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PREFACE 

Computer science is an emerging discipline which is having difficulty in being 
recognised as a worthy member of the sciences. I will paraphrase John Hopcroft, co
winner of the 1986 Turing Award, when, during a recent interview, he said that the 
primary reason for the lack of recognition, is the · age of our' researchers. Probably 
not one of the researchers who presented their work at this symposium is older 
than 45. I know of no computer scientist in South Africa who is in a position where 
(s)he can affect funding priorities. As far as I know we have no representation 
on any of the commit'tees of the Foundation for Research Development and for our 
Afrikaans speaking fraternity, none who is a member of the A.bdemie vir Wetenslrap 
en Kuns. n will take time and conscious effort to establish our presence. The same 
is true of course for our universities. Again, with one exception, I know of no 
dean of a science faculty, vice-principal or principal who is a computer scientist. 
We consequently spend an enormous amount of time trying to explain the needs 
of computer science and its difficulties. I believe this symposium is a further step 
towards accreditation by our peers and superiors from the other sciences. 

The total number of papers submitted. to the Programme Committee for con
sideration was 34. Each paper was reviewed by three persons knowledgeable in the 
field it represents. Of those submitted., "23 were finally selected for inclusion in the 
symposium. As a result the overall quality of the papers is high and as a computer 
science community in Africa we can be justly proud of the final programme. 

This is the fourth in the series of South African computer symposia. This year 
the symposium is sponsored by the Computer Society of South Africa (CSSA), the 
South African Institute for Computer Scientists and the local IFIP Committee. The 
executive director of the CSSA and his staff deserve warm thanks for handling the 
organisation as well as they have, while the Organising Committee provided Derrick 
and I with very valuable advice. 

Finally I would like to express my sincere appreciation to the authors, to the 
members of the Programme Committee and particularly the reviewers. Without 
the kind cooperation of everyone, this symposium would not have taken place. 

Pieter IfritziD.ger 
July 1981. 
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ABSTRACT 

ON SYNTAX AND SEMANT I CS RELATED TO 

I NCOMPLETE I NFORMAT I ON DATABASES 

M . E .  ORLOWSKA 

Dep ar tment of Comp uter Sc i ence 

and I nforma t i on Sy stems , 

Un i ver s i t y  o f  Sou t h  Afr i c a  

We propose a ma themat i c a l mode l o f  a d a t abase w i th i nc omp l ete  

i nforma t i on ,  wh i c h  we  c a l l the  N-system . Bas i c a l l y  speak i ng ,  such 

a sys tem s t o r es i nforma t i on c o nc ern i ng pr oper t i es of  some op j ec ts .  

The i nforma t i on may be  i nc omp l e t e  i n  that  i t  may b e  known t r a t  the  

ob j ec t  has  a p roper t y , from  the  i nter va l < o , �> C < 0 , 1 > .  In  the 
par t i c u l ar c ase where  < u , �> = < 0 , 1 > ,  means th a t  i t  may b e  no t k nown 

whether an ob j ec t  has  a pr o p er ty , the  N-system i s  equ i va l en t  to 

L i psk i " s  system [ 3 ] . I n  ano ther p ar t i cu l ar c ase , when 

< o , �> = < 1 , 1 > . , the  N-sys tem pr esented c o r r espond s  t o  Codd ' s  

re l a t i ona l mode l o f  d a t abases . 

The f i r st l eve l , the  l eve l o f  terms o f  a quer y l anguage to  

commun i c a t e  w i th the  N-sy s t em , is  desc r i bed and i t s semant i c s  and 

syn t a x  are def i ned . A system o f a x i oms , wh i ch ser ves as a bas i s  

for equ i va l ent tr ansforma t i o ns o f  quer i es i s  p r �sent ed < o n l y  for 

terms ) . Syn t ac t i c a l  and seman t i c  equ i va l enc es for  t er ms are 

def i ned and comp l eteness p r oper t i es are  shown . 
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I n troduc t i on 

The prob l em of  i nforma t i on i ncomp l eteness seems to  be  ver y 

c o mp l e� , and , a t  t h e  same t i me ,  i nherent i n  mos t  human ac t i v i t i es 

and part i cu l ar l y i n  the  doma i n  Data  Bases . 

There are many s i des t o  t h e  top i c ,  of  wh i ch o n l y  a few w i l l  be  

trea ted in  th i s  p aper . F i r s t  of  a l l ,  l e t us no t i ce that  there are 

many k i nd s  o f  i nforma t i o n i nc o mp l e teness o r , at  l east , s i tuat i o ns 

wh i ch super f i c i a l l y  l oo k l i ke i nforma t i o n  i nc omp l e teness . 

