, have been
reported with symptoms like low grade fever, maculopopular rash, conjuctivitis, myalgia,arthralgia and
asthenia. Asymptomatic male-to-female transmission has also been described. Importantly, ZVD RNA can

prevent at least 6 months in Semen.

Mathematical modeling in epidemiology is concerned with describing the spread of diseases and its effect on
people which cut across discipline like Mathematics, Engineering, Philosophy, Biology, Economics and Sociology.
Which are used as tools to formulate and produce a better understood model which explains the spread of
infections and ways of controlling them. This have lead to several ground breaking research in mathematical
modeling and mathematical biology among them, we count the models of metapopulation and metacommunities.
Metapopulation models are defined as system of differential equations generated by discrete spatial models with
continuous time metapopulation models have been previously analyzed in numerous articles. This models compare
various models of incorporate spatial dynamics by modeling different population and checking their effects to
immediate environment. Fulford et al [Fulford et al., 2002], looked at the extreme individuals based models
which describe spatial structure within the location of territories The application of mathematics to the study of
infectious disease was initiated by Daniel Bernoulli in 1760. Which was necessary at that time because of the public
health demand, when there was an outburst of smallpox in his community. He proposed the first deterministic
model on pandemic of smallpox by introducing two systems of ordinary differential equations [Bernoulli and
Petropolitanae, 1760, Brauer et al., 2001, Brauer et al., 2019]. In 1906 Winchester Hammer postulated that the
possible course of an epidemic depends on the rate of contact between susceptible and infectious individuals,
which is regarded as secondary infection [Anderson, 1982, Chowell and Nishiura, 2014, Jones, 1884]. A notion
which became one of the most important concepts in mathematical epidemiology and mathematical modeling of
disease transmission dynamics. Also known as the mass-action principle, which states that the net rate of spread
of infection is assumed to be proportional to the product of the density of susceptible individual, multiplied by
the density of infectious individuals. Ross in 1911 in his own finding proposed a deterministic model for malaria
epidemic, where he showed that reducing the number of anopheles mosquitoes can eradicate malaria disease. In
1926 McKendrick developed a stochastic model for malaria epidemic, where he considered the case of recovery
and subdivided the population into compartments: Susceptible-Infected-Removed [Kermack and McKendrick,

1927]. The success of his studies was later in 1927 revisited by McKendrick and Kermack, when they collaborated
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and proposed a deterministic model. They proved that the population will be disease free when there is no
secondary infection between the infected individuals, and that the disease will invade the population when the
number secondary infection is more than one [Kermack and McKendrick, 1927]. An SIR model incorporating
births and deaths was formulated in 1929 by Soper [Soper, 1929] which was extended in 1932 by Kermack and
McKendrick [Kermack and McKendrick, 1927]. In view of this, very many mathematician took interest in building
mathematical models of epidemiology, demonstrating their properties and allowing for possible reduction of the
transmission dynamics of diseases. Building on the achievements of Kermack and McKendrick [Kermack and
McKendrick, 1927], mathematical modeling have been very useful in curbing spread of infectious diseases in
different population, communities around the globe. Helping Government as well as public health agencies make
proper health policies using compartmental models which are often described mathematical models. Researchers
have extensively studied compartmental models, showing the transmission dynamics and describing mechanism
behind the spread of infectious diseases. [Goufo et al., 2014] described a general SIR model with classical derivative
and generalized version using the beta-derivative, which enabled detailed study of the endemic equilibrium points.
With assumptions that all individuals were initially susceptible such that transmission disease dynamics was
governed by bilinear incidence based on mass action law. Also, Vargas-De-Leon (2011) [Vargas-De-Leén, 2011]
examined a SIS epidemic model which analysed stability of the steady states using Lyapunov function and the

model also established structure with standard incidence.

In another related work, [Liu, 2013] presented a SEIRS Mathematical model, with incorporation of media
coverage with random perturbation. Dealing with stability and boundedness of disease—free as well as endemic
equilibria of the deterministic model. Related to the above, Li et al (2006) [Li et al., 2006] also studied an SEIR
model with special emphasis on the different rate at which infected individuals are pushed in the latent (exposed),
infected and recovered period. With assumptions that individuals move into the susceptible and exposed classes
are constant. Castillo-Chavez and Feng [Mathematical Biosciences ..., 2004, Brauer et al., 2019] in their several
works on mathematical models in epidemiology, proposed a SEIR model for TBD, establishing global stability
of the disease-free equilibrium. Which emphasizes the stability of disease in a broader region and existence
of a unique endemic equilibrium (EE) whenever basic reproduction number Ry > 1. Tchepmo Djomegni et
al [Tchepmo Djomegni et al., 2019] considered a mathematical model to understand the transmission dynamics of

HIV/AIDS in an environment, incorporating isolation of individuals by physical separation. [Adeniyi et al., 2020]
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in a SQIRE mathematic model presented a COVID-19 disease dynamics, with empirical data from the Nigeria
Centre for Disease Control (NCDC). With compartments for Quarantined humans, Infectious humans, Recovered
humans and Education compartment. [Yang and Xiao, 2010] considered a SIRV model including a vaccinated
compartment in which the analysis of the model shows that increasing the rate of vaccination aids eradication of
the disease. Literature surveyed beforehand involved the transmission dynamics of infectious diseases which are
contracted by susceptible individual, which is referred to as in-host. While diseases such as Dengue fever, Malaria
fever and Zika Virus always require host and vector compartment in the dynamics of the model. In view of this,
our Zika Virus disease model requires two interacting populations of both human host and mosquito vector for the
Zika Virus disease (ZVD) transmission dynamics. In May 2015,World Health Organization (WHO) in its report,
revealed the first local transmission of ZVD in the north east of Brazil [Daudens-Vaysse et al., 2016]. In which
by February 2016, suspected ZVD cases have been reported around 20 countries in and around Americas and
Southern America, with Brazilian Ministry of Health reporting an estimated cases of about 500,000 to 1,500,000
suspected ZVD occurrence| [Organization et al., 2016, Daudens-Vaysse et al., 2016, Duffy et al., 2009]]. While
Ebola virus disease (EVD), which was declared an epidemic of Public Health Emergency of International Concern
(PHEIC) by World Health Organization(WHO) in August, 2014 [Organization et al., 2014] Mathematical models
for transmission dynamics of ZVD and EVD are useful in providing better insight into the behaviour of the
diseases. Which have great influenced public health awareness, helped in decision making processes regarding the

intervention strategies for preventing and adequate control strategies of EVD and ZVD.

Metapopulation represents one of the most recent development in the long- running ecological research on
population regulation. The metapopulation concept has been influential in the study of ecology. It assumes
that the rate of distribution of many species can be described as a system with a local community such that
rate at which the community interacts is checked to turnover a particular result which is checked and evaluated.
Matapopulation is also considered as a set of discrete populations of the same species, in the same general
geographical area, that may exchange individual through migration, dispersal or human-mediated movement.
The metapopulation concepts lends itself to modeling because its core dynamics of population. This model are
used to evaluate the condition of species habitat, the habitat management often includes controlling the rate
and pattern of habitat. Schtickzelle et al [Schieffelin et al., 2014], used a structured metapopulation model to

study effect of grazing on the bog fertility butterfly in south-eastern Belgium. In 2004 Julien Arino et al [Arino
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and Van den Driessche, 2003] developed a metapopulation model of the carnivorous land snail to control timber
harvest. In another related work, [Fulford et al., 2002] developed a SEIR Metapopulation Dynamics of an Infectious
Disease of Tuberculosis. The metapopulation mathematical model presented in this work is motivated from the
studies carried out by [Njagarah and Nyabadza, 2014] where they researched the transmission dynamics of a
metapopulation mathematics model for cholera between communities linked by migration in conjunction with

movement interaction of human in two populations.
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Chapter 3

Mathematical Model Formulation and

Analysis

This chapter is devoted to the formulation of the two metapopulation cases of Ebola model and Zika model as

well as their full descriptions with respect to flow diagrams, parameters and variables involved.

3.1 Ebola Model

Ebola virus disease (EVD) is a severe, often fatal illness in humans which manifest as the Ebola fever disease.
A virus which belongs to the family of filoviridae is known to be serious and deadly hemorrhagic disease which
shows symptoms of gastrointestinal disorder, excessive fever, bleeding and multiple organ failure [Dowell et al.,
1999,7]. EVD outbreaks have fatality rate of up to 90% [Dixon and Schafer, 2014]. Ebola first appeared in 1976 in
two simultaneous outbreaks,in Nzara, Sudan and in Yambuku, Democratic Republic of Congo [Team et al., 1978].
Sometimes in October of 2014, 244 out of 450 health care personnel died having been infected with Ebola [Rewar
and Mirdha, 2014].

The World Health Organisation (WHO) and respective governments reported a total of 28,616 suspected cases
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of EVD and 11,310 deaths from infected individuals [Schieffelin et al., 2014].The rate at which the infected zone
play a great role in the amount of people affected with the disease when traveling in and out of the infected area

is very high [Argueta and Wasem, 2016].

Believed that the first human case of EVD leading to the current outbreak was a two year old boy who died
on 6 december, 2013 in the village of Meliandon in Guinea, which lead to death of close members of his family
and symptoms consistent with Ebola infection was observed [Rewar and Mirdha, 2014, Heen, 2016]. Which also
affected people who came in direct contact with the infected environment and the disease was spread to other
villages, cities and countries through movement of infected people from one place to another. Example is the case

of the Liberian official late Patrick Swayer [Shuaib et al., 2014, Heen, 2016], who died in Lagos, Nigeria.

Mathematical modeling has been a great too in the hands of researchers in designing measures of prevention
and control of infectious diseases [Kermack and McKendrick, 1927, Brauer et al., 2001, Goufo and Maritz, 2015].
Mathematical modeling have been used to better understand the transmission mechanism of infectious diseases.
It has been able to predict the features that are dominant in the spread of diseases. The models helps in making

predictions with effect to manifestation of the disease, and such are used to formulate control strategies.

Metapopulation concept have served as a great tool in the analysis of dis-aggregated population [Arino and
Van den Driessche, 2003]. The models involves movement of individuals between communities which are connected.
For example, [Arino and Van den Driessche, 2003, Arino et al., 2005] developed a multi city epidemic model and a
multi-species epidemic model, where they check the effect of transmission of epidemic as relation to the patches and
several disease. [Wang and Zhao, 2004, Wang and Zhao, 2008] looked at the occurrence of disease transmission in
communities connected by migration, hoe disease dynamics in a patchy environment. [Salmani, 2005] [Goufo et al.,
2014] presented a fractional SEIR metapopulation model of the spread of measles with restriction to four patches.
This paper is motivated by an article on guardian print media published on 1st August, 2019 gave a report that
”Rwanda’s government briefly closed and then reopened part of a busy land border with the Democratic Republic
of the Congo on Thursday, prompting panic and confusion in both countries.” The re-emergence of Ebola virus
disease in Democratic Republic of Congo (DRC), which prompted other countries who share boarder with the
country to close down their boarders. We use a mathematical model to study the effect of movement of people

from one population to another with the effect of the Ebola virus disease (EVD) dynamics.
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3.2 Ebola Model Formation

We consider a SEIR metapopulation model, we consider two patches representing two communities connected by
the movement of individuals through means of transportation. In and Ebola virus disease transmission, which
have a latent state of few days, allowing individuals few day of movement before the disease sets to its full capacity
in the body system. We assume that it is only the healthy carrier who can move from one place to another, we
are looking at the movement between connected cities. In a case where an individual works in the city, but resides

outside the city.

The assumption is necessitated because an individual who is susceptible in a population can be infectious
in another population due to movement within the two populations. So also an infectious individual can move
within populations amidst the infectious class. Movement within the infected class may be more shorter time
than the time required for individual to move from one sub population into another. Transmission resulting from
individuals movement to and fro each patch is assumed to be very much likely, given the conditions that the bodily
fluid of a susceptible individual can be an easy means of how Ebola virus disease is easily spread. Transmission
is highly probably at entry points, in case of a migrated who is infected, bodily fluid of an infected person gives

a high risk of contamination.

In general transmission dynamics of Ebola heamealogious in humans is complex due to local and long range
movements of individuals. It is of note that movement between communities and population depends mainly on
the size of the population as well as the distance between these populations Such close contact with bodily fluids,

blood contact, contact with body organs of an infected individual or other bodily fluids of infected animals.

The model is formulated with a general population which is considered in two patches with reference to Ebola
virus disease transmission and the disease states of individuals in the system at time t. The compartments are
divided into classes of individuals in the population who are immunologically naive, they are the susceptible class
denoted by S. With the exposed individuals denoted by FE, while the infected class is denoted by I and those
individuals who have recovered are denoted as R but with temporary immunity, because they are prone to getting
infected if they contract the disease again. We assume that the movement within patches are homogenous, we

also assume that the Ebola virus disease is highly infectious.
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The model explore the possibility of movement of susceptible individuals from one patch to another patch.
During which we assume that immigration of susceptible individuals can be the cause of infection because suscep-
tible individual might be infected which makes it possible that susceptible individuals in patch 1 can be infectious
in patch 2 at the rate w;S] while the susceptible individual can be infectious at the rate w255 in the exposed class
of patch 1 moving onward to being infectious in patch 1. The rate at which new susceptible are recruited into the

system is at rates A; and As for the first and second patch respectively.

Which can be as a means of new birth or immigration of a susceptible individual at time ¢. The movement
of infectious individual within the two patches are the typical individuals who show symptoms which play a very
important role in metapopulation model of Ebola virus disease since this class contributes to the transmission of
the disease. It is very important to note that the time which the virus will take in each and every individual’s
body before manifestation of its symptoms differs from an individual to another. The overall dynamics of the
population account for by the combined effects of two patches. We assumed that the recovered individuals might

die naturally at the rate p1 R; and muoRo in the two patches respectively.

As a matter of fact, the effect of the disease would have taken a great toll on the physical well being of the
recovered individual, it is very unlikely that there will be movement between the two patches, because the recovered
individual will be confined in their patch having just recovered from a disease. The susceptible population is going
out following a possibility of natural death at rate ;1157 and poS2 and they move from patch to patch at rate w15y
and wy Sy respectively. The exposed compartment suffer natural death at rates pui F and psE; respectively with
respect to the rate of exposure and differentials in immunity. While infected compartment suffer natural death at

rate u1l; and pols respectively. They also suffer death due to the disease at rates d117 and d21o respectively.

So also the rate of transmission of disease within patches from one compartment to another is such that,
susceptible individuals becomes exposed at a rate 3;5;1; where i = (1, 2) for both patches. The exposed individuals
becomes infective at rate k; where i = (1,2) for both patches, while the infected individuals recover at rate a; for
both patches where i = (1,2). Because of the recent resurgence of EVD in DRC and other neighbouring countries,
with possibility of EVD in individual who have previously recovered, we then used a as the rate at which recovered
individuals lose their assumed immunity and become suceptible again. . The diagram representing the flow of the

disease progression is given below :
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Figure 3.1: Schematic diagram of the disease dynamics

When we assume that the exposed period after the transmission of infection to susceptible individual before

transiting the infection is The initial conditions of the model are such that S;1(0) > 0, E1(0) > 0 I;(0) > 0,

R1(0) > 0 for the first patch and S3(0) > 0, E2(0) > 0 I2(0) > 0, R2(0) > 0 for the second patch.

