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ABSTRACT 
 

This study described an alternative approach for flotation circuit optimization using a 

mathematical programming technique. Mathematical formulation resulted in mixed 

integer nonlinear programming problem. Experimental method was used to determine 

operating conditions of flotation circuit such as flotation circuit stream grades. These 

conditions were used as the basis for solving optimization problem formulated. The 

results of the optimization problem were obtaining by setting up the problem in 

MATLAB optimization toolbox. Performance of flotation circuit in terms of recovery with 

respect to operating conditions such as residence, number of cells and rate constant 

has been presented. Stage recoveries were presented as well as overall recovery of 

the entire flotation circuit. Optimization strategy used superstructure to compare and 

analyse different alternatives flotation circuits configurations on the basis of stage 

recoveries. Five circuit alternatives were evaluated are best performing were 

identified. 

 

The statistical analysis was carried out using Statistical Package for Social Sciences 

(SPSS) software for analysing data derived from mathematical formulation developed 

for three stages of flotation circuit. Statistically, alternatives A and B can be considered 

as the most efficient alternatives for the Rougher recovery since they have the same 

highest means relative to others. Alternative B has the highest mean of 0.995 followed 

by Alternative A with a mean of 0.991, the least being alternatives D, C and E, 

respectively. These results imply that Alternative B could be the most efficient 

alternatives for overall circuit recovery against all other alternatives. One of the key 

findings were that recovery rate at the rougher stage is higher than the one at the 

cleaner stage. This results also showed flotation circuits with recycle streams yield 

comparatively good performance in terms of recovery at rougher stage as compared 

to circuit without recycle stream.  
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1. CHAPTER ONE: INTRODUCTION 
 

1.1. BACKGROUND 
 

Flotation section is critical to the operation of a concentrator plant as this is the step 

where the Platinum Group Metals (PGM’s) are recovered from the slurry. Six elements 

of PGMs includes platinum, palladium, rhodium, iridium, osmium, and ruthenium. 

Gomes et al. (2015) noted that in terms of improving the sustainability of mining 

operations, maximizing the recovery of minerals represents a great opportunity for 

today’s mining industry. Flotation process motivates complex studies for optimization 

aimed at improving recoveries.  

 

The optimization is focused on operating conditions and flotation circuit configuration 

of PGMs. Operating conditions include stream mass flowrates, solid densities, rate 

constants and residence time of the flotation process within the flotation circuit 

structure. For example, in review and analysis of factors controlling the mechanical 

flotation gangue minerals, Kirjavainen (1996) described how increased in froth density 

improve the recovery of water and lead to effective rejection of hydrophilic gangue 

minerals. In experimental work, Hay (2005) described how residence time affect 

rougher stage floating fraction of Upper Group 2 (UG2) and Merensky ore processing. 

Circuit configuration involves arrangement of flotation cells to form flotation stages and 

the entire circuit configuration.  

 

Flotation circuits usually consist of numerous cells arranged in a series known as a 

bank. Flotation circuit in this study focuses only on rougher, cleaner and scavenger 

stages. Raw recovery takes place at the rougher stage where valuable and gangue 

materials are recovered. The flotation circuit with high recovery rate at rougher stage 

tend to improve the performance of the flotation circuit performance. The traditional 
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function of roughing is to ensure maximum recovery of valuable minerals, with less 

focus on the quality of the resulting concentrate. The rougher concentrate is sent to 

cleaner stage to remove unwanted mineral particles. Rojas and Cipriano (2011) 

reported that adequate control is imperative at this stage, since even minimal 

increases of 0.5 per cent recovery in the rougher flotation yield considerable economic 

benefit.  

 

The optimization of flotation circuit needs a holistic approach, including control 

systems. Celik (2015) has showed that recovery can be maximised by regrinding the 

rougher tails stream prior sending it to cleaner stage. The goal of scavenger is to 

recover valuable mineral not extracted during the early rougher phase. The final 

tailings of the flotation circuit are normally obtained from this stage. The scavenger 

stage contains relatively low-grade concentrate froths. At the cleaner stage, the aim is 

to produce the highest possible concentrate grade. It is at the cleaner stage that 

rougher concentrate and scavenger concentrate are purified to obtain final 

concentrate. Poor arrangement of these stages may also result in contamination of 

the final product and therefore compromised quality. Flotation circuit also comprises 

of pumping systems located at strategic points to transfer liquid from one stage to 

another. The challenge is to specify the size of each stage and other conditions such 

as flowrate of flotation circuit streams.  

 

Jovanovic´and Miljanovic (2015) in soft computing-based modelling of flotation 

process showed how flotation system efficiency in the rougher stage is based on 

recovery rate. The ability of these computational methods to solve complex problems 

and make significant improvement in recoveries, resulted in a well-established 

approach to optimizing flotation circuits. These methods are studied and developed to 

determine whether a particular flotation circuit configuration could be economical in 



16 

relation to others. Various optimization methods in flotation circuits are utilised to 

analyse and determine the best possible options. However, most of the concentrator 

plants still rely on experience and heuristic procedures to solve optimization problems 

despite emergent optimization strategies and methods. Gruzdeva et al. (2018) stated 

that for many years, the flotation process has been controlled empirically by human 

operators whose decisions may lead to poor performance and the decrease of the 

concentrate production profitability. Such approaches are not the best option and there 

is often a difference between the expected and the actual improvement being made.  

 

1.2. PROBLEM STATEMENT 
 

Flotation circuit optimization problems are gaining importance due to intensifying need 

to reduce operational cost and maximizing profit. Danha et al. (2015) highlighted that 

the inefficiency of the existing concentrator plants to release valuable minerals from 

UG2 ore, highlights the importance of devoting considerable efforts and resources to 

research in this area for purposes of improvements. The hypothesis of this study is 

that the condition of the inefficiency of concentrator plants with specific focus on 

flotation circuit, can be affected by circuit configuration and other operating conditions.  

 

The flotation circuit is a critical part of mineral processing value chain, therefore 

inefficiencies at this stage can have impact on the immediate downstream and 

upstream sections. For example, the low concentrate grade produced at the flotation 

section can also result in energy inefficiency in smelter, the downstream of flotation 

circuit. Concentrate with high chromite content and other impurities remains a major 

challenge for smelters due to high energy consumption. With a mounting energy 

supply crisis resulting from the capacity constraints experienced by Eskom, 

concentrator operators are finding themselves increasingly compelled to produce 

concentrate of relatively good quality. Wiese et al. (2010) reported that uncertain 
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electricity supply in South Africa has led to a re-evaluation of the approaches to 

maximise the PGMs grade to reduce the smelter's load.   

 

In this regard, smelter representing the downstream section can always dictate on the 

operational conditions of the flotation circuit by imposing minimum requirement in 

terms of concentrate grade requirement. This example of requirement by the 

downstream section results in changes in operation conditions such as flotation stream 

mass flowrates, and circuit configuration to achieve the desired concentrate grade. 

Therefore, flotation circuit provides an immense opportunity for concentrator operators 

to improve profitability of the entire mineral processing value chain. Flotation process 

is a complex phenomenon affected by many sets of operational constraints and 

operating conditions.  

 

Some constraints and operating conditions include, design capacity of flotation circuit, 

Mass balances, and pressure to produce high recoveries at required grades. Capacity 

constraints, i.e., feed tonnage rate of flotation circuit is imposed by designer, quality 

constraint is a quantitative factor imposed by the smelters setting up the minimum 

acceptable grade of the concentrate, while environmental constraints are imposed by 

local authorities. Meanwhile, research paucity concerning flotation concentrator plants 

has necessitated further research exploration in this area, magnified by research 

paucity in the UG2 ore concentrators.  

 

Accordingly, the current project focuses on finding a best flotation circuit that can result 

in increased recovery of concentration at high grade. Studying flotation circuit 

configuration not only fills the gap in the current understanding of flotation circuit 

performance, but also establishes new approaches for flotation circuit and process 

conditions optimization. The optimization in this study involves, flotation circuit 
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modelling, use of optimization and computational methods as solution strategy. Linear 

Circuit Analysis (LCA) framework is used as a modelling tool for flotation circuit while 

programming technique and computer software’s such as MATLAB and SPSS 

software are used as optimization and analytical tools respectively. 

 

1.3. RESEARCH AIMS AND OBJECTIVES 
 

The objective of this research is to obtain optimum flotation circuit and operating 

conditions of PGMs concentrator plant. Accordingly, the research objectives are: 

➢ To formulate flotation circuit mathematical optimization model to determine 

optimum operating conditions which improve the performance in terms of PGMs 

recovery. 

➢ To solve mathematical optimization model formulated using computer software 

such as MATLAB.  

➢ To compare different flotation circuit configurations alternatives derived from 

the superstructure in terms of their performances. 

➢ To analyse different flotation circuits alternatives using statistical methods.  

 

1.4. RESEARCH QUESTIONS/HYPOTHESIS 
 

The following research questions were developed and articulated in relation to the 

above-stated objectives. Accordingly, each of the below-stated research questions 

addresses a specific corresponding objective: 

➢ Which flotation circuit configuration embedded in the superstructure produce 

high recovery at required concentrate grade? 

➢ At what operating conditions is flotation circuit operating to optimum? 
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➢ To what extent formulated mathematical problem solution align with the flotation 

circuit optimization existing literature? 

➢ Is there statistical significance different in different circuit configurations derived 

from the superstructure in terms of their performance? 

➢ What are the flotation process models capable of resolving flotation circuit 

optimization problems efficiently? 

➢ Is flotation circuit configuration having effect on its performance in terms 

recovery? 

 

1.5. CHAPTERS LAYOUT 
 

The chapters of the study are organised as indicated below.  

Chapter 1: Introduction/ Overview of the Study  

The chapter provides a general overview of the entire study. The overview includes a 

background of the problem being investigated; research specific objectives, research 

questions and the summary of the chapter  

Chapter 2: Literature Review  

This chapter presents and discusses a comprehensive review of the literature focusing 

on optimization methods applied in flotation circuit, flotation models, flotation operating 

conditions and the summary of the chapter.  

Chapter 3: Methodology 

This chapter focuses on the development and formulation of flotation circuit 

optimization model and present statistical method to evaluate different flotation circuit 

configurations. The chapter basically describes the methodology used to answer the 

research questions. In this regard, the mathematical modelling of flotation circuit 

becomes an essential tool in determining optimum flotation circuit configuration and 

operating conditions. 
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Chapter 4: Results, discussion and summary  

The chapter presents the findings of the model developed in this study descriptively 

and statistically. It is on the basis of these findings that the study objectives and 

contributions are to be determined. In addition, these findings are also a reference 

point in the formulation and development of recommendations made at the end of the 

study. In this regard, the chapter locates the findings in the context of the reviewed 

literature to test the congruence or otherwise between theory and practice. The 

chapter also discusses results of the model developed. 

Chapter 5: Main conclusions, findings, recommendations and the summary of the 

chapter 

The chapter presents its main conclusions by stating the extent to which the study 

objectives have been met in the context of the evidence and findings derived from the 

data obtained using the model. The chapter also presents the researcher’s own 

recommendations. In this regard, such remarks will focus on the optimization of 

flotation circuit and performance of model developed to support scientific decision 

making in the optimization of flotation circuit.  

 

1.6. SUMMARY  
 

An overview introduction of flotation process in mineral processing has been 

presented. Theoretical and practical problems facing flotation circuit were outlined. 

Research questions and objectives and the layout of the dissertation were presented. 

Flotation circuit optimization provides an immense opportunity to improve efficiency in 

mineral processing concentrator plant, especially in terms of recovery of valuable 

minerals 
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2. CHAPTER TWO: LITERATURE REVIEW 
 

Flotation circuits are designed to produce satisfactory amount of concentrate at 

required grade. To achieve this objective, many methods were developed and 

reported in the literature. These methods include mathematical optimization 

techniques and computational methods to predict the potential recovery of current 

flotation circuits and are discussed in this chapter. 

  

2.1. OPTIMIZATION METHODS 
 

Cisternas et al. (2014) classified optimization-based process design into those who 

consider economic performance as an objective function and those who consider it a 

function of technical performance. Recovery in flotation circuit as an objective function 

forms part of technical aspect of optimization. Mendez et al. (2009) state that a flotation 

circuit could be designed in a number of ways, some of which are unacceptable, 

inefficient and extremely costly. The use of trial and error and heuristic procedures are 

becoming outdated for various reason, while computation techniques are increasingly 

becoming applied in flotation circuit optimization. The application of computational 

methods is not only visible in mineral processing flotation circuits, but across chemical 

engineering spectrum such as in energy optimization and enterprise-wide 

optimization.  

 
Massinaei et al. (2013) suggest that extensive advances in computational techniques 

allow researchers to develop new search strategies to be used in flotation optimisation 

problems. These methods include amongst others mathematical programming and 

genetic algorithms just to mention a few. Jovanović et al. (2015) attempted to provide 

an explanation for the current state and use of soft computing methods, as well as to 

present potential developments within modelling of flotation processes. LCA is one of 

the common frameworks used in modelling flotation circuit. Sepúlveda et al (2017) 
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noted that several methodologies for the mineral concentration processes have been 

presented in the literature some based on heuristics and others on optimization 

systems, both using mathematical programming.  

 

Amini and Noble (2017) observed that over the past three decades, heuristic methods 

in flotation circuit optimization were being replaced by numerical methods and 

phenomenological process modelling. The displacement of heuristic methods can be 

due to lack of rigour and convergent to global optimum. This is often because they are 

more problem specific and oriented to developer’s experience. Gruzdeva et al. (2018) 

recognise that, the applications of optimization techniques and modern mathematical 

modelling is common in flotation process. Flotation circuit is a critical section of mineral 

processing because recovery of PGMs takes place at this section. Cisternas et al. 