To ment i on some o f  them :  

1 )  " We don ' t k now b u t  we sha l l k now i n  a spec i f i ed t i me . " 

2 )  " We don • t k now  and we sh a 1 1  never k now . " 

3 )  " We d on ' t  k no w  and i t  i s  no t k nown whe ther o r  . no t  we sh a l l 

ever k now . " 

4 )  " We do no t even k now whe t h er the  quest i on makes any sense . "

5 )  " I t  i s  ver y probab l e  ( a l mo s t  sur e ) that  • • • • • " 

6 )  " W i ti, · pr o b ab i l i ty p . • • • • •  " 

7 )  " W i th p r ob ab i l i ty p e:. < c:x , (3> �<0 , 1 > "  

8 )  " To some e x tent  ( to  some degree ) 

et ceter a . 

I I  

Rough l y  speak i ng ,  our s t udy  c o ncerns c a ses ( 1 ) , ( 2 ) , ( 3 ) , ( 6 )  and 

( 7 ) . We do no t d r aw any d i st i nc t i on be t ween c ases ( 1 )  ( 2 )  and ( 3 )  

b ec ause , for  a fac t F ,  we sh a l l c o ns i der o n l y t h r ee c ases : 

( i )  We k now  F i s t r ue , 

( i i )  We k no w  F i s fa l se 

( i i i )  We don ' t  know whether o r  no t F i s t rue . 

11 0 



Our c o ns i der a t i ons h ave 

Demp ster �Sh afer theo r y  

Dempster -Shafer theo r y  of  

111  

a c er t a i n  common g round w i t h the 

o f  ev i d ence . See C 1 7 J . The 

ev i denc e  h as a t t r ac t ed cons i der ab l e 

at tent i on as  a p r om i s i ng method  o f  d ea l i ng w i th some o f  the b as i c  

prob l ems ar i s i ng i n  t h e  comb i na t i on o f  ev i denc e , d a t a  fus i on , and 

uncer t a i nt y  i n  e x per t sys t ems . 

To deve l op a b e t ter under s t and i ng o f  t hese p r o b l ems and methods of 

dea l i ng w i th the  management of  uncer t a i n t y  ( par t i a l  i nformat i on ) , 

a good b ac kground i n  probab i l i ty theo r y , Boo l ean a l gebr a i c  theo r y  

and l og i c  i s  requ i r ed . C 6 J  W .  Narek and  2 .  Paw l ak c o n t a i ns a 

desc r i p t i on o f  a mathema t i c a l mod e l  ( i ntroduced p r ev i o us l y  b y  

Paw l ak t 1 3 J , and i ndependen t l y  by  E Wong a n d  T . C .  Ch i an g  t 1 6 J ) o f  

a n  i nfor ma t i on s t o r age  and r e t r i eva l system , abb r ev i a ted to I SR 

system C see a l so W .  L i ps k i  and W .  Narek t 5 J > . An I SR sys tem i s  a 

mathema t i c a l  mode l o f  a r e l a t i o na l d a t ab ase 

i nformat i on .  

w i th c o mp l ete 

The theory  of  I SR systems i s  based o n  the  forma l i zed l ,;inguage 

wh i c h  i s  i nter med i at �  b e tween propo s i t i ona l and p r ed i c a t e  c a l c u l i .  

However , the theory c o r responds to  Codd ' s  theo r y  of  r e l a t i ona l 

datab ases t 1 J .  

I n  C 3 J  and C 4 J  W .  L ips k i  has e x t ended the mode l of  an I SR system 

proposed by  narek a n d  Paw l ak t 6 ]  to  c over the  c ase of  some 

i ncomp l ete i nfo r ma t i on c a l l ed the  L-syst em for  sho r t .  I n  the  

theory  of L-systems o n l y c ases C l > , < 2 ) and  ( 3 )  o f  i nc omp l e teness 

are cons i dered . Ano ther impor t an t  study of the  prob l ems r e l ated 

to incomp l ete  i nforma t i o n h as been under t ak en by  Jaegermann C 2 J . 

I n  C 1 5 J  T .  Tra c zyk  a n d  W .  Nare k and i n  [ 1 4 J  T .  Trac zyk h ave shown 

that  Paw l ak ' s  mode l i s  a p ar t i cu l ar i nst anc e  o f  a much mor e  

gener a l  c ase - a stochast i c  i nforma t i on system C e ase ( 6 ) ) .  



I n  CB J the p resent author  h as pr esented a common appr oach to  a l l 

the  �bo ve-ment i oned sys t ems , and has shown t h a t  i t  i s  poss i b l e  to  

e x pr ess the I SR sys t em , the  L-sys t em and the stochas t i c  

i nformat i onal system as a quadr u�l e S= < X , A , R 1 , V> wher e X i s a set 

o f  ob j ec ts , A i s  a nonemp t y  - se t  o f  desc r i p to r s , R 1 i s  an 

eq u i va l ence r e l a t i on on  A and V i s a map def i ned o n  the  pr oduc t 

A x X  w i th the v a l ues i n  the  set o f  a l l subc o n t i nu_a of  the i nt er v a l 

< 0 , 1 ) . 