The sub-population are connected by migration of individuals from first community to the second and back.
A key issue of interest is the fact that disease can be in extinction in one sub-population and re-emerge in the
other. Which makes the rate of infection different between the subpopulation. The total population of the first
patch, namely Nj is the interaction of the sum of Si, Fy, I; and R; in the system of equation(2.1) and the total
population of the second patch, namely N» evolves around the sum of So, Fs, Is and Ry in the system of equation

(3.2.1), considering the fact that sub-population are independent of other adjoining communities geographically
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because they are not connected,but migration and inter communal interaction allows for some sort of connection

then the development of the sub-population is given after showing the total meta-population dynamics.

dSy
dt

dE,

dt

dl;

dt

dRq
dt

dSs
dt

dE>

dt

dls

dt

dR>

dt

=A1 — /1514 — (/Jl +w1)51 + w9 Sy + aRy

= 15101 — (k1 + 1) En

=rFE — (a1 +p1+71)

=oarly — Ry —aly

(3.2.1)

= Ay — (25205 — (2 + w2)S2 + w151 + aRy

= B2S2ly — (K2 + p2) B2

= koFy — (g + pa + ™) 12

= agly — po Ry — aRy

3.2.1 Positivity and Boundedness of Ebola Model Solution

The system of equation (3.2.1) is a vector (multi-variables polynomial) function of class C*° | by the Cauchy-

Piccard theorem [Wouk, 1963] there exists a unique (local) solution of the system (3.2.1). Which is on the premise

that for the rest of the analysis, we assume that the solution of (3.2.1) is non-negative. Ensuring non-negativity

of both populations at all time.
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Table 3.1: Description of State Variables and Parameters

State Variables Description
N1, No Total human population in patch one and two.
S1, 59 Susceptible population in patch one and two.
FEq, Es Exposed population in patch one and two.
I, I Infected population in patch one and two.
Ri, Ry Recovered population in patch one and two.
Parameters Description
Ay, A Recruitment rate of human into patch 1 and patch 2 respectively.
1, 2 Natural death rate of respective individuals in both patch 1 and patch 2.
a1, 9 Recovery rate for each patch respectively.
w1, ws Movement of susceptible human population within both patches respectively.
a Rate at which Recovered Individuals becomes Susceptible for both patch.
51, Bo Transmission probability of Susceptible Individual becomes infected with the virus.
T, T9 Disease induced death rate of respective individuals in both patch 1 and patch 2.
K1, K2 Exposed individual becomes infected in both patch 1 and patch 2 at this rate.

3.2.2 Boundedness of Solution
Proposition 3.2.1. The functions Si, E1, 11, R1,S2, Ea, I2, Re solutions of the system (3.2.1) are bounded.

Proof. Consider total human population for both patches

Np = N1+ No, (322)

where

Ni=5S1+FE1+ 1L+ R, No=0S59+ FEs+1Is+ Ro. (3.2.3)
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Differentiating (3.4.1) with respect to ¢ and taking into account for (3.2.1), we get
N' =N, +N,
=S, +E +1,+ R+ 8,4+ Ey+ I, +R,
= A1+ Ao — (St + By + I + R1) — p2(S2 + Bz + I + Ro) — Ly — 121>
= A1 + Az — u N1 — peNo — iy — 121y
<Ay + Ay — pr(N1+ No) — il — 1ol
< Ay + A2 — pr Ny — 1y — 12l

< Ay + As — pr Ny (since Iy, Iy > 0),

where pp < min{uy, u2}. Solve the differential inequality, we get

Al + As
ur

A A
Np(ry < At Az (NT<0> -
ur

A+ As
nr '
If Np(0) < 4442 then Np(t) < 442 for all ¢ > 0. However, if 44542 < N7 (0), then Np(t) < Np(0) for all

) e Tt = Np(0)e FTt 4 (1 — e HTY)

t > 0. In either cases we always have

Nr(t) < max <NT(O), 141‘|‘A2>

KT
for all ¢ > 0. This shows that the total human population N is bounded.

Theorem 9. Given the model equation (3.2.1) which has a bounded positive solution on the biological feasible

region is positively invariant in region € defined by

A+ A
{(Sl,E17117R1752aE2712,R2)5R§. ' N < 1+2}

Hn
with initial conditions S1(0) > 0, E1(0) > 0,11(0) > 0, R1(0) = 0 and S2(0) > 0, E2(0) > 0I3(0) > 0, R2(0) > 0
Proof. Let the total population for both patches of the model be

Nr(t) = Ni(t) + Na(t) (3.2.4)

such that

Nl(t) =S1+FE1+6LH+R;
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Ny = (t)Sg + FEy + Is + Ry

Differentiating with respect to ¢
Np(t) = Ny(t) + Ny(t) (3.2.5)

Nrp(t) = S1(8) + Ey(8) + 11(8) + Ry (1) + Sy(t) + Ey(t) + L(t) + Ra(t)

N}(t) =A1 — 1511 — (Nl +w1)51 4+ w9Ss +aRy + 15111 — (Fdl +M1)E1 +r1 B — (Oq + 1 —l—Tl)Il + a1l —pui1 Ry

—aR1+ Ay — (25515 — (uz +w2)52 4w S14+aRy+ 525515 — (ch-i-uz)Ez—l-ligEg — (Oég + o +7'2).[2 +agly—paRo—aRs

Np(t) = Ay — St — By — pnly — piRy + Ay — p19So — poBa — pola — paRy — 711y — 1ol

Np(t) = A1 — 1 (S1+ By + I1 + Ry) + As — pa(So + Bz + In + Ry) — Iy — 1ol

c= A+ Ag — (N1 (t)) — p2(Na(t)) — 1Ly — 2l2

making assumption that

pn = min{p, po}

N%(t) = A1+ Ay — Mn(Nl(t) + Ng(t)) — 71111 — s (326)

since 7117 and 72]s are non-negative reduces to

Np(t) = A1 4 Ay — pn Np(t)
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_dNi(t)

+ pn Nr(t) < Ay + As

dt
d( ppin(®) pon (1)
%(6 NT(t)) < (A1 + Ag)e
Integrating with respect to ¢ yields
A+ A
Ny(t) < (1:2) + Ke#n() (3.2.7)
taking the limit as ¢ — oo
A+ A
lim N, () < (As + A3)
t—o0 Mn,
Thus
(A1 + Az)

Lemma 1. The space of all possible states of the system of equation(3.2.1) is given by

A A
Q= {(sl,El,h,Rl,Sz,EQ,Iz,Rszi ' N < 1:2}

where (i, = min{p, 2}

3.2.3 Equilibrium points

The model has four equilibrium points: Ebola free equilibrium (EFE) Ej of both patches, endemic free equilibrium
in each of the patch £7 and Es which are the boundary endemic equilibria and endemic equilibrium in both patches
Es5 referred to as interior equilibrium all in the domain € as obtained from the system of equations (3.2.1). With

non negative initial conditions.

The equilibrium points of the system (3.2.1) are determined by solving the resulting equations in each patch

obtained by equating the derivatives of the system (3.2.1) to zero.
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Ebola Free Equilibrium point

Ej is the Ebola free equilibrium (EFE) which occurs when the both communities which are connected via immi-

gration do not have any case of Ebola Virus infection.

Ep = (57,0,0,0,55,0,0,0) R (3.2.8)

where

_ Ay pip + Ay wy + Ag wy go _ (pow1 + wiwz) A + (wiwa + p1pg + powr + piws) As
B o+ we + po wi 2 p1 13+ e w4 p3 wi + pewiws + p flaws + Hiws

ST

Ebola Free Endemic Equilibrum points

E4 is the Ebola free endemic equilibrium which occurs when Ebola is prevalent in the first patch but not present
in the second patch, which in turn makes recruitment of healthy individuals almost zero. Susceptible Individuals

will not migrate to the community that is Ebola prevalent or migration will be almost zero.
Ey = (S}, B, IT, R}, S3,0,0,0)eRS.. (3.2.9)

where
. UsAi + aallf " Ao

Sy = Sy =
' Bilip P Balsp

Bllik (UgAl + CLOqIf)

Er =
! (BoIf — p1)Un

k18115 (UsAy + aan IT)
(B1I} — p1)UrU

I =
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Ur = (k1 +p1), Uz = (a1 + p1 +711),Us = (a+ p1)

FE) is the Ebola free endemic equilibrium which occurs when Ebola is prevalent in the second patch but not present
in the first patch, which in turn makes recruitment of healthy individuals almost zero since susceptible individuals

will not migrate to the community that is Ebola prevalent or migration will be almost zero.

By = (57,0,0,0,S55, F3, I3, R)eRS.. (3.2.10)

where
S* A1 . U3A2 + bOéQI;

VT BLm T Bl
ﬁgfg (U6A2 + bazfg)
(Bols — p2)Us 7

E;5 =

ko P2l (UsAg + baly)
(B215 — p2)Us2Us

=

Us = (k2 + 12),Us = (aa + pa + 1), Us = (112 + b)

Ebola Endemic Equilibrum point

Es is the Ebola endemic equilibrium (EEE) which occurs when Ebola is prevalent in the both patches, which in

turn makes recruitment of healthy individuals almost zero as well since susceptible individuals will not migrate to

o1



and from both communities that is Ebola prevalent and migration will be almost zero.
Es = (ST*, BT, I{*, RT™, S5 E;*,I;*,R;*)eRi. (3.2.11)

where
UgU3 A Uy + aa1ITU4U6 + UswoUgAg + bU3(.U20{2[;

S** —
1 UoUsUyUg — Uy UsUsUs

U7 A2(UpgUsUsUg — U1UxUsUs) + bao s (UgUsUyUg — Uy UaUsUs)
+ Urw1 (UsUsUg A1UsUgnr I7 + UsUpwa Ao + bUswaI3)
UsU7(UgUsUsUs — U UaUsUs)

_ BuI{(UsUs AUy + ac ITUsUg + UswaUs Az + bUswaain13)
U (UoUsUsUs — UhUsUsUs)

ok
Sy" =

*k
El

BFIMM%@M%—mwmwﬂw@m%@m%—m@%%)
2149
+ U7W1(U3U4U6A1U4U6041[f + U3U6WQA2 + bUgCUQI;)

E** —
2 U,Us U7 (UgUsUsUs — U, UU3Us)

fil,Blfik(UGUgA1U4 + aa1 I{U4Ug + UswaUg A + bUg(AIQOJQI;)

[** —
! U Us(UgUsUsUg — UrUsUsUs)

5Fzhm%%w%—mw@%mwwm%%m%—m@%%)
RaP21y
+ U7(,c)1(UgU4U6AlU4U60£1[ik + UsUgwo Ao + bUgCL)QI;)

UsUsUg U7 (UgUsUsUs — U1UsUsUs)

Kk
15" =

o QUf o ool
R = =L Ry =
LUs T U

92



For the disease free equilibrium, we assume that in both sub-populations, there are no infected individuals, neither
are there any one who is exposed. it is assumed that all the compartment are without the infection. Which reduces

the system of equations (3.2.1) to

dS;

% = Ay + w2859 — w1 ST — ,u151 (3.2.12)
ds
7752 = Ay + w151 — w9Sy — ILLQSQ (3.2.13)

Setting the right hand side (RHS) of equation (3.2.14) and (3.2.15) to zero and solving for the equilibrium points,

we obtain

_ wa (A1 + A2) + p2 Ay g0 (How1 + wiwa) A1 + (wiwa + p1pe + powr + piwa)Ag

wipie + piws + pape’ 2 p1 13 e wa 4 p3 wi + pewiws + p flaws + Hiws

ST
Therefore, with non negative initial conditions

DFE(vaE17II7R17357E27I27R2) = (Sf707070735707070) :

3.2.4 Basic Reproduction Number

To find Ry which is the basic reproduction number for this system, we use the next generation matrix described
by [Diekmann et al., 1990, Van den Driessche and Watmough, 2002, van den Driessche and Watmough, 2002] to
calculate the basic reproduction number of the system of equation (3.2.1) where we define matrices F and V the

inflow and outflow from the Exposed and Infectious compartments.

)
@)

0 p1S1
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and
(&) 0 —52 0

—K1 €1 0 0

—52 0 C2 0

where

co = (k1 +p1)er = (11 + o + ), c2 = (ko + p2), c3 = T + g + 2

Where the largest eigenvalue and hence the spectral radius p(FV ') is Ry. Since the existence of infection is
isolated in respective community which is connected only through movement of individuals or migration, then the

communities specific reproduction numbers will be given below,

B1S10K1C2 B151 B1S1K1p2 0
ci(coca—pipz) 1 c1(coca—p1p2)
0 0 0 0
FV—1 =
B2Sap1 kK2 0 B2S2cor2 B2S2
cs(coca—p1p2) ca(coca—pap2) 3
0 0 0 0

where
co=(k1+p),c0=(m1+ao1+p),ca= (ke + p2)cs = (72 + g + p2) .

With corresponding eigenvalues,

222.2 2 2
S17B17ca"c3"k1” — 2515281 P2coc1cac3K1 K2
S1B1cac3k1 + S2B2c0c1 K2 +

1 + 4 818281 Bacicap paki K + S20Ba’co’er’ka”

2 cies (coca — pipi)

222.2 2 2
S10°B17ca"c3“k1” — 2515281 Bacocicaczki ki
S1B1c2c3k1 + Sa2f2coci ke +

1 +4 815581 Bacicsp piaki ko + Sa”Ba’co’cr ko’

2 ciez (coca — pipe2)
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0,0
such that

222.2 2 2
S1°B17ca"c3“k1” — 2515281 Facocicaczkika
S1B1c2c3k1 + S2B2c0c1 K2 + a5 g o
+ 4515281 B2c1c3p prak1 k2 + S2° B2 co 1 kKo

1
2 cicg (coca — pipe)

Ry =

is the basic reproduction number for the first and second patch.

3.2.5 Local Stability of the Ebola Free Equilibrium (EFE) Fj

We will establish the local stability of the (EFE) in the theorem below

Theorem 10. The Ebola free equilibrium, (DFE) of the model system is locally asymptotically stable (LAS) if
Ry<1

Proof. For the Ebola free equilibrium, the assumption that in both sub-populations, there are no infected indi-
vidual holds. Such that no one is infected in either of the compartments, reducing (3.2.1) to Ey. We linearize the
system of equation (3.2.1), then we derive the Jacobian matrix J(Ep) at Ep, hence obtaining the characteristics

equation as follows:
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Uy 0 —p1S1 a wy 0 0 0

0 Uy /S5 0 0 0 0 0

wp 0 0 0 Us O —ﬂz Sy b
0 0 0 0 0 Us (2590 0
0 0 0 0 0 ke U~ 0

0 0 0 0 0 O %) Us

where

s 2 —
w1 + pwe + 12 1 M% + pipe w2 + M% w1 + powiwo + fi1 flows + MM%

g, — wo (A1 + Ag) + u2Ay g (How1 + wiwe) A1 + (wiwa + p1pe + powr + piwa)Ag

Ui =—p1 —wi,Us = —Kk1 — 11

Us=—-o1 —p1 —m,Us = —a— p1,Us = —pg —wo,Us = —ka — pi2, Ur = —ag — o — 72, Us = —b — pu2

Then the characteristic equation at Ey of the linearised system of the model (3.2.1) is given below.

U — 0 — 06151 a w9 0 0 0
0 U=y Bid 0 0 0 0 0
0 K1 Us — 9 0 0 0 0 0
0 0 a1 Ug — 9 0 0 0 0

| J(Eo)| = =0

w1 0 0 0 Us — ¢ 0 — 3252 b
0 0 0 0 0 Us—v¢ 252 0
0 0 0 0 0 K2 Ur - 0
0 0 0 0 0 0 fo%) Us — 9

o6



Thus, the determinant det(J — 1) = 0 and the equivalent eigenvalues of the system (3.2.1) at (Ep) is given by

P = =y —wo, @ = —py — w1, PO = —kg — pop™® = —ky — 1, ) = —ay — pg — 79, P = —ay —p1 — 7,
(D = —b—py and Y = —a —

From the values of all the off-diagonal entries of |J(Ep)| which are non-negative. Therefore, it is a Metzler
matrix. Based on the fact that > 0, then the system (3.2.1), is positively invariant in R%, Implying that any
trajectory of the system (3.2.1), from an initial state in the positive orthant Riremains in Ri forever. Clearly

from the determinant of Ey we see that the reproduction number of both patches are seen

Which implies that the system (3.2.1) is said to be locally asymptotically stable(LAS) at (EFE). Which com-

pletes the proof. O

The global stability of disease-free equilibrium will now be established.