(2018) presented a review and analysis of the research applying optimization to 

flotation design problems utilizing superstructure, mathematical models, and 

optimization algorithms. The use of superstructure approach provides a reasonable 

approach for comparing various alternatives.  

 
Yingling (1993a) reviewed work in configuration and parameter optimization of flotation 

circuits and found that, the papers are split into two groups on the basis of problem 

formulation and solution strategies. Mathematical formulation had been extensively 

used in flotation circuit optimization fundamentally to determine the relationships 

between variables. Radmehr et al. (2019) presented approaches for the flotation circuit 

configuration analysis using circuit modelling, a variety of search algorithms and 

mathematical optimization methods. Some of the modelling approaches used first 

order kinetic modelling to define the behaviour flotation circuit in terms of residence 

time and rate constants. Guria et al. (2005) used interconnecting cell fraction flow rates 

and the mean cell residence times as the decision variables in flotation circuit 

optimization.  
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Sepúlveda et al. (2012) presented a methodology for the design of flotation circuit 

based the group contribution method. Various approaches for determining optimal 

flotation circuit in terms of configuration and operating conditions use optimization 

techniques available. Schena et al (1996) derived a procedure that enables to select 

the configuration and size of complex cell-based flotation circuits without re-grinding 

and allows the optimisation of operating circuits. Re-grinding flowsheet are utilised to 

liberate locked mineral which may have otherwise passed through the rougher stage. 

Amini and Noble (2017) described an approach to estimate uncertainty propagation in 

mineral processing separation circuits. Acosta-Flores et al. (2020) analysed the effect 

of the uncertainty in flotation and regrinding stages on the design of flotation circuits 

via mathematical optimization. Schena et al. (1997) presented a procedure for 

determining the optimal network configuration of complex flotation plants using a 

general superstructure that features all the potential connections between flotation and 

regrinding units. In most of the studies, the optimal configuration is obtained from the 

superstructure.  

 
Calisaya et al. (2016) presented a strategy for the identification of optimal flotation 

circuits based on experimental data and the assumption that the flotation circuit 

structure is not very sensitive to stage recovery. Assay experimental data such as 

stream grades are used to determine and evaluate the performance of flotation circuit. 

Operating conditions are selected to simulate the behaviour flotation circuit, these 

include stream mass flowrates, solid densities and particle size amongst others. 

Schena et al. (1996) noted that it is necessary to have robust optimization strategies 

capable of converging to optimum solutions. Schena et al. (1997) believe that, the 

advantage of using computer-intensive method is that, it allows the objective function 

to be evaluated in all the points of the feasible solution region and assures global 

optimum solution.  
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Khalesi et al. (2015) claims that although there is impressive progress in terms 

optimization algorithms utilised in the chemical engineering industry to find the best 

flow sheet designs; the contrary is true in flotation circuit. Schena et al. (1996) reported 

that there are not enough algorithms proposed to optimize the flotation circuit that can 

obtain metallurgical efficiency. This can result in some slow pace in an effort to obtain 

more optimum and efficient flotation circuits. Metallurgical efficiency in terms of 

flotation performance regard to high recovery at high grade. Dey et al. (1989) argues 

flotation circuit optimization problem, is a mixed-integer optimization problem whose 

solution depends on many variables. For example, the optimum operation of a flotation 

circuit is constrained by many variables including quality impositions by the smelters 

and environmental restrictions by local authorities on the tailings discharged. 

Sepúlveda et al. (2014) mentioned that several optimization methods in flotation 

circuits are employed to develop a procedure to replace the trial-and-error method 

which takes longer time and requires lots of experiments.  

 
Cisternas et al. (2018) argues that the cost of experimentation should be minimised 

where necessary. Cost of experimentation can present a huge challenge to 

concentrator operators; therefore, the developments of optimization methods can 

bring huge relieve in this regard. Amini and Noble, (2017) suggest that a several 

search algorithms, including genetic search, integer programming, mixed integer 

programming have potential to achieve optimal solution. In mathematical 

programming, the most common way to formulate optimization problem is to develop 

objective function restricted by some conditions. Cisternas et al. (2018) mentioned that 

approaches for evaluating the global optimum include deterministic and stochastic 

approach. Cisternas et al. (2014) analysed the effect of various objective functions, 

including the maximization of profits, the return on investment and the net present 

worth of flotation circuit among other functions. Venkatesan et al. (2014) presented 

the use of a factorial type of experimental design being the Central Composite 
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Rotatable Design for plant scale flotation optimisation of air and froth depth. Alvarez-

Silva et al. (2014) used a laboratory scale to determine the mass of solids and water 

recovered in the concentrate as a function of different froth heights, superficial gas 

velocity and depressant dosages.  

 
Lotter et al. (2011) showed how mineralogical data can be integrated into metallurgical 

programs to assist in the optimization of flowsheets and how the use of quantitative 

mineralogy can be used to predict performance ahead of plant changes. Early 

examples of studies deriving optimum flotation circuit include Mehrotra and Kapur 

(1974). In their work they used a direct search method to obtain optimum solution. 

Lucay et al. (2012) presented mathematical analysis of global recovery, using the 

rougher, scavenger and cleaner transfer functions.  

 

2.1.1. Mathematical programming 
 

Tawarmalani (2004) noted that it is almost a century since many researchers utilized 

linear programming in optimization studies. Mathematical programming has been 

used in many studies (e.g., Mehrotra and Kapur, 1974; Yingling, 1990; Schena et al, 

1996; Cisternas et al, 2004) for synthesis and design of optimal flotation circuits. 

Calisaya et al. (2016) argues that Mathematical programming method is limited by the 

complexity and quality of the mathematical formulation. The quality of the model often 

guarantees optimum results to be obtained. The less quality model is perceived to 

produce unreliable results. Mathematical representation depends on optimization 

technique used and the kind of optimization problem being addressed. The formulation 

of optimization problem in flotation circuit is supplemented with the performance 

requirements to be met. The performance requirements include maximum flowrates 

of streams and acceptable concentrate grade imposed by smelters. Lucay et al. (2012) 

discussed the mathematical programming technique using a superstructure to 

represent a set of alternatives through which to seek an optimum.  
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According Sepúlveda et al. (2014), using superstructure in flotation circuit optimization 

results in some configurations not sensitive to operational values. The best circuit 

configuration is envisaged to be less affected by changes in operational conditions. 

For example, in the case feed grade fluctuations, flotation circuit should be able to 

deliver consistent results in terms of grade and recovery. In integrated process 

flowsheets synthesis, Grossmann (1985) optimized mixed-integer programming 

objective function according to both inequality and equality limitations. Equality 

constraints include stream mass flowrates while in inequality include stream grades. 

Schena et al. (1997) observed that there is some effort from the current mineral 

processing literature to optimize flotation circuit in terms of recovery and grade using 

mathematical programming techniques. It is important to balance flotation circuit 

optimization focus with respect to operational and cost aspect of the flotation circuit. 

Gruzdeva et al. (2018) proposed a deterministic biobjective mathematical 

programming framework, combined with experimental design and regression analysis, 

to optimizing flotation performance and determining the optimal operating conditions. 

 
Gruzdeva et al. (2018) proposed a mathematical programming framework to improve 

recovery and grade of flotation and determine rougher stage optimum operating 

conditions. Conditions such as feed rate and particle size have crucial effects on the 

performance of flotation stages and particularly on rougher stages. The effects of 

these conditions have been presented in chapter four. Rougher flotation process is the 

initial stage of flotation process in flotation circuit and therefore an optimum 

performance of this stage is critical for the performance of the entire flotation circuit. 

The optimization problem involving structural design often uses integer programming 

approach. Cisternas et al. (2016) presented a methodology for identifying the set of 

optimal structures by solving mixed integer linear programming, Mixed 

Integer Nonlinear Programming model and a rigorous model for the recovery at each 

https://www.sciencedirect.com/topics/computer-science/nonlinear-programming
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concentration stage. Reuter and Van Deventer (1990) used of linear programming in 

the optimal design of flotation circuits incorporating regrind mills. 

 

2.1.2. Statistical methods 
 

Aslan and Fidan (2008) used statistical technique and quadratic programming for 

optimization of flotation circuit. Bergh and Yianatos (2011) applied multivariate 

statistics, to model the relationship between operating data for on-line diagnosis and 

fault detection and to build causal models in flotation circuit optimization. Because of 

prevalence of disturbances in flotation as a result of many variables involved in this 

process, fault detection becomes important in maintaining steady state for 

optimization. Sahoo et al. (2019) performed evaluation of basic flotation kinetic models 

using advanced statistical techniques.  Nakhaei et al. (2012) predicted recovery and 

grade of pilot plant flotation column concentrate using neural network and statistical 

techniques. Massinaei and Doostmohammadi (2010) modeled bubble surface area 

flux in an industrial rougher column using artificial neural network and statistical 

techniques.  

 
Zhang et al. (2016) recognized some flotation operating conditions through froth image 

statistical modeling for performance monitoring. Flotation monitoring and control 

precede flotation optimization. Before optimizing existing flotation circuits, ensuring the 

stable control is imperative.  Al-Thyabat (2008) studied the effect of flotation 

parameters on flotation recovery and grade using analysis of variance, Analysis of 

Variance (ANOVA). Analyzing different degree of impact of process variables on 

flotation process is necessary effort for optimization of flotation process. For example, 

variables with less impact on flotation circuit in terms of its performance may require 

less significance effort to optimize and control. Mazumdar (1994) focused on how a 

choose the appropriate model based on the statistical analysis of recovery data and 

the model's predictive capability. Kelly and Carlson (1991) used statistical model 
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discrimination analysis to show that the additional parameter in the flotation model 

which uses fast and slow floating components cannot be statistically justified, relative 

to the model which uses a rectangular distribution of flotation rates.  

 
Abkhoshk et al. (2010) used analysis of variance to show that varying of particle size 

is statistically significant on kinetics constant however it is not significant on maximum 

theoretical flotation recovery. The impact of particle sizes on flotation recovery and 

entrainment has been explained in Tao et al. (2000). Napier-Munn (1995) described 

two well-known statistical procedures i.e., the paired t-test and the randomised block 

experiment for dealing with real case studies in base metal flotation plants. Cilek 

(2004) combined the classical first-order kinetic model with statistical model based on 

a factorial experimental design, in order to predict the rougher flotation efficiency for 

various flotation conditions. Disposing the disruptions of steady state which may be 

caused by recycle streams in flotation relies on control strategies devised using 

statistical models. Jamett et al (2012) applied stochastic programming In 

the optimization problem, to find the optimal configuration, equipment design and 

operational conditions of a circuit with multiple stages.  Jamett et al (2015) analysed 

stochastic uncertainty in the design of flotation circuits.  

 

2.1.3. Genetic algorithm 
 

Hu et al (2013) modelled flotation cell pulp and froth and then solved the model using 

Genetic Algorithm (GA) optimisation technique to determine the optimal flotation circuit 

configuration. Genetic algorithm is useful in optimization of other problems involving 

network structures. The genetic algorithm technique is a population-based approach 

using objective function to determine the best population after every generation. Hu 

(2014) solved froth-phase flotation models using genetic algorithm to determine 

optimal flotation circuit configuration resulting in global optimal. Process simulation is 

becoming important for the design, analysis and optimization of flotation circuits.  

https://www.sciencedirect.com/topics/computer-science/stochastic-programming
https://www.sciencedirect.com/topics/computer-science/optimisation-problem
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Ghobadi et al. (2011) applied genetic algorithm for both optimization of the circuit 

performance and simplification of the circuit. Genetic algorithm uses selection, 

reproduction, crossover and mutation mechanisms in optimization problems involving 

network structures such as flotation circuit. Given these mechanisms, genetic 

algorithm has capability to find optimum flotation circuit.  

 
Guria et al. (2005) used the elitist non-dominated sorting genetic algorithm with the 

modified jumping gene operator to optimize the performance of froth 

flotation circuits. Guria et al. (2006) used the binary-coded elitist non-dominated 

sorting genetic algorithm with the modified jumping gene operator to obtain global 

optimal solutions of flotation circuits. Lucay et al. (2019) noted that the genetic 

algorithms have been the approximate method used for designing flotation circuits 

when the studied problems were small. Nakhaei et al. (2016) used genetic 

evolutionary algorithm to perform simultaneous optimization of flotation column. 

Nakhaei et al (2013) predicted recovery and grade of pilot plant flotation column 

concentrate using hybrid neural genetic algorithm. 

 

2.2. FLOTATION CIRCUIT OPTIMIZATION  
 

Optimization of flotation circuit is popular issue in research on mineral processing. 

Most previous research focused on the operational and economic aspect of the 

flotation circuit optimization problem. Mackay et al. (2018) noted that optimizing 

flotation circuit is vital to the profitable operation of any concentrator because any 

losses that occur happen at this stage. The loss that occurs at the flotation circuit 

escape through the tailing stream. The best flotation circuit in this regard is the one 

that ensure minimum grade at the tailing stream while obtaining high recovery. 

Modifying and optimising flotation circuit is not only about obtaining high recoveries 

but also due to fact that there is a need for flotation circuits to be able to process low-

https://www.sciencedirect.com/topics/earth-and-planetary-sciences/genetic-algorithms
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/genetic-algorithms
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/flotation-froth
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/flotation-froth
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/genetic-algorithms
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grade ore optimally. Cisternas et al. (2018) stated that lot of work has been published 

on flotation circuit optimization from 1970s.  

