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Editorial Notes 

Cultivating the information systems discipline 

Niek du Plooy, Sub-Editor: Information Systems 

Whether by 'information system' we mean a simple 
bookkeeping system for a small business, or a monolithic 
integrated 'management information system' for a global 
corporation, all organisations currently need information 
systems in order to function effectively. The computer and 
business community at large have readily adopted and ac
cepted the use of the term 'information systems', but per
haps without too much real thought being given to any 
more profound meaning of the term. Departments bear
ing that name (or something very similar) are commonly 
found in organisations. But can the same be said for the 
'academic' use of the term, as in describing the informa
tion systems discipline? Has it been 'accepted' as a sepa
rate scientific discipline? 

The term 'discipline' is often loosely applied to in
dicate the scientific 'field', that is, the organised 'body 
of knowledge' or 'domains of discourse' within which 
(mainly) academic activities concerning a specific topic or 
a number of related topics, are conducted. [3] point out 
that a scientific discipline has a _certain paradigm associ
ated with it, meaning that researchers in that discipline are 
familiar with the research topics, the research methods and 
the accepted ways to interpret the results in their chosen 
field. A discipline is further strengthened and consolidated 
by the educational process whereby a researcher becomes 
a practitioner in that discipline, initially through the pur
suit of academic degrees and thereafter, through recog
nition amongst his/her peers. Formal study in a particu
lar discipline results in the value sets and exemplars (the 
'paradigm') of that discipline being adopted by the student, 
either consciously or unconsciously. 

Is 'information systems' truly a recogni~ed scientific 
discipline such such as this? In the past, prominent au
thors such as Peter Keen did not think so [15, 16]. He 
deplored the lack of a cumulative tradition and advocated 
that one be built up, asking for a clarification of the ref
erence disciplines of this new science and a definition of 
its dependent variable and the building of a cumulative 
tradition, amongst other things. [1] however, disputed 
Keen's position and pointed to strong links between re
search and practice found in their analysis. [11] showed 
clearly that 'orthodoxy' exists in many aspects of infor
mation systems, i.e. in information systems methodolo
gies as well as in other areas of information systems de
velopment. This claim was supported by [13] who, in a 
detailed study based on papers in scientific journals, scien
tific conferences and textbooks, identified seven different 
but complementary 'schools of thought' within the field of 
information systems. In a study of leading universities and 
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leading researchers in decision support systems, [9] pro
vide exemplars, at least for that particular sub-discipline. 
[5] conclude from a citation study of journal influence dur
ing the period 1981 through 1985, that the discipline of 
information systems has attained stability and that it is in 
no danger of dying. It seems therefore, that Keen's de
spair is unfounded and that information systems have in
deed grown into a separate, identifiable discipline, even 
if the field is best described as a 'fragmented adhocracy' 
([3]). 

The existence of an established scientific community 
in information systems has been given formal recognition 
by the recent formation of the Association for Informa
tion Systems, a professional society in the tradition of sci
entific societies, with 1400 members in 35 countries. A 
recently compiled directory of information systems aca
demics contains entries on some 4,500 researchers from 
more than 1,000 institutions. A number of basic Univer
sity and other curricula for information systems education 
have been published over the years [2, 6, 18]. The most re
cent of these is Curriculum '95, a joint effort by the ACM, 
AIS, DPMA, IAIM and ICIS [10, 7]. The most popular 
discussion group on the Internet (ISWorldNet) devoted ex
clusively to information systems matters has a membership 
which in 1997 approached 1829 from 53 countries [14]. A 
well-defined scientific community therefore exists. 

In addition, if the existence of sound academic schol
arship is further testimony to the existence of a 'discipline', 
then information systems can proudly point towards a dra
matic growth over the past three decades in the number of 
scientific journals reporting on research in this area [ 12]. 
An even more recent study on research outlets showed that, 
amongst twenty-seven established journals carrying arti
cles in this field, at least three of the most highly rated top 
ten are devoted exclusively to the discipline. 

Yet, can it be said that the information systems disci
pline has been conclusively defined and that the research 
problems and research methodologies ·prescribed for it 
have been accepted by all who consider themselves to be 
working in this field? A re-examination and extension of 
an earlier ( 1988) list of keywords for use in classifying in
formation systems literature [4] includes a list of the ref
erence disciplines of information systems, as well as lists 
of the external environment, the technology, the organi
sational environment, etc., of information systems. We 
could argue that this very comprehensive list of keywords 
(nearly 1300) and other classifications define and' describe 
the discipline of information systems accurately and use
fully. For instance, the reference disciplines were listed as: 
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behavioural science, computer science, decision theory, in
formation theory, organisation theory, management theory, 
language theories, systems theory, research, social science, 
management science, artificial intelligence, economic the
ory, ergonomics, political science, psychology. This list 
reflects the interdisciplinary or pluralistic nature of infor
mation systems. 