3.2.6 Global Stability of the Ebola Free Equilibrium (EFE) E,

we then show that the disease free equilibrium is globally asymptotically stable;

Theorem 11. The disease free equilibrium (DFE) of the model system is globally asymptotically stable (GAS) if
Ry <1

Proof. Define a Lyapunov function candidate as follows;
A A
V= By, L By Io) = =By + ol + 2By 4 Cily

Hence, %51 > 0, %62 > 0,Cpy > 0,C7 > 0 which is positive. it is easy to see the DFE such that the Lyapunov

function of the system of equation (3.2.1) is satisfied. By Differentiating with respect to t, we have
. A ’ A / /
H1 H2

V= 211151 (15111 — (Fp)Er] + Co [k1 By — (Fy) 1] + ;:12252 (825215 — (F3)Es| + C [keEa — (F3)Is]
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where Fy = (k1 + p1), F1 = (o1 + p1 + 71), Fo = (k2 + p2), F3 = (a2 + p2 + 1)

By expansion and collecting of like terms we have

: A8 F, AB2S AgBsF AyB2
V= [Cofil _ 1510] By + [1511 _ COF1:| I+ [0152 _ 2@2] Ey+ [25252 _ Cng} I
H1 H1 H2 H2

At Ebola free Equilibrium, where

s D02 —
w12 + piwe + 2 1 i3+ pa e wa + iy wi 4 powiws + p1 paws + f1ws

g, — wo(A1 + A2) + pe Ay g (now1 + wiwe) A1 + (wiwa + e + powr + piws)Asg

let
mq ms
S ="M g, =8
Lo R
above
. A8 F, A B? AsByF. Ay B2
V= [Colil - A 0] Ey+ [15177%1 - Coﬂ} I + [01/12 - Al 2] Ey + [2,827713 - C1F3} I
M1 H1me2 M2 21y
. A8 F, A B? AsByF. AyB2
V= |:CO/‘51 _ 1ﬂ10] Ey + [161% _ COF1:| I + [Cll‘éz _ 2522] Ey + [2527'13 _ Cng} I
M1 nims H2 21y
. A1 Fo A1 BEma Ao ol AsB3ms
V =C 1-— E CoFi | =—————-1]|1T C 1-— FE CiF3 | ———=—" —-1]|1I
0r1 [ Coripn | MR CoF1pime e Crropa |~ T C1F3pamy 2
rearranging
. A8 F, AyBy F. A B? 2
V:%mP— m”ﬂ&+amﬁ—ﬂ2ﬂ@+Qﬂ[%ml—q5+q&[Aﬁm3—q@
0R1 M1 1K2/42 CoFypime C1F3pamy

V = 0001/€11£20001F1F3 [R(Q) — 1] Elnglfg S 0

if Ry <1 Hence the Ebola free equilibrium is globally asymptotically stable for R0 < 1
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3.2.7 Local Stability of the Ebola Free Endemic Equilibrium (EFEE) F; and F;

We will establish the local stability of the (EFEE) in the theorems below

Theorem 12. The Ebola free endemic equilibrium, (EFE) of the model system is locally asymptotically stable
(LAS) if Ryp <1

Proof. For Ebola free endemic equilibrium, we assume that in both sub-populations movement is low, i.e w << 1.
Such that infection is not recorded in the second that because immigration is reduced but not totally canceled
i.e (I =0,I2 # 0). We linearize the system of equation (3.2.1),then we derive the Jacobian matrix J(E;) at Ej,

hence obtaining the characteristics equation as follows:

[ ail 0 —-61U38 a w9 0 0 0 ]

U2B —k1—p  BUS 0 0 0 0 0

0 K1 ass 0 0 0 0 0

0 0 oq —a — 1 0 0 0 0

J(Ey) =

w1 0 0 0 — g — W2 0 —po U4 b

0 0 0 0 0 ko — o BoUY 0

0 0 0 0 0 K2 arr 0
0 0 0 0 0 0 oy —b—p |

where a11 = —U2 81 — j1 — w1,a33 = —Q1 — i1 — T1,G77 = —Q2 — [ig — T2

o — BL((AL+ Ag)ws + Arpz) o1 — (u + #1) (1 + p +71) (2 +w2) pu + ppwr)) (a + )
13+ (a+m+ar+ k1) w2+ ((a+mn+a1) k1 +a(m +a1)) pr + arkr) (p2 + wa)

(1 + k1) (a1 + p1 +71)
Bik1

(p1 + k1) (o1 + p1 + 71) wi + Aafik1

U3 =
Bik1 (p2 + w2)

U =
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Using upper triangular matrix principle [Coelho and Milies, 1993] for the upper diagonal, then we have

an 0 —p1U3 a wa 0 0 0

U281 —ki—m  BLUS3 0 0 0 0 0

0 K1 ass 0 0 0 0 0

0 0 o —a—m 0 0 0 0

J(E1) =

0 0 0 0 —pg—ws 0 —BU) b

0 0 0 0 0 ko — g B UY 0

0 0 0 0 0 K2 ary 0

0 0 0 0 0 0 ar  —b—p |

The matrix J(Fj) is an upper triangular matrix. Its eigenvalues are also eigenvalues of the upper triangular
matrices. The trace of F7 is given as: —U201 —a—b—a1 —as — k1 — Ko — 4y —4dpe —w1 —we — 711 — T2 < 0

As the eigenvalues of the det(J(Eq) —¢I) = 0 gives:
P = —py —wp, A® = —ky — 1o, A = —iy — g W = —ap — pp — 7, ) = —ay —py — 1

71/}(6) =-b— M?ﬂ/f(?) = —CL—/},171/}(8) = —UQ,Bl — M1 — W1

Since the values of ™) < 0, @ < 0 @ Y@ YO <0, YO <0, (M < 0 and A®) < 0 have no positive signs,

hence the equilibrium point Ry < 1, then FE; is asymptotically stable.

Theorem 13. The Ebola free endemic equilibrium, (EFEE) of the model system is locally asymptotically stable
(LAS) if Rp <1

Proof. For the Ebola free endemic equilibrium, the assumption that in both sub-populations, there are infected
individual in patch one and no infections in second patch holds. Such that no one is infected in second compart-
ment, reducing (3.2.1) to Es i.e (I3 # 0,Io = 0). We linearize the system of equation (3.2.1),then we derive the

Jacobian matrix J(E2) at E2, hence obtaining the characteristics equation as follows:

We form the Jacobian matrix of the system as follows
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[ —] — Wy 0 — M a w9 0 0 0 ]

0 —Kk1— 1 My 0 0 0 0 0

0 K1 as3 0 0 0 0 0

0 0 ap  —a— 0 0 0 0

J(E) =

w1 0 0 0 ass 0 —M; b

0 0 0 0 U2 By —ko—ps M 0

0 0 0 0 0 K2 —ary 0
0 0 0 0 0 0 ay  —b—py |

where a3z = —ay — p1 — 71,a55 = —U2 Ba — po —wa,a77 = —ag — fig — T2

M, — (ko+p2)(ao+pa+12) Mo — B1((k24p2)(az+p2+7)wa+ A1 Baka)
1= K2 » 0 = (p14w1)Baka

o — B (AL + Az)wp + Arpz) &1 — (i + #1) (1 + p +71) ((p2 +w2) pu + powr)) (@ + pa)

B3 H (et darFr) 2+ ((a+ 71 Far)k+a(m +ar)) g+ atikr) (po 4 wo)

Using upper triangular matrix principle [Coelho and Milies, 1993] for the lower diagonal, then we have

[ — ] — w1 0 — M, a wo 0 0 0 ]
0 —Kk1—p1 My 0 0 0 0 0
0 K1 as3 0 0 0 0 0
0 0 oq —a — 0 0 0 0
J(Eq) =
0 0 0 0 ass 0 —M b
0 0 0 0 U2Py —ko—pa M 0
0 0 0 0 0 K9 —ar7 0
i 0 0 0 0 0 0 oy —b— e |

trace of

Ey,—U2Bs—a—b—a)—ay—k1 —ky—4pur —4ps—wy —we—71 — 72 <0
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The determinant

det(J(Eg) — AI) =0

gives:

P =~y — w1, @ = —ky — g, 0¥ = —ky — ™ = —ay — py — 7

PO = —ay =y — 1l = b — g, ) = —a — g

and ¥® = —U2 By — pip — wo
Since the values of v < 0, v < 0 ¢, @ G <0, »© <0, YT < 0 and ¥® < 0 have no positive signs,

hence the equilibrium point Ry < 1, then E» is asymptotically stable.

3.2.8 Local Stability of the Ebola Endemic Equilibrium (EEE) FEj

we then show that the disease free equilibrium is globally asymptotically stable;

an 0 —M> wo 0 0 0
UJB —k1—m Mo 0 0 0 0 0
0 K1 as3 0 0 0 0 0
0 0 oq —a — 0 0 0 0

J(E3) =
w1 0 0 0 ass 0 —Ms; b
0 0 0 0 BoUS —ro—po M 0
0 0 0 0 0 K2 ary 0
0 0 0 0 0 0 .
where ayy = —Uf 1 — p1 —wi,a33 = —a1 — i1 — 71,055 = — U5 Ba — plo —wa,a77 = —qg — fig — 7o
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(A1B1Pak1kg ((— (a1 + p1 + 11) (1 + wi) B2 +w2Br (2 + 72 + a2)) Ky

— 1 B2 (a1 + p1 + 1) (1 + wi) ke + wape Pk (pe + 7o + az) (a + p1)

U) —
4 B1Baka (12 + (a+ 711+ a1+ k1) 2 + ((a+ 71+ a1) k1 +a (11 + 1)) g + amik)
(A1 Bakika + an Bkt kowr + aq Bakapiwr (— (2 + K2) (p2 + T2 + ag)
U (p2 + w2) B1 + wiPaka (11 + 71) k1 + piwiPake (1 + 71) (b + pe2)

" Bifarn (12?4 (b+ 12+ an + ko) pa® + ((b+ 72 + ag) ko + b (19 + 2)) 2 + brors)

(1 + k1) (@1 + 1+ 71)
Bik1

From the values of all the diagonal entries of |J(Es3)| which are non-negative. We use the upper triangular matrix

(2 + K2) (p2 + T2 + )
Bak2

M2: aM3:

principle [Coelho and Milies, 1993]. Therefore,based on the fact that the determinant det(J(Esg) — 1) = 0

becomes:

[ ay 0 — My wo 0 0 0 ]
UjBr —k1—p1 My 0 0 0 0 0
0 K1 as3 0 0 0 0 0
0 0 ap  —a— 0 0 0 0
J(E3) =
0 0 0 0 ass 0 — M3 b
0 0 0 0 BoUS —kg — o Ms 0
0 0 0 0 0 0 ary 0
0 0 0 0 0 0 0 —b—p2 |

Laving all the entries on the upper diagonal matrix. The trace of J(E3) is
—UjB1—UsB—a—-b—a;—as—Kk1 —kKy—4dpu —4dpuy—w —wy—11 — 1 <0
Where the eigenvalues of J(E3) are given as:

P = —ky — o, 0 = —k1 — 1, ¥ = —ag — pa — 7,

63



W = —ay = =1, 00 = —b— g, O = —a — g, D = —U5 By — py — wy

and Y& = —UJ B — p1 — w1

such that stability of F5 is clearly seen from the determinant of F5. If Ry > 1, then E3 has positive roots hence
FE5 is unstable when Ry > 1. When Ry < 1

which shows that F3 have negative real parts and by rewriting the determinant of Fs w(l) < 0, 1/1(2) < 0, 1/1(3) <
0,9® < 0,90 < 0,90 < 0,9 < 0and p® < 0 are stable since the trace of F3 is negative and the eigenvalues

of F3 have constant sign. Thus, E3 is local asymptotically stable.

3.3 Zika Model

Zika Virus Disease (ZVD), a mosquito-borne positive stranded RNA Virus of the family (genus flavivirus) flavivin-
dae [Lindenbach et al., 2007], is now causing an unprecedented large-scale outbreak in th discovered in Uganda

in 1947, ZVD was confined for the first 60 years to the equatorial zone of Africa and Asia [Dick et al., 1952].

The first isolated issue of ZVD was recorded in April 1947 from a rhesus macque monkey placed in a case
in the Zika forest of Uganda near the Lake Victoria, by the scientist of yellow fever research institute [Dick
et al., 1952, Macnamara, 1954]. Zika is primarily spread by female aedes aegyptic mosquitos as by [Hayes, 2009],
and is usually transmitted during sexual intercourse or by blood transfusion [Foy et al., 2011]. In 1954, ZVD
was seen to occur in eastern Nigeria where it was seen that the conditions with it showing on three patients,
one by isolation of the virus and two by a rise in serum antibodies. Where the patients with liver damage
and serological studies showed a relationship between jaundice and the development of virus [Adekolu-John and

Fagbami, 1983, Macnamara, 1954, Fagbami, 1977].

The first true case of human infection of ZVD was identified by [Fauci and Morens, 2016]. Not much of human
infection was deducted or investigate for more than 40 years, but in 2007, there were reported cases of about 13
further confirmed human cases of ZVD from the continent of Africa to southeast Asia, [Fauci and Morens, 2016].
In 2007, ZVD caused an outbreak of relatively mild diseases characterized by rash, arthralgia and conjunctivitis
on Yap Island which is located in the south western percific Ocean. Jan C. et al in 1978, looked at the serological

studies for arbvirus antibodies. Where they gave an analysis by taking samples of potent serum specimen. They
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carried out this study on 1.279 human serum specimen collected from adults in south-eastern part of garbon from
June to September 1975 during a multipurpose epidemiological survey. The result of which showed positivity of

more than 25%.

Which was first time that ZVD was prevalently discovered outside the continent of Africa and Asia. This
outbreak in April, 2007 was characterised by rush, and the likes in Yap Island in the Federated States of Micronesia.
Where similar experiment as that which was carried out in Garbon and Nigeria was carried out on serum samples
from patients in the acute phase of illness contained RNA of Zika, a flavivirus in the family of yellow fever,
dengue,West Nie and Japanese encephalite Virus [Dick et al., 1952]. Following first detection of ZVD in Brazil
in May 2015, ZVD has spread in the Americas and the Caribbean, prompting series of health emergencies and
travel precautions from global health supervisory agencies and government. The risk of ZVD emergence in Europe
increased as imported cases are repeatedly reported, coming also with reports of Chikungunya Virus and Dengue

Virus. Which manifest with ZVD similar symptoms.

In 2017, Baud D, et all showed through a research titled Zika, a new threat to human reproduction, that
followed by French polynesia in 2013 and Brazil in 2015. the ZVD is mainly transmitted through aedes mosquitoe
bites, but sexual and post-transfusion transmission which most times are not checked, have been reported with
symptoms like low grade fever, maculopopular rash, conjuctivitis, myalgia,arthralgia and asthenia. Asymptomatic
male-to-female transmission has also been described. Importantly, ZVD RNA can prevent at least 6 months in
Semen. The need to increase discussion and research to improve understanding of the Zika virus disease dynamics
and transmission as well as movement of people from one place to another is very important and to develop

effective control and preventive strategies of the outbreak of ZVD

The recent ZVD outbreak in Brazil with close to two million estimated cases from early 2015 to early 2017
was received with global awareness and quick response by world health bodies. Because of the large number of
infections, rate of transmission and the sporadic increase in the number of reported case as well as the spread
of infection as well as the resultant death recorded. An which became a public health emergency as said raising
several governmental travel restriction as well as warning from the World Health Organization(WHO). As such,

the ZVD outbreak activated intervention and measures from both government, policy makers and scholars.