 

Green, (1984) argues that success of optimal design of a flotation circuit depends on 

the detailed relationship between structural and operating conditions. This argument 

provides sufficient and substantive reasoning for application of mixed integer nonlinear 

programming technique in flotation circuit optimization. Mixed integer nonlinear 

programming is robust and flexible enough to deal with problems involving both 

structural and operating conditions. Calisaya et al. (2016) observed that there is 

greater focused on the quality of froth and pulp in terms their chemical and physical 

properties, and particle size and number of stages, and their interdependence 

influence changes in flotation circuit efficiency. Flotation circuit optimization approach 

that disregards a structural part of circuit configuration tend to be unsatisfactory and 

lacks a high degree of robustness. Yingling (1993b) stated that optimization in flotation 

circuits serve as the basis for design of these circuits. This can be helpful in terms of 

synthesising flotation circuit which will obtain more recovery and minimise loss of 

valuable minerals.  

 

Sutherland (1981) emphasised the significant circuit configuration in processing 

mineral ore in terms recycle streams which potentially results in variations in flotation 

conditions. These conditions which may vary with respect to recycle of streams include 

stream flowrates, particle sizes and chemical condition of the pulp and froth. Guria et 

al. (2006) argues that stream recycling in flotation circuit results in optimum 

performance. Cisternas et al. (2004) suggest the efforts to evaluate different circuit 

configurations results in a more profitable and commercial circuits being obtained. 

Much research is needed to keep up with solutions demanded by the commercial 

operators, which include attainment of high recoveries at high grades. Ghobadi et al. 
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(2011) believe that efficiency is significant in determining the optimum flotation circuit 

and could be measured in terms the grade and recovery of concentrate. Prediction of 

flotation using models can be complex and relatively costly as experimental methods.  

 

Mendez et al. (2009) support the notion that expected concentration recovery at the 

expected concentration grade should be used to measure the efficiency of optimal 

configuration. In analysis of flotation circuit design principles, Loveday and Brouckaert 

(1995) state that recovery maximization is the basis for optimization. To a large extend 

flotation circuit optimization is motivated by desire to improve recovery and 

concentrate grade. Abu-However, Ali and Sabour (2003) suggest that when designing 

a flotation circuit, the mineral recovery, the cell volume and other conditions of the 

circuit should be optimized on the basis of both technical and economic 

considerations. Technical and economic considerations are mostly studied separately 

in which economic considerations are concerned with minimization of operating costs 

while technical considerations focus on maximizing recovery.  

 

Sepúlveda et al. (2014) found that recovery is improved by increasing the number of 

flotation circuit stages. However, this assertion was not supported by feasibility 

evidence in terms of investment capital required for installation cells and operational 

costs. Loveday and Brouckaert (1995) suggest statistical methods, historical data and 

mathematical models should be used to back up the decision to increase number of 

stages. Statistical analysis can also be helpful in terms of comparison of alternatives 

derived from the superstructure. For a given number of stages, several potential circuit 

configurations can be obtained. Sepúlveda et al., (2012) found that more than 1,400 

flotation circuits can be derived from just about six flotation stages. Loveday and 

Brouckaert (1995) stated that it is common to use flotation circuit consisting more 

stages when the market imposes high concentrate grade requirements.  
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Pirouzan et al. (2014) used experimental methods to arrange cells of flotation circuits. 

Flotation cells are arranged in series and according stages based on their sizes and 

number. Each stage may require a certain number of cells and sizes for flotation circuit 

to perform satisfactorily. Gálvez (1998) suggested that the optimum number of flotation 

stages and their interconnectedness should be determined for improving recovery of 

flotation circuit. Sutherland, (1981) evaluated different flotation circuit configurations 

and found that increase in number of stages involving recycle streams improve 

flotation circuit performance. Lucay et al. (2012) reported that it is important for circuit 

design and retrofitting to identify the stages that are less significant in the global 

recovery and the stages that significantly affects recovery.  

 

Seguel et al. (2015) shown that flotation circuit optimization can be performed 

according its stages and then found that the rougher stage stands out to be an 

important stage, especially in an open circuit configuration where any losses cannot 

be recovered. Guria et al. (2006) mentioned that the flotation circuit’s stages are 

merely referred to as rougher, cleaner and scavenger stages precisely because of 

structural and operational parameters of the flotation circuit cells. Dey et al. (1989) 

stated that the absence of flotation circuits with split streams, could be due to high 

uncertainty in determining the location and the amount split required. This can 

increase the complexity in improving flotation circuit performance.   

 

2.3. FLOTATION MODELS 
 

Mendez et al. (2009) stated that flotation circuits used to be optimized using flotation 

models and mass balances, with constraints on recovery and grade of concentrate 

and final tailings. Flotation models and flotation circuit material balances and 

restrictions imposed on flotation operating conditions can be used to formulate an 

efficient optimization and design models such mixed integer nonlinear programming. 
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Mazumdar (1994) found that an essential requirement for the optimization of flotation 

circuit is the availability of a mathematical model that predicts recovery. First order 

kinetic model has been used extensively in predicting flotation recovery. 

  

Tao et al. (2000) observed that there are many models available for optimization of 

flotation circuits by mathematical analysis, modelling and simulation. Mixed integer 

linear programming is one of the more practical ways for optimizing flotation circuits.  

Bergh et al. (2016) stated that availability of accurate flotation models, simplify the 

flotation circuit optimization problem. Ramlall and Loveday (2015) evaluated various 

batch flotation models for the recovery of minerals in a UG2 platinum ore. Du Preez et 

al. (2013) constructed a whole-circuit model of a flotation circuit to predict the effect of 

changes to the flotation circuit. The whole-circuit model is combination of structural 

and operating variables. Structural variables include circuit configuration and size of 

equipment like flotation cells.  

 

Gorain et al. (1999) developed an empirical model to predict bubble surface in 

mechanical flotation cells, using data from extensive pilot industrial scale test 

programs. Bubble surface size and surface properties give indication of the 

performance flotation circuit in terms of recovery. Bubbles with large surface area carry 

more minerals and therefore more recovery while thin bubbles may easily rupture 

resulting in poor recovery.  Oosthuizen and Craig (2019) modelled froth stability using 

a combination of fundamental and empirical models. Gálvez et al. (2014) generated 

mathematical models to determine the maximum water recovery rate and the 

corresponding flotation circuit structure. Water is the main medium through which 

mineral particles are carried either by true flotation or entrainment. Models determining 

water recovery in flotation are helpful in predicting recovery of valuable minerals. The 

main objective of designing and optimizing flotation process is to produce the required 
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recovery at required concentrate grade. Yingling (1990) stated that flowsheet models 

in flotation circuit can be used to evaluate any possible flotation circuit configuration. 

There is no limitation in terms of certain circuit configuration in using flowsheet models.  

 

Jovanovic and Miljanovic (2015) gave a review of published research activities 

directed toward the development of flotation models based on the classical 

mathematical rules. This logical review highlighted some different optimization 

methods in flotation circuit and their applications. Karelovic et al. (2016) reported that 

the difficulty of developing models in flotation process is due to its non-linearities and 

many parameters involved. Design engineers in flotation circuit require these 

mathematical models to develop optimum flotation circuits and to optimise the existing 

ones. In many cases reliable mathematical models for flotation process have been 

developed and applied which potentially improved the performance of flotation circuit 

in many respects. There are mixed and opposing views with regard to kind of a model 

which can potentially be used in optimizing flotation circuits. Hu et al. (2013), noted 

that other researchers prefer using robust flotation model to determine optimum 

flotation circuits.  

 

(Jamett et al. 2015, Sepúlveda et al. 2014) assume that the degree of model 

robustness is not necessarily an issue and regard it as a secondary factor, as it can 

be costly. The existing flotation models and optimization models prove to be effective 

as they are developed based on scientific principles. Alexander and Morrison (1998) 

noted that in the analysis of industrial flotation plant data, it is advantageous to build a 

reliable computer-based flotation model to be used in optimization and design. 

Yingling (1993b) state that common features of approaches taken to optimization of 

flotation networks include the use of bank flotation models and structural parameter 

formulation for the superstructure. The structural parameters involve number of 

https://www.sciencedirect.com/science/article/pii/S0009250915004182#bib23
https://www.sciencedirect.com/science/article/abs/pii/S0892687597001465#!
https://www.sciencedirect.com/science/article/abs/pii/S0892687597001465#!
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stages, cells sizes and configuration of the flotation circuit. Alexander and Morrison 

(1998) mentioned developing a good flotation model is not easy due to the fact the 

model has to represents the theoretical knowledge of the flotation process and 

matches the available experimental data at the same. 

 

2.3.1. Kinetic Models 
 

Hay (2005) developed the model interpreting laboratory flotation kinetics and their 

implications in a real plant and the influence floatable gangue has on float performance 

and plant design. The flotation process kinetics have been widely studied and 

contributed immensely in the modelling and optimization of flotation process. Pirouzan 

et al. (2014) stated that the first-order kinetics model is commonly used as approach 

for modelling flotation. This approach is particularly useful in studying rate of recovery 

of flotation using rate constants and residence time. Popli et al. (2018) noted that many 

researchers focused on fitting first-order kinetic models to the experimental data to 

model flotation process.  

 

Hu et al. (2013) reported that the industrial flotation circuit configurations are based on 

flotation kinetics, modelling and experience. This approach has been used as the 

methodology for this study to obtain the best circuit configuration. The modelling also 

relied on the laboratory experimental works to some extends. De-gang et al. (2018) 

stated that flotation kinetics in flotation optimization can play essential role in improving 

the recovery and efficiency of the circuit. Cutting et al. (1986) proposed that laboratory 

batch and continuous plant flotation can be studied using first-order rate equations. 

Industrial flotation process is a continuous process in which pulp from one cell 

gravitate to the other while concentrate stream is pumped to another stage for further 

upgrade and recovery.   

https://www.sciencedirect.com/science/article/pii/S0301751613002317#!
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Pirouzan et al. (2014) stated that the measurability of kinetics model parameters 

facilitates the optimisation of flotation circuits using simulation. The use of simulation 

allows quick evaluation of different alternatives. Significant flotation kinetic parameters 

include rate constants and residence time which can be measured using experimental 

methods and determined using models. Sandoval-Zambrano and Montes-Atenas 

(2012) acknowledged froth flotation kinetics in flotation operations play significant part 

in optimization of these circuits. The significance of flotation kinetics has been 

recognised as an important basis for optimization and design of flotation circuit. Asplin 

et al. (1998) stated that the flotation kinetic models based on pulp are comparable to 

chemical kinetics.  

 

As Mathe et al. (1998) reported that first-order kinetics gives sufficient explanation of 

the pulp process. One of the process occurring in the pulp involve the rate at which 

mineral particles are transferred to the pulp zone. However, there are many processes 

taking place in the pulp including chemical process and to focus on all these processes 

it would be challenging and awkward.  Hu (2014), for instance, recognized that 

recovery and entrainment occurring in the pulp is often based on physical process, 

and then developed a physics-based analytical model to predict the pulp zone rate 

constant.  

 

Xian-Ping et al. (2011) observed that many flotation process models developed 

assumed that flotation is a kinetic process as the basis. This assumption to some 

extends is derived from particle mass transport from the pulp zone to froth zone for 

recovery. The particle mass transport is also influenced by physical and chemical 

state. The chemical state of the particle is commonly rendered by the use of reagents 

rendering particles either hydrophobic or hydrophilic, while the physical state involves 

particle size and shape. Calisaya et al. (2016) noted that where flotation circuit 

https://www.sciencedirect.com/science/article/abs/pii/S0892687511004055#!
https://www.sciencedirect.com/science/article/abs/pii/S0892687511004055#!
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comprised of many stages is being studied, using first-order kinetics become a 

challenge. Bu et al (2016) used Kinetic modelling to optimize flotation process in a 

microbubble flotation column using composite central design methodology. Ralston et 

al (2007) reduced uncertainty in mineral flotation rate constant prediction for particles 

in an operating plant ore. De-gang et al. (2018) noted that first order kinetic model, is 

useful in determining the recovery of flotation process. Lelinski et al., (2002) mentioned 

that the efficiency of flotation process is associated with residence time.  

 

Jiang et al., (2019) stated that higher flotation kinetic rate constants lead to the need 

for a shorter residence time of the slurry in the flotation cell, thus reducing the volume 

capacity of the flotation cell. Kohmuench et al. (2018) stated that longer retention time 

is good for improvement in recoveries without increasing cell volume. Mehrotra and 

Kapur, (1974) optimized the mean residence time of mineral species in each flotation 

cell and obtained an optimum circuit structure  

 

2.3.2. Flotation modelling 
 

Gruzdeva et al (2018) noted that new economic and environmental challenges have 

recently led to a growing interest in modern mathematical optimization and modelling 

techniques in order to improve the froth flotation performance. Schwarz (1991) stated 

that mathematical modelling is growing in flotation research to improve recovery. 

Flotation optimization problem is mostly a combinatory problem i.e., both structural 

and operating conditions need to be considered when modelling. This situation often 

makes optimization problem difficult to solve. Cisternas et al., (2015) suggest that the 

complexity of modelling the recovery of each concentration stage, is because of 

experimentation required and its dependent on many variables. It is crucial that 

optimization work is done in a cost-effective manner. Steenkamp and Phillpotts (2009) 

developed a general flotation circuit modelling framework for exploring flowsheet 
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options, assisting in the correction of operational issues, comparing the performance 

of pilot and full-sized plants and optimisation.  