In the same vein, [ 19] did a study on the themes of 
submissions to the journal Information Systems Research 
and produced a list of keywords, concepts and associations 
that characterise the categories into which they grouped the 
research questions of articles submitted. This list demon
strates conclusively that the subareas of the discipline (or
ganisational, behavioural and managerial issues) are well 
established and attract a large number of researchers on a 
long-term basis. Swanson & Ramiller conclude by observ
ing that the discipline still exhibits the 'fragmented adhoc
racy' identified by Banville & Landry, and is still topically 
diverse and ' ... based on appeals to significantly different 
and partly incommensurate reference disciplines'. 

Thus, fragmentation can have adverse effects - some
thing that information systems researchers should be aware 
of. However, fragmentation of the discipline of informa
tion systems may be evident in the field for a very long 
time. As has been pointed out [17, 8], the discipline as 
a whole follows trends in information technology, and re
searchers tend to build their interests around new technol
ogy (e.g. the earlier interest in expert systems and de
cision support systems, and current interest in computer
supported co-operative work). As information technology 
evolves, so the research interests will follow these new di
rections. Although we may wish it were different, it re
mains a fact that information technology is still a major ref
erence discipline of information systems, and will remain 
so as long as researchers struggle to separate the funda
mental or common issues in different fields from the tech
nological ones. 

Clearly, then, information systems is internationally 
well-established as a flourishing discipline. In the South
ern African context it is important that the discipline 
should not merely flourish but be seen to flourish. To this 
end, this editorial calls on academics and especially on 
practitioners to add your contributions, via a submission 
to SACJ. 
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A Performance Analyser for the Numerical Solution of General 
Markov Chains 

William Knottenbelta Pieter Kritzingech 

Data Network Architectures Laboratory, Department of Computer Science, University of Cape Town, Rondebosch 7700, South Africa 
0 wjkidoc.ic.ac.uk,hpsk@cs.uct.ac.za 

Abstract 

Despite many advances in queueing theory and other modelling paradigms, one persistenty discovers real life stochastic 
systems which do not yield neatly to existing methods for their peiformance analysis. In most such cases, the only alter
native, other than simulation, is to resort to modelling the process as a Markov chain and to solve that. The immediate 
problem which presents itself, however, is the very familiar one of state-space explosion. In this paper we present a new 
probabilistic dynamic storage management technique based on hash-compaction which allows large state spaces to be 
explored with a low state omission probability. The other important consideration in the computation of the steady-state 
distribution of large Markov chains is the solution of large sparse sets of linear equations. Recent Krylov subspace tech
niques and new decompositional techniques address this problem in innovative ways. We provide an overview of these 
methods and implement them, together with our new hash-compaction technique, in a peiformance analysis tool called 
DNAmaca. We conclude by modelling a typical real-life example of a teletraffic switch and analysing it with DNAmaca. 
Keywords: Peiformance analysis, Markov chains, state space generation, probabilistic dynamic storage, steady state 
solution, Krylov subspace techniques, DNAmaca 
Computing Review Categories: E.2, F.2.1, G.1.3, G.3 

Introduction 

The performance analysis of complex stochastic systems 
has been the focus of research for many years. Since work 
began in earnest we have seen major advances such as 
multi-class queueing networks [2], stochastic Petri nets [3] 
and solution techniques for complex queues [17]. How
ever, real life stochastic systems do not always yield neatly 
to existing methods. The example described in Sec. is one 
illustration of such a system. In most such cases, the only 
alternative besides simulation is to generate and solve a 
large Markov chain derived from the model. It thus makes 
sense to have a tool which can be used to solve general, 
large-scale Markov chains. The first such tool that the au
thors are aware of is USENUM [20], developed around 
1987 at the University of Dortmund and to which the au
thors have gratefully had access for several years. An
other tool is MARCA [24, 25] which was first developed 
at Queen's University of Belfast and which was later im
proved upon at the University of North Carolina. 

The contributions of DNAmaca, the Markov chain 
specification, generation and solution tool described here 
are twofold. Firstly, DNAmaca's state generator uses a new 
dynamic storage management technique based on hash
compaction. In contrast to conventional exhaustive stor
age methods, the memory usage of this technique is very 
low and is independent of the length of the state descrip
tor. This enables DNAmaca to generate and store up to 
2000000 states in only 64 Mb RAM. Secondly, DNA
maca's steady state solution engine incorporates a rich va-
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riety of sparse linear equation solvers. DNAmaca offers 
12 different solution methods to solve general, unrestricted 
Markov chains with up to 2 400 000 million entries in their 
state-transition matrix using only 64 Mb RAM. 

Note that if the underlying model has certain pre
existing structural properties, or if the only objective is to 
decide the correctness of the system being modelled, then 
techniques exist to handle very large state spaces [ 18, 5]. 
However, the objective here is to generate and solve the 
state space of unrestricted systems for the purpose of per
formance analysis. 

