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Guest Editorial 

WOFACS '92: Interdisciplinarity and Collaboration 

Chris Brink 
Laboratory for Fornuil Aspects and Complexity in Computer Science, 

Department of Mathematics, University of Cape Town 
cbrink@maths.uct.ac.za 

This edition of SACJ is devoted to the Proceedings of 
WOFACS '92: the Workshop on Formal Aspects of Com
puter Science. The event was hosted at the University of 
Cape Town by FACCS-Lab, the Laboratory for Formal As
pects and Complexity in Computer Science, in July 1992. 

The goal of WOFACS '92 was to bring together in 
a structured learning environment those Southern African 
computer scientists and mathematicians (academics and 
graduate students) interested in theoretical computer sci
ence. For this event FACCS-Lab imported four researchers 
eminent in their field, each to give a course of 10 lectures 
over a two-week period. Topics were carefully chosen so as 
to appeal to both mathematicians and computer scientists, 
and to reflect current work in the area of Fonnal Aspects of 
Computer Science. Each course was offered at beginning 
MSc level, and each could be taken by graduate students 
for credit at their respective home institutions. The guest 
lecturers and their topics were: 

• Prof Roger Maddux (Iowa State University), Pred
icate Transformer Senuintics and Boolean Algebras 
with Operators; 

• Prof Austin Melton (Kansa" State University), Do
mains, Powerdomnins and Power Structures; 

• Dr Hans Jurgen Ohlbach (Max Planck Institut fiir In
formatik), Deduction Systems in Artificial Intelligence; 
and 

• Prof Jeffery Zucker (McMaster University), Theory of 
Computation. 

In addition. a number of Southern African researchers each 
gave an invited one-hour overview of the research done 
by themselves and their collaborators at their respective 
institutions. They were: · 

• Prof Ian Alderton (UNISA), Cartesian Closedness; 
• Prof Guillaume Brummer (University of Cape Town), 

Completions in Topology and Elsewhere; 
• Prof Willem FoucM (University of Pretoria), IdentifY

ing randomness given by high descriptive complexity; 
• Prof Johannes Heidema (UNISA), Some Logics of Se

mantic Information; 
• Prof Stef Postma (University of the Western Cape), 

Octolisp: a set of solutions; a source of problems; 
• Prof Yuri Velinov (University of Zimbabwe), Cate

gories, Nets and Parallel Computation; 
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• Prof Basie von Solms (Randse Afrikaanse Univer
siteit), Formal Languages and Automata as the Basis of 
a Number of Research Projects at the Rand Afrikaans 
University; and 

• Prof Peter Wood (University of Cape Town), Detecting 
Bounded Recursion in DatalogPrograms. 

WOFACS '92 was attended by about 75 participants from 
across the country, roughly half of whom were academics, 
the remainder being graduate students. Grants were made 
available to some graduate students who could not obtain 
funding from their home institutions. Participants who 
required accommodation were housed in a University Res
idence, and there was sufficient opportunity to enjoy the 
beauty of the Cape. Apart from travel and accommodation 
costs WOFACS '92 was a free service to the community: 
no fees of any kind were levied. 

Simply put, WOFACS '92 was a developmental en
deavour. The organisers considered Formal Aspects of 
Computer Science to be an increasingly important field 
of study, the pursuit of which should be encouraged on a 
broad front in the Southern African environment. To create 
a sense of community it wa'i important to bring all inter
ested parties together. On the other hand, we felt that it 
would be premature to issue a Call for Papers and organise 
a conference. Thus arose the idea of a Workshop, where 
people come to learn, and to share infonnation on research 
projects. 

It happens that the WOFACS endeavour fits in with two 
points of view recently put forward in the editorial pages 
of the SA Computer Journal. In a guest editorial in SACJ 6 
(March 1992) Ed Coffman, the FRD-sponsored guest at 
the 1991 SA Computer Research Conference, gives his im
pressions of Computer Science research in South Africa. 
His overriding impression is that South Africa is weak in 
the area of Formal Aspects ( or, as Coffman says, computer 
and computation theory). Coffman strongly recommends a 
concerted development in this area. He allows that Math
ematics Departments could play an important role in this 
development - provided they make a major commitment 
and do not regard the area as a mere service discipline. 

Coffman mentions further the practical advantages in a 
financially constrained environment of inter-departmental 
and inter-institutional cooperation. At a more fundamental 
level this point has also been addressed by SACJ Editor 
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Derrick Kourie. In his F.ditor's Notes to SACJ 8 (Novem
ber 1992) Kriime discusses the dual forces of competition 
and collaboration at play in the Southern African research 
environment, concludes that there is too much of the former, 
and makes a sttoDg plea for the latter. In Kourie' s view, it is 
in the nature of scientific research that it will flourish where 
there is a healthy spirit of collaboration. Moreover, Kourie 
contends, the benefits· of such collaboration should not re
main confined to single Departments, but must be extended 
to an inter-departmental and inter-institutional level. 

The foregoing ideas fit well with the basic FACCS-Lab 
philosophy of interdisciplinarity. We believe that computer 
scientists and mathematicians can and should collaborate, 
and that if they do it will be to their mutual benefit. To 
quote from the FACCS-Lab 1992 Report: 

FACCS-Lab aims to bring Formal Methods and 
Complexity Theory to bear on problems of Com
puter Science, in a srructured interdisciplinary re
search programme intended to contribute to the de
velopment of tesearch manpower in South Africa. 
In a developing country such as South Africa it is 
essential that the more applied sciences (such as 
Computer Science) should retain a good research 
base. It is also important that the theoretical sci
ences (such as Mathematics) should retain links 
with real-world developmental issues. FACCS
Lab aims to provide a bridge between Mathematics 

and Computer Science in South Africa, to further 
its overall developmental aim. 

Activities such as WOFACS '92 are intended to contribute 
to this overall developmental aim. No doubt we can still 
improve our efforts, and feedback would be welcome. 

It is the pleasure and privilege of any organiser to ex
press thanks to those who contribute to the success of an 
event. I would like to do so, conveying my sincere thanks 
and that of FACCS-Lab to: 

• Roger Maddux, Austin Melton, Hans Jiirgen Ohlbach 
and Jeff Zucker, for coming, for presenting a course, 
evaluating students, and contributing to this SACJ edi
tion; 

• The local speakers, for helping to clarify the picture of 
what is being done in Southern Africa; 

• Janet Goslett, the WOFACS secretary, and Maureen le 
Sar, my personal secretary, for keeping the show on 
the road; ~ 

• Laurette Pretorius, Hardy Holley and Janet Goslett, 
for being actively involved in writing material for this 
edition; 

• The Foundation for Research Development, and the 
University of Cape Town Research Committee, for 
funding WOFACS '92; and 

• Cliff Moran, Dean of Science at UCT, for finding the 
money to publish this edition of SACJ. 

Editor's Notes 

This issue of SACJ is an archive of material presented at 
a workshop on formal aspects of computer science. The 
workshop-known as WOFACS '92-was organised by the 
Laboratory for Formal Aspects and Complexity in Com
puter Science (FACCS-Lab) in the Department of Math
ematics at the University of Cape Town. As one of the 
Research Leaders of FACCS-Lab, Prof Chris Brink was a 
prime mover in getting the event off the ground. As guest 
editor of this SACJ edition, he has collated the material 
and, most importantly, organised the funding for this issue. 

Consequently, SACJ subscribers are able to reap the 
benefit of having access to WOFACS material without af
fecting the production of other editions of the journal. (The 
next edition is scheduled to appear in the near future.) On 
behalf of readers, I would like to thank Prof Brink for his 
initiatives, as well as the four contributors for making their 
work available. SACJ's production editor, Ri~l Smit -
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who has handled the final typesetting in his usual efficient, 
competent and uncomplaining fashion - also deserves our 
sincere thanks. 

I hope and trust that this archival material will be of 
lasting value to those who teach and research in the area of 
formal aspects of computing. 

Derrick Kourie 
Editor 

Production notes 

I hope readers are not too perturbed by the fact that half of 
the articles in this issue is set in single column rather than 
the usual two column style. This was necessitated by the 
many wide formulae used in these papers. 

Production Editor 
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Abstract 

These are notes for a shon introductory course on Computability Theory ( or recursive function theory). The basic notion 
of computability is defined in terms of a simple imperative programming language. 
Keywords: Computability, Recursion, Primitive recursion, Church-Turing Thesis, Recursive enumerability 
Computing Review Categories: F.1.1, F.4.1 

Received April 1993 

1 Introduction 

Computability theory (also known as recursive function 
theory for historical reasons) originated in the 1930's in the 
research of Church, Godel, Turing, Kleene and others, who 
fonnalised the notion of computable (or "recursive") func
tion in different ways, for example, by Turing machines, 
lambda-calculus, definability by µ-recursive schemes, and 
definability by sets of equations. Corresponding to each of 
these formalisms is a "Church-Turing Thesis" which identi
fies computability by that fonnalism with intuitiveeffective 
computability. In the present exposition we follow a mod
ern approach, using computability by a simple imperative 
programming language as our basic notion. This approach 
is directly inspired by, and follows closely, that of [2]. 
However, we take the notion of computability of panial 
functions (''partial recursiveness") as the basic notion. We 
have also benefitted (rom the by now classic references [3] 
and [4]. 

In the short course (10 hours) on which these notes are 
based, much important material had to be omitted. Nev
ertheless it is hoped that these notes may be useful for 
an introductory course (or half-course) in computability 
theory, or for self-study. In the latter case, the reader is 
encourn.ged to peruse the references for further topics. 

2 Mathematical Preliminaries 

We review some basic concepts concerning sets, relations, 
functions and predicates. 

Sets and n-tuples 

We write a E A to mean that a is an element of 
the set A. While the order in which the elements of 
a set { a 1 , · · · , an} are written, is irrelevant, the order 
in an n-tuple ii = ( a 1 , · · · , an) is important. Indeed, 
(a1,···,an) = (b1,···,bn) iffa1 = b1,··, an= bn. If 
A1, · · ·, An are given sets, A1 x · · · x An denotes the set of 
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all n-tuples (a1, ···,an) such that a1 E A1, ··,an E An. 
We write An for Ax··· x A . .______...., 

n,time.s 

Natural numbers 

}I = { 0, 1, 2, · · ·} is the set of natural numbers. By "num
ber'' we will mean natural number. 

Relations 

An n-ary relation on a set A is a subset of An, for n = 
1, 2, 3, · · ·. When n = 2, we speak of a binary relation 
on A, and often use infix notation. Thus, for example, we 
write 'x < y' for'< (x, y)', where'<' is the order relation 
on N. If B and C are two n-ary relations on A, then their 
union, intersection and complement are defined by: 

BUG 
BnC 
B\C 

B 

= {iiEAnliiEBoraEC}, 
{ii E An Iii EB and ii EC}, 

= { ii E An Iii E B and a ¢ C}' 
= An \B. 