A ver y na tur a l  c onsequence of  t hese c o ns i der a t i o ns was a 

genet a l i z a t i on of  the  ab ove-men t i o ned i nforma t i ona l sys tems . The 

gener a l i zed system i s  c a l l ed an N-system . 

An N-system i s  a r e l at i ona l mode l o f  a d a t ab ase w i th i ncomp l et e  

i nfor mat i o n . 

The fo l l o w i ng c ases of  no nc omp l e teness o f  i nformat i on are 

adm i ss i b l e :  

I t '  i s  no t k nown whether or  no t an o b j ec t  x �X has  a proper ty 

a 6A ,  

We k no w  that  the  p r o b ab i l i ty th� t the  ob j ec t  >< 6X has  a 

p ropetty a �A i s  a number from the  i nterva l < o , �> �<0 , 1 > .  

The process of  c hang i ng ( i nc reas i ng ) the  i nfo rmat i on p l ays a v i ta l  

ro l e  i n  our theo r y . The '_'. dynam i c " app r o ach  a l  l ows our study t o  be 

cons i dered no t o n l y  from  an i nforma t i o n r e t r i eva l p o i nt of  v i ew ,  

but a l so i n  the b r o ader c o n te x t of  mode l l i ng the proc ess o f  

co l l ec t i ng and r ep r esent i ng k now l edge . 

Some i mpor t ant a l gebr a i c  proper t i es o f  N-sy s t ems r ep r esent i ng 

" d ynam i c " c hanges o f  i nforma t i on h ave b een stud i ed i n  [ 8 ]  and a l so 

i n  C 9 l . I n  th i s  paper the  f i r st  l eve l - the l eve l o f  terms o f  a 

quer y l anguage t o  N-sys tems - i s  pr esented . 
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Bas i c  no t i o ns '  

A mathema t i c a l  mode l o f  an N-syst em i s  g i ven be l o w . Let C < <0 , 1 > >  
be the se t o f  a l l sub c o n t i nua < subse t s  wh i c h  are  c l o sed and 

connec ted > of the i nt erva l <0 , 1 > .  

Let V : 2  � C < <0 , 1 > >  be  a func t i on ,  such t h a t  for  each z e2 , V < z > 

i s  an i nterva l <oc , /3>c<o ,1 1 > .  We w i l l  c a l l the number s oc and /3 the  

l ower and  upper va l ues of  the  funct i on V ,  deno ted by  the  symbo l s  

.p.ef, i n i t i on 1 C N-system ) 

,By N-system we mean a quadrup l e  

S= < X , A , R 1 , V> 

wher e  

1 ) 

f i n i te ,  nonemp ty se t of  ob j ec t s 

f i n i te set of  d esc r i p to r s  

an equ i va l ence r e l at i on o n  A ;  

c l asses 

the equ i va l ence 

o f  R 1 ar e i n tended to  be  a t tr i bu t es and ar e deno ted 

by < A . } . I 1 1 e  

V : Dv --+ c «o , 1 > > , wher e DV i s  a subset o f  the  p r o duc t Ax X 

and the  fo l l ow i ng c o nd i t i ons ar e sat i sf i ed :  

L - V* < a , x )  S 1 
a £A .  

for i e I 

2 )  i f  for some x e X .and i £ I ;  

{ a eA .  ; l 

a2;,A . v* c a , x >  � 1 . 
l 

= A .. then .. l 

11 3 



So the no t i on of  the  N-system wh i ch h as been def i ned i s  
common gener a l i z a t i on o f  the no t i ons o f  the I SR system , 

the  L-system and the stochas t i c  

See [ 8 ]  , [ 1 1 J • 

i nforma t i ona l system . 

I n  the c ase wher e the set of  a t tr i bu tes cont a i ns on l y  one set , 

i . e �  the r e l a t i on R 1 has  o n l y  one equ i va l en t  c l ass , i nstead of  

S�< X , A , R 1 , V> we  w i l l  wr i te S= < X , A , V> as  an abbrev i a ted form . 

The f i r s t  l eve l o f  l anguage to the N-system 

The ma i n  task  of an i nforma t i on system i s  to  answer quer i es 

subm i t ted by the user ( s ) . To  commun i c ate w i th the system mor e  

spec i f i c a l l y  t o  formu l ate  quer i es - t h e  user h as a query l anguage 

at h i s  d i sposa l . I n  the  spec i a l  case when the i nforma t i on i s  

comp l ete , seman t i c s  i s  i ntu i t i ve l y  ev i dent , and i s  " the onl y 

natur a l  o ne " . 

i ncomp l ete . 