As with other tools, DNAmaca goes through four main 
phases to solve any Markov chain. In the first phase the 
user specifies a translation from a modelling formalism to 
a Markov chain by using the high-level interface language 
described in Sec .. Next, the state space and state transi
tion graph are generated from the model description. Sec. 
describes a new probabilistic dynamic hash-compaction 
method which is used to store states during this process. 
The third phase of DNAmaca's solution process involves 
solving a large set of steady-state equations to determine 
the long-run proportion of time that the system spends in 
each of its states. In Sec. we describe the recent Krylov 
subspace solution techniques and the new decomposition
based steady-state solvers which we have implemented. 
The final phase of the solution process involves synthe
sising the low-level state probabilities into more tl}eaning
ful high-level performance statistics such as throughput or 
mean buffer length. In Sec. we illustrate the application 
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of DNAmaca by using it to assess the performance of a 
teletraffic switch. 

DNAmaca user interface 

The underlying Markov chain of a real-life stochastic sys
tem is likely to involve many thousands, if not millions 
of states and transitions. DNAmaca includes a high-level 
modelling interface to avoid explicit enumeration of these 
states and transitions. The interface also provides the user 
with facilities to control the state generation and solution 
processes, and to specify target performance measures. 

Model description 

The interface specifies the descriptor of a general state of 
the system, the rules for transitions between states and an 
initial state of the system. This model description is pow
erful enough to support a variety of formalisms such as 
Generalised Stochastic Petri nets, queueing networks etc. 

Transitions are specified by using general C++ expres
sions and assignment statements to describe: 

• one or more enabling conditions involving elements of 
the state vector corresponding to the current state. 

• an action to be taken if the transition is executed; this 
will involve an assignment to the state vector elements 
of the next state. 

• an indication of whether the transition from the current 
to the next state is timed or instantaneous. 

• · a rate (for timed transitions) or relative weight (for in
stantaneous transitions) is specified. These rates and 
weights may be denoted by (possibly state-dependent) 
arbitrary expressions. 

State space generation control 

A Markov chain state generator maps the high-level model 
description onto a low-level system consisting of the state 
space and a labelled state graph where the labels describe 
the rate of transitions between states. This mapping is per
formed using a breadth first search. 

Depending on the application domain, there may be 
functional properties which should be checked during the 
state generation process, such as system invariants and the 
existence of deadlocks. These invariant conditions can be 
expressed as C++ expressions in DNAmaca. The gener
ator will issue a warning if it encounters any state which 
violates an invariant. 

The generator also allows the control of certain aspects 
of the state space generation process such as the maximum 
number of states to be generated or the maximum CPU time 
that should be spent on the generation. 

During this phase the infinitesimal generator matrix Q 
is computed using the information about the rate of tran
sitions between states. Q is not stored in main memory 
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during this phase but is written to secondary storage row
by-row for later use by a steady state solver. 

Solution control 

Once the state space has been generated, the resulting in
finitesimal generator matrix Q must be solved for its steady 
state distribution. The steady state probability solution pro
cess can be guided through a choice from any of the solu
tion algorithms described in Sec .. 

The choice of algorithm will depend on the character
istics of Q. For very small state spaces direct methods are 
generally more efficient than iterative methods, while de
compositional methods are useful when the Markov chain 
is nearly completely decomposable. 

The required accuracy and the maximum number of 
iterations can b@ specified for iterative methods. These 
methods will terminate after i iterations with an "accuracy" 
of E if: 

where x(i) is the steady-state vector after iteration i and k is 
a small positive integer (the exact value depending on the 
method and the number of iterations required). E can vary 
between 10-2 and 2-52• 

For the successive overrelaxation method (SOR), the 
relaxation parameter can be specified, or a simple dynamic 
parameter estimation technique can used. Finally, it is pos
sible to specify the initial probability distribution vector; 
this is useful when performing a batch of experiments with 
similar parameter values. 

Performance measures 

Performance measures provide a backward mapping from 
low-level results like probabilities of states and rates of 
transitions to higher-level quantities such as throughput or 
mean buffer occupancy. Performance measures can gener
ally be classified as state or count measures. 

A state measure is used to determine the mean and 
variance of a real expression which is defined at every state 
in the system such as, for example, the average number of 
tokens on a particular place of a Petri net or some transi
tion's enabling probability. The mean, variance, standard 
deviation and distribution of state measures can be com
puted in DNAmaca. 

A count measure is used to determine the mean rate 
at which a particular event occurs. The occurrence of an 
event is controlled by three conditions: 

• a precondition which holds on the current st~te. 

• a postcondition which holds on the next state. 

• transitions which must be fired during the transition 
from the current to the next state. 

The conditions are specified as C++ expressions while 
the transitions are given in a list. Note that only the mean 
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of count measures is available, since computation of higher 
moments requires transient analysis. 

Storage techniques 

The process of mapping a high level model onto its un
derlying state space is a similar to a conventional breadth 
first search traversal of a directed graph. Most state space 
generation techniques therefore use two data structures: a 
breadth first search (BFS) queue and a table of explored 
states. 