Various government through their respective Centre for Disease Control (CDC) and other global public health
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advocacy agencies activated series of emergency response by establishing management centres as well as issuing
travel guide, creating response teams, exposed individuals contact tracing, case management, public health aware-
ness, infection prevention and ZVD control practices. With very reasonable scholastic approach to the menace
from relevant medical research, public health advisory data and statistics as well as complimentary mathematical
models which helped in the understanding, modeling and predicting the disease transmission dynamics based
on relevant statistics, helping to shape policy makers. Because of the relevance and usefulness of mathematical
models, which play very critical roles in prevention and helping with adequate control measures for mitigating
infectious and non infectious diseases [Wang et al., 2019]. Kucharski, AJ [Kucharski et al., 2016] developed a

transmission dynamics of ZVD in island populations, giving a model analysis.

Also [Gao et al., 2016]in their research, considered the prevention and control of Zika as a mosquito-borne
and sexually transmitted disease, with a ZVD mathematical model with human and vector compartments, with
SEI for the structure of the mosquitoes and SEIR structure for humans, with an estimated reproduction number.
Also [Maxian et al., 2017] analyzed the disparity in cases male and female as well as age and sex structured ZVD
spread model. [Wang et al., 2019] considered a ZVD mathematical model, with spread to human from mosquito
bites and sexual contacts from human to human. With various protective and preventive control measures such
as the use of insecticide treated net, use of condoms, indoor spraying and treatment of infected individuals. With
the advocacy of health agencies and other control measures which have reduced sexual transmission of ZVD,
but the effect of migration and air travel has caused the transmission of ZVD from certain region to another
region. [Momoh and Fiigenschuh, 2018] also considered the optimal control of ZVD dynamics, with four control
measures. In this paper, we consider the transmission dynamics of ZVD between linked communities, using
a metapopulation mathematical model to study the control of ZVD transmission dynamics in two connected
population. Studying the optimal control of ZV infection with five preventive measures which include responses
to public health instruction and guidelines on movement or migration to and from prevalent region, efforts deployed
to reduce on movement or migration of infected individuals to and from prevalent region, use of insecticide to kill

mosquitoes and personal hygiene such as wearing of protective gear.
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3.3.1 Zika Model Formation

We consider a SIR metapopulation model for human and SI model for mosquito. Two patches representing two
communities connected by the movement of individuals through means of transportation are considered, which
includes travel rates for the recovered as well. Each patch ¢ is divided into three classes namely Susceptible host
Shi, Infected host Ij; and Recovered host Rp;, ¢ = 1,2. The total population of human at each patch at time ¢
is Np, = Sh, + Ini + Rpi- The vector (mosquito) population N, is a stand alone, assuming that mosquito do not
have log travel in the air. It is divided into two classes namely susceptible vector S, and Infected vector I,. It
is assumed that infected mosquito with Zika Virus are infectious for life. Susceptible mosquito are recruited into
the patch i at a constant rate 7p; and die naturally at a rate up;. Susceptible host Sp; becomes infected host at
rate ByiniShilvi, where Byin; is the probability of transmission from infectious mosquito to susceptible humans.
Humans in both patches die naturally at rate up; and those infected recover at rate ap;. Recovered can lose
their acquired immunity and become susceptible at rate o;. Susceptible mosquito S,;(t) are recruited at constant
rate m,; and naturally die at rate p,;. They can be infected by humans at a rate BpiyiSyiln;, where Bp;y; is the
probability of transmission from infected human to susceptible mosquito. Infected mosquito die at rate p,;. We
also assume travel between patches at constant rate A;, and disease induced death at rate d;. The mathematical

model describing the above scenario is given by the system of ordinary differential equations

;

dgzl = Thi — 5v1hJShJIv1 - AlShl — :u’hlshl + AQShQ + UthZ
% = Bvlhl Shilvi — (/th +dy + al)lhl
dRp;

- = a1lps — prr Ruy — 01 Ry

dSy; _
dt1 = Ty = Moy Svl - Bhlvl Sv1]h1

dly;
dtl — ﬁhl’ul Svllh - ,u’vllvl

(3.3.1)

B2 = 149 — BusneSnzlue — NaShe — ke Shz + MShs + 02 Rz

dé% = BuznheSnzlve — (Hne + do + a2) e

dR
a2 = azlpg — e Rpg — 02 Rpg

ds,
dgg = Tyy — /’LUQSUQ - thvgsvzjhg

dlv‘ —_
dtz - /BhQUQS’UQIhQ - /"L’UQI'UQ

\
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Figure 3.2: Schematic diagram of the disease dynamics

associated with the nonnegative initials conditions

Shi(0) = Spi(0), Ini(0) = I1;(0), Rpi(0) = Rhio, Svi(0) = Ski(0), 1,i(0) = I,;(0),

i=1,2. (3.3.2)

The description of the variables and parameters employed in the above model is given in Table 3.2. In the analysis

of the above model, we set

co = ppe +d2 + ag,c1 = ppg + 02,2 = ppg +di +aq,c3 = ppg +o1.

We would like to understand the disease dynamics within the population and investigate the optimal strategies

to reduce the spread of infection at low cost.

3.3.2

The system of equations (3.3.1) has an initial condition by

Positivity and Boundedness of Zika Model Solution



Table 3.2: Description of State Variables and Parameters

State Variables Description
Npi, Npo Total human population in patch one and two.
Shi,She Susceptible human population in patch one and two.
I, Ino Infected human population in patch one and two.
Ry, Rpo Recovered human population in patch one and two.
Ny1, Nyo Total vector population in patch one and two.
Sv1, Sve Susceptible vector population in patch one and two.
I Y Infected vector population in patch one and two.
Parameters Description
Th,y Ty Recruitment rate of human and vector population respectively.
LRy Ly Natural death rate of human and vector population respectively.
«a Recovery rate.
A Movement of susceptible human population.
o Recovery rate of infected human .
Bhw Transmission probability of Susceptible mosquito with infected humans.
Bk Transmission probability of Susceptible humans with infected mosquito.
d Possible disease induced death.

Lemma 2. If Sp,(0), I, (0), Rp, (0), Sy, (0), L1, (0), Shy(0), In, (0), Rp, (0),
Sy, (0) and I,,,(0) are non-negative, all variables Sy, (t), I, (t), Rp, (t), Sv, (t), Ly, (t), Sy (t), In, (t), Ry, (1),

Sy, (t) and I,,(t)are non-negative for all t > 0

Lemma 3. Given a closed set

Thy + T
Q= {(Shp-[hlathS’UpIUlaSh27[h27Rh275v27[U2) S R-IJ,-O : (Sh1 +Ih1 + Rh1 + Shg + Ihz + Rhg) S u

)
Hhuman

Ty, + T
(S'Ul +Iv1 +S112 +I’02) < i LR

Hmosquitoes

Proof. Firstly, we prove the positivity of solutions of the Zika Virus model as follows: We note that the positivity

69



of Sy, Rp; and S,; depends on that of Ij; in the first patch and the positivity of Sye, Rpe and S,2 depends on

that of I;2. From the second equation of (3.3.1), we have

dlp;

T Buint Shilvr — Colng (3.3.3)

where Cy = (1, + di + a1) The integrating factor of (3.3.3) is ¢“°* which when multiplied by (3.3.3) gives

eCOt dIhZ

It + Coe“ Iy = Buing SniLps 0t

d

&(ecot) = Butni Sh1 s 0t

Integrating both sides with respect to ¢ yields

ety = /5v1h1 Spil,etdt + K,

Iy = Kpe®0t 4 G0t / BoznzeCotdt > 0 (3.3.4)
as t — oo(t > 0) where K is a constant of integration.
From the third equation of (3.3.1) we have that

dRp;
dt

= Cth1 - a]_IhJ (335)

where C} = (up; + 01) Multiplying with the approximate integrating factor LF e“1(*) hence we obtain

eCl Q) dRhl

a T C1e" IRy = arly e?

%(ecl(t)Rhl) = Oél.[h] ecl(t)

Integrating with respect to ¢
ecl(t)Rhl - /Oélth ecl(t)dt + K2

where k2 is a constant of integration.
Ry = Kpe C1(8) 4 ¢=C1(1) / a1l €1 Odt > 0fort >0 (3.3.6)

Now, for the first equation(3.3.1), I have that

dShi
dt

+(C2 + Buini Lvi) = 01Rps + A2She (3.3.7)
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which can be expressed as
dShi

dt
where f(I,1) = Ca + Byini Iny and Co = pp; + A1 Multiplying with the LF oJo F(Tor)dIs gives

+ f(Iy1)Shi = 01Rp1 + A2She

t d t t
eJo fv1)dlus 73?1 + f(fuz)efo For)dlos Sh1 = (01Rp1 + /\2Sh2)ef0 FLor)dlv:

dt( edo Pl G,y — (g Ry + AgSha)edo 7o)l

Integrating with respect to ¢

t
elo T S, = Ky + / (01Rp1 + AoShz)elo Sl
0

t
Sy, = Kse™ fg F(Iy1)dlus +e fg F(Iy1)dlys / (UthI + )\2Sh2)€f0t F(Ip1)dIy; >0
0

for t > 0 Considering the fifth equation of (3.3.1), we have

dIU]
dt

+ o1 Ivi = Brivi Sviln

The Integrating factor LF is e#**®) by multiplying through by the LF results in

dt

et + pror € DTy = Bying Sy Inge ')

d
ﬁ(eu’” OT,1) = Butns Svr Inget®

Integrating with respect to ¢
et ], = Ky + /ﬂvzhz SorIngett®
Thus,

I,; = Kse Mot (1) + o Hui (t) /5111}11 Sy Iy et ®) gt >0,t>0

Further, from fourth equation of (3.3.1),

dSvl
dt

+ (Butnt Ins + pvr ) Lv1 Svr = Tu1

dSvI

+f( )v1:7rv1
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(3.3.12)



where f(I,1) = BuiniIns + por after expanding by the LF edo FULu1)

%( I f(I“)SUJ) = Ty ef(f f(Lo1)dIny (3.3.13)

Integrating with respect to t
elo IS, = Ky + 7y /eft;£ F(Lo)dlns gy

So :K4e*f0tf(1v1) +7TUI€fotf(fm)[/efotf(fm)dfm] >0 (3.3.14)

for t > 0 From the seventh equation of (1.1), we have

dlpe

—g = PoenaSnalve — Cslng (3.3.15)

where C3 = (j1, + d2 + a2) The integrating factor of (2.5) is €3¢ which when multiplied by (2.5) gives
dl ‘ :
€C3t7d}£2 + C3%" Iy = Buona Snaluze™
d

dt

(e9%") = Buone Sna Looe®™!

Integrating both sides with respect to t yields
%' Ty = /5v2h25h21u2603tdt + K5

Iho = K5e©3t 4+ O3t / BuonzeC3tdt > 0 (3.3.16)

as t — oo(t > 0) where K5 is a constant of integration. From the eighth equation of (3.3.1) we have that

dRps
dt

= C4Rh12 — CYQIhg (3.3.17)

where Cy = (pup2 + 02) Multiplying () with the approximate integrating factor LF e“+(!) hence we obtain

eCa(t) dRpg
dt
d

- %(604(01%/12) = aalppe®

+ C4€C4(t)Rh2 = aglhgec4(t)

Integrating with respect to ¢
604(t)Rh2 — /a21h2604(t)dt + K
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where kg is a constant of integration.
Ry» = K5efc4(t) + e~ /agfhgec4(t)dt >0fort >0

Now, for the fifth equation(3.3.1), I have that

dShs
dt

+ (Cs + Buznelve) = 02Rpe + A1 Shi

which can be expressed as
dSha
dt

where f([vg) = C5 + BuoneIne and Cs = ppe + A2 Multiplying with the LLF efOt fLoz)dlve gives

+ f(Ly2)She = 02Rp2 + A\1Shs

ef(f f(IUQ)dIUQ d*;:? + f([yg)efg f(IvZ)dIuQ ShQ — (0—2Rh2 + AIShI )ef(f f(—[112)d]1}2

.4

Integrating with respect to t

t
elo F)dle gy = F¢y + / (02Rpz + M Spy )edo S To2)iloz
0

t
ShQ — K5€7 f(f f(IUQ)dIvQ + 67 f(f f(IUQ)dIvQ / (0—2Rh2 + )\lshl )efot f(IUQ)dIvQ 2 O
0

for t > 0 Considering the tenth equation of (3.3.1), we have

I,

2
7t + po2lve = BrovaSveIng

The Integrating factor LF is e/»2(!) by multiplying () through by the LF results in

oz (1) Moz

+ pio2et? D10 = Buons SyaInget 2™

d ,
a(e"”‘@(t)hz) = Buonz Sz Inaer®

Integrating with respect to ¢
ey = K5 + /BUQhQSvQIthMUQ(t)

Thus,
Ip = Kge 2 () 4 emmz () /Bv?hQSUQIh,QeMUZ(t)dt >0,t>0
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Further, from ninth equation of (3.3.1),

dSy2
dt

+ (Bv?h?lh,? + /U”UQ)I’UQS’UQ = T2

dSv2
dt

where f(I,2) = BuonaIne + pvz after expanding by the LF eJo F(Iv2)

+ 9(11)2>Sv2 = T2

a

7 (efgt 9(11)2)51)2) — 7T1/2€f0t f(Iv,?)dIhQ
t

Integrating with respect to ¢
ef()t g(lwz)Svg — K6 + Ty /efot f([wid)d[hgdt

Sup = Kse™ 15 90) | pem Sy oh) | / el oth)ane] 5

fort >0

Thus, the solution

ShisInts Ruty Svilvi, Shay Ing, Rr2Sve

(3.3.24)

(3.3.25)

(3.3.26)

and I,z of the Zika model with initial conditions S, (0) = S9, > 0,1;,(0) = I}, > 0, Ry, (0) = RY, > 0,5,,(0) =

59, > 0,1,,(0) =19, > 0,51,(0) = Sp, > 0,11,(0) = IY, >0, Ry, (0) = RY, >0, 5,,(0) = 5% > 0,1,,(0) = I},

0 are positive for all ¢ > 0 Hence the proof.

Let the total human population for both patches of the model be
Np = Np1 + Nig

such that
Nug = Spi(t) + Ins (t) + Ry ()

Niz = Spa(t) + In2(t) + Rpe(t)

Differentiating with respect to ¢
Ny, = Npg + Nyg
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N}’L = S;L] (t) + I;L] (t) + R;L] (t) + S;Lg(t) + 1;12(75)

N;; = Th1 — Both1Shilvi — MSh1 — pn1Shi + X2She
+01Ru1 + Boiht Shilvr — (phs +di + 1)l + aadng — png Ry
—01Rp1 + The — BusneShalve — A2Shz — pr2She + A1Shi

+09Rpg2 + Buone Shelve — (pne + do + a2)Ine + aolps — ppe Rpe — 02 Rpe

Ny, = Tng + The — ping (Shs + Ing + Rng) — pne (She + Ing + Rug + dilns + dalps)

Ny, = Thy + The — pni Nat (8) — pneNaa(t) + didns + dolps

With the assumption that, Let

pn = min{fing, a2}

Ny, (t) = Ths + T2 — pn(Nag () + Nug (1) + dalng + dolps
Ny (t) = Tt + g — pnNu(t) + dilng + dolns (3.3.31)

Since dIp;(t) and dIje(t) are non-negative, then reduces to

Ny (t) < Ty + The — pnNa(t)
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Therefore,

dNp(t
d(t() ) + unNi(t) < Th + The
Integrating with respect to ¢
Nu(t) < W + Ke ppt
Taking the limit as t — oo
lim Nj(t) < (bt T The)
t—o00 jurs
Thus
0< Np(t) < (Thi + The)
HKn

Furthermore, let the total mosquito population for both patch be
Nv = Nv] (t) + Nv?(t)

such that
N, (t) = Su1 (t) + 1, (t)

Nyz(t) = Sya(t) + L2 (t)

Differentiating with respect to ¢

Nv :Nvl +Nv2

= S;J (t) + I’Z}] (t) + 5;2(75) + 1;2 (t)

= Ty1 — Po1Svi = Brivt SviIns + Brivi Svidni — por Lvr + T2 — Ho2Su2

—Brov2SveIns + Brove Svalne — oz lvz

Therefore

Ny (t) = (o1 + Tu2) — por (Sur + Tu1) — oz (Suz + L)
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Let,

P, = man{ iy, flog }

!