Th i s  i s  no l onger true when the i nforma t i on i s  

The need for a prec i se forma l semant i c s i s  essent i a l  

here . I t  i s  a l so c l ear t h a t  a quer y can be i nter preted i n  many 

d i fferent ways , of  wh i ch none i s  d i st i ngu i shed as " the on l y  

natur a l o ne 11
• Th i s  fac t r a i ses the prob l em of mak i ng sure  that  

-the user ' s  i nt ent i on �  as expr essed i n  a quer y , and the system ' s  

under st and i ng of that  query co i nc i de . 

We w i l l  descr i be the semant i c s  of a quer y l anguage to  N-systems-ZN 
be l ow . We w i l l  concentrate  on  the f i r s t  l eve l of  the l anguage ZN 

the l eve l of  terms . The second l eve l - the l eve l of formu l as -

w i l l  be pre?ented i n  a sep ar a te paper . 

Let  S= < X , A , V> be a s i ng l e  a t tr i bu t e  N-system where A= < a 1 , a2 , • • •  , 

a } . 

_ Rough l y  speak i ng ,  the  foundamenta l quer i es to an N-system are of  

the  form : 

1 1 4



I 
" L i st a l l ob j ec t s  X 6X such t h a t  t he  p r o b ab i l i ty that x 

desc r i bed b y  the  p roper ty a EA be l ongs t o  the  i n ter va l  

< oc , (3> C< O , 1 > " . 

i s  

I t  i s  easy to  see t h a t  i n  t h e  c ase when the N-system i s  a max i ma l  

ex tens i o n  o f  some N-system [ 9 )  then an arb i t r ar y  o b j ec t  x e X i s  

e i ther desc r i bed b y  a EA w i th p r o b ab i l i ty ,  from  th� i nterva l 

< a , p> c<0 , 1 > or i s  no t desc r i bed . 

Us i ng on l y  the  i nfor ma t i on c o n t a i ned i n  the  N-system we may s t a t e  

that : 

< l >  The ob j ec t  x has  the  p r oper t y  a ,  w i t h  the p r o b ab i l i ty from 

the i nter v a l < oc , �> :  

< 2 ) The ob j ec t  x may h ave the  p roper t y a w i th the  p r o b ab i l i t y 

from  the  i nt er v a l < a , �> 
* 

[ < V* ( a , x ) , V ( a , x > >  n < a , (3> � 0 J 

( 3 )  The ob j ec t  x h as no pr oper t y  a w i th p r o b ab i l i t y from  the 

i nterva l < a , (3> 

* 
[ <V* < a , x > , V  < a , x > >  n < oc , �> = 0 J 

We postu l a te  t h e  fo l l ow i ng form  o f  a t er m  o f  the  l anguage ZN : A 

term i s  t h e  p a i r  < a , P > , such that  a EA and PC [7 wher e [7 i s the  

char ac t er i z a t i on of  the  set C ( <0 , 1 > > . < For  det a i l s  o f  th e  

geometr i c  cons t r uc t i o n  and some a l gebr a i c  pr oper t i es of  the set [7 ,  

see C l O l > 
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Def i n i t i on 2 < A l phabet o f  the  l anguage ZN > 

The a l phabet of ZN c o ns i s t s  o f : 

...... 
< i > A l l p a i r s < b 1 , • • •  , b

m
' P > , where b i EA , P c  (7 m , 

i = 1 , 2 ,  • • •  , m , t aken as constants o f  the l anguage ZN , 

where 

( i i )  

( i i i ) 

A= < b=a . v • • • va . ; a .  E. A ,  
1 1 l k l j  

1 � i 1 � • • •  � i k �n } 

i s  the  se t o f  a l gebr a i c  e x p r ess i ons o n  A .  

ato m i c  Boo l ean 

oper a t i o ns 

( /\ , v , - , 0 , ll. )  

Co ns tants © , ll ,  

a l gebr a , w i t h a t o ms 

Symb o l s  o f  Boo l ean oper a t i o ns + , . , ""' , � , 

No te t h a t  our l anguage does no t c o n ta i n  var i ab l es . 

Def i n j t i on 3 ( T�rms o f  the  l anguage ZN ) 

< A  i s  an 

and 

The se t � ·  of ter ms ZN i s  the  l east se t � sat i sfy i ng the fo l l ow i ng 

cond i t i o ns :  

( i )  0 , 11 E 1' 

( i i ) 

( i i i ) 

I t  i s  o b v i ous t h a t  each t er m o f  the for m ( a , P )  i s  a p ar t i c u l ar 

case o f  t h e  gener a l  fo r m  o f  the ter m < b 1 , . • •  , b
m

, P >  i n  

Def i n  i t  i cm 3 .  
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Parentheses are used , i f  nec essary ,  i n  the obv i ous way . 