The BFS queue is a FIFO queue which is accessed se
quentially at either end and is limited by the breadth of the 
state graph; thus it is not critical to memory requirements. 
However, the table of explored states must hold enough in
formation to determine whether states popped off the BFS 
queue are new, or have in fact been encountered before. 
That is, one has to be able to rapidly store and retrieve in
formation about every reachable state. Consequently, the 
layout and management of the explored state table is cru
cial to both the time and space efficiency of a state space 
generation technique. 

Background 

There are two ways of allocating memory for the table of 
explored states: Static techniques pre-allocate large blocks 
of memory, while dynamic techniques allocate memory as 
the state space is being generated. 

Another characteristic which distinguishes the various 
state space generation methods is the reliability with which 
one can conclude that every state is uniquely represented 
in memory. Exhaustive generation techniques store the full 
state descriptor of every state and thereby ensure that ev
ery possible state in the state space is stored and uniquely 
identified. Unfortunately, this is impractical in most cases, 
because the state descriptor is usually too large (typically 
tens or even hundreds of bytes) to allow for the storage of a 
large number of states. One therefore resorts to some hash
ing technique which maps state descriptors onto a com
pressed representation of the state; the compressed repre
sentation is then stored in place of the full state descriptor. 
However, since no hashing function. can guarantee a 1-1 
mapping, these probabilistic techniques cannot guarantee 
that every unique state descriptor will be stored in mem
ory. Any subsequent performance analysis will therefore 
be only partially correct and such techniques need to quan
tify the probability of inadvertently omitting a state. 

Exhaustive dynamic techniques insert the complete 
state descriptor of every explored state into a dynamic ar
ray or linked list. Establishing whether or not a state has 
been explored requires a search of the entire list. This 
method is straightforward to implement, but there is a large 
search time overhead and memory requirements are high. 
This method is used by the MARCA analyser [25]. 

A variation of the above is to use a hash table to break 
the list of state descriptors up into several shorter lists 
where each list forms a row of the hash table. States are 
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assigned to particular hash table rows by using a hash func
tion. This method is used by the USENUM analyser [20]. 
The result is a faster search time (since only one row has to 
be searched when looking for a state), but memory require
ments are now higher because of the space requirements of 
the hash table. 

In order to reduce the size of the explored state ta
ble, Holzmann proposed his well-known bit-state hashing 
technique (15, 16] where a a hash function is used to map 
each state onto a single bit position in a large bit vector. 
This method is clearly a probabilistic static technique since 
more than one distinct state descriptor can map to the same 
hash value. To quantify the likelihood of the latter, Wolper 
and Leroy (30] approximate the probability p of no colli-
sions as: 

where n is the number of states and t is the size of the 
bit vector. The size of the bit vector required to keep p 
very low is, however, still impractically large, even with 
the double hashing technique proposed in [ 15]. 

The problem with Holzmann's bit-state hashing 
method is that the ratio of the number of states to table en
tries must be kept very low to ensure a good probability of 
complete state coverage. Consequently, a large amount of 
the memory allocated for the bit vector is wasted. Wolper 
and Leroy [30] observed that it is more space efficient 
to store only those hash table entries which have been 
marked as explored. This can be done by using a hash 
compaction technique which hashes state descriptors onto 
compressed values of k bit keys. These keys can then be 
stored in a smaller hash table which uses a collision res
olution scheme. Given a hash table with t > n slots, this 
approach simulates a bit-state hashing scheme with a table 
size of 2k; the probability p of no collision is given by: 

In standard hash compaction, it is implicitly assumed 
that the hash values (used to determine where in the hash 
table to store the k-bit compressed values) are calculated 
using the compressed values. Stern and Dill [23], however, 
noted that the omission probability can be dramatically re
duced in two ways. Firstly, two separate hash functions can 
be used to calculate the hash values and compressed val
ues independently. Secondly, a collision resolution scheme 
which keeps the number of probes per insertion low can be 
employed. This improved technique is so effective that it 
requires only 5 bytes per state in situations where Wolper 
and Leroy's standard hash compaction requires 8 bytes per 
state. Given that all slots in the hash table are occupied by 
states, Stern and Dill derive a straightforward formula for 
the approximate maximum omission probability q: 

1 
q ~ 

2
kn(Inn- l) 

which shows that the omission probability is proportional 
to n Inn. Increasing the number of bits per state k by one 
halves the omission probability. 
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A new probabilistic dynamic storage tech
nique 

None of the methods mentioned above has the advantage 
of being both probabilistic and dynamic. In this section 
we propose a new technique which uses dynamic storage 
allocation while yielding a good collision avoidance prob
ability. We use a hash table of linked lists (as used in an 
exhaustive dynamic technique) but instead of storing full 
state descriptors in the lists, we store compressed state de
scriptors (as in hash compaction). 