Ny(t) = (mo1 + To2) — pm(Not () + Nug(t))

= (7TU1 + 7T112) - Nva (t)

ANy ()
dt

b Ny (t) = (o1 + To2) (3.3.38)

Integrating with respect to t we have,

3.4 Model Analysis

Since the right hand side of the system (3.3.1) is a vector (multi-variables polynomial) function of class C*°, by
the Cauchy-Piccard theorem [Wouk, 1963] the exists a unique (local) solution of the system (3.3.1). For the rest
of the analysis, we assume that the solution of (3.3.1) is nonnegative (to ensure a nonnegative population at all

time).

3.4.1 Boundedness of Solution

Proposition 3.4.1. The functions Sy, In,, Rhy, Svy, Loy s Shys Ihys Rhys Svys L, solutions of the system (3.3.1) are
bounded.

Proof. Consider total human population for both patches

Ny, = Ny; + Nis, (3.4.1)
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where
Ny = Shi +Ing + Rpyy,  Npg = Spe + Ine + Rpe. (3.4.2)
Differentiating (3.4.1)) with respect to ¢ and taking into account for (3.3.1), we get
N;, = Ny + Np

= Sh1 + Ing + Ryg + Sha + Tno + Ria

= mhi + The — phi (Sht + Ing + Rpp) — pne(She + Ine + Rpz) — dilpy — dalpe

= Th1 + Thg — Phi Nas — pheNng — didps — dadpe (3.4.3)

< a1 + The — pn(Nns + Nipg) — dilpg — dalpe

< Thi + The — pnlNp — didpy — dalpg

< Ths + The — ppNp - (since Ip1, Inz > 0),

where pp < min{pn;, pre}. Solve the differential inequality (3.4.3), we get

Np(t) < Tht * Thz + (Nh(o) - W) e Fnt = Ny, (0)e et 4 (1 — e—ﬂht)m‘
Hh Hh Hh

If Nj(0) < ™72 then Nj(t) < ™LE™2 for all ¢ > 0. However, if ™11™2 < N, (0), then Nj(t) < Nu(0) for
all t > 0. In either cases we always have Nj(t) < max <Nh(0), %) for all £ > 0. This shows that the total

human population Ny, is bounded.

In the same manner, we consider the total mosquito population for both patches
Ny = Nyi + Ny, (3.4.4)
where
Nys = Spr +1vr, Ny = Suz + Le. (3.4.5)
Differentiating (3.4.4) with respect to ¢ and accounting for (3.3.1), we get
Ny = Sy; + Ly + Sys + 1y
= o1 + Tz — por (Svr + Lor) — poz(Svz + Lu2)
= Tu1 + Moz — Hot No1 — flog Nz (3.4.6)
< Tor + T2 — pm(Nor + Nog)

< Ty + Tp2 — Mvaa
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where 1, < min{pys, ty2 }. Therefore,

N,(t) < Mot ¥ Moz | (NU(O) _ 77”1;%2) ehmt (3.4.7)
Hm m

which is bounded above by max (NU(O), %)

Since the sub-populations are nonnegative et the total population is bounded, then they are bounded as well. [

3.4.2 Equilibrium Point
There are four equilibrium points for the system (3.3.1):

(i) The Zika free Equilibrium (ZFE) Zy which occurs when both communities (connected via immigration) do
no longer have a single case of Zika Virus infection. It is given by Zy = ( 5.,0,0, S9,.,0, ShQO,O,O,Sgg,O),
where

o _ Tul o _Twe g0 _ ThiA2 + Thifthe + Tho A2 go _ A1TR1 + A1TR2 + [h1Th2
vl — ) v2 — ’ hi

Pt o2 T Mfthe + Nefing + paipine " Nitna + Nopinn + fn e

(ii) The Zika free endemic equilibrium Z; which occurs when Zika is prevalent in the first patch but not present

in the second patch. Assuming no immigration (i.e., A\ = A2 = 0), it is given by

Zy = (S}’;]vl;;]’RZI’ ZI ;I’SZQ’O’()?S:Q’O)

, where
k o 7TU2
v2 — ’
Ho2
The
* J—
Sh? - )
Hh2
1
. CoC3[n1 My — Buihi Bhivi Tui Thic3
Ihl =

(a1o1 — c2¢3) Buint Bhivi o1 — c2C31ih1 Bhivi
C3Thy + (0'10é1 — 6263)

S* — I*
h1 hi>
C3Hh1
aq
* *
Rhl - 7Ih17
C3
X BhiviTor I}

2 )
Brivily, + 1z,
% Tyl — Mo IZ]
vl — .
Mot
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(iii) The Zika free endemic equilibrium Z which occurs when Zika is prevalent in the second patch but not present

in the first patch. Assuming no immigration, it is given by Zy = (5%,,0,0,55,,0,55,, 1}, R} 5, S50, 13;),

where
k _ 7T’U1
vl — )
Ho1
Thi
*
Shl - )
Hh1
coc 2 — Buoha Brova Tea ThaC
I, = 0C1h2 Payo v2h2 Ph2v2 T2 Th2 C1

(209 — coct) Buoha Brove Tz — CoC1th2 Brave
camhe + (o202 — coc1)

S5, = I
h2 h2»
C1lth2

* *

Ryy = — I}y,
C1
« _ DBrovemel},
v2 —

2
ﬁh,@v?];tg + W2
w2 — MUQI;;Q

Ho2

:2 =
(iv) The Zika Endemic Equilibrium (ZEE) Z3 which occurs when Zika is prevalent in both patches. It is given

S k% %k k% *k *k k% *k *k
by Zs = (S, 117 By Suis L7 Siss Is s Riyy, Suss 13), where

Ry = hJaRhQ = Ih,?a

sk Tyl

T Bravt I + por”

Kk Tv2

Y Browe s + e

o Ty1 /Bhlvl I]’;}(

"I ot (Bhiwr I+ por)’

% o1 /BhQUQIZZ

Y o2 (BraveIih + po2)
SZZ _ The + )\15;? T O'QOQI;ZZ ’

(he + A2 + Busne L) (pne + A2+ Buone I35)  c1(pne + A2 + Buona I5)

= Buini Ly S} 1= Buonz 135545

C2 Cq
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o (pns + XA Borna I7) (Bt + A2 + Busna 135) ( Thi
M (ung + M Boana 5 (ptne + A2 + Buzne I%) — Mida \pns + M+ Boans I

AT ho (7105112;
+ +
(h1 + A1+ Botnt 155) (pne + A2 + Busne Lis)  c3(pns + A1+ Boini 157)
n )\QO'QCMQIZZ )
c1(pns + A1+ Boint L57) (pine + X2 + BuaneI35) )

3.4.3 Basic Reproduction Number

We use the next generation matrix [Diekmann et al., 2010, van den Driessche, 2017] approach to find the basic
reproduction number of (3.3.1). The matrices for the newly infected and for transfer and death into the disease

compartments are respectively

Buih19
0 Zg%l 0 0
51/ K 71-'U
N
61}” 29
0 0 0 7’3;5 3
ﬁ 02 Ty
| o0 e o
and _ -
prr +di+a; 0 0 0
0 Mot 0 0
V= ,
0 0 ppet+de+az 0
|0 0 0 oz |
where

91 = Thi A2 + Thifthe + Tho A2, g2 = Apthe + Aofing + fhifhe,
93 = MThifh2 + M A2Ths + M A2The + Thaftne ihs + Thi A fthe + Tho AN fih1

g1 = e ing + Mpne® + 2 opnz ftng + MAaping + X pins -
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The next generation matrix FV~! is

0 S 0 0
FV—1 = ety O 0 .

: " N
) " ! % 0 |

and has four eigenvalues

N V94 (thg + d2 + 2) Buznz g3 Bhava Moz \@) V94 (thz + d2 + a2) BuznagsBravz oz

94 (pre + do + a2) o2 ’ 94 (e + da + a2) pye

A3 _ V92 (ns + di + a1) Buivr To1 Buini 91 @ Vg2 (ns + di + a1) Butvr To1 Buini 91

g2 (phs + di + a1) s ’ 92 (pns + di + o) fror

Thus the basic reproduction number Ry which is the spectral radius p(FV—!) (dominant maximum eigenvalue) of

the next generation operator FV~7 is given by
Ro = max(Rz 5 Rg),

where

R Bhivi /Tv1 g1 Ry — Bravz /932
1= ) 2 = .
Mul\/QQ (Bh1 +di + 1) /Ju,?\/gzx (e + d2 + 2)
We note that R; and Rs are the basic reproduction number of Zika in patches 1 and 2 respectively. By definition,

the basic reproduction number is the average number of secondary infections caused by a single infected individual

during his entire period of infectiousness.

3.4.4 Stability Analysis

Theorem 3.4.2. The Zika free equilibrium Zy is locally asymptotically stable when Rg < 1 and unstable when
Ry > 1.
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Proof. The Jacobian matrix evaluate at Zj is given by

_ Boini1 91

~ A1 — i 0 o 0 L A2 0 0 0 0
0 —co 0 0 uun 0 0 0 0 0
0 ay —c3 0 0 0 0 0 0 0
0 —Gafol 0y 0 0 0 0 0 0
0 Burumor 0 — i 0 0 0 0 0

J(Zo) =
M 0 0 0 0 —A2 — fh2 0 oy 0 —Des
0 0 0 0 0 0 —co 0 0 ema
0 0 0 0 0 0 Q2 —c4 0 0
0 0 0 0 0 0 _Bhi# 0 —pe 0
I 0 0 0 0 0 0 Bazmz 00 e

where ¢y = (pipe + d2 + a2), co =

)\(1) = —C3,
1
5) _ _1
A 2
O
2
e
2
A®) — _
1
0 __1
A 2
A10) —

(hs +dy + 1), 3 = (ups +01) and ¢g = (upe + o2). It eigenvalues are

)\(2) = — 1, )\(3) = —C4, )\(4) = —Hv2

[>\1 4 pn1 + A2+ pne + VO F pan — Ao — ppe)? + 4)\1)\2]

[)\1 4 pn1 + A2+ pn2 — VO F e — Ao — pp2)? + 4)\1>\2]

462 1911

co + ty1 + \/(02 - /141}1)2 + hlplT T
Hv192

9 4/6}2111]19171'1)1

c2 + po1 — 4/ (c2 = p1)? + ———
Hv192

9 45}2121,29371'1)2

co + po2 + (] (co = po2)? + —==——
Hv2d4

9 45]2121,293771)2

o+ p2 — [ (co — p2)® + —=——
Hv294

We note that if () 4+ A0) < 0 and AOXD > 0, then A() and A\U) are both negative. We have:
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ACING) — (N + 1) 2 + mr2) — Mda = A ping 4 Mot + finifine > 0.

Likewise we have

2
AD L AE) = —(cg + pro1) < OADNE =y, — W = copp1(1 — RY) = copon (1 + R1)(1 — Ry),
v192
and
9) (10) — (9)y(10) _ 5;%21}293%2 . o
A® A0 = (g + pry2) < OAONID = c0py — R copv2(1 — R3) = copva(1 + Ra)(1 — Ry).

If Ry > 1or Ry > 1, then ADA®) < 0 or X\OAID) < 0. As a result, at least two eigenvalues will have opposite
signs and the equilibrium point Zy will be unstable. However, if both Ry < 1 (i.e., ADA®) > 0) and Ry < 0 (i.e.,
AOINA0) > 0), then Zj is stable. O

Theorem 3.4.3. Zika free equilibrium Zy is globally asymptotically stable when Ry < 1.

Proof. Define a Lyapunov function as follows:

I I
LIt Ing, Ty Tog) = etPntotInt o ToeBhavelne 0

12291 Hue

Differentiating with respect to t,

! !
v Tt Brivi Iy T2 Brove I}y

[ o= TPt + el
Lot vl Liv2 v2
Tyl Bhlvl
= T BothiIviShi — calpg | + c2 | Bhivi In1 Svi — potIvi
v
Wv?ﬁh.@v?
+ T BusheLv2 She — colnz | + co | BroveIn2Sve — tvzlus
.

By expansion and collection of terms, we have

= [Wﬂvzhz BhiviSh1 C2Mv1:|I'u1 N {Mzﬁwhzﬁhzvzshz

- Co#w] Lo
,Uz'u] I’L’UI

C2T 1 Bhivi coTv2 Bh2ve
+ [Cﬁhmz So1 — H} In; + [COBhQUZSUQ - H] I
Hui M2
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At Zika free equilibrium, Sp; = g—;, She = g—i such that,

To2Bush2 Bhove 93

I [Wm Buihi Brivi 91
Hoi1 94

- Couv.@} Ly
Hoi g2

- CQMUI:|I1)1 + I:

2Ty Bh CoT w2 Bhove
+ [62@11@1 Sv1 — 21;1511;1] In; + [Coﬂhmsvg - H] Iy
12235 Hv2

SU] = Svg = 0 Then

o1 Bothi Bhivi 91
7
Co 7,1 92

T2 Bush2 Provags
2
Cottyp 94

L' = capins [ - 1} Iy + coptw2 [ 1] Lo = capior (RE — 1) Iy; + coproz (R — 1) 12

Thus L' < 0if Ry < 1 and Ry < 1. Hence, Zika free equilibrium is globally asymptotically stable if Ry < 1 and
Ry <1 O

From the above theorem, the stability Zj indicates that the populations of both patches could be disease free
over time provided that each infected individual infects at most one susceptible (i.e., Ry < 1 and Ry < 1) during

his entire period of infectiousness.

Theorem 3.4.4. Zika free endemic equilibrium Zq is locally asymptotically stable if R1 > 1 and Ry < 1, and
unstable if Ry <1 or Ry > 1.