 

Dinariev and Evseev (2018) stated that mathematical flotation modelling is important 

for screening and optimization of flotation circuit. Screening of possible flotation circuit 

configurations required a rigorous optimization model. Du Preez et al. (2013) 

recognised that modelling is integral in flotation circuit optimisation due to its ability to 

evaluate various circuit alternatives in a short period of time without affecting the 

production activity of the flotation circuit. There is less need to conduct sample 

campaign which requires much effort, in case adequate models are available and 

flotation circuit are well instrumented. Ferreira and Loveday (2000) observed that the 

problem in modelling of flotation circuits is premised on interpreting processes taking 

place in the froth phase. Fully understanding of flotation process is a big challenge 

considering the magnitude of variables involved in this process.   

 

Pirouzan et al. (2014) stated that modelling flotation process assist in predicting 

changes in the value of flotation variables. Stream mass flowrate, particle sizes and 

pulp densities are some of the variables that are commonly considered in modeling 

the flotation process to predict its efficiency. In kinetic first order model, changes in 

residence time and rate constants have effect on predictability of recovery of flotation 

process. Nakhaei et al. (2012) noted that for optimization purposes, most researchers 

are predominantly focused on flotation modelling. Flotation optimization has 

traditionally used model systems to predict the performance of the process. Dey et al. 

(1989) suggested that it is a reasonable starting point to examine the possible flotation 

circuit optimization strategy by mathematical modelling.  

 

https://www.sciencedirect.com/science/article/pii/S0301751613002317#!
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Yianatos et al. (2012) noted that insufficient data to model the industrial flotation circuit 

remains a problem, despite some advances in research in this area. Some 

complicated instruments and processes are required to collect data from industrial 

flotation process. This may be as a result that some flotation facilities are not 

adequately instrumented. Ruuska et al. (2012) discussed how modelling and 

simulation can be used in predicting the recovery of Platinum Group Elements (PGE) 

in flotation process. Hulbert (1995) suggested that the flotation circuits optimization 

should be facilitated by empirical modelling, phenomelogical modelling and 

optimization analysis. The analytical tools such as statistical methods are often 

employed in flotation circuit optimization. Sripriya et al. (2003) noted that the intended 

use of the flotation optimization models and researcher’s background influence the 

development of the model. Vallejos et al (2020) presented a new approach for 

modelling and simulation of flotation circuits, which addresses the potential to increase 

metallurgical performance, selecting the best number of cells and operating 

conditions. 

 

2.4. FLOTATION PROCESS 
 

Flotation managed to effectively processed both low and high-grade ores from its 

inception. Pérez-Garibay et al. (2014) observed that future processing of low-grade 

ore is inevitable in mineral processing and pose major issues for modifications mineral 

processing facilities including flotation circuit. This observation requires some 

increased efforts on process conditions adjustments to be compatible with these low-

grade ores. The obvious process conditions which form part of this research include 

stream mass flowrates, residence times and residence times. Moimane et al. (2016) 

argues that flotation remains a distinctively essential process of concentration in 

mineral processing industry. There has been tremendous investment in terms of 

performance improvement and research in flotation process. Wanga et al. (2018) 
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noted that about one billion tons of concentrate product is processed every year by 

the flotation process. These tremendous production quantities are made possible 

through consistent effort to improve the mineral processing facilities, flotation circuit 

being a major focus. 

  

Deglon (2005) noted that most of the world's platinum production is produced in South 

Africa with flotation process playing significant role in recovery of PGMs. Flotation 

process performance is commonly measured in terms of recovery and concentrate 

grade. Platinum processing is a large supply chain that starts as a mining operation 

before the smelter obtains the final product. Flotation process takes place inside 

flotation cell. Deglon (2005) described flotation cells as the flotation industry's 

workforces since they constitute a major part of global flotation. The number of cells 

in the flotation circuit is an essential variable that ensures optimal circuit operation. 

 

Bergh et al. (2016) mentioned that performance of flotation cell in terms of mineral 

concentration and recovery is based on flotation rate in the froth zone, and the 

properties of the froth such as froth depth. Material being processing in the flotation 

cells is divided into two zones, i.e., the pulp and the froth zone. Mineral particles are 

transferred from the pulp zone into froth zone. Valuable minerals are concentrated in 

the froth zone and then recovered from the cell. The main determinant of the flotation 

circuit recovery rate is the rate of transfer of these particles from the pulp zone into 

froth and their residence time in both pulp and froth zones. Sripriya et al. (2003) stated 

that the rate of recovery from the flotation circuit is proportional to the rate of transfer 

of minerals into the froth zone. 
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2.5. FACTORS AFFECTING FLOTATION PROCESS 
 

Lotter et al. (2014) stresses that the complexity of optimization of flotation circuits is 

due to many variables involved during flotation. However, to completely optimize the 

flotation circuit, as many variables as possible need to be considered to make the 

issue of optimization more rational and technically sound. Dey et al. (1989) noted that 

the lack of knowledge of flotation process variables could restrict the development of 

optimum flotation circuits, however some progress has been made to this day in the 

development of different methods to optimize flotation circuits. Grossmann and 

Daichendt (1996) observed that, the focus is being shift from subsystems to full 

flowsheet synthesis. The balance needs to be maintained between focusing on full 

scale flowsheet analysis and subsystems such as effect of many variables on flotation 

circuit performance. Focusing on small units and the molecular level of the flotation 

process can help with process fundamentals that remain unchanged over time. 

 

Cisternas et al. (2015) mentioned that in flotation, there are several interdependent 

parameters i.e., chemical, operational, equipment, and circuit parameters. Wills and 

Finch (2015) stressed that changes in feed rate could cause flotation process 

destabilization and could be offset by control technologies. Flotation process need to 

be stable in order for optimization effort to yield the desired results. Aldrich et al. (2000) 

described the development of a fuzzy system to support the control decisions of plant 

operators, which leads to smoother control action and more stable plant operation. 

Newcombe et al., (2018) also stressed that improvement in flotation circuit 

optimization can be realised by controlling operating variables such as feed rate.  

 

Loveday and Hemphill (2006) Optimized a multistage flotation plant using plant survey 

data such as densities and stream grades. Abu-Ali and Sabour (2003) presented an 

economic approach for optimizing the design of flotation circuits which estimate the 
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optimum number of cells in a bank, to give a definite target recovery, as well as the 

volume of each cell is developed. Cisternas et al (2004) used MILP model to decide 

the configuration of the flotation circuits and the operational conditions. 

 

2.5.1. Particle Size  
 

Particle size is a critical factor for recovery and responsible for degree of particle-

bubble attachment. Norori-McCormac, et al. (2017) suggested that the contribution of 

particle size in flotation operation is not fully understood as a result of attempts to 

liberate minerals in the mill. Mineral ores are ground in the mill, the immediate flotation 

circuit upstream section to liberate minerals and determine particle sizes. Nakhaei et 

al. (2012) used a detailed mineral-specific shape characterisation with Quantitative 

Evaluation of Minerals by Scanning Electron Microscopy to assess the effect of particle 

shape on chromite entrainment during flotation of UG2 ore at a South African platinum 

concentrator. dos Santos (2018) explained that the hydrophobicity of particle by 

reagents influence the effects particle size. Valuable minerals are rendered 

hydrophobic by using reagent such as collector. Flotation performance is affected by 

its upstream and downstream section to some certain degree.  

 

Tao et al. (2000) recognises that particle size affects the degree of entrainment and 

true flotation to overall recovery. Coarse and fine particles have poor particle-bubble 

attachment capability which result in poor recovery. Shuaixing et al. (2015) reported 

that coarse particles accumulate in the base of the flotation cell, in the region of the 

impeller because of gravity. Sung Ng. et al. (2016) reported that fine particles result in 

entrainment as they have poor particle-bubble attachment and therefore low-grade 

concentrate. Mankosa et al. (2018) stated that coarse particles are attributed to 

excessive turbulence, buoyancy limitations and particle drop-back in the pulp section 

of the cell. These attributes result in poor flotation circuit performance in terms 
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recovery. Kohmuench et al. (2018) stated that some researchers have shown that 

within certain particle size ranges, for example, from about 15 to 150 μm, the flotation 

process performs better. 

 

2.5.2. Entrainment 
 

Flotation process takes place in two form i.e., true flotation and entrainment. Uçurum 

and Bayat (2007) reported that the entrainment of unwanted mineral particles in the 

froth zone results in poor flotation performance in terms of the concentrate grade. Hu 

(2011) noted that the hydrophilic mineral particles are transferred into concentrate 

through entrainment. Sheni et al. (2018) reported that recovery by entrainment does 

not require the use of reagent to take place contrary to true flotation, is a chemically 

non-selective process. Lima et al. (2016) reported that the entrainment is also crucial 

for recovery of fine particles which constitutes greater part of overall recovery of 

flotation circuit. In this regard entrainment can be both undesirable and beneficial for 

flotation circuit recovery. The detrimental effect of entrainment is its non-selectivity in 

recovering mineral particles. Little et al. (2016) reported that in PGMs flotation circuit 

entrainment results in chromite recovery in the final concentrate product and has 

potential to cause difficulties in the smelter in terms energy consumption. 

  

Wang et al. (2016) explain entrainment using a model defined as function of particle 

size. The model results show that fine particle results in high entrainment. Cisternas 

et al., (2015) state that the complexity of flotation process is exacerbated by the 

phenomenon of particle entrainment in terms concentrate grade. Loveday and 

Brouckaert (1995) reported that the deep froth assists in rejecting unwanted minerals, 

thereby upgrading final concentrate grade. Deep froth may also reduce recovery as 

valuable minerals drop back into pulp zone. Valenta (2007) demonstrated the 

significance of entrainment in the recovery of both valuable species and gangue 
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species, and the need for a greater understanding of this non-selective sub-process 

on overall circuit performance. Practically selectivity is improved by refloating pulp in 

into another cells and stages. Savassi et al. (1998) noted that high water recovery 

should be avoided as it enables entrainment of unwanted minerals. Wang, (2016) 

noted that the degree of entrainment was significantly influenced by particle size, 

particle density, frother and the interaction between gas flowrate and froth height. 

 

2.5.3. Feed Rate 
 

 Hacifazlioglu and Sutcu (2007) optimized some parameters such as feed rate in 

column flotation and a comparison of conventional cell and column cell in terms of 

flotation performance. A high feed rate may result in loss of valuable minerals as result 

of having little residence time in the flotation cell. In low feed rate minerals particles 

may drain back in the pulp before being recovered due to long residence time. Feed 

rate has a relationship with mineral residence. Finding the optimum feed rate could 

help improving the performance of flotation circuit in terms of recovery. Mclvor and 

Fincht, (1991) stated that the performance flotation circuit is determined by other 

operating conditions in conjunction with the feed characteristics.  

 

2.6. SUMMARY  
 

Although optimization problem of flotation circuit might be a challenging problem, there 

are several scholars that have investigated the problem related to optimization of 

flotation circuit. These previous studies therefore provide a reference for research in 

this study. There is enough evident from the reviewed literature to suggest that 

mathematical programming and computation methods are becoming central focus of 

flotation circuit optimization. This could be due to the fact that computational methods 

have capability to solve complex problems efficiently. The use of mathematical 

programming methods in flotation circuit optimization eliminates the conventional 
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methods such as trial and error methods. Trial and errors method has certain 

drawbacks associated with the cost of testing and time consuming. Traditional flotation 

models such first order rate models are at the heart of understanding the behaviour 

flotation process and interaction and relationship of variables involved in this process. 

Critical area in literature gap also involves, flotation circuit modelling and use of 

computational methods to optimization problems.  
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3. CHAPTER THREE: METHODOLOGY 
 

Formulating mathematical model is one of the most common ways to solve the 

optimization problems. Mathematical model is formulated to obtain maximize recovery 

of flotation process in flotation circuit considering operating constraints. The 

optimization model formulated requires computational effort to solve in short amount 

of time. Computer software such as MATLAB provide rigorous algorithms to solve big 

problems in short time. Secondly the analysis of the problem requires computing 

capability to select more reliable alternative. The initial approach to optimization of 

flotation circuit in this study is based on pulp kinetics, such as rate constants and 

residence time. Flotation circuit recovery is described in using the first-order rate 

process  

 

3.1. FLOTATION CIRCUIT MODEL FORMULATION 
 

First-order kinetic model is used as the basis for model formulation. Therefore, the 

model formulated allows parameters such as residence time and rate constant to 

define the performance of flotation process in flotation circuit. The premise of this study 

is that optimum flotation process relies on both the operating conditions and flotation 

circuit configuration with specific focus to PGMs flotation circuit. Flotation operational 

operating conditions involve particle size, particle density and flotation circuit feed.  

 LCA is used as a tool for modelling flotation circuit using stream flowrates. Flotation 

stages are modelled by its stream flowrates, i.e., the concentrate, tailing and feed 

streams and stage ratio defined by the ratio concentrate to feed mass flowrate, P. 

Concentrate mass flowrate is defined as the product of stage ratio P and feed mass 

flowrate, PF, while the tail mass flow rate is defined as (1 – P) F. Figure 3.1 below 

shows mass flow rates between flotation stages. Each flotation stage was simulated 

using equations representing mass feed, concentrate and tailing mass flowrates. 
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Amini and Noble (2017) mentioned that LCA as one of the modelling approaches, it 

evaluates alternative flotation circuit configurations using a simple algebraic 

formulation. 

 

 

Figure 3. 1.: Flotation circuit alternative A 

 

Cisternas et al. (2015) stated that these flotation stage ratios depend on number of 

cells or operating conditions such as retention time and particle size. Cisternas et al. 

(2004) represented the ratio P using separation factor f by the following equation. 