Two independent hash functions are used. The pri
mary hash function h 1 is used to determine which hash ta
ble row should be used to store a compressed state and the 
secondary hash function h2 is used to compute the com
pressed state descriptor values. Both h 1 and h2 are assumed 
to distribute states randomly and independently of one an
other; the H3 class of hash functions defined by Carter and 
Wegman [6] satisfies this property. If a state's secondary 
key is already present in the hash table row given by its pri
mary key, then the state is deemed to have been explored 
and no further action is taken. Otherwise, the secondary 
key is added to the hash table row and its successors are 
pushed onto the state exploration queue. This scheme is 
illustrated in Fig. 1. Note that two states s1 and s2 are 

89532 

: 4 08621 53376 

!J 
I 

: r 49754 54621 

Figure 1: Hash table with compressed state information 

classified as being equal if and only if h1 (s1) = hi (s2) and 
h2(s1) = h2(s2); this may happen even when the two state 
descriptors are different, so that collisions may occur (as in 
all other probabilistic methods). 

Reliability analysis 
Let x; be a random variable denoting the number of states 
allocated to row£, 1 ::; f::; r, given that there are n unique 
state identifiers to be inserted into the table. Then, since we 
assumed that h 1 distributes states randomly, x; will have a 
binomial distribution with parameters n and p = 1 / r, i.e., 

P{X1 =j} = 
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Denoting the number of clashes in row f by Ce and 
considering the case when there are j states in row f, we 
have: 

P{Ct = OIXf = j} = t(t- l)(t-2) ... (t-j+ I) 

t! 
= (t- j) ! ti 

where t = 2b is the number of unique secondary key values 
and b is a positive integer denoting the number of bits used 
to store the secondary key. Then, 

n 

P{Ct = o} = I, P{Ct = 01x; = j}P{X;' = i} 
j=O 

= _!_ i ( ~ ) (r- l)n-j~! 
r" j=O ] ( t - j) ! t.l 

If Cr denotes the total number of clashes across all 
rows r of the hash table, the probability p of no clash in 
any row of the hash table is simply given by: 

p = P{Cr = O} 

= (P{Ct}Y 

= ( _!_ f ( ~ ) (r- i)•-it! )' (1) 
r" j=O ] (t - j) ! tl 

since it is assumed that the primary hash function dis
tributes states randomly. The probability q of omitting at 
least one state is of course simply q = 1 - p. 

An experiment was conducted to compare the values 
of p computed from Eq. (1) against values obtained from 
a simulation. Using a small hash table of r = 128 rows 
and b = 10 bit keys, experiments were performed with 
n = 50, 100, 150, ... ,500 states. Each experiment was re
peated 10000 times and the proportion of clash-free runs 
was noted. The simulated results with 95% confidence in
tervals are presented in Fig. 2. 

Approximation 
Evaluating the right hand side of Eq. ( 1) requires perform
ing O(n2) operations. However, an 0(1) approximation 
can be found through an approach similar to that used by 
Stern and Dill [23] in their analysis of improved hash com
paction. 

In the appendix we show that if n( n - I) < < 2rt ( as 
will be the case in practical schemes where q < < 1) we can 
use the fact that tr ~ ( 1 + x) for lxl < < 1 to approximate 
for the probability p of no omission when inserting all n 
states, giving: 

1 
n(n-1) 

p~ -
2rt 

so that probability q of an omission is: 

n(n-1) n(n-1) 
q ~ 2rt = r2h+l (2) 
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Figure 2: Analytical vs. simulated results for the probabil
ity of state omission q 

I Thus the probability q of omitting a state is propor-
tional to n2 and is inversely proportional to the hash table 
sizer. Increasing the size of the compressed bit vectors b 
by one bit halves the omission probability. 

Space complexity 
.If we assume that the hash table rows are implemented as 
dynamic arrays, the number of bytes of memory required 
by the new scheme is: 

M=hr+nb/8. (3) 

Here h is the number of bytes of overhead per hash 
tab,e row. For a given number of states and a desired omis
sion probability, there are a number of choices for r and 
b which all lead to schemes having different memory re
quirements. How can we choose r and b to minimise the 
amount of memory required? 
Rewriting Eq. (2): 

n(n- 1) 
r~ 2h+tq 

and substituting this into Eq. (3) yields 

M hn(n-1) nb 
~ 2h+lq +g 

Minimizing M with respect to b gives: 

aM n(n- l)(ln2)h /
8 

_ O 
ab~ - 2h+lq +n -

Solving for b yields: 

b l (
h(n- l)ln2) 

2 ~ og2 + 
q 

(4) 

Table I shows the the optimal memory requirements 
in megabytes (Mb) for corresponding values of b and r for 
state space sizes ranging from l 05 to l 08. We assume a 
hash table row overhead of h = 8 bytes/row. 
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The DNAmaca analyser implements this scheme us
ing a hash table with 214 rows and 32 bit secondary keys. 
Fig. 3 compares the memory utilisation of our technique 
with that of an exhaustive dynamic storage technique for 
the benchprod Stochastic Petri Net model [7]. Benchprod 
is a scalable model of the Oki Electric Company (Japan) 
production line. It is not important to understand all the 
details of the model; it suffices to note that there is a scal
able parameter k, and that as k increases, so does the num
ber of states in the model. The results were obtained on a 
Sun SPARCclassic with 64 Mb memory. The space sav
ing advantages of using a probabilistic technique are clear: 
while DNAmaca is able to explore state spaces of up to 
2100000 states in under 32 Mb memory, the exhaustive 
dynamic scheme implemented by USENUM is limited to 
under 200000 states. 