* *

Proof. The Jacobian matrix evaluated at Z1 = (S;,, 1}, R}, S 15, 555,0,0,5%,,0) is given by

—Buini Iy — Hh 0 0 0 —Boin1Spy 0 0 0 0 0
Buini 13y —C2 0 0 Buini Sty 0 0 0 0 0
0 a1 —c3 0 0 0 0 0 0 0
0 —Buin1Sy1 0 Burni Iy — por 0 0 0 0 0 0
J(Z)) = 0 Porn1Syi O Buint Iy — ot 0 0 0 0 i 0
0 0 0 0 0 —Ith2 0 o2 0 PR
0 0 0 0 0 0 —co 0 0 Bunamis
0 0 0 0 0 0 az —c4 0 0
0 0 0 0 0 0 —fmsme o, 0
’ 0o 0 o om0 0
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The matrix J(Z7) is diagonal bloc matrix. Its eigenvalues are also eigenvalues of the bloc diagonal matrices. The

eigenvalue of the second bloc matrix

—Hhe 0 o2 0 _b’uz:%
0 —Co 0 0 szuh}#
A2 - O az _04 0 O
0 _%% 0 —Hv2 0
0 %# 0 0 — o2
are
1 482 72
AW = —hn2 <0, A = ¢y < 0, A®) = D) co + ty2 + \/(Co — f2)? + 5};2;52@2
v2
1 482, 2
M = =3 |eotmz = \/(CO — fw2)? + % , A® = <0
v
with
AB) AW = —(co + pa) <0,
2
AOND Z g Phizea™o2n
Ho2bh2

= copw2(1 — R%)

= Co,uvg(l + RQ)(]. - RQ)

(SinCe )\1 = )\2 - 0 and R2 = M

/~Lq2,2 Kh2

If Ry > 1, then A®) and A have opposite signs and the equilibrium point Z; is unstable. We assume now that

Ry < 1. Then \® < 0 and A® < 0. The eigenvalue of the first bloc matrix

—Bothi Ly — 11 0 0 0 —Boin1Sh;
Buoini Iy —c2 0 0 Buoin1 iy
A= 0 aq —c3
0 —Both1Sy1 0 Buinidf — tor
0 Boini Sy 0 Boini I —fho1

cannot be obtained explicitly. The Routh Hurwitz criteria for stability shall be used to investigated the sign of

the eigenvalues of the matrix A;. The characteristic polynomial associated to A; is given by

p(z) = —(z+ 03)(a4$4 + azx® + agx® + ayx + ap),
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where

ay = 1, as = [yl + di +co + Bhlvlj;kl + Una,

a1 = (Briviliy — to1) (capior + Brivt I (ca + po1)) 4 Brivt L capior — Bivor SiaSiq (o1 + pin1)

as = po1 (Brividp + Brivilyy + o1 + pn1 + ¢2) + (Brividn

+ o1 (2 + Brior Iy + pn1) + Brivr Ivca + pn1 — Br1v1Si1 i

ao = capio1 (Briot Iy + tn1) (Brioi iy + 1) — Bi1p1 k1St tnt ot -

It can be verified that a; > 0, as > 0, ag > 0, ajas > agpas and (ajas — apas)s > a%a4 provided Rq, > 1. Moreover,
if R1 <1, then ap < 0. By the Routh Hurwitz criteria for stability, the endemic equilibrium Z;is asymptotically
stable if By > 1 and Ry < 1, and unstable if By < 1 or Ry > 1. O

The above theorem indicates the possibility of the disease to persist within the first community provided that
each single infected infects more than one susceptible (i.e., Ry > 1) of the community during his infectiousness
period, and to be overcome over time in the second community provided that each single infected infects less
than one (in average) susceptible (i.e., R2 < 1) of the community during his infectiousness period and there is no

migration (i.e., A\ = A2 = 0).

Theorem 3.4.5. Zika free endemic equilibrium Zo is locally asymptotically stable if R1 < 1 and R > 1, and
unstable if R > 1 or R < 1.
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Proof. The Jacobian matrix evaluated at Z is given by

_ Buthi Thi

—tn 0 o1 0 e 0 0 0 0 0
0 —ca 0 0 Dumms 0 0 0 0 0
0 aq —c3 0 0 0 0 0 0 0
0 _ Bm;j,;ruz 0 —hos 0 0 0 0 0 0
w 0 Buwior g 0 — o1 0 0 0 0 0
2) = 0 0 0 0 0 —Bugne Lv2 — the 0 0 0 —Buzne Sh2 (348
0 0 0 0 0 BushaIv2 —co 0 0 Bughz Sh2
0 0 0 0 0 0 [e % —c4 0 0
0 0 0 0 0 0 —BroveSvz 0 —Broveln2 — poz 0
0 0 0 0 0 0 Bheve Sv2 0 Bheve In2 — o2

The matrix J(Z3) is a diagonal bloc. Its eigenvalues are eigenvalues of the bloc diagonal matrices. The eigenvalue

of the first bloc matrix

—h1 0 o1 0 751J1£217Th,1
0 —¢o 0 0 5UZLi;Th1
By = 0 1 —C3 0 0
0 75}1,11771)17%1 0 — i 0
O Bhl/;;ilﬂ'vl 0 0 _,uvl
are
1 462 T
AW = —pn1 <0, A = —c3 <0, AB) :_5 C2‘|‘,uv1+\/(62_,uv1)2+/8hh}1mh1 )
Mol k1
1 4 2
)\(4) - —= C2+,u/1)1_ (CQ_NUI)Z+M ,>\(5) :_le <0
2 Mol fh
with ,
A® 5 AD = ey 4 pr) < 0, AOND = ¢y, — D TorTht
Hov1fh1
_ Brima

= c1pip1(1 — R%) (since A\ = A2 =0 and Ry = 5
luvlﬂhl

= capv1 (1 + Ba)(1 — Ry).
If Ry > 1, then A®) and A have opposite signs and the equilibrium point Z, is unstable. We assume now that
Ry < 1. Then A®) < 0 and A < 0. In the same manner (as in Theorem 3.4.4), it can be shown using the Routh
Hurwitz criteria that all the eigenvalues of the first bloc matrix J(Z) have negative real parts if Ry > 1, and

there is at least one positive real part eigenvalue of J(Z3) if Ry < 1. O
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Likewise banning migration (i.e., \; = A2 = 0) between the two communities, the above theorem indicates the
possibility of the disease to persist within the second community provided that each single infected infects more
than one susceptible (i.e., Ry > 1) of the community during his infectiousness period, and to be overcome over
time in the first community provided that each single infected infects less than one (in average) susceptible (i.e.,

R; < 1) of the community during his infectiousness period.

3.5 Sensitivity Analysis

For the purpose of knowing the parametric data with higher influence on the metapopulation mathematical models,
we conducted sensitivity analysis to determine the parameter values and model robustness. In a bid to help us
determine the parameters that have a high impact on Ebola transmission dynamics in the EVD model and the
Zika transmission dynamics in the ZVD model and their respective reproduction number (R;). In carrying out
the sensitivity analysis of the Ebola and Zika Metapopulation model, we employ normalised forward sensitivity
index of a variable to a parameter as described in Chitins et al [Chitnis et al., 2006]. Defined as the ratio of some
relative change in the variable to the relative change in the parametric values of the system. While the sensitivity

index is defined using partial derivatives when the variable is a differentiable function of the parameter.

Definition 3.5.1. The normalized forward-sensitivity index, of a variable R, to a parameter M, denoted by \p]\R})

,which is defined as a ratio of the relative change in the variable to the relative change in the parameter

3.5.1 Sensitivity Analysis of Ebola

In order to determine the parameters or factors most essential in the transmission dynamics and spread of the
disease, we perform a sensitivity analysis of the formulated model (3.2.1) in the sense of Chitnis et al [Chitnis
et al., 2006] (2008). The sensitivity indices of the basic reproduction numberRy,for first and second patch to the

parameters of the Ebola model analysis (3.2.1) are computed as follows:
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Pho — a1 0k () 00069

a1 Ro Oay

Pho = 2 0 — 00098
a2

o = w1 OB — 499

w1 Ro Ow1
Uho = w2 x G — _0.794
Who = Bl x Gl — —0.50
Wl = f2 5 Gl — —0.50
Who — &L G — 0.371e — 5
Who = #2290 — 0.371e — 5 (3.5.1)

Pho — 1L 5 Ok — () 00998

T1 Ro ory

Ylhor  0R _ () 00967

T2 Ry 019

pho — B o 0Rg _ ( (w2Az+A1(paws))(katpz)(T2taztpuz)ky
A1 Ro op1 p1p2+p1w2+pow

Ro _ B2 ., 8Rg _
V) = 7 X 55, = 1.56

Ry _ a ORy __
Who = o 9B — () 435

R A OR
Uyl = 7t X 74, =0.0001276

Wl = 22 x o = 0.000122

In a similar manner, we can obtain the sensitivity indices of the basic reproduction number, Ry, to parameters

of the Zika model.

3.5.2 Sensitivity Analysis of Zika

In order to determine the parameters or factors most essential in the transmission dynamics and spread of the
disease, we perform a sensitivity analysis of the formulated model (3.5.1) in the sense of Chitnis et al [Chitnis
et al., 2006] Consequently, the sensitivity indices of the basic reproduction number Ry, to the parameters of the

Zika model analysis (3.5.1) are computed as follows:
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Yho — a1 o OB . Ro ()94

a1 T Ry Oa1 _2(,u,hl+d1+a1)
Ry — a2 \ OR _ Ry — _
\IIOJQ ~ Ry X Oas — 2(pp1+do+az) 0.2477

Ro _ Th1 y ORo _
W = B X gay =027

ho = T2 R0 _ ()95

Th2 Ro aﬂ'hg

Ry _ Mh1 ORy _ _ 1
\I/Mm — Ro X Opnt ~— 2

Ro _ Bh2 ORy _ _ 1
\Pum ~ Ro X Oup2 ~— 2

W0 = a1 x 8l = 0.004

vl = %2 x OF = 0.0047

Ry _ 01  ORo _
\IIO'I_ROX(?Oj_O

(3.5.2)

Who — g2 Gl — g
Ul = bt Sl — —0.25
Wi, = b2 O 035

5 = P x g — .27

B, = T ol 0o
= TR X g =025

B, = T x Bl — 0.25
WE = 5 x 2 = 07

Ry _ my2 ORg _
W = B2 X gry = 025

It is established (from the above theorems) that the basis reproduction number plays an important role to un-

derstand the asymptotic disease dynamics within the population. The progression of the disease reduces as the

. . . OR1 _ Ri OR2 _ _Rp
basic reproduction number decreases. Since 9oy = B > 0 and Bros = Frag > 05 I (resp. Rz) decreases as

OR1 __ Ry ) < 0 an

ghy I 1 5 W d Ry __ Ro
80{1 - 2(,uh1+d1+a1

Brivi (resp. Prave) decreases. Likewise,since 901 = " uratdstaz)

< 0, to reduce
Ry (resp. R2) one can increase the recovery rate oy (resp. «s). To apply these strategies, We consider their

implementation cost. We will investigate the optimal value of parameters which ensures low infection and low
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cost.
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Chapter 4

Optimal Control Analysis and Its
Application

4.1 Introduction

Optimal control theory is a mathematical strategic tool used in decision making which includes an appropriate use
of several strategies while trying to reduce the occurrence of diseases in cost-effective ways. Optimal control theory
have previously being applied to diverse epidemiological problems [Wang and Zhao, 2004, Oke et al., 2018, Lenhart
and Workman, 2007]. [Lenhart and Workman, 2007] explored techniques for improving multi-dose drug schedules,
treatment times and drug toxicities in cancer chemotherapy. Also, [Bonyah et al., 2016] used the optimal control
theory strategy to investigate several optimal control strategies of of the spread of Ebola. With options of
controlling infection by vaccination of susceptible, education of individuals on healthy living and minimizing
exposed and infected. [Momoh and Fiigenschuh, 2018] examined the possibility of implementing a combined
control strategies in order to determine the most cost-effective one. We however employ quadratic objective
function in measuring the control cost for Ebola Virus Disease treatment and Zika Virus Disease treatment. As
much as the possibility of individuals staying in their respective communities as a control strategy in reducing the

transmission of any of both disease in both patches. With great adherence to healthy Education and Governmental
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health policies.

4.2 Formulation of optimal control model for Ebola and Zika Virus Model

In the previous section, control options have been considered as constants. without much consideration on cost
associated with the implementation of the control Strategy. Hence, we formulate a corresponding optimal control
problem for the model in system (3.2.1) and (3.5.1) using strict adherence to no movement with both patch,
education, wearing long covering as protective gear for the Zika model and a healthy living and abstinence from
infected individual for the Ebola model to reduce prevalence and economic burdens. Similar technique have been
used successfully to determine the relevant control strategies with optimal cost in communities not linked together
as the case of a metapopulation [Kassa and Hove-Musekwa, 2014, Kumar and Srivastava, 2017]. We use a quadratic
term for the rate of application of a our control with the goal of minimizing the number of movement in and out

of both patches for both Ebola and Zika model.

4.2.1 Optimal Control for Ebola Disease Model

The introducing of control strategies on the rate of isolating the infected humans, maintenance of proper hygiene,
with effect of safety precaution and adherence to adequate campaigns from World Health Organization (WHO),
African Centre for Disease Control (ACDC) as well as other health organizations in Africa and across the globe
regarding Ebola virus infection. The control functions being employed, monitoring the effect of immigration
reduction or movement from one patch to another as an effect of educational campaigns and adherence to such
campaign. Because in case of Ebola and its spread, It is of great importance has to emphasize on educational
campaign because it is a fact that Ebola virus spreads through human-to-human transmission, which is not by close
and direct contact of which ever kind of an infected bodily fluids also via exposure to objects and contaminated
environment. Which makes controlled treatment, proper isolation and safe burial of infected individual of great

importance. Vaccination and Monitoring most infectious fluids are blood,
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S =A1— (1 —w)B1S1I1 — (p1 +w1)S1 +w2Se + aly
A = (1 —ui)B1SiT1 — (Sug + w1 + 1) Er

U = (buz + k1) B — (1 —ua)(ar + p1 + 7)1

% = (I —ug)(a1)y — p1 Ry — aRy

932 = Ay — (1 — up)B2S2Ts — (2 + w2)So + w1 St + aRy
U2 = (1 — up)BaSals — (Suz + ko + p2) Es

% = (0us + r2) Ep — (1 — ua)(az + p2 + 12) 12

U = (1 — ug)(a2)lz — paRy — aRy

(4.2.1)

where u; is the fraction of susceptible human who do not travel from one patch to patch two adhering to educational

campaign at time t,us is the fraction of susceptible human who do not travel from two patch to patch one adhering

to educational campaign at time t, ug is the controlled treatment, isolation and safe burial of infected individuals

as a means of controlling and preventing the spread at time t and u4 is the effectiveness of vaccine as well as other

treatment at time t. Hence, our goal is to minimize the number of infected individuals with Ebola virus while at

the same time keeping the cost of treatment very low.