P = 
𝑓

1−𝑓
           3.1 

Cisternas et al. (2004) calculated separation factor f using equation 3.2.  

 𝑓 = (1 + Kx)N – 1          3.2 

Therefore, substituting equation 6 into 5. 

P = 
((1+𝑘∗𝑥)𝑁−1)

(1+𝑘∗𝑥)𝑁           3.3 

Where k is rate constant, N the number of cells, and x residence time of flotation stage. 

Number of cells per stage is the other aspect of circuit optimization considered to 

ensure improvement in recovery. Different number of cells can be evaluated this 

equation to determine the optimum number. As Mendez et al. (2009) stated that most 
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of the optimization work calculate the optimal numbers of cells per stage. The 

improvement in terms of recovery will be identified from the results of the model. 

 

3.1.1. Optimization technique: Mixed Integer Nonlinear Programming Model 
 

The formulated model represents a mathematical programming model. The 

optimization aims to find optimum objective function within operational constraints. In 

this section problem formulation for different flotation circuit alternatives is presented. 

The formulated problem is comprised of constrained objective function. Objective 

function and flotation circuit mass flowrates are defined using first order kinetic 

equations. Concentrate and tailing mass flowrates are given as constraints of the 

developed model. The general form of optimization model is represented as follows: 

Max f(x) 

S.t. g(x) = 0           3.4 

Where f(x) is objective function and g(x) set of constraints. g(x) represents set of mass 

balance around circuit stages. The inputs of the developed model are stream mass 

flowrates, pulp densities, and residence time while optimization output is recovery. The 

formulated problem is detailed as follows: 

 

3.1.1.1. Objective function 
 

The recovery of flotation circuit is the most practical decision objective which is usually 

used flotation circuit optimization models. Flotation recovery is predicted using first-

order rate model. The objective function of flotation circuit optimization is given by:  

𝑅𝑜𝑣 = 
𝑘x

1+𝑘x
           3.5 

             

Where, 𝒌 and  𝑥 are flotation rate constant residence time respectively and 𝑅𝑜𝑣 is the 

overall recovery. Sutherland (1981) mentioned that residence time is one of the 

principal factors in arranging cells into circuit to produce optimum recovery.  
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3.1.1.2. Constraints 

 

The formulated model uses stage mass balances as constraints on objective function 

selected. Formulating constraints in this study is a simple material balance, however 

the presence of the recycle streams may present a challenge in terms of the 

performance of flotation circuit. Cisternas et al. (2006) formulated flotation circuit 

optimization model using maximum stream flow rates as constraints. Cutting et al. 

(1981) maintained that the optimization for flotation circuit must be able to predict the 

mass flowrates of the flotation circuit, as well as grade and recovery. The objective 

function is subject to constraints (3.6), (3.7), (3.8), (3.9), (3.10) and (3.11). The mass 

balance around rougher stage is given below, where C1 and T1 are mass flow rate of 

concentrate and tailings, respectively. 

C1 = P1F           3.6 

T1 = (1 – P1) F          3.7 

Mass balance around scavenger stage: 

C2 = P2(1 – P1) F          3.8 

T2 = (1 – P2) F          3.9
          
Mass balance around cleaner stage 

C3 = P1F + P2(1 – P1) FP3                3.10 

T3 = (1 – P3) P1F + P2(1 – P1) F                3.11 

Then, 

𝐶𝑅𝑜𝑢𝑔ℎ𝑒𝑟 = (
𝐹∗((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )                3.12 

 

𝑇𝑅𝑜𝑢𝑔ℎ𝑒𝑟 = (
−𝐹

(1+𝑘∗𝑥)𝑛)                   3.13 

 

𝐶𝑆𝑐𝑎𝑣𝑒𝑛𝑔𝑒𝑟 = ((−
𝐹

(1+𝑘∗𝑥)𝑛) ∗ (
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 ))               3.14 
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𝑇𝑆𝑐𝑎𝑣𝑒𝑛𝑔𝑒𝑟 =  ((−
𝐹

(1+𝐾∗𝑥)𝑛) ∗ (−
1

(1+𝐾∗𝑥)𝑛))               3.15 

 

 

𝐶𝐶𝑙 = (
𝐹∗((1+𝐾∗𝑥)𝑛−1)

(1+𝐾∗𝑥)𝑛 ) + (
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 ) ∗ (−
𝐹

(1+𝑘∗𝑥)𝑛) ∗ (
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )       3.16 

 

𝑇𝐶𝑙 = (−
𝐹

(1+𝐾∗𝑥)𝑛) ∗ (
((1+𝐾∗𝑥)𝑛−1)

(1+𝐾∗𝑥)𝑛 ) + (
((1+𝐾∗𝑥)𝑛−1)

(1+𝐾∗𝑥)𝑛 ) ∗ (−
𝐹

(1+𝑘∗𝑥)𝑛)            3.17 

 

 

3.1.2. Developing a superstructure 

 

Optimization approach in this work use stage superstructures, which embeds many 

alternative configurations for flotation circuits. Only five flotation circuit configurations 

are analysed in this study. Calisaya et al. (2016) stated superstructure embed some 

promising circuit configurations in the initial stage of design. The superstructure and 

optimization model are integrated in a manner that the solution strategy for obtaining 

the best circuit configuration is robust. The following assumptions are used for 

superstructure used in this study:  

1. There is no stream division on flotation circuit. 

2. Flotation circuit has only one input stream to the circuit and two output streams, 

i.e., concentrate and tailings streams respectively. 

3. Only a few stream connections have allowance in conformity with the objective of 

avoiding symmetrical structures.  

4. Flotation circuit is comprised of three stages i.e., rougher, scavenger and cleaner 

stages. 
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Figure 3. 2.: Flotation circuit stage superstructure 

 
Figure. 3.2 represents the superstructure, in which the triangle represents stream 

mixers where different streams are mixed. The flotation circuit configurations with 

recycle streams are also possible from the superstructure. Despite considerations of 

only a single-feed flow stream, superstructures used permit mixing and recycle of 

streams as shown in Figure 3.2 and eventually feed rate varies according specific 

configuration. Cisternas et al. (2018) stated that in the design and optimization flotation 

circuit it is unusual to divide flotation circuit streams. In this study there is no stream 

division in various flotation circuit configurations presented as illustrated in figure 3. 2.. 

This approach is very important because it allows the optimization problem to remain 

a reasonable size. To avoid deriving symmetrical structures from superstructure, 

Cisternas et al. (2006) stated that not all stream connections are allowed. Sep´ulveda 

et al. (2014) mentioned that the use of trial-and-error solution in arranging flotation 

circuit configuration are prone to inaccuracies, ineffectiveness or uneconomical.  

 

3.1.3. Circuit configuration alternatives 
 

From the superstructure developed, some five possible alternative configurations are 

presented below. Cisternas et al., (2018) mentioned that there is a consensus that the 

number of alternatives should be reduced either by eliminating unrealistic structures 
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or by selecting the most suitable alternatives. The alternative circuits are represented 

with mathematical formulas that relate to mass flowrates of each stages. These 

mathematical formulas show the effect of many variables such as residence time and 

rate constants on each circuit configuration. As the focus is particularly on circuit 

configuration recoveries, first order kinetic model enables to study the above-

mentioned variables. Each alternative circuit configuration dataset had a common feed 

mass flowrate and residence time recorded from 1 up to 100 minutes. There are five 

alternative flotation circuit configurations for each circuit configuration coded as 

Alternative A to Alternative E. Each of these alternatives had two outputs which are 

the concentrate mass flowrate and the tail mass flowrate.  

 

  

Figure 3. 3.: Flotation circuit alternative B 

 
The above figure 3.3. shows rougher concentrate is pumped to cleaner stage for 

further upgrade to obtain final concentrate. Rougher tails are pumped to scavenger 

stage to extract the remaining valuable minerals. Scavenger tails are discarded to the 

tailings dam. Both cleaner and scavenger concentrate are collected as a final 

concentrate.  
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𝐶𝑅𝑜𝑢𝑔ℎ𝑒𝑟 = (
𝐹∗((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )                  3.18 

 

𝑇𝑅𝑜𝑢𝑔ℎ𝑒𝑟 = (
−𝐹

(1+𝑘∗𝑥)𝑛)                   3.19 

 

𝐶𝑆𝑐𝑎𝑣 = ((
−𝐹

(1+𝑘∗𝑥)𝑛) + (
−1

(1+𝑘∗𝑥)𝑛) ∗ (
𝐹∗((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )) ∗ (
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )          3.20 

 

𝑇𝑆𝑐𝑎𝑣 = ((
−𝐹

(1+𝑘∗𝑥)𝑛) + (
−𝐹

(1+𝑘∗𝑥)𝑛) ∗ (
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)4 )) ∗ (
−1

(1+𝑘∗𝑥)𝑛)            3.21 

 
 

𝐶𝐶𝑙𝑒𝑎𝑛𝑒𝑟 = (
𝐹∗((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 ) ∗ (
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )                3.22 

 
 

𝑇𝐶𝑙𝑒𝑎𝑛𝑒𝑟 = (
−𝐹

(1+𝑘∗𝑥)𝑛) ∗ (
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )                                                                              3.23 

 
 
 

  

Figure 3. 4.: Flotation circuit alternative C 

 
The above figure 3.4. shows scavenger tails are recycled to rougher feed. Model is 

adjusted accordingly to take in to account possible flotation process variations 

resulting from recycle stream. 
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𝐶𝑅𝑜𝑢𝑔ℎ𝑒𝑟 =
(

𝐹∗((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)
                 3.24 

 

𝑇𝑅𝑜𝑢𝑔ℎ𝑒𝑟 =
(

−𝐹

(1+𝑘∗𝑥)𝑛)

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)
                 3.25 

 

𝐶𝑆𝑐𝑎𝑣𝑒𝑛𝑔𝑒𝑟 =
(

𝐹∗((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
−1

(1+𝑘∗𝑥)𝑛)

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)
                 3.26 

 

𝑇𝑆𝑐𝑎𝑣𝑒𝑛𝑔𝑒𝑟 =
(

−𝐹

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)
                 3.27 

 

𝐶𝐶𝑙𝑒𝑎𝑛𝑒𝑟 =
(

𝐹∗((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)
                 3.28 

 

𝑇𝐶𝑙𝑒𝑎𝑛𝑒𝑟 =
(

−1

(1+𝑘∗𝑥)𝑛)∗(
𝐹∗((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)
                              3.29 

 

  

Figure 3. 5.: Flotation circuit alternative D 

 
The above figure 3.5. shows cleaner tails are recycled to rougher feed.  

𝐶𝑅𝑜𝑢𝑔ℎ𝑒𝑟 =
(

𝐹∗((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )

(
−1

(1+𝑘∗𝑥)𝑛)+(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )
                3.30 
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𝑇𝑅𝑜𝑢𝑔ℎ𝑒𝑟 =
(

−𝐹

(1+𝑘∗𝑥)𝑛)

(
−1

(1+𝑘∗𝑥)𝑛)+(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )
                3.31 

 

𝐶𝑆𝑐𝑎𝑣𝑒𝑛𝑔𝑒𝑟 =
(

((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
−𝐹

(1+𝑘∗𝑥)𝑛)

(
−1

(1+𝑘∗𝑥)𝑛)+(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )
             3.32 

 

𝑇𝑆𝑐𝑎𝑣𝑒𝑛𝑔𝑒𝑟 =
(

−𝐹

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)

(
−1

(1+𝑘∗𝑥)𝑛)+(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )
               3.33 

 

𝐶𝐶𝑙𝑒𝑎𝑛𝑒𝑟 =
(

((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗𝐹

(
−1

(1+𝑘∗𝑥)𝑛)+(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )
               3.34 

 

𝑇𝐶𝑙𝑒𝑎𝑛𝑒𝑟 =
(

−1

(1+𝑘∗𝑥)𝑛)∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗𝐹

(
−1

(1+𝑘∗𝑥)𝑛)+(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )
             3.35 

 

 
Figure 3. 6.: Flotation circuit alternative E 

 
The above figure 3.6. shows both cleaner and scavenger are recycled to rougher 

feed stream. 