The table in Fig. 3 presents the corresponding state 
space generation times (CPU and system time, as given 
by the clock() system call) for systems of up to 2 l 00 000 
states. It is interesting to note that, even on a SPARCclas
sic (a machine only approximately 1.5 times as powerful 
as a 33MHz 486), our state exploration method outper
forms a parallel exhaustive exploration technique running 
on a CM-5 with 32 nodes, each of which corresponds to a 
SPARC2 workstation with 32 Mb RAM [7]. For a 511 588 
state benchprod model, the CM-5 generates the state space 
at a rate of 1.507 milliseconds per state, while we measured 
0.864 milliseconds per state. 

Because of the limitations of exhaustive methods, state 
space exploration used to be regarded as the most resource
intensive phase of the performance analysis pipeline; we 
believe that our new technique dramatically shifts the bot
tleneck away from state space exploration onto later stages 
in the pipeline. 

Steady-state solution methods 

Once the state space has been generated, the next stage is 
to solve the set of steady-state equations 

II 

nQ = 0 subject to L 1tk = 1 
k=O 

where 7t = (1t1,1t2, ... ,1t11 ) is then-vector of steady-state 
probabilities and Q is the n x n infinitesimal generator ma
trix of transition rates between states. In the following 
discussion of methods to solve linear systems of the form 
Ax = 0, where A = QT and x = nT, we distinguish between 
those solution methods which have been known for many 
years and more recent ones. All the methods described 
have been implemented in DNAmaca and can be 'Specified 
as the preferred solution method by the user (see Sec. ). 
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number of states 
q lOj 10() 10' lQ!S 

Mb. b r Mb b r Mb b r Mb b r 

0.001 0.4061 31 2328 4.483 34 29104 48.96 38 1818997 530.7 41 2273 737 
0.01 0.3649 28 1863 4.061 31 23283 44.83 34 291038 489.6 38 1818 989 
0.1 0.3238 24 2980 3.649 28 18626 40.61 32 116415 448.3 34 2910383 

Table 1: Optimal values for memory usage and the values for b and r used to obtain them for various system state sizes and 
omission probabilities q 

30 
k number of generation time time/marking 

states (seconds) (millisecs) 

25 1 172 0.12 0.709 
2 2 359 1.51 0.641 
3 11 386 8.05 0.707 

20 4 32653 24.17 0.740 

I 
I 

~ 15 
~ 
0 

5 71 560, 55.01 0.769 
6 133 507 108.26 0.811 
7 223 894 186.01 0.831 

E 
Cl> 
E 8 348 121 292.60 0.841 

10 : 9 511 588 442.14 0.864 
10 719 695 645.47 0.897 
11 977 842 887.32 0.907 
12 1 291 429 1 215.89 0.942 
13 1 665 856 1 625.18 0.976 
14 2 106 523 2 147.10 1.019 

OL-~--1.~~-'-~~-L-~--'"--~-' 
o 500000 1 e+06 1.5e+06 2e+06 2.5e+06 

states 

Figure 3: Comparative memory use between exhaustive (USENUM) and probabilistic (DNAmaca) state space exploration 
techniques (left) and state space generation times for DNAmaca (right) for the benchprod model 

Historical methods 

Direct methods compute an exact solution in ·a fixed num
ber of arithmetic operations determined by the size of the 
problem and have general complexity O(n3). Historical di
rect methods implemented in DNAmaca are sparse Gaus
sian elimination [26, §2.2.1] and Grassmann's method 
[12]. Grassmann's method is a very accurate subtraction
free variant of Gaussian elimination specifically designed 
to solve for the steady-state distribution of Markov Chains. 

Iterative methods, on the other hand, form a sequence 
of vectors x(O), x(I), i 2) ... which converges to the solu
tion of Ax = 0. Techniques which have been known for 
decades are Gauss-Seidel and SOR [29, §3.1]. These meth
ods are characterized by low memory requirements (stor
age for matrix A plus 2 vectors) and smooth convergence. 
However, convergence is slow, and the methods cannot be 
easily parallelised. SOR also requires estimation of the 
over-relaxation parameter. Iterative methods are preferred 
over direct methods because they are more time efficient 
for large values of n, do not modify the matrix A and mostly 
only involve matrix-vector operations of the form Ax or 
ATx. 
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Recent methods 

We next consider two classes of relatively recent iterative 
methods, namely Krylov subspace techniques and decom
positional techniques. 