By "relation" we will generally mean relation on N. 

Functions 

Given two sets A and B, a (panial)function1 f : A-=B is 
a subset of A x B such that for all a E A there is at most 
one b EB (denoted /(a)) such that (a, b) E /. We define 

dom(f) = {a E Al3b EB: (a, b) E /} 
and ran(!) = {b E Bl3a EA: (a, b) E /}, 

and write /(a) l ("diverges") if a ¢ dom(/), /(a) ! 
("converges") if a E dom(/), and f (a) ! b ("converges to 
b")ifa E dom(f)andf(a) = b. IfA = A1X· · ·XAn,We 
write I ( a 1 , · · · , an) and say I is a function of n arguments, 

1 This is a set-theoretic or "extensional" concept of function ("function
as-relation"). There is also a constructive or "intensional" concept 
of function ("function-as-rule"), which we prefer to call "algorithm". 
Note that a single function may have many distinct algorithms which 
compute it (or none at all, if it is not computable). 
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or an n-ary function, or a function of arity n. (We call I 
unary if n = 1 and binary if n = 2.) 

A function f : A~B is total if dom(/) = A (written 
f : A --+ B, without the dot). For our purposes, partial 
functions are the more basic concept, and totality of func
tions should not be assumed unless explicitly stated. In fact 
we will be concerned mainly with n-ary partial functions 
on N, i.e. functions f: Nn~N. for some n > 0. By 
"function" we will generally mean panialfunction on N, 
denoted by f,g,h, · · ·. 

A function f : A~B is called (a) injective or 1-1 if 
Vx, y Edom(/) (/(x) = /(y) => x = y), (b) surjective 
or onto if ran(!) = B, and (c) bijective or a bijection 
between A and B if it is total, 1-1 and onto. Two sets A 
and Bare called equinumerous, written A~ B, if there is 
a bijection between them. 

We will freely use "lambda-notation" informally, 
where, for example, AX, y · ( x 2 + y2 + 1) denotes the 
function f : N 2 

--+ N such that for all x, y E N, 
f(x,y) = x2+ y2 + 1. 

For unary functions f and g, f o g denotes their com
position Ax· f(g(x)). Note that dom(f o g) = {xix E 
dom(g)and g(x) Edom(/)}. 

Predicates 
Let 2={ 0, 1} be (identified with) the set of truth values, i.e. 
O = false and 1 = true. A predicate on a set A is a 
total function P : A --+ 2. An n-ary predicate on A is a 
predicate on An. Given B ~ A, the characteristic function 
or characteristic predicate of Bon A is XB : A--+ 2 such 
that Va EA 

{ 
1 ifaEB 

XB(a) = 0 otherwise. 

Conversely, given a predicate P : A --+ 2, the characteristic 
set of P on A is the set Sp = { a E A I P( a) = 1} ~ A. 
Hence 

p(A) ~ PRED(A) 

where p( A) is the power set ( = the set of all subsets) of A 
and PRED( A) is the set of predicates on A. 

We will usually take A = N, i.e., we will be working 
mainly with n-ary relations on N and n-ary predicates on 
N (for n 2:: 1). 

Basic set theory 
The following elementary concepts and results in set theory 
will clarify some of the later discussions. (They can be 
proved in classical set theory, with the Axiom of Choice. 
For some background on set theory, a good reference is 
[7].) 

We define A ~ B to mean A is a subset of B, i.e. 
Vx(x E A => x E B), and A C B to mean A is a proper 
subset of B, i.e. A~ B but A-:/= B. 

A set A is finite if it is equinumerous with the set 
{ 1, . · . , n} for some n E N. (This includes the case A = 0, 
the empty set, when n = 0.) Otherwise it is infinite. 
Theorem 2.1 A set is infinite if! it is equinumerous with a 
proper subset of itself. 
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Theorem 2.2 (Countability) Let A be a set. The follow
ing statements are equivalent: 

( a) There is a total injection f : A --+ N, 

(b) A= 0, or there is a total surjection g: N--+ A, 

(c) A is.finite, or there is a bijection g: N--+ A. 

A is called countable or enumerable if any of the above 
conditions holds. 

Norns: 

1. In (b) above, g is called an enumeration with repeti
tions, since g enumerates or lists A: 

A= {ao, a1, a2, · · ·} 

where ai = g( i). Similarly, in (c), g is an enumeration 
without repetitions. 

2. We will meet constructive analogues of the above no
tions and theorem, in Section 10 (on recursive enumer
ability). 

3. By (c) above, if A is countable but not finite, then 
A ~ N, and A is called countably infinite. A set which 
is not countable is called uncountable ( or uncountably 
infinite). 

4. A subset of a finite set is finite, and a subset of a 
countable set is countable. Also, if A ~ B and A is 
finite, countable or uncountable (respectively), then so 
is B. Thus all sets can be classified by size as (i)finite, 
or (ii) countably infinite, or (iii) uncountably infinite. 
Roughly speaking, countable infinity is the "smallest 
size" of infinity. 

Let TFN(1) be the class of total unary functions on N. 

Theorem 2.3 The sets TFN(l), fp(N) and PRED(N) are 
uncountably infinite. 

Proof. The proofs use a diagonalisation method, which we 
will encounter many times later in this paper, so they are 
worth giving here. 

(a) Let F = {/1, h, · · ·} be any countable subset of 
TFN( 1). We will exhibit a function 

i.e. a witness that F c TFN( 1). Define 

/(n) = fn(n) + 1. 

Then for all n, f ( n) -:/= f n ( n ), and so / -:/= / n. Hence 
I ¢F. 

(b) Let S = {X1, X 2, • • ·} be any countable subset of 
p(N). We can similarly define a witness that S c 
p(N), namely X=dr{nln ¢ Xn}, since for all n, 
n E X ¢> n ¢ X n, and so X -:/= Xn. 

(c) PRED(N) is uncountable: EXERCISE. o 

Truth tables: basic operations on truth values 

Let p and q be boolean variables, i.e. ranging over 2. The 
operations not, and, and or, denoted by -,, A, and V, are 
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defined by the truth tables 

p q pl\ q pVq 
1 1 1 1 
1 0 0 1 
0 1 0 1 

Now we can fonn new predicates from old, for if P and Q 
are predicates on A, then so are ,P, P /\ Q, and P V Q, 
where for x E A: 

,P(x) = 1 - P(x), 

{ 

1 if P(x) = 1 
(P /\ Q)(x) = P(x) /\ Q(x) = and Q(x) = 1 

O otherwise, 

{ 

1 if P(x) = 1 
(P V Q)(x) = P(x) V Q(x) = 

0 
or Q(x) = 1 
otherwise. 

The corresponding characteristic sets are 

S_,p =A\ Sp= {x EA I ·P(x)}, 

Sp"-q = Sp n Sq= {x EA I P(x) /\ Q(x)}, 

Spvq = Sp U Sq= {x EA I P(x) V Q(x)}. 

We will use De Morgan's laws: 

·(P /\ q) = ·P V ,q 

·(P V q) = ·P /\ ,q. 

We define p => q to mean ,p V q or ,(p /\ ,q). 

Quantifiers 
We usually quantify over N, so that VxR(x) means (VxE 
N)R(x) and 3xR(x) means (3xEN)R(x). Quantifiers 
can also be relativise(l to predicates P on N, thus: 

(Vx)P(x)R(x) = Vx [P(x) => R(x)] 

and 
(3x)P(x)R(x) = 3x [P(x) /\ R(x)]. 

In particular, we have bounded quantifiers: 

(Vx ~ n)P(x) = (Vx)x~nP(x), 

(Vx < n)P(x) = (Vx)x<nP(x), 

(3x ~ n)P(x) = (3x)x~nP(x), 

(3x < n)P(x) = (3x)x<nP(x). 

De Morgan's laws for quantifiers are 

,VxR(x) = 3x,R(x), 

,3xR(x) = Vx,R(x), 

,(Vx )P(x)R(x) = (3x )P(x)•R(x ), 

,(3x)P(x)R(x) = (Vx)P(x)•R(x). 
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Mathematical induction 

Let P be a predicate on N. We give three different (but 
equivalent) formulations of this principle: 

• Simple induction 

If P(O) and Vn [P(n) => P(n + 1)] 
then VnP(n) 

• Course-of-values (CV) induction 

If Vn [(Vm < n P(m)) => P(n)] 
then VnP(n) 

• Least number principle 

If 3nP(n) 
then 3 least nP( n), 
that is, 3n [P(n) /\ Vm < n ,P(m)]. 

EXERCISE: Prove that PRED(N) is uncountable (see Theo
rem 2.3). 

3 Programs which Compute Functions 

3.1 Programming language g 
The basis for our study of computable functions is the 
programming language g (for "goto"; it is called S in 
[1]). 

3.1.1 Syntax and informal semantics 
The syntax of g includes three classes of (program) vari
ables: 

• input variables Xi, X2, X3, · · ·, 
• auxiliary or local variables Z1, Z2, Z3, · · ·, 
• the output variable Y, 

and also 

• labels Ai, Bi,··· Ei, A2, B2, · · · E2, · · ·. 
We use V, W, V', · · · for any variable, L, Li, · · · for any 
label, and often omit the subscript 1, e.g. 'X' means Xi, 
and 'A' means Ai. 

Statements S, ... have one of the following four forms: 

V ++ (increment) 
V -- (decrement) 
if V /0 goto L ( conditional branch) 
skip 

An instruction has either of the two forms 

S ( unlabelled statement) 
or [L] S (labelled statement) 

A program P is a list of instructions, possibly the empty 
list 0. 

In order to elucidate the informal semantics of 9-
programs, we make the following assumptions. (The for
mal semantics are given later, in Section 3.1.3.): 

• Auxiliary variables and the output variable Y are al
ways initialised to 0. 
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• If V has the value 0, then instruction 'V - - ' leaves 
its value at 0. 

• Execution of a program halts if either it has executed 
its last instruction, or it has executed an instruction 
'· · · goto L' without containing a label L. 

• The label E will be used for an exit instruction, i.e. it 
will never be used to label a statement, and so 'goto E' 
will always mean "exit". 

Note that variables can only take values in N. We 
indicate the value of a variable by its lower case equivalent, 
e.g. xi denotes the value of Xi. More generally, lower 
case letters xi, x2, · · ·, k,m,n,r, · · ·, u,v, ···will denote 
numbers (elements of N). 

Under the above informal semantics, it is clear that 
each Q-program computes a function on N. This will 
be formalised later, in Section 4.1. This function is, in 
general, panial, since for some input values the programs 
may diverge (not halt). 