  

𝐶𝑅𝑜𝑢𝑔ℎ𝑒𝑟 =
(

((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗𝐹

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)−(
−1

(1+𝑘∗𝑥)𝑛)∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )
              3.36 
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𝑇𝑅𝑜𝑢𝑔ℎ𝑒𝑟 =
(

−1

(1+𝑘∗𝑥)𝑛)∗𝐹

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)−(
−1

(1+𝑘∗𝑥)𝑛)∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )
            3.37 

 

𝐶𝑆𝑐𝑎𝑣𝑒𝑛𝑔𝑒𝑟 =
(

((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
−1

(1+𝑘∗𝑥)𝑛)∗𝐹

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)−(−
1

(1+0.0014∗𝑥)2)∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )
           3.38 

 

𝑇𝑆𝑐𝑎𝑣𝑒𝑛𝑔𝑒𝑟 =
(

−1

(1+𝑘∗𝑥)𝑛)∗𝐹

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)−(
−1

(1+𝑘∗𝑥)𝑛)∗(
1678∗((1+0.0014∗𝑥)2−1)

(1+0.0014∗𝑥)2 )
           3.39 

 

𝐶𝐶𝑙𝑒𝑎𝑛𝑒𝑟 =
(

((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗𝐹

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)−(
−1

(1+𝑘∗𝑥)𝑛)∗(
((1+0.0014∗𝑥)2−1)

(1+0.0014∗𝑥)2 )
            3.40 

 

𝑇𝐶𝑙𝑒𝑎𝑛𝑒𝑟 =
(

−1

(1+𝑘∗𝑥)𝑛)∗(
((1+𝑘∗𝑥)𝑛−1)

(1+𝑘∗𝑥)𝑛 )∗𝐹

1−(
−1

(1+𝑘∗𝑥)𝑛)∗(
−1

(1+𝑘∗𝑥)𝑛)−(
−1

(1+𝑘∗𝑥)𝑛)∗(
((1+0.0014∗𝑥)2−1)

(1+0.0014∗𝑥)2 )
            3.41 

 
 

3.1.4. Solution strategy 
 

The operating conditions obtained using experimental methods and predicted using 

flotation models were used to determine performance of each alternatives using the 

model developed. Optimization model developed is used to determine recoveries of 

each flotation circuit using fmincon algorithm in MATLAB optimization toolbox. The 

model was coded and set up in optimization tool box. The model codes are presented 

in the appendix section of this report. Some alternatives had different feed flowrates 

due to some recycle streams and residence time from 1 up to 100 minutes for each 

stage was used.   
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3.2. EXPERIMENTAL METHOD 
 

The experimental test work for this study was undertaken at PGMs flotation circuit of 

Minopex operations in 2015. Flotation circuit streams were sampled and analysed 

daily as part shift work tasks. Routine test works included laboratory fire assay test 

and particle size analysis. The flotation circuit stream grades obtained by assay 

method were used to calculate the overall recovery flotation using equation 3.48. The 

performance of industrial flotation circuit operation is evaluated by the assay grades 

of the flotation streams and by materials balances of the assay results. Without the 

experimental results obtained from the operating flotation circuit, it is difficult to 

develop with any confidence, the optimization model. These data obtained from 

flotation circuit operation by experimental method are used as the basis for solving the 

optimization model developed.  

 

3.2.1. Material and Methods 
 

The laboratory sample preparation simulates the industrial plant flow sheet, and 

consists of operations of filtering, drying and assay furnace. Slurry samples are dried 

in the oven at the temperature of 110 degrees Celsius for an hour and allowed to cool 

for 45 minutes. About 50 grams’ sample is weighed and then fluxed with 400 grams of 

lead oxide (PbO) to avoid cross contamination in separate clay pots. Five drops of 

silver nitrate are added on top of the samples in the clay pots for collection of PGM’s 

when they are the fire assay furnace at the temperature of 1200 degree Celsius where 

fusion process takes place for 75 minutes and lead oxide is reduced to lead button. 

The clay pots are off-loaded from the furnace and cooled for 45 minutes before lead 

is separated from the slag. Lead button are placed in the cupels and loaded in the 

muffle furnace (set temperature = 1000 degrees Celsius). The cupellation takes place 

for 60 minutes where oxidation occurs. The cupels are then off-loaded and allowed to 

cool for 20 minutes. The lead prills are then transferred in the block cupels and loaded 
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in the high temperature furnace of 1300 degrees Celsius. The cupels are off-loaded 

and allowed to cool. The prills are weighed using ultrasonic balance and calculations 

are done.  

 

3.2.2. Flotation Circuit Sampling 
 

Accordingly, a sampling was conducted as part of routine shift task at flotation circuit 

running at 90 t/hr at a stable condition. The representative samples were taken every 

one hour for eight hours shift. Samples were taken from various points in the froth 

flotation circuit feed, concentrate and tailings streams. Villeneuve et al. (1995) states 

that stream grades should first be calculated for industrial flotation circuits to determine 

kinetic parameters. 

 

3.2.3. Particle size analysis 
 

Samples were collected from flotation circuit feed stream, filtered and dried and the 

size distribution of a sample is determined by a standard sieve analysis. Particle size 

distribution tests were performed using a Sieve shaker and set of 50, 45, 40, 35, 30, 

25, 20, 15, 10 and 5 µm standard laboratory sieves. 1 kg of a dried sample is poured 

onto the top sieve. The mass retained in each sieve is then weighed to determine the 

percentage particle size distribution. 

 

3.2.4. Flotation circuit pulp densities 
 

The pulp density of flotation circuit streams is measured by means of using a density 

can of one litre that is weighed on a calibrated balance. 

 

3.2.5. Flotation circuit operating conditions 
 

Experimental methods are commonly used to determine and analyze process 

conditions. Flotation circuit conditions include flowrates, solid density, and residence 

time. Some of these operating conditions are predicted using models while others are 
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measured using measuring devices. Green (1984) stated that when optimizing the 

flotation circuit, it is important to begin by determining operating conditions. 

 
3.2.5.1. Flotation circuit recovery using circuit stream grades. 

 

The mass balance of the whole circuit represent relationship among the feed to the 

flotation circuit, the final concentrate, and the final tail. The overall mass balance of 

flotation is is given by: 

𝐹 = 𝐶 + 𝑇           3.42 

The component balance is given by 

𝐹 ∙ 𝑓𝑓𝑒𝑒𝑑 = 𝐶 ∙ 𝑐𝑐𝑜𝑛𝑐 + 𝑇 ∙ 𝑡𝑡𝑎𝑖𝑙          3.43 

 

 

 

Figure 3. 7.: Flotation circuit mass balance. 

 
Where, 𝐹 is the feed mass flowrate (ton/h), 𝑓𝑓𝑒𝑒𝑑 is the feed grade (g/t), 𝐶 is the 

concentrate mass flowrate (ton/h), 𝑐𝑐𝑜𝑛𝑐 reflects the concentrate grade (g/ton), 𝑇 is the 

tail mass flowrate (ton/h), and 𝑡𝑡𝑎𝑖𝑙 is the tail grade (g/ton). Mass balance for industrial 

flotation circuit help to determine the overall recovery of the circuit.  Yianatos et al. 

(2008) represented the overall recovery of flotation circuit as; 

Recovery = 
𝑐𝑐𝑜𝑛𝑐(𝑓𝑓𝑒𝑒𝑑 − 𝑡𝑡𝑎𝑖𝑙 ) 

𝑓𝑓𝑒𝑒𝑑 (𝑐𝑐𝑜𝑛𝑐 – 𝑡𝑡𝑎𝑖𝑙 )
  x 100            3.44 
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3.2.5.2. Predicting residence time 

 

Residence time is a key parameter in optimization of flotation circuit using kinetic 

models. Loveday and Brouckaert (1995) state that the flotation circuit’s performance 

is based on residence time in conventional stages. Residence time is calculated as 

the ratio of volume of each circuit to feed mass flow of certain pulp density. 

V = 
𝐹𝜏

𝜌
                3.45 

Where 𝜌 , 𝐹 and 𝑣 are slurry density, feed mass flowrate and cell volume respectively.  

 

3.2.5.3. Predicting rate constants 

 

The rate constant k is calculated using overall recovery of flotation circuit. Albijanic et 

al. (2015) pointed out that there is no consensus on which flotation kinetic models to 

be used, despite the fact that the usability of the model is mainly based on their 

simplicity to determine the performance of flotation process. McFadzean et al. (2016) 

represented the overall first-order rate constant k as a function of the overall flotation 

recovery R and residence time 𝜏. 

K = 
1

𝜏
ln(

1

1−𝑅
)               3.46 

 

3.3. STATISTICAL METHODS 
 

The recovery data for rougher and cleaner stages obtained from model developed was 

imported to SPSS for analysis for each of five alternative circuits.  

 

3.4. DATA ANALYSIS PROCEDURES 
 

The following data analysis procedures were undertaken: 

i. Determine the true statistic to employ- since we are comparing three or more 

alternatives where the population size is the same, One-way ANOVA was found to be 

the most appropriate methodology used. 



61 

ii. Stating the Null and Alternative hypothesis –  

a. H0: The means for the alternatives are the same, i.e., ʯA= ʯB= ʯC= ʯD= 

ʯE 

b. H1: The means differ from one another, i.e., ʯA≠ ʯB≠ ʯC≠ ʯD≠ ʯE 

iii. Select the level of significance and degrees of freedom (df) – 

a. α = 0.05 (95% confidence interval) 

b. degrees of freedom between groups (alternatives) = 4 

degrees of freedom within groups (alternatives)    = 495 

degrees of freedom total        = 499 

iv. Run the One-way ANOVA test including the following –  

a. Conduct the Post-hoc test to control for Type 1 errors that arise when 

comparing multiple entries of same data. 

b. The most appropriate method applied when the sample is the same is 

the Tukey’s HSD (honest significant difference) test. The Tukey’s HSD 

test measures how far the means must be from each other to be truly 

significant. It is used to find means that are significantly different from 

each other. 

c. The Levene’s test statistic is also applied to test for the assumption of 

homogeneity of variances. 

d. The Welch’s to correct if the assumption of homogeneity of variances 

was violated. 

e. Apply the Games-Howell to also correct for the violation homogeneity of 

variances. That is the one interpreted, not the Tukey’s HSD test results. 
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3.5. SUMMARY  
 

The methodology presented is based on mathematical problem formulation, 

experimental method and statistical method. Optimization problem is solved using 

MATLAB optimization toolbox and statistical analysis are done using SPSS software. 

The objective of the optimization problem is to improve recovery of flotation circuit by 

comparing different circuit configurations. Flotation circuit stream grades are 

determined using assay experimental method and operating conditions such 

residence time are determined using flotation process models. Flotation circuit stage 

superstructure was used to derived different flotation circuit configurations. 

Mathematical problem Formulation resulted in mixed integer nonlinear programming 

problem in which the objective function represented recovery while constraints are 

represented by flotation circuit stream flowrates. The objective function used first order 

kinetics model and stream mass flowrates are formulated using Linear circuit Analysis 

framework.  
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4. CHAPTER FOUR: RESULTS AND DISCUSSION  
 

4.1. MODEL RESULTS FOR STAGE RECOVERIES 
 

The data for the three stages of flotation circuit, namely, rougher, cleaner and 

scavenger was obtained from the model developed. Only recoveries of rougher and 

cleaner stages for each alternative and overall recovery for best circuit are presented. 

Results predicted using this model are based on initial flotation circuit operating 

conditions obtained from the concentrator using assay experimental method.  

 

4.1.1. Rougher stage recovery of alternative A 
 

 

Figure 4. 1.: Alternative A rougher stage recovery. 

 

The above figure 4.1. shows recovery reaches a maximum value at the residence time 

of 3 minutes. 55 % recovery is achieved at first 1 minute residence time. This shows 

that the rate of recovery at rougher stage high. 
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4.1.2. Cleaner stage recovery of alternative A 
 

 

Figure 4. 2.: Alternative A cleaner stage recovery. 

 

The above figure 4.2. shows recovery reaches a maximum value at the residence time 

of 4 minutes. 50 % recovery is achieved at 1 min residence time. From this study, we 

can see that cleaner stage resulted in high recovery at relatively short residence time. 
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4.1.3. Rougher stage recovery of alternative B 
 

 

Figure 4. 3.: Alternative B rougher stage recovery. 

 
The above figure 4.3. shows similar results with the rougher stage of alternative A. 

This may be due to the fact there is no recycle stream to the feed in both alternative A 

and B.  
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4.1.4. Cleaner stage recovery of alternative B  
 

 

Figure 4. 4.: Alternative B cleaner stage recovery. 

 

The above figure 4.4 shows recovery reaches a maximum value at the residence time 

of 3 minutes residence time. 70 % recovery is achieved at 1 min residence time. From 

this figure, it is clear that cleaner stage resulted in higher recovery value of at first one 

minute residence time relative to rougher stage. The high recovery rate may be due 

to recycle joining the rougher stage tails stream. 
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4.1.5. Rougher stage recovery of alternative C 
 

 

Figure 4. 5.: Alternative C rougher stage recovery. 

 

The above figure 4.5 shows recovery reaches a maximum value at the residence time 

of 10 minutes. 15 % recovery is achieved at 1 min residence time. These results exhibit 

a low recovery rate of rougher stage relative to alternative A and B. 
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4.1.6. Cleaner stage recovery of alternative C  
 

 

Figure 4. 6.: Alternative C cleaner stage recovery. 

 

The above figure 4.6. shows inverse recovery relative to alternative A and B.  

Alternative A and B differ from alternative C in that the scavenger tails are recycle to 

rougher feed in alternative C. The more obvious observation in this regard is that 

recycling scavenger tails to flotation circuit feed may be detrimental to recovery of 

cleaner stage.  
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4.1.7. Rougher stage recovery of alternative D  
 

 

Figure 4. 7.: Alternative D rougher stage recovery. 

 

The above figure 4.7. shows recovery reaches a maximum value at the residence time 

of 10 minutes residence time. 48 % recovery is achieved at 1 min residence time. From 

this figure, we can see that rougher stage resulted in relatively higher recovery rate as 

compare to alternative C rougher recovery.  
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4.1.8. Cleaner stage recovery of alternative D  
 

 

Figure 4. 8.: Alternative D cleaner stage recovery. 

 

The above figure 4.8. shows similar recovery pattern with the cleaner stage of 

alternative C. Both alternative C and D recycle scavenger and cleaner tail streams 

respectively to rougher feed.  
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4.1.9. Rougher stage recovery of alternative E  
 

 

Figure 4. 9.: Alternative E rougher stage recovery. 

 

The above figure 4.9. shows recovery reaches a maximum value at the residence time 

of 8 minutes residence time. 40 % recovery is achieved at 1 min residence time. These 

results show that recycling both scavenger and cleaner tail stream to rougher feed 

does not results in satisfactory performance as compare to alternative B. 
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4.1.10. Cleaner stage recovery of alternative E 
 

 

 

Figure 4. 10.: Alternative E cleaner stage recovery. 