As w i l l  become app arent l a ter on , the o r der o f  a sum o r  p r oduc t i s  
i mma ter i a l , so we sha l l abb r ev i a t e  f i n i te su ms and p roduc t s  as 
r: t .  and TI t . , r espec t i ve l y  • 

. J 1 . J l 
l e l e 

I ntu i t i ve l y ,  ter ms are  the names of  c er ta i n  feat ur es o f  ob j ec t s  

more  " comp l ex "  t h a n  those e x p r essed b y  descr i p t o r s  and i nterva l s .  

Semant i c s  - i nt erpr e t a t i o n  of ter ms 

We sh a l l no w def i ne t h e  semant i c s  of our que� y l anguage �N . For  

any quer y Q we sh a l l def i ne i t s va l ue d eno ted by U QU ,  wh i c h 

i ntent i ona l l y  i s  the  r esponse of  the N-system t o  the quer y Q .  I t  

i s  i ntu i t i ve l y  c l ear wha t  the va l ue o f  quer y i s  i f  we th i nk of  

0 , 1 , - , + , • , � as  c o r r espond i ng to  0 , X ,  and  t he  se t theore t i c a l  

oper a t i o ns of  comp l ement a t i on ,  un i on ,  

op�r a t i o n  " < X"-A > UB " r espec t i ve l y . 

i nter sec t i on 

Mor e  forma l l y  we h ave the fo l l ow i ng def i n i t i on .  

Def i n i t i o n  4 ( Va l ue o f  ter m ) 

and the 

The va l ue of  the  term t �� i n  an N-sys t em S= < X , A , V > deno t ed b y  ff t ff 5 
i s  def i ned i nduc t i ve l y  as  the  fo l l ow i ng subset of  X ;  

t > ii CDII s=0 , 11 tll s= x ' 

2 >  ll < b i , . . .  , bm , P > 11 5= < x eX ;  < V < b 1 , x > , • . •  , V ( bm , x ) ) ep ) where V i s 
an  e x tens i on o f  the  func t i on V on the se t o f  a l geb r a i c  

e x p r ess i ons A ;  V : Ax X --C ( < 0 , 1 > > def i ned a s  fo l l ows : 
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4 )  

* I f  b=a . v • • •  va . then V ( b , x > = <V* ( b , x > , V ( b , x > >  
1 1 l k 

where 

- k 
V < b ,  >< > =ma >< < L V < a .  , >< > , 1 - L v* < a .  , x > > * _ J· = 1· * l J. 1· tef. { 1" 1· } 1 

· "" 1 ' · · · '  k 

"'* 
k * V < > 

V < b , x > =m i n  ( L V ( a . • , x ) , 1 - L * '=! i ' >< > 

j = i  1 j i � { i l , • • •  , i k }  

6) . 11 -t ll s = X ' II t ll s 

I n  p r ac t i ce i t  may a l so be usefu l to  cons i der atom i c  for mu l as of  

the type t �s . However , s i nce  t �s c an a l ways be expressed by  

t • -s=O , we  w i l l  no t e xp l i c i t l y i ntroduce � i nto the l anguage . 

We sha l l  prove the fo l l ow i ng theorem : 

Theorem 5 

For each N-system S= < X , A , V> we h ave : 

< 1 > � < b , 0l s = 0 

( 2 ) II ( b '  C7 ) II s = X ' 
( 3 > II ( a 

1 
v a2 v • • • v am , < 1 } )  11 8 = X 

< 4 >  II < b , P 1 > + < b , P2 > ll s = II < b , P 1 u P2 > D s  
c s >  II < b , p 1 > • < b ' P  2 > II s = II < b , P i  n p 211 s 
C 6 > II < b 1 ' p 1 > • < b2 ' p  2 > II S = II < b 1 · ' b2 ' p 1 ><P 2 > II S 
< 7 > II < A.-b ' p > II S = II < b ' [7 ,P II S 
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-
wher e b = < a . v • • •  va . > 6 A , PCl7 m 

1 1 i m 

Proof : 

< 1 >  and < 2 >  ar e obv i ous fro m the  def i n i t i on o f  the  va l ue o f  the  

term , 

< 3 > ;  - i t  fo l l ows from the  s i mp l e  fac t t h a t  for  each M 6X we h ave 

V < a 1 va2v • • • •  va
m

, >< > = { 1 } 

- ,.,, = { x E.X ;  V < b , >< ) E.P 1 > U < x e. X ; V ( b , >< ) E.P2 ) 
- -

= < >< e.X ; V < b , x ) e.P 1 V V < b , >< > e.P2 > = 
-

= < >< e. X ;  V ( b , >< )  E p 1 u P2 > =U < b , P 1 u PaU s 

The proof  o f  < 5 > , < o' >  and < 7 >  i s  s i m i l ar t o  the  p r o o f  o f  < 4 > . 