For convenience we introduce abbreviating pseudo
instructions, called macros, and refer to the program texts 
they abbreviate as their macro expansions. For example, 

j goto L j and j V - 0 j are the macros for an unconditional 
branch and an assignment of 0, and have as macro expan
sions the program segments 

z++ 
if Z f:. 0 goto L 

and 

I [LI V-- I 
_ if V f:. 0 goto L 

respectively. 
Note that when inserting macro expansions in a pro

gram, we have to be concerned with issues such a~: 
• initialisation of auxiliary variables, 
• choosing auxiliary variables and labels not used in the 

main program, and 
• replacing 'E' by the label for the statement immedi

ately following the macro, if such a statement exists. 

This is discussed more systematically in Section 4.2. 

3.1.2 Examples of Q-programs 
• Identity function AX · x 
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1. First attempt: 

[A] X-
Y++ 
if X f:. 0 goto A 

However, this is incorrect since, for input 0, the 
program produces output 1 instead of 0. 

2. Second attempt: 

[A] if X f:. 0 goto B 
gotoE 

[B] X--

Y++ 
goto A 

The problem here is that the value of the input 
variable X is destroyed. 

3. Third attempt: 

[A] if X f:. 0 goto B 
gotoC 

[B] X--
Y++ 
z++ 
goto A 

[C] if Z f:. 0 goto D 
goto E 

[D] Z--
x++ 
gotoC 

From this program we can get the assignment macro 

jv-w~ 

v-o 
Above program with X and Y 
replaced by W and V 

• Sum function Axi, x2 ·(xi+ x2) 

Y-Xi 
z-x2 

[B] if Z f:. 0 goto A 
gotoE 

[A] Z--
Y++ 
goto B 

This program may now form the basis of the macro 

I V - Wi + W2 j for addition. 

• Product function Axi, x2 · ( xi * x2) 

z-x2 
[B] if Z f:. 0 goto A 

goto E 
[A] Z--

Z2 -Xi+ Y 
Y-Z2 
goto B 

Note that the two statements in (*) may not be replaced 
by the single statement Y - Xi+ Y, since the addition 
macro (as given above) does not work correctly for 
statements of the form V - W + V. (We will see 
how to deal with this problem later, in Section 4.2.) 

EXERCISE: Write Q-programs to compute: 

I. The zero function Ax· 0. 

2. The everywhere diverging function Ax· l. 

{ 
1 if x even 

3. The function f ( x) = 0 if x odd. 

{ 
1 if x even 

4. The function f ( x) = l if x odd. 
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5. The "nwnus" function 

{ 
Xt - X2 if Xt >_ X2 

f(xJ, x2) = x1-x2 = 0 otherwise. 

3.1.3 Formal semantics for g 
We intrcxluce the following notions: 

• var(S) is the set of variables in statement S. 
• var(P) is the set of variables in program P. 
• lab(P) is the set oflabels in program P. 
• A state is a finite function from some set of variables 

to N. We use the Greek lower case letters to denote 
states, e.g. u = {(X, 3), (Y, 2), (Z, 4)}. 

• u is a state of progam P iff dom(u) 2 var(P), i.e. 
u assigns a value to each variable in P. 

• The variant u { V / m} of a state u is the state T which 
corresponds to u except that r(V) = m. In other 
words, dom(r) = dom(u) U {V}, and for all WE 
dom(r), 

r(W) = { u(W) i! W ~ V 
m ifW=V. 

(NoTE: Here and elsewhere,'=' denotes syntactic iden
tity.) 

• For a program P, IP I denotes the length of P, i.e., the 
nwnber of instructions in P; and (P)i denotes the i-th 
instruction of P, for 1 $ i $ IP I, 

• A snapshot or instantaneous description of P, with 
IPI = l, isapair s = (i,u) where 1 $ i $ l+ 1 and 
u is a state of P. Intuitively, u is the state just before 
the execution of (P)i ifl $ i $ l, or after completing 
the execution of P if i = l + 1. In the latter case, s is 
the terminal snapshot and u the terminal state of P. 

• If ( i, u) is a non-terminal snapshot of P, i.e. i $ IP I, 
then it has a successor (j, r) (w.r.t. P) , defined as 
follows: · 

Case 1: (P)i = V ++ and u(V) = m. Then 
j = i + 1 and T = u { V / m + 1}. 

Case 2: (P)i = V-- and u(V) = m. Then 
. . 1 d { u { V / m - 1} if m > 0 

J = Z + an T = 'f Q u 1 m = 
Case 3: ('P)i = skip. Then 

j = i + 1 and T = <T. 

Case 4: (P)i = if V :/; 0 goto L. Then 
T = u, and for j we have the two subcases: 

- u(V) = 0. Thenj = i + 1. 
- u(V) :/; 0. Then j is the least number such 

that (P); has label L, if P contains L. Oth
erwise, j = l + 1. (So if L occurs more than 
once in P, then its first occurrence is used, 
and if L does not occur at all then P halts.) 

• A finite computation of P is a list SJ, s2, · · · , sk of 
snapshots such that s1 = (1, u1) and for i = 1, · · ·, k
l, si+l is the successor (w.r.t. 'P) of si, and sk is 
terminal. An infinite computation of P is an infinite 
list SJ, s2, ···of snapshots such that s1 = (1, u1) and 
fori = 1,2, · · ·, si+l isthesuccessor(w.r.t. P)of si, 
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In both cases, we have a computation of P with 
initial snapshot ( 1, u1) and initial state u1, or a com
putation of P from u1. 

4 Q -Computable Functions 

Computability theory is the study of computable functions. 
In our approach, the notion of computability is relative to 
the programming language g. For this to be an interesting 
concept, we will have to show that it is stable, i.e. not 
dependent on slight changes in the definition of g. Fur
thermore, we will have to link this with more traditional 
characterisations of computability. These will both be done 
later in the paper. 

4.1 g -computability 

We formalise the fundamental notion: a g-program P com
putes an n-ary function[. 

• For any positive integer n and any n numbers 
x1, x2, · · ·, xn, consider a computation s1, s2, · · · for 
P with initial snapshot s1 = (1, u1), where u1 : 
var(P)-+ N is defined by 

u1(Xi) = Xi 
u1(Xi) = 0 
u1(Z;) = 0 
<TJ (Y) = 0. 

for i = 1, · · ·, n 
for i > n 
for all Z; E var(P) 

Case 1: This computation is finite, with terminal 
snapshot sk = (l + 1, uk) (where l = IPI), and 
uk(Y) = y. Then /(x1, x2, · · ·, Xn) = y. 

Case 2: This computation is infinite. 
Then /(x1, · · ·, Xn) l, 

• If P computes the n-ary function f, then we write f = 
'Pt) (and often drop the superscript '( n)' when n = 
1). Note that Pis not required to have exactly n input 
variables, and a particular P can compute different n

ary functions for different values of n. For example, 
the program given for the sum function in Section 3 .1.2 
yields the following: 

q,~)(x1, x2) = xi+ x2 

q,~)(zi) = Xt 

q,~)(x1, x2, x3) x1 + x2 

• For any P and n, the function 'Pt) is computable by 
P. 

• An n-ary function f is Q-computable if f = q,<;> for 
some g-program P. 

• f is total g-computable if f is g-computable and total. 
• Ag-computable n-ary predicate is a total g-comput-

able function P : N" -+ 2. 

From the g-programs in Sections 3.1.2 and 3.1.3 it follows 
that the functions Ax ·O, Ax ·x, Ax, y·(x+y), Ax, y·(x•y), 
and Ax, y · (x-y) are g-computable. 

• fN(n) denotes the class of n-ary (partial) functions, 
and FN = UnfNC"). 
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• 1m< n) denotes the class of n-ary total functions, and 
1FN = UnTFN(n). · 

• Q-CQMp(n) is the class of 9-computable n-ary (par
tial) functions, and 9-COMP = Un 9-CQMp( n). 

• 9-TCQMp( n) is the class of n-ary total Q-computable 
functions, and Q-TCOMP = Un9-TCQMp(n). 

Clearly, the following inclusion relations hold: 

Q-COMP 

u 
Q-TCOMP 

~ FN 
u 

c TFN 

The question as to whether the above "~" inclusions are 
proper, i.e. whether all functions are computable, still has 
to be answered. 
Norn: For historical reasons, total 9-computable functions 
are also called recursive functions, and Q-computable func
tions are also called partial recursive functions. 

4.2 Macros for g -computable functions 
Once we have a Q-program P which computes an n-ary 
function f, we can augment our language g with a macro 

! W +-/(Vi, Yi,···, Vn) jfor I derived from Pas follows: 

1. Assume 
• var(P) ~ {X1,···,Xn,Z1,···,Zk,Y}, 
e lab(P)~{E,Ai,···,A,}, 
• for instructions of the form 'if V -::/= 0 goto Ai' 

in P, there is an instruction in P labelled Ai, and 
Eis the only exit label. 

Clearly, P can easily be modified to meet these re
quirements. So let us put 

P = P(Y,Xi, · · · ,Xn, Zi, · · ·, Z1c, E,Ai, · · · ,A1) 

2. Now choose m sufficiently large so that all variables 
and labels in the main program have indices less than 
m, and let 

Pm = P(Zm, Zm+l, · · ·, Zm+n, Zm+n+l, · · ·, 
Zm+n+k, Em, Am+l, · · · , Am+I) 

3. ~en letmacro! W +-/(Vi,···, Vn) jhave theexpan
s10n 

Zm+n+k +- 0 
Pm 

[Em] W +- Zm 

Observe that 
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• we may have W = V; for some i E {1, 2, · · ·, n}, and 
• if f ( v1, · · ·, vn) l, then the macro for f will not ter

minate if it is entered in state u such that u( V;) = Vi, 

i = 1, 2, · · · , n. (Therefore the whole program will 
not terminate.) 

A useful extension of the language g is a generalisation of 
the conditional branch statement by means of the macro 

j if P(Vi, · · ·, Vn) goto L ~ where P is any computable 
predicate. The appropriate macro expansion is 

Z +- P(Vi, · · ·, Vn) 
if Z -::/= 0 goto L 

EXAMPLE: If we want to use the statement 'if V = 0 goto L', 
we have to verify that the predicate 

P(x) = { ~ if x = 0 
if x-::/= 0 

is computable. Indeed, the appropriate Q-program is 

if X -::/= 0 goto E 
Y++ 

4.3 Relative Q-computability 
We extend the language g to include oracle statements, and 
relativise the concept of 9-program with respect to such 
statements. 