 

The above figure 4.10. shows recovery reaches a maximum value at the residence 

time of 11 minutes. 20 % recovery is achieved at first 1 min residence time. These 

results show that the combination of scavenger and cleaner tails in the rougher feed 

bring about improvement in the cleaner recovery as compare to only one of these 

streams.  
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4.1.11. Increment in overall recovery of flotation circuit alternative B. 
 

The overall recovery of the model is obtained setting up the model in MATLAB 

optimization toolbox using fmincon algorithm. 

 

 
 

Figure 4. 11.: Incremental overall recovery of flotation circuit alternative B. 

 

Figure 4.11. represent overall recovery which is the average recoveries of all three 

stages. The overall recovery presented in the above figure represent a recovery 

increment as result of circuit configuration change. The figure shows the one percent 

increment in recovery in 100 minutes residence time. One percent increment of the 

entire flotation circuit may yield some significant economic benefits. 
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4.1.12. Concentrate and tail mass flowrates. 
 

Equations 49 and 50 were used to plot concentrate and tailings mass flowrate curve 

of rougher stage, respectively. 

 

Figure 4. 12.: Concentrate and tailing mass flowrate curves 

 
The above figure 4.12. shows that valuable mineral decreases in the tailing stream are 

depleted while in the concentrate stream rises exponentially to maximum with respect 

to residence time respectively. The above figure 4.12 in particular, shows the mass 

balance of the flotation circuit by noting that as more minerals are being recovered in 

the concentrate stream, less are being lost through tail stream. The optimization model 

formulated in this study is based on the mass balance of flotation circuit stages as 

equality constraints. 
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4.1.13. Flotation circuit yield vs residence time 
 

Flotation circuit yield is the function of number of cells, residence time and rate 

constant.   

Yield (Y) = [
(1+𝑘𝑥)𝑛−1

(1+𝑘𝑥)𝑛 ]          4.1 

 

 

 

Figure 4. 13.: Yield vs residence time 

 

Figure 4.13. represent yield of the flotation circuit obtained using theoretical model. 

The results of the yield show similar pattern to recovery results. Yield is mass recovery 

while flotation recovery refers specifically to recovery of mineral of interest. 40% yield 

is reached within one minute and maximum yield in eight minutes.  
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4.2. EXPERIMENTAL RESULTS AND ESTIMATION OF FLOTATION OPERATING 

CONDITIONS 

 

4.2.1. Flotation circuit grade vs recovery 
 

Concentrate and feed grade are obtained by fire assay method described in the 

methodology chapter. Flotation circuit overall recoveries are predicted using equation 

3.48.  

 

Figure 4. 14.: Daily flotation circuit overall percentage recovery and concentrate 

grade of PGMs  

 
There is very little visible inverse relationship between recovery and grade from the 

data obtained from the flotation circuit. This is partly due to the fact that there was 

never a consistent increase or decrease in any of recovery and grade data from which 

an observation could have been made. There are many explanations for this 

behaviour, the obvious being that the properties of the ore which being treated, which 
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include grade, remained almost constant for the entire duration of 31 days. However, 

there was a spike drop in recovery on the 20th day which may be as results of slight 

increment in grade from the 7th till 22nd day, i.e., rise in concentrate grade from 100g/t 

to180g/t. As per this explanation, experimental results have some inverse relationship 

between recovery and grade and display similar pattern with the results of model 

plotted in figure 4.16.  Below figure 4.15. shows daily flotation circuit feed grade of 

PGMs. 

 

 

Figure 4. 15.: Daily flotation circuit feed grade of PGMs 

 
 
Figure 4.15. shows that flotation circuit feed grade went up and down almost every 

day. For most of the time feed grade was below targeted plan which could result in 

unsatisfactory results, which will some require extra efforts to reach the required 

results. The extra efforts precisely refer to measures undertaken in this study for best 

operating conditions and optimum circuit configuration. This challenge was clearly 
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stated in the problem statement that the current mineral separation circuits are being 

affected by the orientation towards a lower grade of ore body.  

Schena et al. (1996) represented concentrate grade using the following equation: 
 

𝐶𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑒 𝑔𝑟𝑎𝑑𝑒 =
𝑅𝑜𝑣∗𝑓𝑓𝑒𝑒𝑑

𝑃
        4.2 

Where, 

𝑅𝑜𝑣 is overall recovery of the circuit, 𝑓𝑓𝑒𝑒𝑑 feed grade and 𝑃 yield.  

𝑃 =  
𝑓

1−𝑓
           4.3 

 

𝑓 = (1 + 𝑘𝑥)𝑛 - 1          4.4 

 

 
 

Figure 4. 16.: concentrate grade vs recovery of flotation circuit 

 
The above figure 4.16. shows that recovery and the grade of the flotation circuit have 

an inverse relationship as mentioned in the literature review. Recovery and grade are 

used as performance measures in almost every flotation circuit. For a long time, 

maintaining a good balance between recovery and grade was the challenge of the 

flotation circuit's feasible operation.  
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4.2.2. Effects of feed mass flowrate on recovery 
 

Where,  𝜏@ 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝐹𝑒𝑒𝑑 𝑟𝑎𝑡𝑒𝑠 =
𝜌𝑝𝑢𝑙𝑝𝑣𝑐𝑒𝑙𝑙

𝐹
,        4.5 

The residence time is calculated from the total volume of flotation circuit and pulp 

density of the material being treated. Pulp density is obtained using density scale. 

 

 

 

Figure 4. 17.: Feed mass flowrate as function of recovery. 

 

Figure 4.17 shows a decay in recovery with the increase in the feed mass flowrate. 

These results may help us prioritise obtaining optimum feed mass flowrate to obtain 

satisfactory recovery. The feed rate influence conditions such as settling rate, 

turbulence and residence time. These play important roles in determining the 

performance of flotation circuit. 
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4.2.3. Flotation circuit feed Particle size distribution 
 

 

Figure 4. 18.: Daily particle size of flotation circuit feed stream 

 

Particle size analysis of the flotation circuit feed is used to evaluate the performance 

of recovery in flotation circuit in terms of entrainment. Figure 4.18. shows 

inconsistence in daily particle sizes obtained from the flotation circuit feed stream. 

These results however depend on the grinding conditions of the milling section, the 

immediate upstream section of flotation circuit. After the feasible particle size range is 

obtained for flotation circuit, the mill operating conditions will then be adjusted 

accordingly to produce the require particle size.  
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4.2.4. Effect of particle size on entrainment  
 

Wang et al. (2015) expressed entrainment as: 

𝑒𝑖 = 1 – 0.429 (𝑙𝑜𝑔(𝑑𝑖) – 1) ( 𝜌𝑠 – 1)        4.6 

Where 𝑥𝑖 is entrainment of the particle size fraction, 𝑑𝑖 is the particle size diameter 

and 𝜌𝑠 is the density of the particles. 

 
 

Figure 4. 19.: Particle size vs entrainment  

 
Figure 4.19. shows that the degree of entrainment as function of particle size. The 

entrainment was determined by the fraction of particles between 30 and 75 microns. 

The results show that the finer particles result in high degree of entrainment. This 

poses a challenge in terms of the concentrate grade since recovery by entrainment is 

not selective. Some gangue materials such as talc in sulphide ores may find their ways 

in the final concentrate which can result in huge penalties by the smelters. As Mackay 

et al. (2018) observed, due to the low particle diameter to plateau border size ratio, 

fine particles present challenges as they are more widely entrained. 
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4.2.5. Effects of residence time on recovery 
 

As the flotation process is being considered first order kinetic process and the following 

equation is used to determine recovery.  

𝑅𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑣𝑒 = 1 – 𝑒−𝑘𝑥          4.7 

where R is the recovery at the time x, and k is the kinetic rate constant. Rate constant 

is the function of the flotation circuit overall recovery determined using stream grades 

in equation 3.48. and residence time. 

 

 
Figure 4. 20.: Recovery vs residence time. 

 

Figure 4.20. shows the relationship between recovery and residence time. Flotation 

circuit recovery reached maximum level in 20 minutes’ residence time. The results 

displayed a steep increase in recovery between initial and maximum recovery level. 

Residence time is an important factor in optimizing flotation circuit performance and 

providing an understanding of flotation process. Bu et al. (2016) mentioned that the 

cumulative recovery is proportional to the flotation residence time and which is the 

reason flotation process is considered as a time-rate recovery process.  
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4.2.6. Flotation circuit operational cost. 
 

Although economic assessment is not significant focus of this study, some simple 

results are presented in this regard to determine the economic viability in terms 

number cells of the flotation circuit. This assessment can also be used to evaluate 

alternatives circuit configurations which will help process optimization in making 

relatively sound decisions. Cisternas et al. (2014) presented the operational cost of 

flotation circuit by the following equation. 

𝐶𝑜𝑝(𝑖) = H.V(i).N(i).E.𝑃𝑘         4.8 

Where 𝐶𝑜𝑝(𝑖)  is the operational cost of stage i and 𝑃𝑘 is the kilowatt-hours cost, H, 

represent annual operational hours, V(i) effective volume of a cell and N(i) and E are 

number of cells and energy per cubic meter, respectively. 

 

 

 

Figure 4. 21.: Operational cost vs No of cells 
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The results in figure 4.21. show increase in number of flotation cells, increases 

operational cost of the flotation circuit. Mostly the operating costs of a cell are 

associated with the cost of energy for mixing pulp with reagents in the cell and cost of 

maintenance. For example, Schena et al. (1996) obtained data provided by cell 

manufacturers stating that the energy cost could be 1.5 to 2.2 kWh per cubic meter of 

effective cell volume for both mixing and bubble generation. The increase in number 

of cells increases operating costs. However, this study was able to find out rougher 

stage is more profitable stage in terms of recovery and increasing number of cells in 

this stage is likely result in more profitable flotation circuit.  

 

4.3. STATISTICAL RESULTS FOR STAGE RECOVERIVERIES 
 

4.3.1. Rougher Recovery Descriptive Statistics 
 

Table 4. 1.: Rougher stage recovery descriptive statistics 

 
  N Mean Std. 

Deviation 

Std. 

Error 

95% Confidence Interval for 

Mean 

Min Max 

Lower Bound Upper Bound 

Alternative A 100 21,26 89,47 8,95 3,51 39,02 0,02 717,98 

Alternative B 100 21,26 89,47 8,95 3,51 39,02 0,02 717,98 

Alternative C 100 0,02 0,09 0,01 0,00 0,04 0,00 0,79 

Alternative D 100 0,02 0,09 0,01 0,00 0,04 0,00 0,73 

Alternative E 100 0,01 0,05 0,00 0,00 0,02 0,00 0,36 

Total 500 8,52 57,32 2,56 3,48 13,55 0,00 717,98 

 

 

Alternatives A and B have higher mean levels of 21.26 each relative to all the other 

alternatives which have lower mean level not exceeding 0.02. 

 

4.3.2. Rougher recovery Statistical Tests 
 

The Levene’s test result was significant at 99% confidence interval (p<0.001). This 

shows that there is statistical evidence that the variances are not equal. Therefore, the 

results from the Games-Howell tests highlighted the following conclusions: 
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a) There is no significant difference between the means of all the 5 alternatives 

even for Alternatives with higher means, A and B, and also those other 3 

alternatives with lower means. 

b) Means Plot 

 

 

 

Figure 4. 22.: Mean rougher stage recovery 

 

The graph shows that alternatives A and B have higher and similar rougher recovery 

means as compared to the other 3 alternatives with close to zero and also similar 

means. 
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4.3.3. Rougher recovery conclusion 
 

Table 4. 2.: Rougher stage recovery Tukey HSD 

Production system alternatives N Subset for alpha = 0.05 

1 

Tukey HSDa Alternative E 100 0,013 

Alternative C 100 0,019 

Alternative D 100 0,020 

Alternative A 100 21,263 

Alternative B 100 21,263 

Sig. 
 

0,062 

Means for groups in homogeneous subsets are displayed. 

a. Uses Harmonic Mean Sample Size = 100.000. 

 

 

There was a statistically significant difference amongst the 5 alternatives for the 

rougher recovery, F (4, 495) = 4.23, P<0.005, implying that the means are not equal 

at 95% confidence interval. Post hoc testing revealed that all the 5 means can be 

grouped under the same category, a conclusion which was also produced in the 

Games-Howell test. Tukey’s HSD the results highlighted in the table shows that all the 

alternatives are not honestly significant from each other. However, Alternatives A and 

B can be considered as the most efficient systems in terms of rougher recovery since 

they have the same highest means relative to others.  

 

4.3.4. Cleaner Recovery Descriptive Statistics 
 

Table 4. 3.: Cleaner stage recovery descriptive statistics 

  N Mean Std. 

Deviation 

Std. 

Error 

95% Confidence Interval for 

Mean 

Min Max 

Lower Bound Upper Bound 

Alternative A 100 0,99058 0,07922 0,00792 0,97945 0,03852 0,00002 0,49453 

Alternative B 100 0,99504 0,03252 0,00325 0,98859 1,00150 0,69497 1,00000 

Alternative C 100 0,01286 0,04852 0,00485 0,00324 0,02249 0,00001 0,35579 

Alternative D 100 0,02280 0,05606 0,00561 0,00708 1,00170 0,49727 1,00000 

Alternative E 100 0,01089 0,03827 0,00383 0,00330 0,01848 0,00001 0,26242 

Total 500 0,40643 0,48222 0,02157 0,36406 0,44880 0,00001 1,00000 
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Alternative B has the highest mean of 0.995 followed by Alternative B with a mean of 

0.991, the least being alternatives A, C and E, respectively. These results imply that 

Alternative B could be the most efficient alternatives in terms of cleaner recovery 

against all other alternatives. 