To determine optimal control for the system (4.2.1) investigating the optimal efforts by defining the objective

functional

T
J (w1, ug, us, ug) = / [B1E1 + BaEs + B3Iy + Byl
0
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1
—1-5 (clu% + coul + c3ul + C4ui) dt

with S1(0) > 0,E1(0) > 0,1;(0) > 0,R1(0) > 0,52(0) > 0,FE5(0) > 0,12(0) > 0,R2(0) > 0. We assume cost
of treatments is nonlinear and objective functional takes a quadratic nature. The coefficients By and Bs are
balancing cost factors due to the size and importance of objective functional. Hence, we seek to find an optimal

control, uj, u3, u3 and uj such that

J(ui, us, ul,up) = min J(ug, ug, uz), (u1,ug, us,ug) € Q (4.2.2)

subject to system (2.1), where 2 is a Lebesgue measurable function defined from [0, 7] to [0,1]. Applying Pon-
tryagin’s Maximum Principle[ref]to solve optimal control problem satisfying necessary conditions corresponding

to the given state variables.
The Hamiltonian H from the objective functional (3.18) which is subject to system (2.1) is

1
H = B\Ey + ByFy + B3l + Baly + 5 (cru? + cou3 + c3uj + caul)

dSy dE dl dR; dSs dSs dly dRy

where Ag,, Ag,, A1y, ARy ASys AEy, ALy, AR, are adjoint variables which satisfy the adjoint system
H = ByE1 + ByEs + Bsly + Byly + % (cruf + coul + c3uj + caud)
+As; [A1 — (1 —w1)B1S11t — (1 + w1)S1 + waSa + aRy]
+Ag, (1 —w) 1511 — (dus + k1 + ) Eq]
+A5,[(dug + k1) E1 — (1 —ug)(oq + p1 + 1) 14 ]
AR, [(1 —ug) (1)1 — p1 Ry — aRq] (4.2.4)
+As,[As — (1 — ug)B2S2Is — (p2 + wa)S2 + wiS1 + aRy]
+AE, [(1 — u2)B2S21I5 — (dus + Ko + p2) Eo)
+AL[(0us + £2) By — (1 — ug)(az + p2 + 72) 1]

FAR,[(1 — ua)(a2) Iz — poRo — aRy]
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We then have to determine the Adjoint Variables by partially differentiating the Hamiltonian with respect to each

of the state variables as given above

Theorem 14. To establish an optimal control set ui,us,us and uyg that minimizes J over U , there are adjoint
variables, A\s,, AEy, A1y ARy s ASys AEys ALy AR, Satisfying

A\ __0H
.  0i

and with transversality conditions \i(ty) = 0, where,

i:Sl,El,Il,Rl,SQ,EQ,IQ,RQ (4.2.5)
Furthermore,
—(A A Sy I

ul = max{(),min <1, (As1 + Apr)Brh 1) } (4.2.6)

201

Is(—Ago — A

uy = max{O,mz’n <1, Bala(=As EQ)) } (4.2.7)

2co

OF1(Agr — A 0F2(Age — A

Uz = ma;v{(),min (1, 1A & )2—10_ 2(Ap2 12)) } (4.2.8)

3

(4.2.9)

Arraily — Arg(oq + po + 1)1 — App (oo + po + 1) 12 + )\R2042I2> }

1= 0,min |1
uy max{ ,mm( , 5

Proof. Suppose U* = (uj,u5, uj,u}) is an optimal control and Sy, Ey, I, R1, S2, Ea, I2, Ry are the corresponding

state solutions.Applying the Pontryagin’s Maximum Principle [Pontryagin, 1987] there exist adjoint variables

satisfying:
d\s;  OH dg;  OH d\y  0H d\py  OH
. 9S, dt  OE, dt 0L, dt = ORy’
d\ss  OH d\gz  OH d\;z ~ OH dl\pz  0H
dt  0Sy’ dt  OE, dt 9, dt = ORy’
d\s;  OH
P 6751 = [)\31( (1 Ul)ﬂlll (,M1 —|—w1))] (4.2.10)
A1 [—(1 —w1)B1l1 — (p1 + wi)]
d\ OH
dff = —gp = ~1B1 = Api(Gus + k1 + o) (4.2.11)

—B1 + Ag; (dus + k1 + 1)
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dA OH
721 =" —[Bs — A1 (1 —ug) (a1 + 1+ 71)]
—B3 4+ A1 (1 —ug)(aq + p1 +11)
A, OH
a aTzl_ ARi(—p1 —a)
Ar1 (1 + a)
dA OH
= og, = Per(-(—u)Bils = (uz +w2)
—As2[—(1 — ug)Bals — (p2 + wa)]
d\ OH
dfg =B —[B2 — Ap2(du3 + k2 + p2)]
—Bo + Ag2(dus + ko + p2)
d\ OH
T)fg = —8712 = —[B4 — /\]2(1 — ’U,4)(C¥2 + po + 7'2)]
—By+ A2 (1 — ) (o2 + po + 1)
dps  OH
i R Ar2(—p2 — a)
Ar2(p2 + a)
4.2.2 Characterization
OH
Jul = 2uicr + Ag1 815111
Uy
OH
e
8u1

2uicr = —Ag1 815111 — A1 15111
_ —(As1 + Ag1)B1514h

“ 261
OH
e 2ugca + Ag2 825212 + A2 25210
(0
OH
27 9
Ouo

2ugcy = —Ag2B25212 — Ao 2521
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(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

(4.2.16)

(4.2.17)



. B2S2l2(—As2 — Ag2)

Y2 262
oOH
Fun 2uzcs + Ag10E1 + A110E1 — Ag20Ea + A2 Eo
3
OH
bl
8U3

QU303 = AE] 5E1 — )\[1(5E1 + /\E25E2 — A[26E2
OB (Ag1 — A1) + 0E2(Ag2 — Ar2)

s = 263
oH
871L4 = 2uq4cy + Ajg (041 + p1 + 7'1)11 —Arprarli + /\jg(ag + pg + 7'2)[2 — ARaaiols
oH
= =0
8u1

2ugcy = Aoty — Ay (a1 4 p1 4+ 71) 11 — Ape (o + po + 12) 12 + Arganly
Arrondy — Apg(ar 4+ p1 + 1)1 — App (o + po + 72)Is + Apzanls

E3
u =
4 204
. 0 w1 <0
Ui -
1 ul Z 1
where i=1,2,3,4
T — maaf;{l, Arrarli—Arg (041-i2-i1+7'1)11—>\32a212} O

4.2.3 Ebola Control Strategy

The strategy employed for the effective control of EVD is to combine the effects of adherence to no movement
restriction in both patches as well as the control treatment, which indeed aided the effect of the Virus in both
patches considered. From Figure 4, which shows the reduction in the Susceptible human in both patches as a
result of effective control to the movement within patches. The Strategy involving the use of no movement order

within u(¢) which is the fraction of susceptible human who do not travel from one patch to patch two adhering
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to educational campaign and ug(t) which is the fraction of susceptible human who do not travel from two patch
to patch one. Where , u;(t) = 0 while considering the second patch and wuz(¢) = 0 while considering the control
strategy for the fist patch which is seen in Figure(4.1-4.3) , we observe that the optimal strategy adopted resulted
in a drastic reduction in the susceptible individuals. Similarly, Figure 4.3 shows that the infected population
dropped with the control strategy from 100 to 70 in less than 10 days of the adherence of the strategy and further
reduction in the first 100 days.

4.3 Optimal Control Zika

With constant and adequate campaigns from WHO and health organizations in South America, Europe and across
the globe regarding Zika virus infection. We propose some control strategy considering the vector transmission
which seems prevalent than sexual transmission protection and abstinence possibly which seems to have reduced
due to adherence to the health advice of sexual. Five control parameters are introduced for constructing the
control model. The control variable u;(t) is the personal preventive strategy and measures adopted to protect
oneself from contracting ZVD such as insect repellent or mosquito net to reduce the contacts between human and
wearing of long sleeve clothing which covers the body properly. While us(t) is the use of insecticide spraying to
kill mosquitoes. us(t) is the rate of treatment of those infected with ZVD. u4(t) is the efforts deployed to reduce
the movement of infected people from patch one to patch two. Through screening and testing. While us(t) is the
efforts deployed to reduce the movement of infected people from patch two to patch one. Through screening and

testing. Five control parameters are introduced to construct the control model:

e ui(t) for the personal preventive strategy from contracting ZVD (such as insect repellent, or mosquito net

and wearing of long sleeve clothing which covers the body properly)

e uy(t) to increase the death rate of mosquito (via insecticide spraying for instance), hence reduce contact

between susceptible host and mosquito
e u3(t) for recovered/treated infected host

o uy(t) for the efforts deployed to reduce the movement of infected people from patch one to patch two (through
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screening and testing)

o us(t) for the efforts deployed to reduce the movement of infected people from patch two to patch one.

The model with control variables is given by

But = 1y — pniSht — (1= 1) Buini ShiLor — (1 — ua) A\ Sk, + (1 — us)AaSh, + 01 R
Wt = (1 — 1) Botns SniTor — (par + di + uz) I
Bt = uglyy — (pns + 1) R
d?{l =Ty, — (1 — u2) Briv: Svilhs — (o, + (w1 + u2) imaz1 ) Sv1
ot — (1= 1) Brtor Sor Tnt — (g + (w1 + u2)ptmast ) o @a1)
dfl? = The — theShe — (1 — u1)BugneShelve + (1 — ug)A1Sp, — (1 — us) A2 Sh, + 02Rpe
dfz? = (1 — u1)Buzne Snalve — (pne + do + u3) Ins
d];% =uzlpe — (ftn2 + 02) Rpz
di? = Ty, — (1 — u2)BroveSvalne — (v, + (W1 + U2) fimaz2 ) Sv2
\ dfz? = (1 — u2)Br2v2SveIne — (fvy + (U1 + u2) tmaze ) Lug,

with nonnegative initials conditions. Our aim is to investigate the optimal efforts needed to control the disease
dynamics and minimize the cost of implementing the controls ui, ug, us, uq and us over a finite time 7. We
choose controls with quadratic cost and consider the objective functional (similarly with some authors in the

literature [Adams et al., 2004, De Souza et al., 2000, Lenhart and Yong, 1992, Kirschner et al., 1997])

T
1
J(ug,ug, us, ug, us) = /0 [Allhz + Aolps + Asly; + Aylys + 3 (wlu% + wgu% + w3u§ + wwﬁ + w5u§) dt,
(4.3.2)
where the coefficients Ay, A2, A3 and A4 are balancing cost factors due to the size and w1, wo, ws, wy and ws are

positive weights. We seek to find an optimal control (uj,us, us, u}, uf) such that

J(UT, U;, ’U,;, UZ, U;) = mén J(Ul, U2,U3,Uq, U5) (433)

subject to system (4.3.1)), where Q = {(u1, u2, us, ug, us)|u; : [0,T] — [0, 1]jmeasurable,i =1,...,5}. To solve the
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optimal control problem we apply the Pontryagin’s Maximum Principle [Pontryagin et al., 1962] which reduces to

minimizing the Hamiltonian pointwise with respect to the control variables. The Hamiltonian is given by

1
H = Al + Aolps + Asly; + Aylys + = (wlu% + wou3 + wgug + wgu? + w5u§)

2
dShy dlp; dRp; dSyi dl,;
4.3.4
+0 O+ O O O (4.3.4)
dShs dlps dRps dSy2 dl,e
+ 05 7t + 67 o + 03 7 + 6y 7 + 619 T
that is,
H=AI Aol Asl Ayl 1 2 2 2 2 2
= Ajlpy + Aalpe + Aszlyr + Aglye + 5 (w1u1+w2u2+w3u3+w4u4+w5u5)
+ 61 [7hs — ph1Shs — (1 —w1)Buns Shr Loa] + 02[(1 — 1) Bosns ShiLvr — (ns + di + us)Ipg]
+ 03[ugln; — (phs + 01)Rug] + almy, — (1 — u2) Bravs Svr Ing — (poy + (w1 + ©2) fimaz1 ) S1]
+ 05[(1 — w2) Bhivr Svr Int — (o + (w1 + w2) tmazt ) Lo1] (4.35)

+ 06[mhe — pr2She — (1 — 1) Bugne Shelve + (1 — ua)A1Sp, — (1 — us)A2Sh, + 02 Rpg)
+ 67[(1 — u1) Buona Shelve — (pne + d2 + u3)Ins] + Os[uslne — (pne + 02) Rys]

+ Og[my, — (1 — u2)Brove Svelne — (b, + (w1 + u2)fimaze ) Sve]

+ 010[(1 — u2) Brove Sve Ine — (fo, + (U1 + u2) mazz ) v2]

where 61,605,603, 04,05, 66,07, 0s, 09, 019 are adjoint variables which satisfy the adjoint system

Hence, we determine the adjoint variables by partially differentiating the Hamiltonian with respect to each of

the state variables

Theorem 4.3.1. For an optimal control set ui,uz,us,uqs and us that minimizes J over U , there are adjoint

variables, 01, 02,03, 04,05, 0g, 07, 03, 09, 019 satisfying

do; __oH
dat i

and with transversality conditions 0;(ty) = 0, where,

1= Shl 5 Ih] 3 Rhl 5 Svl ) Ih] ) Sh?a Ih27Rh27 Sv?a Iv,@ (436)
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Furthermore,

028v1h1 Shilvi + 04 (emazt Svr + Bhivt Svidni) + 05 (Bhivi Svilht + tmazt Lot
— 601Bv1h1Sh1 Lo — O6Bvon2Shalyz

+ 07ﬁ1}2h2 Sh2]112 + 09Mmax2 Sv2 + 910/1*ma$21v2 }

u] = mazq 0,min | 1,
2101

(4.3.7)
Osttmazs Svi + O5tmaz1 Lo
i} , + 09 (tmaz2 Sve — Brove SveIne) — 010 maze Lue
uy = max4 0,min | 1, 0 (4.3.8)
2
0oy — 031 Ine — 031
uj = max{(),min (1, 2 = 0s h12+ Orlnz — Os h2> } (4.3.9)
w3
Os A -0
uy = max{() min ( 6 1Sh21 1Sh2) } (4.3.10)
W4
A2S -
us = max{(),min <1, ”22(0106)> } (4.3.11)
Ws

Proof. Suppose U* = (uj, u3, uj, uj, uf) is an optimal control and Sh1, Ins, Rh1, Svi, Inis She, Inz, Rug, Sve, Ly2 are
the corresponding state solutions. Applying the Pontryagin’s Maximum Principle [Pontryagin, 1987] there exist
adjoint variables satisfying:

db, 0H dos o0H

T T 05, (tp) =0, — = = ~ol, 01, (tr) =0,
dfs 8H d9 8H
d—%———aHG (t)—Od—HG— aHQ ()—Od—97— aHG (tr) =0, -
at ~ o1, i\t =000 = g, O tr) = 0 = m g Uty
dfs OH dfgy OH db1o 8H
dt 8Rh2, R}LQ( f) 07 dt aS 951}4‘ (tf) O d aI 911).2 (tf> O
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with transversality conditions given as;
Sh1 =1Ini = Rpy = Svr = Ins = She = Ing = Rpg = Svg = Ly =0

We can determine the behaviour of the control by differentiating the Hamiltonian, H with respect to the controls
(u1,u2,us, ug,us) at a time t.0n the interior of the control set, such that 0 < uj < 1 for all (j =1,2,3,4,5), we

obtain

_oH
_6U1

- 94:uma11 Ivl + 065v2h2 ShQIv.Q - 0761}2!12 ShQI'uQ

0 = 2u w1 + 01 Bu1n1 Shidvr — 028vin1 Shilvi

- 99#max£ Svz — eloﬂmaxQIv,Qa

H
0= o1 = 2wauz — Oaplmazi Svi
8'&2
. (4.3.13)
- 05,Umax1 I, + ‘99,Uma12 Sv2 + 995h2v2 Sv,?]h,? - Hlo,umax,gjv,@a
oOH
0= Pus 2wzug — O21p1 + 031p; — 0710 + 031y
oH
0= —— = 2waug + 61 \1Sh1 — OsA1Shs
aU4
oH
0=—= 2w5u5 — 01)\25h2 + QGAQS}LQ
811,5
Therefore, we have that
doq OH db OH db3 OH df,  OH dbs oH

At 89Sy, dt | 0l dt | ORn, dt  9S, dt ol
B OH do-  OH dbs OH dfy OH dbsg OH

At 0Spe dt  Olpe dt  ORpe dt  0Sye’ dt Ol

do OH
ditl = _Tsh] = _[91(_:uh1 - (1 — Ul)ﬁvlhl I — (1 — U4)A1) + (92((1 — ul)ﬁwhl L,]) + 06((1 — U4))\1)] (4314)
—[(=O1pns — 01(1 —u1)Boing Loz — O01(1 — wa) A1) + O2(1 — w1) Butni Los + 06(1 — ug) 1]
' OH
01 - _8Sh1 - _91(_'uh1 - (1 a ul)ﬁvlhjlyj B (1 - U4))\1) - 92(1 - ul)ﬂ’u]hllvl - 96(1 - U4))\1
dfs OH
dt Ol —[A1 = O2(uns + di +us) + O3us — 04(1 — u1)Bpivr Sor + 05(1 — 1) Bhrvr Sur] (4.3.15)
’ OH
02 - _thl - _Al + 02(Mh1 + dl + U3) - 93U3 + 94(1 - ul)ﬁhlvl Sv] - 05(1 — Ul)ﬁhh}] Svl
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as __on

it~ ok, o Ol
0y = _aiz}; = O3¢5 — 010,
% = _?igilz = —[—04(pps + (u1 + w2)timaz1) — (L — w1) Brivs Ing + 05(1 — u1) Brivr Ini]
0y = _385{1 = Oa(por + (w1 + u2)ftmaz1) + 04(1 — w1)Brror Ins — 05(1 — w1) Bhivi Ins
ddi: - _38;:[1 = —[A3 — 01(1 — u1)Boins Shs + 02(1 — u1)Boins Shs — O5(ptor + (u1 + u2) flimax)]
b = _SIZ = —A3 + 601(1 — u1)Bosns St — 02(1 — 1) Botng Snr + 05 (o + (w1 + u2) maz1)
% = _;9]; = —[06(—pne — (1 — u1)Byone vz — (1 —us)A2) + 07((1 — u1) Byzne Lvz) + 01((1 — us)A2)]
b = _3651 = —01(1 —us) A2 + O6(ptnz + (1 — ur)Busha vz + (1 —us)X2) — 07(1 — u1) Busne Lue
dd—? = —552 = —[A2 — O7(pp2 + do +uz) + Oguz — Og(1 — u2) Brove Sve + 010(1 — uz2) Brove Sve)
0 = _g_rl,i = — Az + 07(pne + da + ug) — Osus + O9(1 — u2)Brgva Sve — b10(1 — u2) Brsve Sue
% = _6212’2 = —[0s02 — O3c4]
Oy = — a(;]; = Oscy — B0
ddif - 6852 = —[—0g(pve + (u1 + u2)tmaz2) — (1 — u2)Brzve Ine + 010(1 — u2)Brove Ine]
b = _8852 = O9(pvz + (w1 + u2)pmaaz) + 09(1 = u2)Bhzoelnz — 010(1 — u2) vz Ine
% _83[1;12 = —[A4 — 01(1 — u1)BugneShe + 07(1 — u1) Bugne Sne — bho(pvz + (U1 + u2)Hmas2)]
010 (;)[Z = —Ag +06(1 — u1)Buznz Sne — 07(1 — u1) Buzne Sne + 010(pvz + (u1 + u2) tmax2)
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(4.3.18)