Let g = 91, · · · , 9k be functions of arity r1, · · · , rk. An 
oracle statement for 9i has the form 

IV+- 9i(U1, ···.,Ur;) I· 

For the semantics of such a statement, we can think of 
an oracle or "black box" for 9i, which, when given input 
values ii= u1, ···,Uri for U1, ···,Uri either produces the 
output value Yi for V (if Ui( ii) l) or "ticks over" indefinitely 
(if Yi( ii) l). 

In this way, the notion of Q-computable and the func
tion classes 9-COMP and Q-TCOMP can be relativised 
to obtain the notion 9-computable in g, and the function 
classes 9-COMP(g) and Q-TCOMP(g). If a function is 
total Q-computable in g, then it is also said to be recursive 
in g. A relativised version of the diagram in Section 4.1 is 

9-COMP(g) 

u 
9-TCOMP(g) 

c FN 
u 

c TFN 

Once again, the question as to the properness of the "~" 
inclusions still needs to be answered. 

Proposition 4.1 

(a) Q-COMP ~ 9-COMP(g) 
(b) Q-COMP = Q-COMP(0) 
(c) /f g ~ h, then 9-COMP(g) ~ 9-COMP(h). 
Proof. Clear from the definition. o 
Theorem 4.1 (Transitivity) 

(a) I/ f E 9-COMP(g), and 91, · · ·, 9k E (]-COMP, 
then f E (]-COMP. . 
More generally: 
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(b) If f E Q-COMP(g), g1, · · ·, 9k E Q-COMP(h), 
then f E Q-COMP(h), 

(c) If f E Q-COMP(g, h), 91, · · ·, 9k E Q-COMP(h), 
then f E Q-COMP(h). 

Proof:(a) Replace the oracle statement for Yi by the macro 
expansion for Yi (i = 1, · · ·, k) in the (relative) Q-program 
for/. 
(b), (c) Similarly. D 

4.4 Construction of g -computable functions 

We are now going to take a different approach to com
putability. Namely, we will take a set of computable initial 
functions, together with general methods for constructing 
new computable functions from old. Initial functions will 
be introduced in Section 5 .1, while this section, building on 
our theory of relative computability, contains two methods 
for forming new computable functions from old. 

4.4.1 Composition 
Given a k-ary function g and n-ary functions h1, · · ·, hk 
we define the composition of g and h1, · · ·, hk as the n-ary 
function 

J ( i) ~ g (hi ( i), .. · , h k ( i)) ( 1) 

where i = xi, · · ·, xn, and "~" means that the left hand 
side of ( 1) is defined iff the right hand side of ( 1) is, in which 
case they are equal. Indeed, f ( i) ! y (say) iff there exists 
z1, · · ·, Zk suchthathi(i) ! z11'\· · ·Ahk(i) ! zk/\g(z) ! y. 

Proposition 4.2 In ( 1 ), if g and h are total, then so is f. 

Proof: EXERCISE. 0 

Theorem 4.2 In (1), f is Q-computable in g, hi,···, hk, 
Hence if g, hi,···, hk are Q-computable, then so is f. 

Proof: Using oracles for g,h1, · · ·, hk, we can construct a 
(relative) Q-program for/: 

Zk +- hk(X1, · · ·, Xn) 
Y+-g(Zi,···,Zk) 

The second part of the statement follows from Theorem 
4.l(a). o 

4.4.2 Primitive recursion 

A unary function f, defined by 

{ 
/(0) = k 

f(x + 1) = h(x, f(x)) (2) 

with k fixed, and h a binary function, is said to be defined 
by primitive recursion (without parameters). 

Lemma 4.1 For any k E N, the constant function ..\x · k 
is Q-computable. 

Proof: For k = 0, either the empty program or the program 
j skip I computes the function. For k > 0, the following 
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program may be used: 

Y++ 
> (k times) 

Y++ ) 0 

These programs can form the basis of the macro I Y +- k ~ 
Proposition 4.3 In (2), if h is total, then so is f. 
Proof: By induction on x we can show that V x(f ( x) ! ) . o 
Theorem 4.3 In (2), f is Q-computable in h. Hence if h 
is Q-computable, then so is f. 
Proof: Using an oracle for h, we can construct a (relative) 
Q-program for/: 

Y+-k 
[A] if X = 0 goto E 

Y +-h(Z,Y) 
z++ 
X--
gotoA 

As before, the second part of the statement follows from 
Theorem 4.l(a). D 

The above is actually a special case of the more general 
concept of definition by primitive recursion with parame
ters. An (n + 1)-ary function/, defined by 

{ 
J(i, 0) ~ g(i) (3) 

J(i, t + 1) ~ h(i, t,J(i, t)) 

with parameters i = xi,···, xn (where g and h have 
arities n and n + 1 respectively), is said to be defined from 
g and h by primitive recursion (with parameters). 
Proposition 4.4 In (3), if g and hare total, then so is f. 
Proof: By induction on t we can show that Vt(f(i, t) !). 
0 

Theorem 4.4 In (3), f is Q-computable in g, h. Hence if 
g, h are Q-computable, then so is f. 
Proof: Using oracles for g and h, the following (relative) 
Q-program computes f: 

Y +- g(Xi, · · ·, Xn) 
[A] if Xn+i = 0 goto E 

Y +- h(Xi, · · ·, Xn, Z, Y) 
z++ 
Xn+1--
goto A 

EXERCISE: Prove Proposition 4.2. 

4.5 Effective calculability 

0 

A function is effective or effectively calculable or algo
rithmic iff there is a algorithm to compute it. This is an 
intuitive, not a mathematical notion, since it depends on 
the intuitive notion of algorithm. The classes of effective 
functions and total effective functions are denoted by EFF 
and TEFF respectively. 

Clearly, 
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g-COMP 

u 
g-TCOMP 

~ EFF 
u 

~ TEFF 

~ FN 
u 

~ TFN 

A function I is effective in g iff there is an algorithm for I 
which uses an "oracle" or "black box" for g. EfF(g) and 
TEFF(g) denote the classes of functions effective in g and 
total functions effective in g respectively. The relativised 
version of the above diagram is 

Q-COMP(g) 

u 
Q-TCOMP(g) 

c EFF(g) 
u 

~ TEFF(g) 

~ fN 
u 

~ TFN 

As before, the question as to the properness of the above 
"~" inclusions needs to be answered. 

5 Primitive Recursiveness 

Having described (in Section 4.4) two ways of systemat
ically Conning new functions from existing ones, we in
troduce the class of initial functions, and the concepts of 
primitive recursive ( PR) closedness, and primitive recur-
sive functions. · 

S.1 PR-closed classes 
The three initial functions are the zero function Z = Ax · 0, 
the successor function S = Ax · ( x + 1 ), and the projection 
functions ur = AX} • • • Xn · Xi for n ~ 0, 1 ~ i ~ n, of 
which the identity function U} = Ax · x is a special case. 

A class C of functions is PR-closed iff (i) C contains 
the initial functions, and (ii) C is closed under composition 
and primitive recursion, i.e. any function obtained from 
functions in C by composition or primitive recursion is also 
inC. 

Examples of PR-closed classes: 
• FN (trivially). 
• Proposition S.1 TFN is PR-closed. 

Proof: By definition, the initial functions are total. 
From Propositions 4.2, 4.3, and 4.4 it follows that to
tality is preserved by composition and primitive recur
sion. o 

• Proposition 5.2 Q-COMP is PR-closed. 
Proof: The Q-programs 

I skip ~ I ~ :+ X f and j Y ._ X, J compute the zero, 

successor, and projection functions respectively. By 
Theorems 4.2, 4.3, and 4.4 it follows that the class 
Q-COMP is closed under composition and primitive 
recursion. o 

• Proposition 5.3 Q-TCOMP is PR-closed. 
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Proof: By Propositions 5.1 and 5.2 the classes TFN 
and Q-COMP are PR-closed. Hence their intersection 

Q-TCOMP is PR-closed. D 

5.2 Primitive recursive functions 
A function I is primitive recursive (PR) iff it is obtained 
from the initial functions by a finite number of applications 
of composition and primitive recursion. In other words, I is 
primitive recursive iffthere is a.finite sequence of functions 
Ji, '2, ···,In such that In = I, andfori = 1, · · ·, n, either 
Ii is an initial function, or Ii is obtained from some I;' s, 
for j < i, by composition or primitive recursion. Such a 
sequence is called a PR derivation of I, of length n. 

More formally, a PR derivation of a function I is a 
sequence of labelled function symbols of the fonn: 

I= In+- Ln 

where for each i = 1, · · · , n one of the following cases 
applies: 
Case 1: Ii is an initial/unction, and label Li is (corre

spondingly) one of' Z', 'S' or 'U'J '. 
Ca~e 2:li is obtained from an f.-ary function I;, 

and m-ary functions fk 1 , • • ·, l1c, by composition, 
for j, k1, · · ·, kl < i, and the label Li is 
'l;,/1c11 • • • ,/1c, (compos: f., m)'. 

Case 3a: Ii is obtained from./; and l1c, for j, k < i by 
recursion with m parameters (m > 0), and the label 
Li is '!;, fk ( rec : m)'. 

Case 3b: I; is obtained from !k, for k < i by recursion 
without parameters, and initial value c, and the label 
L; is 'c,J1c (rec : O)'. 

(We are not distinguishing here between functions and their 
symbols). The class of primitive recursive functions, and 
the class of n-ary primitive recursive functions are denoted 
by PR and PR(n) respectively. 

Lemma 5.1 PR is PR-closed. 
Proof: Follows from the definition. D 

Lemma 5.2 Let C be any PR-closed class of functions. 
Then PR~ C. 
Proof: We can show that I E PR => I E C, by CV induc
tion on the length of a PR-derivation of I. We distinguish 
three cases: 
Case 1: I is an initialfunction. Then IE C, since C is 

PR-closed. 
Case 2: I is obtained from earlier functions g1, · · ·, g1c in 

the derivation by composition. Then g1, · · ·, g1c have 
shorter PR-derivations (i.e. the initial parts of the 
PR-derivation of I ending with them), and so by the 
induction hypothesis they are in C. Hence again, since 
C is PR-closed, I E C. 

Case 3: I is obtained from earlier functions in the deriva
tion by primitive recursion. This is similar to case 2. 
D 

Theorem 5.1 PR is the smallest PR-closed class. In other 
words: (i) PR is PR-closed; and (ii) PR is contained in 
every PR-closed class. 
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Proof: By Lemmas 5.1 and 5.2. o 

Corollary S.1 PR ~ TFN. 

Proof: By Proposition 5.1, TfN is PR-closed, and so by 
Theorem 5.1, PR~ TFN. o 

Corollary S.2 PR~ Q-COMP. 