Def i n i t i o n  6 
• 

Two ter ms t and s ar e semant i c a l l y  equ i va l en t , deno ted t�s , i f  for 

ever y N-system S 

H t O  s = 0 sU s · 

A quer y enter i ng an N-system c an be  r ep l aced b y  any o t h er 

semant i c a l l y  equ i va l ent  query . I n  pr ac t i ce , i t  i s  r easonab l e  to  

tr ansfor m the quer y i nt o  so me semant i c a l l y  equ i va l ent  quer y wh i ch 

m i n i mi zes the  c o s t  o f  r e t r i eva l . We want the  t r ansforma t i on to  be  

car r i ed o u t  by  pure l y  syn t ac t i c a l  means w i thout  access i ng the f i l e  

wh i ch s t o r es the  i nfor ma t i on about  the  ob j ec t s .  To t h i s  end we 

c an use the  se t o f  a x i oms < ru l es o f  t r ansfor m a t i o n >  dur i ng the 

tr ansfor ma t i on p r o c ess . 



Pr i or to a p r esen t a t i on o f  a x i oms for terms i n  ZN , we i nt r oduce 

and c o ns i der some spec i a l  au x i l i ar y  set s . 

Let p=  ( a ,  (.3 )  E (7 and l e t i t s c o r r espo nd i ng i nter va l i n  �he 

char ac ter i z a t i o n o f  the se t C < <0 , 1 > >  ( see C l O J > b e  

p=< a , (3> C <0 , 1 > . 

Let 

f .  . : Rn ---+ R 
1 1 ' • • • ' 1 k 

be a func t i on def i ned as fo l l o ws :  

f .  . 1 1 ' • • • ' 1 k < z > = E 
j = l  

z .  
1 

J 

W i th p E  [7 we assoc i a t e  a se t 

; L  
i = l  

H ' = { ( oc ,  (3 )  E.H 1 1  ; v- i = l , • • •  , n  

z . = 1 } ,  
l 

n 
0( . + r 1 

j = l  
j �i  

/3 . 
J 

� 1 and 

n n 

n 
/3 . + L 

1 j = l  
j �i 

H " = {  ( a ,  /3 > 

I = < O , 1_> . 

R2n E. ; L a .  s t  s I: f3 .  } , 
i = l  l i = l  l 

0( . 
J 

� 1 ) 

For a mor e  i ntu i t i ve i nter p r e t a t i o n  of the se ts H , H', H ", see ( 1 2 1 . ' ' 
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The set p . 1 1 ' • • • ' i k c an be  under stood as a set  o f  a l l p o ss i b l e  

proper r ep resen t a t i ons ( see C 1 2 J )  o f  the  ob j ec t  x aX such tha t  

V < b , x ) ::::p where b;=a . v . • •  va  . • 
1 1  l k 

Let pc (7 m , wher e  m i s a natur a l  number , then ever y p o i nt o f  the 

set P i s  an o r dered sequence 

i = l , 2 ,  • . . , m . 

1 2 m ( p  , p  , • •  � , p ) i r7 where p 6 v , 

Now we sha l l def i ne the fo l l ow i ng three au x i l i ar y  se t s : 

( 6 )  
1 2 m m- 1 P . . :::: . { ( h ' ,  p , • • •  , p  ) c. H ' x V ; 
1 1 , • • • ' 1 k 

1 1 2 m h I E ( p ) . . , ( p ' p ' • . • ' p ) e:P } 
1 1 ' • • • , 1 k 

P
1 , 1  1 2 m- 1 r7 m- l  1 1 2 m- 1  

( 7 )  = { ( p , p  , . • . , p  ) E V ; ( p , p  , p  , . • . , p ) E P }  

P j , k = 1 2 m [7 m 
( 8 )  { p  , p  , • • • , p ) 6  ; 

( p
l k - 1  j k + l  , • • •  , p  , p ' p ' • • •  ' 

j - 1  k · + 1  m 
P , P , P J , • • •  , p ) €  P > 

I n  the  f i gur e b e l ow we demonstr ate  a s i mp l e e x amp l e o f  two 

inter va l s < a , �> and <a ' , � ' > such t h a t  < � , � > , < a ' , � ' > e:  p 1 , 3 • 

The i ntersec t i ons o f  these t wo i nter va l s  w i th H are  sho wn . The 

sums o f  the  f i r s t  and the th i r d c o -o r d i na tes o f  po i nt s  be l ong i ng 

to these i nter sec t i ons c o ns t i tu t e  the who l e  i nter va l p .  