(4.3.19)

(4.3.20)

(4.3.21)

(4.3.22)

(4.3.23)



028u1h1Sh1Ivi + 04 (Bmazt Svi + Bhivi SviIni) + 65 (Bhivt SviIni + tmazt o1

— 01Bv1h1Sh1Lvi — 06Buvone Shelve

+ 078v2n2Sn2Lv2 + Ootimaze Sve + 010 maz2 Lve

2'LU1

04Nma1:1 Sor + 95Nmax1 Iy

+ 09 (Nmaa:Q Sv2 - ﬂh?v,@ SUQIhQ) - 610/~Lmax2]v2

U2 = QQUQ
u 021y — 031y + O7lpp — Ol o 06 A\1.5h1 — 01Sh2
3 211}3 4 211)4
« A2Sh2(01 — 0s)
up = —————=
271}5

028v1h1 Shilvi + 04 (mazt Svr + Bhivt SviIni) + 05 (Brivi Svilhs + tmazt Lot

— 601811 Sh1 Lo — O6Bvon2Shalyvz

+ 078v2n2Sh2 e + O9pimaz2 Svz + 010 maz2 Lv2

ul = maxs 0,min | 1,
2w1

04,umazl Sv1 + 05Mma:c1 Iy

+ 69(Mmaz25v2 - BhQ’UQS’UQIhQ) - QIO,Umaa:,QLUQ
2wso

uy = mam{O,min 1,

. . 021y — O31p; + O71pe — Oslps
uz = maxq 0,min | 1, 20
3
«_ . 06 \15h1 — 015ne
uy = maxq 0,min | 1, 90
4

up = ma:z:{O,min <17 A25h2(91_06)> }
2’LU5
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(4.3.26)
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(4.3.28)



where i=1,2,3,4,5

2ws

U: :mcwc{l >‘25f»2(91—96)} 0

4.3.1 Zika Control Strategy

uq1(t) for the personal preventive strategy from contracting ZVD (such as insect repellent, or mosquito net and

wearing of long sleeve clothing which covers the body properly)

us(t) to increase the death rate of mosquito (via insecticide spraying for instance), hence reduce contact between

susceptible host and mosquito
us(t) for recovered/treated infected host

uy(t) for the efforts deployed to reduce the movement of infected people from patch one to patch two (through

screening and testing)

ug(t) for the efforts deployed to reduce the movement of infected people from patch two to patch one. For our
Zika Virus model, We employed effective control strategy for the ZVD with combined effects of adherence to
the personal preventive strategy from contracting ZVD, to increase the death rate of mosquito and treatment
of infected host. While restriction of movement to and fro each patch is another control strategy, which indeed
aided the effect of the Virus in both patches considered. Figure (4.5 - 4.6), which shows the reduction in the
Susceptible human population in both patches as a result of effective control to the movement within patches.

while considering the control strategy for the first patch which is seen in Figure(4.5 - 4.6), we observe that the
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optimal strategy adopted resulted in a drastic reduction in the susceptible individuals. Similarly, Figure 4.6(a)
shows that the infected population dropped with the control strategy from 100 to 70 in less than 10 days of the
adherence of the strategy and further reduction in the first 100 days as well as the very drastic reduction in the

susceptible individuals in both patches as seen in Figure 4.5(a&eb).
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Figure 4.1: Diagram depicting the Control Strategy Case of the persistence of Ebola virus disease in the infected
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Chapter 5

Simulations and Discussion of Results

In order to understand the overall picture of the EVD and ZVD behaviours respectively, this chapter provides
numerical simulations of each of the formulated models using a Matlab software package and Maple software
package. The results of the simulations are discussed with the aid of figures as well as the implications of the

theoretical results obtained in Chapter 4.

5.0.1 EVD Numerical Simulation and Discussions

The Numerical model parameters of the Ebola virus disease (EVD) which have been well and widely used in

different existing literature’s where used peculiar to each metapopulation,
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while others (EVD) model parameters were logically estimated for the purpose of illustrations of the model
analyses. Pictures of the dynamical behavior of EVD in the presence of movement of susceptible human from

one patch to another is given by the numerical simulations of the model (2.1).All the numerical simulations were
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Table 5.1: Parameters value used in the EVD simulations

Parameters Value Reference

ay 0.176/yr 6]

a 0.146 /yr (6]

B1 1.7/yr  Assumed
B 1.8/yr  Assumed
Tl 0.10/yr [24]

T2 0.20/yr [24]

" 0.039/yr  [24]

2 0.046/yr [24]

wy 0.95/yr [50]

wo 0.88/yr [50]

K1 0.20 [57]

- 0.17 [57]

! 0.013/yr  Assumed
T 0.023/yr  Assumed
a 0.06/yr [54]

it is obvious that the the simulation gives approximation for solutions S1(t), E1(t), I1 (t), Ri(t), Sa(t), E2(t), I2(t), Ra(t)
are presented in graphs respectively. In each case two different movement of susceptible individuals in both patches
are considered. It appears that numerical results show that the Ebola model (2.1)exhibits the traditional threshold
behaviour which get to reduce with time. We also considered for the non-incidence and transmission of the virus
in sub-population, showing the effect of the trajectory of EVD as it converges to the disease free equilibrium. We
also took note that the behaviour of the system remains similar for close values of the derivative parameter in

both patches.
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5.1 ZVD Simulations

In this section, we perform numerical simulations to illustrate the theoretical results in our Zika Metapopulation
Mathematical model analysis. We used the parameters values: [Srivastav et al., 2018] d;y = dy = 0.05/day,
wn1 = 0.019896 /yr, py1 = 0.025312/yr, ppe = 0.019897 /yr, pye = 0.025312/yr .

We also assumed 71 = 50/yr, my1 = 70/yr, mpe = 110/yr, myo = 75/yr, a1 = 0.013/yr, as = 0.023/yr,and
considered the initial conditions Sp1(0) = 1000, I51(0) = 50, Rp1(0) = 0, S,1(0) = 4000, I,,; (0) = 80, Sp2(0) = 800,
Ih2(0> = 5, Rhg(()) = 2, SUQ(O) = 2500 and IUQ(O) = 50.

In Figure figl, we assume a very low disease rate transmission. Even though movement is allowed between
patches (since A1 # 0 and A2 # 0), it is observed that the two patches will be disease free in less than a year. In
Figure fig2, we consider the case of high disease transmission rate in the first patch and low rate in the second
patch. It is observed when movement between patches is banned that the disease will become endemic in the first
patch (with an average of 575 secondary new infections per single infected) and will be overcome in the second
patch. Moreover, the infected population will be prevalent in the first patch. A similar (reverse) observation can
be seen in Figure fig3. We observe in Figure figd that the disease will become endemic in both patches when the

disease transmission rates are high (resulting to a minimum of 9879 secondary new infections per single infected).

5.2 Discussion of Results

The Zika model considered a two patch model for the transmission dynamics of Zika Virus with transmission
coefficient of susceptible mosquito with infected human and transmission coefficient of susceptible human with
infected mosquito with movement within the two patches were analyzed. For the model, It was found that the
basic reproduction ratio B; < 1 and R < 1 for both patches gives a solution limits to the disease-free equilibrium.
We also presented scenarios of Zika-free endemic equilibrium where 7 < 1 and Ro > 1 or Ry > 1 and Ry <1
depending on the patch that Zika is prevalent and the patch that movement is restricted. Meaning that the disease
persist within any of the community provided that each single infected infects more than one susceptible and the

scenario presented is subdued with time in any of the community provided that each single infected infects less
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than one susceptible on the average assuming there is no migration. The basic reproduction ratio in both patch
plays an important role in the determination to understand the disease dynamics with the population because they
are sensitive to the changes of mosquito related parameters, such as the coefficient of transmission between human
and mosquitoes. We formulated an optimal control problem of Zika virus infection in both patches.Figure (2a)
shows the combined variations in the susceptible human and vector in both patches with movement to and from
each patch. Figure (2b) shows the combined variational effect of Zika dynamics when the transmission coefficient
for susceptible vector and human as well as infected vector and human is so small, the infection reduces and goes

to 0 with time t.

Figure (3a & b) Shows the variation in the transmission dynamics showing the rate of coefficient of susceptible
mosquito with infected human as well as transmission coefficient of susceptible human with infected vector in both
patches. While Figure (3c&d)shows the variational increase in the transmission coefficient of infective human and
vector (Ipyandl,;) in patch 1 and the decrease in the transmission coefficient of infective human and vector

(Ipzandl,g) in patch 2.

Figure(4a) shows the variation in the Zika virus transmission coefficient of susceptible mosquito with infected
human and susceptible human with infected mosquito in both patches with significant decrease in the susceptible
human (Sp2) with time t due to the reduced rate of infected vector and no movement within both patches.
Figure(4b) shows the effect of the increased rate of transmission coefficient of susceptible human with infected
mosquito (By2nz) and Figure (4c¢) the decrease in the transmission coefficient of susceptible mosquito with infected
human as well as transmission coefficient of susceptible human with infected vector going to 0 with time t. Figure
(5) Shows the variation in the infective human in both patches (I;andlps) and Infective vector (I,;andl,z) in
both patches, while there exist movement within both patches. with the increase in the rate of recovery in patches

1 compared to patch 2.
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Table 5.2: Parameters value used in the simulations

Parameters Value Reference
Thi 50/yr Assumed
ol 70/yr Assumed
Tho 110/yr Assumed
T2 75/yr Assumed
dy 0.05/day 9]
ds 0.05/day [9]
ih1 0.019896/yr  [24]
Lot 0.025312/yr  [24]
ih2 0.019807/yr  [24]
2 0.025312/yr [24]
o1 0.0005 [5]
o1 0.017456 [5]
aq 0.013/yr Assumed
a9 0.023/yr Assumed
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Figure 5.1: Case of a Zika disease free population (8y1p1 = Brivt = Bvzhz = Brawe = 0.1/12000, A\q

A2 = 0.5001, Ry = 0.60447, Ry = 0.591132).
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Figure 5.2: Case of the persistence of Zika virus disease in the first population only (8,151 = Br1v,1 = 0.1/10,
Buzn2 = Brave = 0.1/12000, A\; = Ay = 0, Ry = 575.517, Ry = 0.695544).
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Figure 5.3: Case of the persistence of Zika virus disease in the second population only (8,11 = Br1v1 = 0.1/12000,
Buane = 0.1, Braye = 0.1/8000, A\ = Ay =0, Ry = 0.479597, Ry = 1.04332).
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Figure 5.4: Case of the persistence of Zika virus disease in both populations (8,141 = Brivt = Bu2h2 = Bhavz = 0.1,

A1 = 0.5, Ay = 0.5001, Ry = 10727.8, Ry = 9878.99).
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Chapter 6

Conclusion

In this study, we investigated the impact of metapopulation on disease transmission dynamics. We took critical
look at the effect of metapopulation on Ebola virus disease transmission dynamics in West Africa and the effect
of metapopulation on Zika virus disease transmission dynamics in South America. We determined an appropri-
ate optimal control strategy for disease transmission elimination or control. Also, we derived and analysed a
etapopulation deterministic model for both EVD and ZVD where we performed an optimal control analysis of the
metapopulation model. We began with historical background on both Ebola and Zika virus disease respectively in
Chapter 1 as well as explanation of basic mathematical tools used in mathematical modeling techniques. While in
Chapter 2, we discussed and reviewed literature on both Ebola disease model and Zika disease model, with special
interest on transmission of disease in linked communities. The formulation of both Ebola disease model and Zika
disease model was presented in Chapter 3, with qualitative analysis of the four compartment model for each of the
two patch considered for the EVD model and five compartment model for each of the two patch considered for the
ZVD model which are feasible epidemiologically and mathematically well-posed. We investigated the existence
and stability of both EVD and ZVD models with their peculiarities: like Ebola-free endemic equilibrium (EFEE)
and Zika-free endemic equilibrium (ZFEE) for each patch of both model, we also applied the next generation
matrix technique in deriving the invasion reproduction number R; where ¢ = 1,2 for EVD and ZVD model. The
respective basic reproduction number was used to show that Ebola-free equilibrium (EFEE) and Zika-free equi-

librium (ZFEE) are locally asymptotically stable whenever R; < 1 and unstable otherwise. However, the stability
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analysis of the model beyond small region near the equilibria was checked. We explored the global dynamical
behavior of the model around the equilibria. Also, a suitable Lyapunov function was constructed at both the
Ebola free equilibrium (EFE) and the Zika free equilibrium (ZFE) respectively to prove that the model is globally
asymptotically stable. A sensitivity analysis checking the effectiveness of parametric values was carried out with a
view to examining the factors most responsible for diseases transmission with both patch. In Chapter 4, Optimal
control strategy was carried out, where we seek strategy to reduced the effect of disease transmission within linked
communities for both metapopulation model respectively. For the Ebola Control we have namely,anti movement
within patches campaign for patch 1 u;(¢) and ug(t) for patch 2. While ug(t) is the controlled treatment and w4 ()
is the adequate inoculation of vaccine. We established existence of an optimal control by applying the Pontrya-
gin’s Maximum Principle [Pontryagin, 1987]. Which we used to explain the essence of the control strategy [Wang
et al., 2019]. Furthermore, we saw the effectiveness of proper control strategy in the reduction of both disease as
the rate of transmission of disease reduced as shown in the Numerical simulations carried out with relevant data
relied upon from World health Ogranisation (WHO) and Centre for Disease Control (CDC). Thus we conclude
that with the increase fraction of vaccaination of the EVD as seen as a control strategy and proper adherence to
education and restriction of movement in and out of disease prevalent communities. Also it is easy to observe
the reproduction numbers R; where ¢ = 1,2 for both patches and both disease dynamics can be reduced below
one by increasing the awareness in movement within patches for both disease dynamics. So also the numerical
simulation suggest that the rate of transmission of both EVD and ZVD be deceased as increases in this affects

the equilibrium level of both Model.

Future works

Further extensions to this work could be:

e To develop a fractional differential metapopulation model in disease transmission dynamics for linked com-

munities.

e To investigate the delay differential equation metapopulation model in disease transmission dynamics in

linked communities.
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e To develop and analyse sex-structured, age-structured and mother to child transmission dynamics of Zika

virus disease.

e To develop and analyse effect of metapopulation on transmission of disease in not linked, while considering

air travels and migration. Example is the recent COVID-19 pandemic.
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