Krylov subspace techniques 
Krylov subspace techniques implemented in DNAmaca 
include BiCG [9], CGNR [31, §2.5], BiCGSTAB [28], 
BiCGSTAB(2) [21], CGS [22] and TFQMR [10]. Kry
lov subspace techniques are particularly attractive for the 
following three main reasons: 

• The methods are parameter free, yet still provide good 
rates of convergence. The original conjugate gradi
ent algorithm, for example, provides the same order of 
convergence rate as optimal SOR but without the need 
for dynamic parameter estimation. 

• Krylov subspace techniques have become increasingly 
competitive with classical iterative methods in terms 
of memory utilization. This is because the most re
cently developed conjugate gradient-type algorithms 
for non-symmetric matrices (eg. CGS, BiCGSTAB, 
TFQMR) do not require storage of large sequences of 
vectors (as does GMRES [19] ), nor do they require 
multiplication with the transpose of the coefficient ma
trix (as do BiCG, QMR [11] and CGNR/CGNE). 

39 



Research Articles 

• The methods are well suited to implementation on par
allel and vector computers. Most Krylov subspace 
methods compute one or two matrix-vector products 
and several vector inner products at every iteration; 
the methods are thus easily parallelised by distribut
ing the matrix among processing nodes and by using 
the inner products as synchronisation points. In prac
tice, superlinear speedups ( corresponding to efficien
cies of over 100%) have been achieved in both sym
metric multiprocessing environments and high-speed 
distributed environments [4]. 

The development of Krylov subspace techniques be
gan in the early 1950s with the conjugate gradient (CG) 
algorithm of Hestenes and Stiefel [13]. This algorithm 
is used to solve n x n linear systems of the form Ax = b 
where A is a symmetric positive definite coefficient matrix. 
The CG method is regarded as an attractive algorithm for 
two mai1_1 reasons. Firstly, the algorithm has very modest 
memory requirements because it uses simple three-term re
currences. Secondly, the algorithm has good convergence 
properties since the residual is minimized with respect to 
some norm at each step. The generated residuals are also 
mutually orthogonal, which guarantees finite termination. 

Several algorithms have since been devised to gener
alise the CG algorithm to allow for arbitrary coefficient 
matrices. Unfortunately, algorithms for non-symmetric 
coefficient matrices cannot maintain both the short re
currence formulation and the minimization property [8]. 
Thus, by trading off certain optimality conditions against 
the amount of memory required, three main classes of CG 
variants have been developed: 

• .Algorithms which attempt to preserve both proper
ties by transforming a linear system based on a non
symmetric coefficient matrix A to an equivalent system 
based on the symmetric positive definite matrix AT A 
(CGNR) or AA T (CONE). This approach is known as 
conjugate gradient applied to the normal equations. 

• "Pure" algorithms for non-symmetric matrices A 
which are based on maintaining either the short recur
rence formulation ( eg. Bi CG [9]) or the minimization 
property (eg. GMRES [19]). 

• "Hybrid" methods for non-symmetric matrices A 
which seek to combine elements of the short re
currence formulation with minimization properties 
that are either heuristic (eg. COS), localized (eg. 
BiCGSTAB) or quasi-optimal (eg. QMR). This class 
includes most of the more recently developed CG-type 
methods such as COS, QMR, TFQMR, BiCGSTAB 
and BiCGSTAB(/). 

Decomposition techniques 
Touzene's 1995 Aggregation-Isolation (Al) algorithm [27] 
and its improved variant Aggregation-Isolation Relaxed 
(AIR) are new algorithms specifically designed for solv
ing large scale Markov Chains. Memory requirements are 
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low (matrix plus 3 n-vectors) and convergence is rapid and 
smooth. However, the method is not suited to parallelisa
tion. DNAmaca features the first full-scale implementa
tions of both algorithms, including optimizations such as 
storing and solving the 3 x 3 aggregation matrix in regis
ters and using an effective table-driven relaxation parame
ter estimation scheme for AIR. 

Fig. 3 shows the convergence behaviour of some 
steady state algorithms for a queueing Petri net model of 
the INRES protocol [14] with 73 735 tangible states. No
tice the fairly smooth but slow convergence of SOR, the 
erratic but superlinear convergence of the Krylov subspace 
methods and the rapid convergence of the AIR method. 
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Figure 4: Convergence behaviour of some steady-state al
gorithms 

Example 

The schematic diagram in Fig. 4 is of a multimedia tele
traffic switch designed to handle delay sensitive ( eg. voice) 
and delay insensitive ( eg. data) traffic [ 1]. The switch has a 
capacity for s calls and is designed to give priority to voice 
calls. If the switch is full and the number of data calls in 
the system exceeds a certain threshold n, an arriving voice 
call may preempt a data call. If there are fewer than n data 
calls and no free circuits in the switch, arriving voice calls 
will be blocked. Waiting or preempted data calls are stored 
in a buffer with capacity b. 