Proof: By Proposition 5.2, Q-COMP is PR-closed, and so 
by Theorem 5.1, PR ~ Q-COMP. D 

Corollary S.3 PR~ Q-TCOMP. 

Proof: By Corollaries 5 .1 and 5 .2, or since, by Proposition 
5.3, Q-TCOMP is PR-closed. o 

So clearly, 

Q-COMP 
u 

PR ~ Q-TCOMP 

c EFF 
u 

c TEFF 

~ FN 
u 

~ TfN 

Once again, the question as to the properness of the"~" 
inclusions still needs to be answered. 

Examples of PR functions: 

• Sum function f = Ax, y · (x + y) 
This function has the well-known recursive definition: 

{ 
f(x,O) = x 

f(x,y+ 1) = f(x,y) + 1 

However, we must put it in the form required by Sec
tion 4.4.2 (3): 

{ 
f(x, 0) = g(x) 

f(x,y+ 1) = h(x,y,f(x,y)) 

where g, h E PR (with one parameter: x). So let us 
take g(x) = x, and h(x, y, z) = z + 1. Putting 

g(x) = U}(x), and h(x, y, z) = S(U~(x, y, z)), 

a PR-derivation for f is 

Ji +-Ui 
h+-S 
/3 +-U~ 
/4 +- h, /3 (compos: 1, 3) 

f = Is+- /i, /4 (rec: 1). 

• Product function f = AX, y · (x * y) 
Recursive definition: 

{ 
f(x,O) = 

f(x, y + 1) 

Required form: 

0 
f(x,y)+x 

{ 
f(x,O) = g(x) 

f(x,y+ 1) = h(x,y,f(x,y)) 

where g, h E PR (with one parameter: x). Putting 

SACJ/SART, No 9, 1993 

g(x) = Z(x), and 

h( X ! y I Z) Z + X 

= surn(z, x) 
= surn(U~(x, y, z), Uf(x, y, z)), 

a PR-derivation for f is 

sum = Is+-··· 
/6 +- Z 
h+-U~ 
Is+- uf 
/9 +- Is, h, Is (compos: 2, 3) 

f = /10 +- /6, Jg (rec: 1). 

• Factorial f = Ax · x ! 
Recursive definition: 

{ 
/(0) = 

f(x + 1) 
1 
f(x) * (x + 1) 

Required form: 

{ 
/(0) = 1 

f(x + 1) = h(x, f(x)) 

where h E PR (with no parameters). Putting 

h(x,y) = Y*(x+l) 
= prod(y, S(x)) 
= prod(U~(x, y), S(Ui(x, y))), 

we can obtain an appropriate PR-derivation, as before. 
Clearly, we require an easier way to show that functions 
are PR! In Section 6 we address this problem, but before 
we do that, we conclude this section by generalising the 
notion of primitive recursive function to relative primitive 
recursive function. 

S.3 Relative primitive recursiveness 

Let g = 91, · · · , 9n be any functions. A function f is 
primitive recursive in g iff f is obtained from the initial 
functions and/or g1 , · · · , 9n by a finite number of applica
tions of composition and recursion. Equivalently, f is PR 
in g iff there is a finite sequence of functions Ii , · · · , f n 

such that f n = f and, for i = 1, · · · , n, either Ii is an ini
tial function, or Ii is one of the g; 's, or /i is obtained from 
some/; 's (j < i) by composition or primitive recursion. 
Such a sequence is called a PR-derivation off from g, and 
PR(g) denotes the class of functions PR in g. 
Proposition S.4 

(a) PR~ PR(i) 
(b) PR= PR(0) 
(c) If g ~ h, then P R(i) ~ P R(h). 
Proof: Clear from the definition. D 

Theorem S.2 (Transitivity) 

(a) /f f E PR(i) andg1, · · · ,9k E PR, 
then f E PR. 
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More generally: 
(b) If/ E PR(g) and 91, · · · ,9k E PR(h), 

then f E PR(h), 
(c) If f E P R(g, h) and 91, .. ·, 91c E P R(h), 

then f E P R(h). 
Proof:(a). Prepend a PR-derivation off from g to PR
derivations of 91, · · ·, 9k· 
(b), (c). Similarly. o 
Lemma 5.3 PR(g) is PR-closed and contains g. 
Proof: Follows from the definition. o 
Lemma 5.4 Let C be any PR-closed class of functions 
which contains g. Then P R(g) ~ C. 

Proof: We can show that f E PR(g) => f E C, by CV 
induction on the length of the PR-derivation from g of/. 
0 

Theorem 5.3 P R(g) is the smallest PR-closed class which 
contains g. In other words, (i) P R(g) is PR-closed and 
contains g; and (ii) P R(g) is contained in every PR-closed 
class which contains g. 
Proof: By Lemmas 5.3 and 5.4. o 
Corollary 5.4 P R(g) ~ Q-COMP(g) 
Proof. Since Q-COMP(g) contains g and is PR-closed. o 

Note that PR(g) need not consist of total functions 
only, since the 9i might not be total! So if T P R(g) is the 
class of total functions PR in g, then the relativised version 
of the diagram in Section 5 .2 is 

PR(g) c Q-COMP(g) ~ EFF(g) ~ FN 
u u u u 

TPR(g) c Q-TCOMP(g) c TEFF(g) ~ TFN 

As before, the question as to the properness of the above 
"~" inclusions needs to be answered. 

6 Some Techniques for Defining PR Func
tions 

6.1 Explicit definability 

We introduce a convenient method for showing that certain 
functions are PR. 

We must first define a certain class of formal expres
sions. Given a sequence g = 91, · · · , 9m of functions of 
arity r1, ···,rm, and a sequence i = xi,·· ·, Xn of inde
terminates, the class Ezpr(g, i) of expressions in g, i is 
defined inductively by: 

l. Xi E Ezpr(g, i) (i = 1, · · ·, n), 
2. 0 E Ezpr(g, i), where O a symbol for the number 0, 
3. If E E Ezpr(g, i), then so is S( E), where S is a 

symbol for the successor function S, 
4. If Ei, ···,Er; E Ezpr(g, i), then so is 
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Ui(E1, ···,Er;) (i = 1, · · ·, m), where Ui is a sym
bol for the function 9i. 

(More on inductive definitions may be found in [4, §55].) 
Since each expression in g, i represents an explicit defini
tion of an n-ary function, we define an (n-ary) function f 
to be explicitly definable from g iff /(i) E Ezpr(g, i), 
where f is a symbol for f. 
Noms: 

1. The constant function C1 = >..i · k is explicitly defined 
from g by the numeral k=dc S( · · · S(O) · · ·). ,....___..., 

k timea 
2. In general we will not distinguish between functions 

and their symbols, or between numbers and their nu
merals. 

Theorem 6.1 If f is explicitly definable from g, then f E 
P R(g). Hence if! isexplicitlydefinablefromPRfunctions, 
then f E PR. 

Proof. The first part of the statement is proved by induction 
on the complexity of the expression defining f from g. The 
second part from Theorem 5 .2( a) o 
Corollary 6.1 In particular, we can define new PR func
tions from old by: 
(a) permuting arguments, e.g. f(x, y) = 9(y, x) 
(b) using dummy arguments, e.g. f(x, y, z) = 9(x, y) 
(c) identifying arguments, e.g. f(x) = 9(x,x) 
( d) substituting numerals for args., e.g. f ( x) = 9(2, x) 
( e) any combination of the above. 
Proof. (a) f E PR(g) since 

f(x,y) = g(U~(x,y).,Uf(x,y)). 

(b)-(e) Similarly. o 
EXAMPI.E: If f(x, y, z) = g(x, h(z, k(x)), 2), then f is 
explicitly definable from g,h, k. Putting i = x 1 , x 2, x 3, 

f(i) = g(Uf(i), h(Ul(i), k(Uf(i)), C1(i))), 

which suggests a PR-derivation off from g,h,k. 
So from now on, we will freely use explicit definitions, 

as well as infix and postfix notation, to show that functions 
are PR. 

More examples of PR functions: 
• Exponential >..x, y · xY 

Defined by primitive recursion on the second 

argument: { x•:~ : !. u. 

{ 
x - 1 if x > 0 

• Predecessor pd( x) = 0 if x = 0 
. { pd(O) = 0 

Defined by pnm. rec.: pd(x + l) = x. 

{ 
x - y if x > y 

• Monus x-y = 
0 

th - . o erw1se 
Defined by prim. rec. on the second argument: 

{ 
x-0 = x 

x-(y + 1) = pd(x-y). 
• Absolute difference >..x, y · Ix - YI 

Defined by explicit definition from - and + which are 
both PR: 

Ix - YI= (x-y) + (y-x). 
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• Zero predicate (characteristic function of 0) 

{ 
1 ifx=O 

zero(x, y) = 0 th . o erw1se 
. { zero(O) = 1 

Defined by pnm. rec.: ( + l) 0 zero x = 
orby expl. def. from monus: zero(x) = 1-x. 

• Characteristic function of positive integers 

{ 
1 ifx>O 

pos( x) = 0 otherwise 

. { pos(O) 0 
Defined by pnm. rec.: pos(x + l) = 1. 

• Equality predicate (char. fn. of equality) 

{ 
1 ifx=y 

eq( x' Y) = 0 otherwise 

Defined by expl. def.: eq(x, y) = zero(lx - yl). 
• Less-than-or-equal predicate 

{ 
1 ifx<y 

leq(x, y) = 0 othe~ise 

Defined by expl. def.: leq(x, y) = zero(x-y). 

Theorem 6.2 Let P and Q be n-ary predicates. If we 
define the predicates R1(i) ¢:} -iP(i), R2(i) ¢:} P(i) /\ 
Q(i), and R3(i) {::} P(i) V Q(i), then Ri E P R(P) and 
R2, R3 E P R(P, Q). More informally: the predicate -,p 
is PR in P, and the predicates P /\ Q, and P V Qare PR in 
P, Q. Hence if P, Q E PR, then so are -,p, P /\ Q, P V Q. 

Proof. R 1(i) = zero(P(i)), R2(i) = P(i) * Q(i), and 
R3(i) = pos(P(i) + Q(i)). Alternatively, for R3, by De 
Morgan's law, P V Q ¢:} -i(-iP /\ -iQ). o 

Hence 
• Less predicate Ax, y · x < y 

is PR since x < y ¢:} -i(y ~ x ). 

Proposition 6.1 (Definition by cases) Suppose f is de
fined by 

- _ { g(i) if P(i) 
f(x) - h(i) otherwise. 