121  



1 

p 

\ 
' 

0 

\ 

� 
\ 

\ 

\ 
\ 

\ \ 
\ 

\ 

\ 

\ \ 

\ \ 

\ \ 

F i gure 1 

AM i.oms for quer i es t o  N-system 

Def i n i t i on 7 ( Ax i oms for terms > 

The set S o f  a x i oms c o ns i s t s  o f : '  

--

B l : Subst i tu t i ons of  terms i nto the ax i oms of  Boo l ean a l gebr a . 

82 : ( b 1 , • • •  , bm ' P 1 > + ( b 1 , . • •  , bm , P2 > =  

= < b 1 , • • •  , bm , P l U P2 > 
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83 : < b
1

, • • • , bm , P 1 > • < b
1

, • • •  , b
m

, P2 > =  < b 1 , • • • , b
m

, P l O P2 > 

84 : "' ( b 1 , • • •  , b 
m 

, p > = ( b 1 , • • •  , b m , [7 m 'P > 

B5 : 

B6 : 

( b
1

, • • • , bm , 0 ) =© , ( a 1 va2v • • •  van , { 1 } ) = 1 

( b 1 , b2 , • • •  , b  , P > = < a 1 , • • . , a , b 2 , . ; . , b  , P !  . ) m n m 1 1 , • • • , 1 k 
1 where b 1 =a . v a .  v • • • v a .  and P .  . i s  d ef i ned by  ( 6 ) 

1 1  1 2  l k l l ' " " " ' l k 

B7 : ( b 1 , b 1 , b2 , • • •  , bm- 1 ' P ) = ( b
1

, b2 , • • •  , bm- 1 ' p l , 1 ) 

where P 1 ' 1 
i s  def i ned b y  ( 7 > 

BB : ( b 1 , • • . , bm , P > = 

- k , j 
- < b l ' • • • , b j - 1 , bk , b j + l ' � • . , b

k - 1  ' b j , b
k

+ l ' • . • , bm , P > 

where p k , j i s  def i ned by  ( 8 ) , l s j s k sm . 

Def i n i t i o n  9 < Syntac t i c a l  equ i v a l enc e of  terms > 

Two terms t and s ar e synt ac t i c a l l y  equ i va l en t , deno ted t=s , i f  

and on l y  i f  ther e e x i s t s  a term u E.� such t h a t  the  terms t and s 

can be  tr ansformed i nt o  the  ter m u us i ng t h e  set of  a x i oms B and 

the i nference r u l e  Noqus Po n e n s . 

Theo r em 9 

Synt ac t i c a l  equ i va l ence o f  two terms t , s e�  i mp l i es the i r  semant i c  

equ i va l ence ; 

< t=s  > ==* ff t jj 5 = II sll 5 for each N-system S .  

Proof : We shou l d  show t h a t  the  va l ues of  terms , f r om t wo s i des o f  

equa l i t i es i n  t h e  se t o f  a x i oms m ,  a r e  equa l i n  any f i x ed N-sys tem 

s .  

B l  - 85 ; they are  a d i r ec t c onsequence o f  Theo r em 5 .  

86 ; l et X E. X 

>< E.ff ( b 
1 

, • • • , b m , p > II S � ¥< p 
1 

, • • • ' pm E. p > 
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l

"' m 
V ( b  , x > =p � V < a 1 , x > , • • •  , V ( a  , x > , m n 
- - 1 V ( be , >< .) , • • •  , V ( b , x ) EP . . ¢::=:;1-m 1 1 , • • •  , 1 k 

� 
- e V ( be , >< > =p  , • • •  , 

1 � >< Ell ( a 1 , • • •  , a , b2 ' • • •  , b ' p . . > II S . n m 1 1 , • • •  , i k 

Let us exp l a i n  equ i va l ence �· Let r
5 < x > = < a , �> 

where 

Then 

n r5 < x > = < < z 1 , z2 , • • •  , zn > ER 

i = l , 2 , • • •  , n } . 

* 
V* ( a .  , x >  < z . <V ( a . , >< >  

l - l - 1 

V < b l , >< )  = p l � f .  . < < a ,  {3> (\ H )  = p l 
¢=::::> l 1 '  . • .  ' l k 

1 <==> ( oc , (3 ) cp .  . <==> < V < a 1 , x > , • • •  , V < an , >< > > = 
l 1 ' . . .  , l k 

1 ( oc , {j )  E p .  , • • •  , . •  
1 1 l k 

B7 ; X Ell ( b 1 ' b 1 ' b2 , • • • , b m ' p  > II S <==> 

� ( V ( b 1 , >< > , V < b 1 , >< > , V < b2 , x ) , • • •  , v ( bm ' )( ) ) EP � 
- - "' 1 1 � V ( b l , x )  , V ( b2 , >< )  , • • •  , V ( b m , x )  EP ' <==> 

<==> x ell < b
i '

be ' . • . , b m ' P i , i > II s . 
BB ; th i s  i s  a d i r e� t  c onsequence o f  the def i n i t i on o f  the set 

. pk ' j • 

• 
Norma l form theorems p l ay an i mpor t ant ro l e  i n  the theory  o f  

N-systems . O n  t h e  one h and they a r s  t h e  ma i n  too l f o r  prov i ng 

comp l eteness resu l ts and , on the o ther h and , they have 

far -reac h i ng i mp l ementat i ona l consequenc es . 
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I n  th i s  p ap er we sha l l pr esent o n l y  o ne norma l  form , b u t  a far  

mor e  i ntens i ve d i sc u ss i on of  the  no rma l i z a t i on of  N-systems w i l l  

be presen ted i n  a sep a r a t e  paper . 