There are v potential sources of voice calls. Each of 
these sources is governed by a two-state Markov process 
which alternates between a silence phase and a talkspurt 
phase. The mean duration of the silence phase is l/'A.1 and 
the mean duration of a talkspurt phase is 1 / µ 1 . The data 
arrival process is simpler, being Poisson with parameter 
A.2. Data calls are served at a rate of µ2 per server. 
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Figure 5: A multimedia switch for handling voice and data 
traffic 

The performance analysis of this switch, with both 
blocking and preemptive priority service as well as a two
phase arrival process, is not easily accomplished using 
conventional queueing theory. This makes the model a 
good candidate for DNAmaca's unrestricted analysis ca
pabilities. 

We used DNAmaca to model a switch with capacity 
s = 72, buffer size b = 200 and a threshold value n = 32. 
There were v = 1000 voice sources, with At = 0.04 and 
µ 1 = 1.0. The data arrival rate was A.2 = 43.0, and the data 
service rate was µ2 = 1.2 per server. 

The model generates a Markov chain with 17 301 tan
gible states. Fig. 6 shows the distributions for the number 
of voice and data calls in the system and the corresponding 
distribution for the number of data calls in the buffer. Since 
voice calls have priority over data calls, it makes sense that 
the mean number of voice calls in the system should be 
higher than the mean number of data calls. The distribu
tion of calls in the buffer shows that a buffer size of 150 
should be more than adequate to deal with almost all calls. 
Note that the number of voice calls drops off sharply once 
the preemption limit is reached. 

Conclusions 

In this paper we introduced and analysed a new probabilis
tic dynamic hash-compaction storage technique. Our tech
nique has a low state omission probability and a low mem
ory requirement that is independent of the length of the 
state descriptor. This makes it possible to explore state 
spaces that are an order of magnitude larger than those 
obtainable using conventional exhaustive techniques. We 
also described the many linear equation solution methods 
for the computation of the steady state probability distri
bution and put them in context. These various solution 
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methods and the new hash-compaction technique are im
plemented in DNAmaca, a software tool for the solution of 
continuous time Markov chain models of state-transition 
systems. Experiments with DNAmaca show that, even 
with a modest workstation such as a Sun SPARCclassic 
with 64 Mb of RAM, one can generate Markov chains of 
as many as 2 000 000 states; furthermore one can solve for 
the steady state distributions of Markov chains with up to 
2 400 000 entries in their state transition matrices. In many 
real situations, however, even this capability may not be 
sufficient and future work will concern the parallelisation 
of the state space exploration technique as well as the lin
ear equation solver in order to address models with signif
icantly larger state spaces. 
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A Reliability of the new hash
compaction scheme 

We consider inserting n states into the hash table, one at a time. 
Let Nk be the event that no omission talces place when the ( k + 
I )st state is inserted into the hash table, given that the previous k 
states have been inserted without any omissions. 

The probability of event Nk will depend on the number of 
secondary key comparisons that have to be made when insert
ing state sk+t into the target row given by it's primary hash key 
hi (sk+l ). If there are j items in the target row, 

P{NklX% (r ) = j} = 1- l ~ (1- ! )j 
I •HI t t 

since (1 +nx) ~ {I +x)n for lxl << 1 (here 1/t is very small). 
We have already established that 

Thus by the law of total probability, 

k 

P{Nk} = L P{NklXhi(st+i) = j}P{Xh1(s.t+t) = j} 
j=O 

~ I,(1-!)j( ~ )(!)j(1-!)1-i 
j=O t J r r 

Applying the binomial theorem yields: 

(
1 1 l)k -(1--)+1--
r t r 

(1-~/ 
(5) 

Now let N{ be the unconditional event that no omission talces 
place when inserting the (k+ l)st state into the hash table. Stem 
and Dill show that the probability p of no omission when insert
ing all n states is given by: 

p P{N~-l AN~_2 A ... A No} 

= P{N~-1 IN~-2 /\ ... /\Nb}P{N~-21\ ... /\NC)} 
P{Nn-1 }P{N~-2 A ... A No} 
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which, when applied recursively, yields: 

n-1 

p= IlP{Nk} 
k=O 

Now we can substitute the expression for P{Nk} from Eq. (5) 
to yield: 

n-1 

p ~ ne-~ 
k=O 

= e-r;:i\ ~ 
-~ e ,, 

If n(n - 1) < < 2rt (as will be the case in practical schemes 
where q << 1), we can use the fact that tr~ (1 +x) for lxl < < I 
to approximate p by: 

p = 1 _ n(n-1) 
2rt 

so that the probability of state omission q is: 

n{n-1) n{n-1) 
q~~= r2b+l 
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