 

4.3.5. Cleaner Recovery Statistical Tests 
 

The Levene’s test results were significant at 99% confidence interval (p<0.001). This 

shows that there is no statistical evidence for homogeneity of variances. Therefore, 

the results from the Games-Howell tests are summarised as follows: 

a) The mean of Alternative A is significantly different from that of Alternatives B 

and D whilst not significantly different from Alternatives C and E. Mean of 

Alternative B is significantly different from that of Alternatives A, C and E whilst 

insignificantly different from Alternative D. Alternative C mean is significantly 

different from that of Alternatives B and D and insignificantly different from that 

of Alternatives A and E. The mean of Alternative D is significantly different from 

Alternatives A, C and E whilst not significantly different to the of Alternative B. 

Lastly, the mean for Alternative E is significantly different to that of Alternatives 

B and D whilst not significantly different from Alternatives A and C. 
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b) Means Plot 

 

 

 

Figure 4. 23.: Mean cleaner stage recovery 

 

The graph for the means plot attest to the analysis that the Alternatives B and D have 

the highest means and could thus be regarded as the most efficient in terms of cleaner 

recovery. 

4.3.6. Cleaner Recovery Conclusion 
 

Table 4. 4.: Cleaner stage recovery Tukey HSD 
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1 2 

Tukey HSDa Alternative E 100 0,01089137 
 

Alternative C 100 0,01286373 
 

Alternative A 100 0,02279728 
 

Alternative D 100 
 

0,99057512 

Alternative B 100 
 

0,99504276 

Sig. 
 

0,515 0,976 

Means for groups in homogeneous subsets are displayed. 

a. Uses Harmonic Mean Sample Size = 100.000. 
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There was a statistical difference among the 5 alternatives for the cleaner recovery, F 

(4, 495) = 10 022.32, P<0.001, implying that the means are not equal. Alternatives A, 

C and E fell in the same group with lower means implying that the means of these 3 

alternatives are not honestly significantly different from each other but rather 

significantly different to the means of Alternatives B and D. Alternative B had the 

highest mean (M = 0.99504, SD = 0.03252) followed by D (M = 0.99058, SD = 

0.05606). The lower group had the following distribution, A (M = 0.02280, SD = 

0.07922); C (M = 0.01286, SD = 0.04852); and E (M = 0.01089, SD = 0.03827). These 

findings reveal that that Alternatives B can be regarded as most optimum in terms of 

recovery since it has the highest mean relative to others. 

 

4.4. SUMMARY  
 

The chapter presented the researcher’s descriptive and statistical results of the 

proposed mathematical model to obtain optimum flotation circuit configuration 

operating conditions.  Experimental results were also presented and displayed some 

similar pattern with model developed. However, it is worth noting that even though 

there was never clear consistent decrease or increase in either recovery and grade of 

the experimental data recorded, some similarity pattern between the model and 

experimental were identified.  
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5. CHAPTER FIVE: CONCLUSION AND FUTURE WORK 
 

5.1. CONCLUSION 
 

The aim of the study which was to determine optimum operating conditions of the 

flotation circuit and optimum flotation circuit configuration. Mathematical formulation 

was developed to determine operating conditions. Flotation circuit performance in 

terms of recovery was determined with respect to residence time, number of cells and 

rate constants. The rate of recovery in rougher and cleaner stages of each five of 

alternatives were compared and descriptive accounts were provided. Statistical 

analysis was used to evaluate different flotation circuit configurations.  

 

The research has shown that circuit configuration influences its performance as five 

alternatives were tested using the modelled developed and different results were 

obtained.  This study has found that generally, recovery rate at rougher stage is higher 

than the one at cleaner stage of each five of the alternatives studied. This finding is 

consistent with that of Rojas and Cipriano (2011) that even minimal increases of 0.5 

per cent in the rougher flotation yield considerable economic benefit. This emphasis 

that roughing stage ensure maximum recovery of valuable minerals, with less focus 

on the quality of the resulting concentrate.  

 

The fact that some studies have indicated that rougher stage recovery contribute huge 

recovery of flotation circuit, suggest that the results of the model obtained in this study, 

align with at least a broader understanding of the behaviour of flotation circuit and 

flotation process in particular. The rougher stage then needs to be larger part flotation 

circuit in terms of number of cells to harness any potential recovery. In consistent with 

the literature that recovery and grade have inverse relationship, the model developed 

was able to display similar with the flotation circuit experimental results. 
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5.2. FUTURE WORK 
 

This research has only examined five alternative circuits. There are many possible 

circuit configurations that can be derived from the superstructure. This limitation 

makes the implementation of the findings difficult without evaluating all possible 

alternatives. Although the study findings are not legible for implementation as 

explained above, they serve as a basis for other future studies in this area. It would be 

interesting therefore to expand the scope of the work in terms of the model to be built 

and experimental set up. This type of optimization also needs to be repeated on other 

PGMs concentrator flotation circuit to validate whether the optimization and analysis 

performed in this study are not contradictory.  

 
The in-depth research is also needed and could improve the quality of the model to 

produce more reliable results. As Amini and Noble, (2017) understood that through in-

depth research epistemic and stochastic uncertainty may be further reduced. Future 

work will also consider as many variables as possible in flotation optimization 

modelling problem. As Cisternas et al., (2018) observed that it is difficult to adequately 

model flotation circuits because of operating conditions including at the moment.  

 

5.3. SUMMARY  
 

In summary, most of the studies reviewed in this study support the hypothesis that 

flotation circuit configuration has effect on its performance. Overall, this study 

highlights the significant of flotation circuit configuration on its performance, 

particularly on recovery. Flotation circuit operating conditions such as feed mass 

flowrates, particle sizes and residence time have been studied in this study. The 

advances in computing capability provide an opportunity to optimize the flotation circuit 

in an efficient manner. There are several strategies for solving flotation optimization 

problems: mathematical programming, heuristics, and hybrid techniques, among 

others. There are many alternative circuits embedded in the superstructure, and 
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efficient algorithm is required to find the layout that yields the “best” performance in 

some criteria, e.g., the highest concentrate grade and recovery. 
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APPENDIX: MATLAB OPTIMIZATION MODEL CODES UNDER DIFFERENT 

OPERATING CONDITIONS 

This appendix describes the flotation circuit alternatives models codes.  These models 

include different conditions such circuit feed rate, pulp densities and rare constants. 

Some operational conditions are determined experimentally method while others are 

predicted using flotation models. The model was coded in MATLAB optimization 

toolbox and solved using fmincon solver, a high-level solver for mathematical 

programming problems. Residence time from 1 up to 100 minutes for each stage was 

used.   

1. Circuits A and B  
 

Conditions: When k = 0.11 and feed rate = 1301 t/hr @ pulp density of 1.10.  

Circuits A and B have common feed rate 

 

Objective function represents recovery of flotation circuit 

 

function f = Opt2 (x) 

f = 0.11*x(1)/(1 + 0.11*x(1)); 

 

constraints represent concentrate and tailing mass flowrates respectively. 

Using concentrate and tailing mass flowrates as constraints is a desirable 

situation from practical point of view.  

 

function [c, ceq] = constr2(x) 
c = [(1 + 0.11*x(1))^12 -1,1182*x(1),82970*x(1),2.85*x(1)/(1 + 

0.11*x(1));]; 
ceq = []; 

 
When k = 0.11 and feed rate = 1301 t/hr @ pulp density of 1.34 

 
function f = Opt2 (x) 
f = 0.11*x(1)/(1 + 0.11*x(1)); 

 
function [c, ceq] = constr2(x) 
c = [(1 + 0.11*x(1))^12 -1,970*x(1),68109*x(1),2.85*x(1)/(1 + 0.11*x(1));]; 
ceq = []; 

 
When k = 0.11 and feed rate = 1301 t/hr @ pulp density of 1.38 

 
function f = Opt2 (x) 
f = 0.11*x(1)/(1 + 0.11*x(1)); 
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function [c, ceq] = constr2(x) 
c = [(1 + 0.11*x(1))^12 -1,942*x(1),66135*x(1),2.85*x(1)/(1 + 0.11*x(1));]; 
ceq = []; 

 

  
When k = 0.11 and feed rate = 1301 t/hr @ pulp density of 1.42 

 
function f = Opt2 (x) 
f = 0.11*x(1)/(1 + 0.11*x(1)); 

 
function [c, ceq] = constr2(x) 
c = [(1 + 0.11*x(1))^12 -1,916*x(1),64273*x(1),2.85*x(1)/(1 + 0.11*x(1));]; 
ceq = []; 

 
When k = 0.11 and feed rate = 1301 t/hr @ pulp density of 1.45 

 
function f = Opt2 (x) 
f = 0.11*x(1)/(1 + 0.11*x(1)); 

 

 
function [c, ceq] = constr2(x) 
c = [(1 + 0.11*x(1))^12 -1,897*x(1),62943*x(1),2.85*x(1)/(1 + 0.11*x(1));]; 
ceq = []; 

 
When k = 0.11 and feed rate = 1301 t/hr @ pulp density of 1.50 

 
function f = Opt2 (x) 
f = 0.11*x(1)/(1 + 0.11*x(1)); 

 
function [c, ceq] = constr2(x) 
c = [(1 + 0.11*x(1))^12 -1,867*x(1),60844*x(1),2.85*x(1)/(1 + 0.11*x(1));]; 
ceq = []; 

 

 

2. Circuit C 
 

Conditions: When k = 0.12 and feed rate = 1477 t/hr @ pulp density of 1.10. 

Circuit C feed rate changes due to recycle stream. 

 

function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,1342*x(1),94194*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 
When k = 0.12 and feed rate = 1477 t/hr @ pulp density of 1.34 

 

function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,1102*x(1),77323*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 
When k = 0.12 and feed rate = 1477 t/hr @ pulp density of 1.38 
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function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,1070*x(1),75082*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 
When k = 0.12 and feed rate = 1477 t/hr @ pulp density of 1.42 

 
function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,1040*x(1),72967*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 
When k = 0.12 and feed rate = 1477 t/hr @ pulp density of 1.45 

 
function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,1018*x(1),71457*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 
When k = 0.12 and feed rate = 1477 t/hr @ pulp density of 1.50 

 
function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,984*x(1),69076*x(1),3.38*x(1)/(1 + 0.12*x(1));]; 
ceq = []; 

 

 

3. Circuit D 
 
When k = 0.12 and feed rate = 1501 t/hr @ pulp density of 1.10. Circuit D 

feed rate changes due to recycle stream. 

 

function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.11*x(1))^12 -1,1364*x(1),95725*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 
When k = 0.12 and feed rate = 1501 t/hr @ pulp density of 1.34 

 

function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,1120*x(1),78580*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 
When k = 0.12 and feed rate = 1501 t/hr @ pulp density of 1.38 
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function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,1087*x(1),76302*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 
When k = 0.12 and feed rate = 1501 t/hr @ pulp density of 1.42 

 

function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,1057*x(1),74153*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 
When k = 0.12 and feed rate = 1501 t/hr @ pulp density of 1.45 

 

function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,1035*x(1),72619*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 
When k = 0.12 and feed rate = 1501 t/hr @ pulp density of 1.50 

 

function f = Opt2 (x) 
f = 0.12*x(1)/(1 + 0.12*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.12*x(1))^12 -1,1000*x(1),70198*x(1),3.38*x(1)/(1 + 

0.12*x(1));]; 
ceq = []; 

 

 

4. Circuit E 
 
When k = 0.14 and feed rate = 1678 t/hr @ pulp density of 1.10. Circuit E 

feed rate changes due to recycle stream. 

 

function f = Opt2 (x) 
f = 0.14*x(1)/(1 + 0.14*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.14*x(1))^12 -1,1525*x(1),107013*x(1),4.61*x(1)/(1 + 

0.14*x(1));]; 
ceq = []; 

 
When k = 0.14 and feed rate = 1678 t/hr @ pulp density of 1.34 

 

function f = Opt2 (x) 
f = 0.14*x(1)/(1 + 0.14*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.14*x(1))^12 -1,1252*x(1),87847*x(1),4.61*x(1)/(1 + 

0.14*x(1));]; 
ceq = []; 
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When k = 0.14 and feed rate = 1678 t/hr @ pulp density of 1.38 

 

function f = Opt2 (x) 
f = 0.14*x(1)/(1 + 0.14*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.14*x(1))^12 -1,1215*x(1),85300*x(1),4.61*x(1)/(1 + 

0.14*x(1));]; 
ceq = []; 

 
When k = 0.14 and feed rate = 1678 t/hr @ pulp density of 1.42 

 

function f = Opt2 (x) 
f = 0.14*x(1)/(1 + 0.14*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.14*x(1))^12 -1,1181*x(1),82897*x(1),4.61*x(1)/(1 + 

0.14*x(1));]; 
ceq = []; 

 
When k = 0.14 and feed rate = 1678 t/hr @ pulp density of 1.45 

 

function f = Opt2 (x) 
f = 0.14*x(1)/(1 + 0.14*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.14*x(1))^12 -1,1157*x(1),81182*x(1),4.61*x(1)/(1 + 

0.14*x(1));]; 
ceq = []; 

 
When k = 0.14 and feed rate = 1678 t/hr @ pulp density of 1.50 

 

function f = Opt2 (x) 
f = 0.14*x(1)/(1 + 0.14*x(1)); 
 

function [c, ceq] = constr2(x) 
c = [(1 + 0.14*x(1))^12 -1,1118*x(1),78476*x(1),4.61*x(1)/(1 + 

0.14*x(1));]; 
ceq = []; 

  

 