Def i n i t i on 1 0  ( Canon i c a l  for m ) 

A ter m t e r i s  i n  c ano n i c a l  form  i f  t= < a 1 , a2 , • • •  , an , P > where PCH ' . 

Theorem 1 1  

For each ter m t there i s  a ter m s i n  c anon i c a l  form such t h a t  

I- t=s .  

Proof : I t  i s  r a ther o b v i ous t h a t  the  terms O and 1 c an be  

repr esented in  the  form : 

1 = < a
1

, • • . , an ,� ' >  

0 = c a 1 , • • •  , a  , 0 > n 

Let t= < b 1 , . • •  , b m , P >  be an arb i t r ar y  ter m . 

def i n i t i on 9 we h ave 

Us i ng the a x i om B6 i n  

1 t= < b 1 , • • •  , b  , P > = < a 1 , • • •  , a  , b2 , . • •  , b  , P .  , • • .  , .  > .  m n m 1 1 1
1< 

Now app l y i ng n- t i mes the  a x i om B8 we may wr i te 

t = < b2 , a 1 , . • •  , an , b 3 , • • •  , b m ' 

< < < < P � . , n+ 1 , n , n , n- 1 , . • • .  , 2 , 1 
1 1 ' • • • , 1 I< 

Repea ted app l i c a t i on of  86 and B8 g i ves us  t h e  fo l l ow i ng for m  

m where Q ' C C H ' > 
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Now ,  usi ng B7 and B8 repea ted l y ,  we have : 

t= < a 1 , • • •  , an , Q > , QCH ' 

but th i s  i s  the cono n i c a� for m  o f  the term < b 1 , • • •  , bm , P > . 

Therefore our p r oo f  i s  c omp l ete . 

• 
To comp l ete our cons i der a t i on o f  the comp l eteness proper ty ,  we 

have to pr ove t h a t  semant i c  equ i va l enc e for terms i mp l i es the i r  

syntac t i c a l  equ i va l ence . 

Theorem 1 2  

Let t and s be t wo ter ms . I f  for ever y N-sys tem S 

ff t ff
5 = ff sH

5 
t hen t � s .  

Proof : F i r st l y  we sha l l show  t ha t  for each ter m  t E� , t �O ,  there 

ex i sts  an N-system S sue� that  

Us i ng Theorem 1 1  we may tr ansform t i nto  c anon i c a l  form 

( a 1 , a2 , • • •  , an , p > 

where PC H '  and P�0 . There i s  then some < a , �> such that  < a , �> EP . 

Let x be an ob j ec t  i n  an N-sys tem S= < { x } , A , V> 

such that  

V < a .  , x > = < 0c .  , (3 . > i = l , . . • , n ,  
1 1 1 

so far kth i s  N-system S 

X En t i( S then � t ll S ;i!0 • 

Let. us suppose t h a t  t �s ,  t , s � � .  

We have 

< t �-s ) + ( -t • s )  � 0 
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From the f i r st  p ar t o f  th i s  p r o o f  i t  fo l l ows t h a t  for some 

N-system S the  va l ue of the term 

so 
11 c t • "'s > + c "'t • s > 11 s � 0 

II t I s n ( X -,u sll s ) u ( X ,,,, t � s )  n1 sll s � .0 
but th � s  means t h a t  

� t ll s ';t! II sl! s 
and t h i s  i s  the  end o f  the  proof . 

The c o n j unc t i on of  Theorems 1 1  and 1 2 i s  k nown as the Comp l eteness 

Theor em . 

The c omp l eteness proper t y  for  ter ms for a mu l t i -a t t r i bute  N-system 

S=< X , A , R 1 , V> c an eas i l y  b e  ob t a i ned b y  app l y i ng an a l geb r a i c  

oper at i on c a l l ed the  d i rec t p r o duc t < see [ 9 ] ) , t o  s i ng l e-a t tr i Ju t e  

N-systems S . , i = l , 2 ,  • . .  , I .  Th i s  p r o c edure  i s  r a ther t ec h n i c a l  and 
l 

i s  no t p resented i n  th i s  paper . 
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