Then f E P R(g, h, P). Hence if g, h, PE PR, then so is 
f. . 
Proof. f(i) := g(i) * P(i) + h(i) * zero(P(i)). D 

Proposition 6.2 Let P be an n-ary predicate, and 
/1, ···,In m-ary functions. Suppose that Q is de
fined by Q(i) ¢:} P(/1(i), · · ·, fn(i)). Then Q E 
PR(P, Ii,· .. , fn)), Hence if P, /1, · .. , In E PR, then 
so is Q. 
Proof. By composition. o 
Corollary 6.2 Suppose that Q is defined by Q(i) ¢:} 

(/1(i) = h(i)). Then Q E PR(/1, h). Hence if 
Ii, h E PR, then so is Q. 

Note that (in Propositions 6.1 and 6.2 and Corollary 
6.2) if the f's are total, then Q is a predicate. 
EXERCISES: 

1. Does the converse of Theorem 6.1 hold (i.e. f E PR(g) 
=> f explicitly definable from g)? If so, prove it. If 
not, state a modified result which is true, and prove it. 

2. (Generalised definition by cases) Let, for some n ~ 
2, 91, · · ·, 9n be functions and P1, · · ·, Pn-1 predi
cates. For the function f, as defined below, show that 
f E PR(g1, ···,Un, Pi,···, Pn-1). Hence if g, P E 
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PR, then so is f. (Hint: Induction on n with basis 
n = 2). 

91(i) if Pi(i) 
g2(i) if -iPi(i) /\ P2(i) 
g3(i) if -iP1(i) /\ -iP2(i) /\ P3(i) 

f(i) == 
9n-i(i) if -iPi(i) /\ "· /\ -,pn-2(i)/\ 

Pn-i(i) 
9n(i) if -iPi(i) /\ · · · /\ -,pn-i(i). 

6.2 Finite sums and products 

Theorem 6.3 Let f be an ( n + 1 )-ary function. If 

g(y, i) = Lz<y f(z, i), 
and h(y, i) = nz<y f(z,i), 

then g, h E P R(f). Hence if f E PR, then so are g, h. 

Proof. Define g, h by primitive recursion on y: 

{ 
g(O, i) = 0 

g(y + 1, i) = g(y, i) + f(y, i), 

and 

{ 

h(O, i) = 1 
h(y + 1, i) = h(y, i) * f(y, i). D 

Corollary 6.3 If 

g'(y, i) = E!:o f(z, i), 
and h'(y, i) = TI!:o f(z, i), 

then g', h' E P R(f). 

Proof. g'(y, i) = g(y + 1, i), and h'(y, i) = h(y + 1, i). 
0 

Corollary 6.4 If 

g"(y, i) = E!=i J(z, i), 
and h"(y,i) = TI!=l f(z,i), 

then g", h" E P R(f). 

EXERCISE: Prove Corollary 6.4. 

6.3 Bounded quantification 

Theorem 6.4 Let P be an ( n + 1 )-ary predicate. If 

Q(y, i) = (3z < y)P(z, i), 
and R(y, i) = (Vz < y)P(z, i), 

then Q, RE PR(P). Hence if PE PR, then so are Q 
andR. 

Proof. 

R(y, i) = Tiz<y P(z, i), 
and Q(y, i) = pos(Lz<y P(z, i)), 

or alternatively, Q(y, i) ¢:} -i(Vz < y)-iP(z, i). D 
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Corollary 6.5 If 

Q'(y, i) = (3z $ y)P(z, i), 
and R'(y, i) = (Vz $ y)P(z, i), 

then Q', R' E PR( P). Hence if P E PR, then so are Q' 
and R'. 

Corollary 6.6 If 

Q"(y, i) ~ (3z < f(y, i))P(z, i), 
and R"(y,i) ~ (Vz < f(y,i))P(z,i), 

then Q", R" E PR(!, P). Hence if f, P E PR, then so 
are Q" and R". 

Intuitively, bounded quantification is effective in P 
since there are only finitely many cases to check, while 
unbounded quantification, in general, is not. 
EXERCISE: Prove Corollaries 6.5 and 6.6. 

6.4 Bounded minimalisation 

Theorem 6.5 Let P be an ( n + 1 )-ary predicate. Define 
f(y, i) = (µz < y)P(z, i), meaning "the least z < y 
such that P( z, i) holds, if such z exists, 0 otherwise". 
Then f E P R(P). Hence if PE PR, then so is/. 

Proof. Put 

g(y, i) =LIT zero(P(t, i)) (4) 
z<yt<z 

Clearly, g E PR(P). We distinguish two cases: 

Case 1: There exists t < y such that P(t, i) is true, i.e. 
P(t, i) = 1. 
Let to be the least such t. Then, for any t < t0, 

P(t, i) = 0 so that zero(P(t, i)) = 1, and zero 
(P(to, i)) = 0. So for all z, 

IT zero(P(t, i)) = { ~ 
t<z 

Therefore, 

if z < to 
if z ~ t0 . 

LIT zero(P(t, i)) = 1 + · · · + 1 +0+0+· .. = t 0 
~ 

z<y t<z to times 

(5) 
Case 2: For all t < y, P(t, i) is false, i.e. P(t, i) = 0. 

Clearly, zero(P(t, i)) = 1. So for all z < y, 

IT zero(P(t, i)) = 1. 
t<z 

Therefore, 

LIT zero(P(t, i)) = 1 + · · · + 1 = y. (6) 
~ 

z<y t<z y times 

From (4), (5) and (6) we obtain 

{ 

"least z < y such that P( z, i) 
g(y, i) = if such z exists" 

y otherwise. 
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Finally, we define 

f(y, i) = { 90(y, i) if Q(y, i) 
otherwise, 

withQ(y,i) = (3z < y)P(z,i). Therefore, by definition 
by cases, f E PR(g, Q, P); by Theorem 6.3, g E PR(P); 
and by Theorem 6.4, Q E PR(P). So f E PR(P). o 
Corollary 6.7 If f(y, i) = (µz $ y)P(z, i), then f E 
PR(P). 

Corollary 6.8 If f(y, i) ~ (µz $ g(y, i))P(z, i), then 
f E PR(g, P). 

6.5 A note on unbounded minimalisation 

Let P be an ( n + 1 )-ary predicate, and f an n-ary function 
defined by 

f(i) ~ µyP(i, y), (7) 

meaning "the least y such that P ( i, y) holds, if such y ex
ists, and l otherwise". Clearly, f is not necessarily total, so 
f does not, in general, belong to PR( P). Intuitively, how
ever, f E EFF( P) since the following algorithm, which 
uses an oracle for P, computes/: 

Norns: 

''Test P(i, 0), P(i, 1), P(i, 2), · · · 
until y is found such that P ( i, y). 
Then halt, with output y." 

1. The n-ary function 

( 
... ) _ { µyP(i, y) if 3yP(i, y) 

9 x - 0 otherwise 

is total, but not (in general) effective in P. 
2. In (7), f E Q-COMP(P). Hence if P E Q-COMP, 

then so is f. The reader may try to prove this now, or 
wait for Proposition 12.1. 

6.6 More examples 

We conclude with some further examples of PR functions 
and predicates: 

• integer division or quotient 

quot(x, y) = lx/yJ 
= µz[z * y $ x /\ (z + 1) * y > x] 
= (µz $ x)[(z + 1) * y > x]. 

• remainder rem(x, y) = x-quot(x, y) * y. 
• divisibility predicate 

yjx ¢? rem(x, y) = 0, or alternatively, 
ylx ¢? 3z(x = Y* z) ¢? (3z $ x)(x = Y* z). 

• primality predicate 

prime(x) ¢? x > 1 /\ ,3y[l < y /\ yjx] 
¢? x > 1 /\ -,(3y < x)[l < y /\ ylx]. 

• prime number sequence 
Let Pn denote the n-th prime, with po = 0. Is ..\ n · Pn E 
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PR? The primitive recursive definition 

{ 
Po = 0 

Pn+l = µy[prime(y) I\ Y > Pn] 

is problematic as it stands, since (i) µ is unbounded, 
and (ii) it assumes the existence of a prime > Pn, or 
equivalently, the existence of infinitely many primes. 
Euclid comes to the rescue. 
Theorem 6.6 (Euclid) There are infinitely many 
primes. More precisely, 

\lx3p[prime(p) I\ x < p ~ (x! + 1)]. 

Proof Let y = x! + 1. For 2 5 k 5 x, rem(y, k) = 
1. Hence for 2 5 k 5 :,:, k Jy. But y has at least one 
prime factor p. Sox< p 5 y. D 

Since this theorem also gives a PR bound for each 
new prime, it suggests the following definition by prim
itive recursion: 

{ 
Po= 0 

Pn+l = (µy ~ (Pn ! + 1 ))[prime(y) I\ Y > Pn] 

which, by Corollary 6.8, is PR. 
EXERCISES: 

1. Show that the following functions and predicates are 
PR: 

(a) even(x)(x is even) 
(b) min(x, y) 
(c) perfsq(x) (xis a perfect square) 
(d) sqrt(x) (integral square root of x) 
(e) gcd(x, y). 

2. Show that every finite subset of N is PR. 
3. Is every co-finite subset of N PR? (A set is co-finite if 

its complement is finite.) 
4. Let/( x) = "the number of 1 'sin the binary represen

tation ofx". Show that f E PR. 
5. For any total function f of one argument, define 

g(n, x) = r(x)' (then-th iterated composition of/). 
Is g E PR(/)? 

7 PR Codings of Finite Sequences of Num
bers 

In the previous sections we elucidated the concepts of prim
itive recursiveness and Q-computability. In this section we 
discuss coding devices based on primitive recursive func
tions, and then use them to code Q-programs as numbers 
so that they can serve as inputs to other programs - or to 
themselves! 
Theorem 7 .1 (Fundamental Theorem of Arithmetic) Ev
ery number > 1 can be represented uniquely ( apart from 
order) as a product of primes. 
Hence for x > 1, we can write 

(8) 

for unique k > 0, e1, · · ·, e1c, where p; = i-th prime (p1 = 
2), e; ~ 0 for 1 5 i 5 k, and e1c > 0. 
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Lemma 7.1 (a) For a~ 2, n < an. 

(b) n 5 Pn· 

Proof By induction on n. D 

Hence in (8): 

e; < P? 5 x 
k 5 Pk 5 x 

(l'.:,i'.:,k)} 

7 .1 PR coding of pairs of numbers 

We define 

pair(x, y) = (x, y) = 2z(2y + 1)-1, 

which is clearly PR. 

Proposition 7.1 

(9) 

\lz3!x,y((x,y) = z) (10) 

Proof Wewantz = (x,y) i.e. z+l = 2z(2y+l). Bythe 
fundamental theorem of arithmetic, z+ 1 = 2z3a25a3 ••• = 
2z u for unique x and u, where u is odd (possibly 1). Put 
u = 2y + 1. So y is also uniquely determined (possibly 0). 
D 

Norn: Proposition 7 .1 determines two inverse functions 
satisfying (10), i.e. the functions left inverse l( z) and right 
inverse r(z), which satisfy 

l((x,y)) = x, 
r((x,y)) = Y, 

and (l(z),r(z)) = z. 

Lemma 7.2 x, y 5 pair(x, y). 

Proof In (10), x < 2z 5 2z(2y + 1) = z + 1, and 
y < 2y + 1 5 2z(2y + 1) = z + 1. Sox, y ~ z. D 

Proposition 7.2 l, r E PR. 

Proof 

l(z) = (µx 5 z)(3y 5 z)(z = (x,y)) 0 
and r(z) = (µy 5 z)(3x 5 z)(z = (x,y)). 

Theorem 7.2 (Simultaneous or mutual primitive recur
sion) Let 

/1 (x, 0) 
h(x,O) 

fi(x,t+l) 
h(x,t+l) 

gi(x) 
= g2(x) 

h1(x, t, fi(x, t), h(x, t)) 
= h2(x, t,Ji(x, t), h(x, t)). 

Then Ii, h E P R(91, 92, hi, h2). 
Hence if 91, 92, hi, h2 E PR, then so are !1, h, 

Proof We put f(x, t) = {/1(x, t), h(x, t)) and show that 
f E PR(91, 92, h1, h2). Let 

f(x, 0) = (91(x), 92(x)) = 9(x) (say) 
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and 

f(x,t+l) = (h1(x,t,ft(x,t),h(x,t)), 

where 

h2(x, t, fi(x, t), h(x, t))) 
= (h1 (x, t, l(f(x, t)), r(f(x, t))), 

h2(x, t, l(f(x, t)), r(f(x, t)))) 
= h(x, t, f(x, t))) (say) 

h(x, t, z)=dr(h1 (x, t, l(z), r(z)), h2(x, t, l(z), r(z))). 
So f E PR(g,h), g E PR(gi,92), h E PR(h1,h2) by 
explicit definition. Therefore, f E PR(gi, g2, hi, h2). Fi
nally, ft(x, t) = l(f(x, t)) and h(x, t) = r(f(x, t)). So 
f 1 E PR(/). Therefore, by transitivity, 
ft E PR(g1, 92, hi, h2). Similarly, 
h E PR(g1,U2, hi, h2). D 

7.2 PR coding of finite sequences of numbers 
We define the code or GtJdel number (gn) of a sequence 
a1, ···,an (n ~ 0) as the number 

n 

[a1, ···,an]= IT Pt, 
i:1 

Proposition 7.3 For fixed n, 

AXt, · · · , Xn • [x1, · · · , Xn] E PR. 

Proof. Clear. o 
Theorem 7.3 (Uniqueness of component~) 

[a1, ···,an]= [bi,···, bn] => ai = bi (i = 1, · · ·, n). 

Proof. By the fundamental theorem of arithmetic. o 
NOTES: 

1. [a1, ···,an, 0) = [a1, ···,an], so trailing O's make no 
difference. 

2. [OJ = (0, 0) = (0, 0, OJ = .. · = 2°3°5° .. · = 1, so 
1 codes any sequence of O's. We also assume that 1 
codes the empty sequence [ J. 

The following two functions are, in a sense, inverses of the 
gn function. Let x = [a1, ···,an], We define 

{ 
ai 

(x)i = 0 

and for x :/; 0, 

if 1 ~ i ~ n 
otherwise 

Lt( x) = length of the sequence represented by x 
= k when x = [ai, · · ·, akJ with a1i; :/; 0 

and put Lt(O) = 0. Note that ( x )i is well-defined, since 
for example, if x = [a1, a2J = [ai, a2, 0, O], then (x)4 = 0 
under either interpretation. 

Proposition 7.4 

{ 
ai if 1 ~ i ~ n 

(a) ([ai' · · · 'an])i = 0 otherwise 

(b) [(x)i, · · ·, (x)n] = x if n ~ Lt(x). 
Proof. From the definitions. o 
Theorem 7.4 AX, i · (x)i, Lt E PR. 
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Proof. (a) (z)i = (µy < z)-,(pf+1lz). 
(b) Lt(z) = µk[(x)k :/; 0 /\ (Vj > k)((x); = O)]. But to 
apply the results of Sections 6.3 and 6.4, we need bounds 
for k and j. So from (9), 
Lt(x) = 

(µk < x)[(x)k :/; 0 /\ (Vj < x)(k < j => (x); = O)J. 
0 

Norn 3: For later use we define 

concat(x, y) = xny = concatenation of x and y, 

where x and y are viewed as gn's of finite sequences. 

Proposition 7.5 concat E PR. 
Proof. Suppose that 

OJ OJr 
x = Pi · · ·P1c , 

b1 bt 
Y = P1 ···Pt , 

So 

k = Lt(x), ai = (x)i, a1i; :/; 0 
f = Lt(y), bi = (Y)i, bt :/; 0. 

0 

EXERCISES: 

1. (CV recursion) For any function f, write 

{ 
i(O) = 1, 
f(n) = [/(0), · · ·, f(n - 1)] if n :/; 0. 

Now, given a function g, suppose f is defined by 
f(n) = g(i(n)). (The point is that the value off 
at n depends explicitly on the values of f at i for all 
i < n, not just on f(n - 1), as with definition by 
primitive recursion.) Show that f E PR(g). (Hence if 
g E PR, then so is f.) 

2. (Fibonaccisequence)LetF(O) = O,F(l) = 1,F(n+ 
2) = F(n) + F(n + 1). Show that FE PR. 

7.3 Godel numbering of the Q programming language 
Let S be a set. A GtJdel numbering (GN) or effective 
numbering of S is a 1-1 map # : S --+ N such that for 
all x E S, we can effectively (or algorithmically) find 
#(x) EN, and for all n EN, we can effectively determine 
whether n Eran(#), and if so, effectively find the x ES 
such that #( x) = n. Note that if S has a GN, then S is 
countable (by Theorem 2.2). 

It is often convenient to make# surjective, in which 
case it has a bijective inverse #- 1 : N --+ S that is an 
effective enumeration of S. Moreover, we can move ef
fectively from surjective GN's of S to effective enumera
tions of S, and vice versa, defining either one or the other, 
whichever is more convenient. Indeed, we have already 
defined surjective GN's, and hence effective enumerations, 
of N2 (Section 7.1) and N*, the set of all finite sequences 
from N (Section 7.2). 

We are now ready to code Q-programs as numbers. 
• Effective enumeration of all variables 

Y, Xi, Z1, X2, Z2, X3, Z3, 
1 2 3 4 5 6 7 
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For example, #(X2) = 4. 
• Effective enumeration of all labels 

Ai, Bi, Ci, Di, 
1 2 3 4 

For example, #( B2) = 7. 
• Godel numbering of all instructions 

Forconveniencewereplace 'skip' by 'V +- V' forany 
variable V. Then the GOdel numbering of instruction I 
is #(I) = (a, (b, c)) where 

{ 
0 if I is unlabelled 

- a= #(L) if I has label L 

- b= l O if I is V +- V 
1 v++ 
2 V--
#(L') + 2 if V # 0 goto L' 

- c = #(V) - 1 if the variable in I is V. 
The associated effective enumeration of all instructions 
is obtained as follows: Given q E }/, we let a = l( q ), 
b = l(r(q)), c = r(r(q)). Then, the statement 

- is unlabelled if a = 0, and the statement has the 
label with number a if a # 0. 

l 
V +- V if b = 0 

. V ++ " b = 1 
- IS V - - " b = 2 

if V # 0 goto L " b > 2 
where the label L is such that#( L) = b - 2. 

- uses variable V with #(V) = c + 1. 
• Godel numbering of programs 

Let P = ( Ii , · · · , I k) be a program. We define 

#(P) = [#(/1), ···,#(IA:)] - 1 

which is surjective and, therefore, gives an effective 
enumeration of programs. But note that the unlabelled 
statement 'Y +- Y' has Godel numbering 0, and hence 
we can form many programs P with the same #(P) by 
simply adding any number of unlabelled statements 
'Y +- Y'. To prevent this, we stipulate that a program 
may not end with an unlabelled statement of the form 
'Y +- Y'. Let us denote by g-PROG the set of all 
such programs. Then 

# : Q-PROG -+ }I 

is injective and even bijective. So the inverse of# is 
an effective enumeration of g-PROG. 

Now let Pn be then-th program under the above GN, i.e. 
the program P with #(P) = n. Then 

Po, Pi, P2, · · ·. 

is an effective enumeration of g-PROG. 
EXERCISES: 

1. Let P be the program 

if X # 0 goto A 
Y++ 
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which computes the zero function. What is #(P)? 
2. What is Po? What is P99? 
3. Show that every g-computable function has infinitely 

many gn's, i.e. Va 3 infinitely many b: 'Pa = 'Pb· 

8 The Church-Turing Thesis 

The Church-Turing Thesis ( CT), formulated in terms of 
g-computability, states that any function which is com
putable by any algorithm whatsoever, is computable by a 
g-program. This thesis was first formulated in the 1930's, 
independently by Church, using the formalism of the,\
calculus, and Turing, using the formalism of Turing ma
chines. 

Although CT cannot be mathematically proven since 
it uses the non-mathematical notion of "algorithm", its 
acceptance is based on three arguments. Firstly, there is the 
philosophical analysis of the notion of "algorithm", as done 
by Turing. Secondly, many attempted formalisms of the 
notion of "algorithm" have been found to be equivalent, for 
example: Turing machine computability, ,\-computability, 
g-computability, Pascal-computabiHty, etc. Thirdly, no 
counterexample to CT has been found in over 50 years. 

Clearly, by CT, g-COMP = EFF. Similarly, we can 
formulate a relativised version of CT (Rel-CT), which says 
that g-COMP(g) = EFF(g). 

The collection [1] contains many of the famous pio
neering papers on computability theory, including those of 
Church and Turing in which their respective versions of CT 
were first formulated and justified. 
Norn: Any theorem which requires CT in its proof will 
be marked with the superscript 'CT', and any proof which 
uses CT ( even if not required) will also be so marked. 

9 The Halting Problem; The Universal Func
tion Theorem 

9.1 Decidability 
Let B and C be n-ary relations. We say that B is 

• primitive recursive ( PR) iff its characteristic function 
XB is; 

• g-computable or recursive iff XB is g-computable; 
• decidable or effective or algorithmic iff XB is. 

Thus, B isdecidableifthereisanalgorithmtotestformem
bership of B. Similarly we can define relativised versions 
of the above notions for relations (i.e. primitive recursive 
in g, recursive in g and decidable in g, respectively). 
Theorem 9.1 BU C, B n C E P R(B, C), and iJ E 
PR(B). Hence if B, CE PR, then so are BU C, B n C 
and iJ. 
Proof. Since XBue = XB V Xe, XBne = XB A Xe, and 
xs = -,XB, the results follow from Theorem 6.2. o 
Corollary 9.1 Bu C, B n C and iJ are recursive in B, C. 
Hence if B, Care recursive, then so are Bu C, B n C and 
iJ. 
Proof. By Corollary 5.4. o 
NOTES: 
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1. Intuitively B u C and B n C are decidable in B, C, 
and iJ is decidable in B. Hence if B, C are decidable, 
then so are B u C, B n C and lJ. 

2. Clearly, if B is recursive (in i), then B is certainly 
decidable (in g). By Rel-CT, also the converse is true, 
so that Bis recursive (in g) iff Bis decidable (g). 

9.2 The halting problem 
The Halting Problem is the relation 

HP= {('P, x)IP halts on x} ~ Q-PROG x N. 

We say that the Halting Problem is decidable or (effectively) 
solvable if the above relation is decidable; in other words, 
if there is an algorithm which, when given a Q-program 
P and an input x, determines whether P eventually halts 
on x. The obvious question now is: Is HP decidable? In 
this section we answeE the question using CT and the Godel 
numbering of g-PROG. 

Let H alt(y, x) be the characteristic predicate of HP, 
i.e. 

Halt( x) = { 1 if Py h~ts on x 
Y' 0 otherwise. 

Theorem 9.2 Halt is not g-computable. 
Proof. Suppose it is. Then there exists a macro for it: 

j H alt(V,U) j. 

Consider the program 'P: 

! [A] if H alt(X, X) goto A I· 

{ 
l if Halt(x, x) 

'l'p ( x) ~ 0 otherwise. 

So for all x, 

'l'p(x) ! {:::=} ,Halt(x,x). 

Letting p = #(P), (11) yields, for all x, 

Halt(x,p) {:::=} ,Halt(x, x). 

Finally, putting x = p. we obtain 

Halt(p,p) <==> ,Halt(p,p), 

a contradiction. o 

(11) 

Note the use of diagonalisation or self-application in the 
proof above. 

We now use CT to show the unsolvability or undecid
ability of HP. 
Theorem er 9.3 There is no algorithm which, when given 
a g-program Panda number x, will determine if'P halts 
on input x. 
Proof. Suppose there is such an algorithm. Then there is an 
algorithm which, given any y and x, detennines if program 
'Py halts on input x. Hence by CT there is a Q-program 
which does the same, a contradiction to Theorem 9 .2. o 
EXERCISE: (Another version of the unsolvability of HP) 
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Show that the diagonal set below is not decidable: 

{xlHalt(x, x)} = {xl<l>x(x) !}. 

9.3 The universal g -program; UFT 

Reiterating, we have a method (GN) for uniquely and ef
f~tively associating g-programs with numbers. In this 
way we can code g-programs so as to use them essentially 
as inputs to other g-programs, or even to themselves. In 
the previous subsection we used this technique and CT to 
show that there is no algorithm by which we can detennine 
whether a program 'P halts on an input x. In this section 
we use the Gtxlel numbering to prove another important 
but positive result. 

Let <p~n) denote the n-ary function computed by pro
gram 'P 11 • Then 

(n) (n) (n) 
<po , <pl , <p2 , • · · 

is an enumeration of g-COMp(n), and y is the gn or index 
of <p~n). We define the ((n + 1)-ary) universal function 
ct>< n) for Q-COMp( n) by: 

Norn: We often drop the superscript '( n)' from cl> and <p 

when n = 1. 
The following is the universal function theorem ( UFT) 

forg-COMP: 

Theorem 9.4 cI>(n) E g-COMp(n+l). In fact, there is 
a universal program Un for 9-COMJi-n) which computes 
cI>(n). That is, 'l't .. +1) = cI>(n). 

Proof 1 (using en: Consider the following algorithm: 

"With inputs x1, · · ·, Xn, y: 
construct the program 'Py; 
apply it to inputs x1, · · ·, Xn ." 

This provides an effective method for computing ct>< n )( i, y) 
for any i, y. Hence by CT, ct><n) is Q-computable. 

Proof 2 (not using en: We will actually construct Un, fol
lowing [2, §4.3]. First we make some general remarks on 
the construction of the program. 

It will be necessary to code not only programs, but 
also states by numbers. For example, if dom(u) = 
{Y, Xi, X2, Z1 }, and u(Y) = 0, u(Xi) = 2, u(X2) = 3, 
u(Zi) = 1 (say), then #(u) = [O, 2, 1, 3] =PY· p~ · p} · Pl· 
(Also for convenience we will use macros freely and ignore 
the rules for letters for variables and labels.) 

For each n > 0, Un simulates the computation of the 
program numbered X n + 1 on the input variables X 1, · · · ,X n. 
Suppose 

'P = (11, ···,Im)· 

Then 

Xn+l = #('P) = [#(/1), ···,#(Im)] - l. 
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The variables Z, S, and K store the sequence of instruc
tions, the gn of the current state, and number of the instruc
tion about to be executed, respectively. So 

Z ="[#(Ii),···, #(/m)J, 

Sis initialised to pf pf 1 pf' pf 2pf2 
• • ·, and K is initialised 

to 1. Note that the input variables X 1, X 2, · · · have even 
places in the effective enumeration of program variables 
(see Section 7 .3), so the variables occupying the odd places 
assume the value O at the beginning of the program. Now, 
if at any stage 

(Z)K = #(JK) = (a, (b, c)), 

and we put 

U = r((Z)K) = (b,c), 

then, for the next instruction, 

l((Z)K) = a, is its label, 
l(U) = b, its type, 
r(U) = c, the variable involved. 

The universal program Un is then 

0 

Z - Xn+t + 1 
S - TI?:1 (p2i)X; 
K-1 

[ C] if K = Lt( Z) + 1 V K = 0 goto F 
U - r((Z)K) 
p - Pr(U)+l 
if l(U) = 0 goto N 
if l(U) = 1 goto A 
if ,(PIS) goto N 
if l(U) = 2 goto M 
K - miniSLt(z)[l((Z)i) + 2 = l(U)] 
goto C 

[M] S - lS/PJ 
goto N . 

[A] S - S · P 
[N] K++ 

goto C 
[F] Y - (S)t 

9.4 The step-counter predicate 
We consider the predicates 

stp(n)(i, y, t) 
~ P 11 , with inputs i, halts in t or fewer steps 
~ 3 a computation of P 11 , with inputs i, 

of length ~ t + 1. 

Theorem 9.5 stp(n) E (}-COMP. 
Proof 1 (using CT): Use the algorithm 

"Run P 11 with inputs i up to t steps; 
if it has halted, 

then stp(n)(i, y, t) - 1 
else stp(n)(i, y, t) - O." 
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Proof 2 (not using CT): Modify the universal program to 
include a step counter Q, as follows. (Note that only two 
lines have been added (*), and one line changed (**)). 

Z - Xn+t + 1 
S - TI?:1 (P2i)X; 
!( -1 

[CJ Q++ (*) 
ff Q > Xn+2 + 1 goto E (*) 
if K = Lt(Z) + 1 V K = 0 goto F 
U - r((Z)K) 
p - Pr(U)+l 
if l(U) = 0 goto N 
if l(U) = 1 goto A 
if ,(PIS) goto N 
if l(U) = 2 goto M 

/( - miniSLt(z)[l((Z)i) + 2 = l(U)] 
goto C 

[M] S - lS/PJ 
goto N 

[A] S-S·P 
[N] K++ 

goto C 
[F] Y++ (**) 

0 

NOTES: 

1. The predicate 

stpin\i, y) ~ ''1'11 , with inputs i, halts (at all)" 

is not (}-computable, since it is (essentially) HP. 

2. Similarly, the predicate 

( n) ( _ ) { t + 1 if P 11 halts on i in t steps 
stp2 x' Y = 0 otherwise 

is not (}-computable, since a (}-program for stp~n) 
could easily provide a solution to HP. 

3. We can prove a stronger result than Theorem 9.5: 

Theorem 9.6 stp< n) E PR. 

Proof. Let 

K(n)(i, y, t) 

be the instruction counter function, giving the number of 
the instruction to be read byP11 , with inputsi, at timet+ 1, 
and 

5(n)(i, y, t) 

giving the state, at time t + 1, when P11 has inputs i. 

We define K(n) and s(n) by primitive recursion on t. 
For the basis we let 

K(n)(i, y, 0) = 1, 

and s(n)(i, Y, 0) = TI?:1 P~t. 
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For the induction step we put 

k = K<"\x, y, t), s = s<">(x, y, t), 
L = Lt(y + 1), u = r((y + l)k), 
b = l(u), c = r(u), 

P = Pc+l· 

Then K<">(i, y, t + 1) = 

{ 

0 if k = 0 or k > L 
k + lif (0 S k SL)/\ (b S 2 V pJs) 
(µi < L)[l(y + l)i) = b-2] otherwise, 

and s<">(i, y, t + 1) = 

{ 

8*p if{Os k S L)/\(b = 1) 
quot(s,p) if (0 S k SL)/\ (b = 2) /\ pis 
s otherwise. 

By Theorem 7.2 K(n), s<n) E PR. Finally, 

stp<")(i, y, t) {::} ,[O < K(n)(i, y, t) S Lt(y + 1)). 

0 

We conclude this section by answering some of the 
questions concerning the properness of the "~" inclusions 
in the diagrams in Section 5. In particular, Q-COMP=EFF, 
by CT, and Q-COMP C FN, since Q-COMP is countable 
(<po, <p1, <p2, ···),and FN is uncountable by Cantor's theo
rem (Theorem 2.3( a)). 
Norn: By re-proving Cantor's Theorem in the present con
text, we can produce a non-computable total function f as 
follows. Define 

!( ) _ { <pn(n) + 1 if <pn(n) ! 
n - 0 if <pn ( n) f . 

1hen f ft. Q-COMP, since (as we can easily see) for all n 
f(n) # <pn(n). (So f is a witness that Q-COMP C FN.) 
Intuitively, f is not computable because the above defini
tion by cases is not effective, owing to the undecidability 
of HP. Note the use of diagonalisation again here! 

Now, 

Q-COMP 

u 
PR C Q-TCOMP 

and, using Rel-CT, 

= EFF 

u 
TEFF 

c FN 

u 
C TFN 

PR(i) c Q-COMP(g) = EFF(g) c fN 

u u u u 
TPR(g) ~ Q-TCOMP(g) TEfF(g) C TFN 
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10 Recursive Enumerability 

10.1 Recursively enumerable relations 

Let B be an n-ary relation on N. We say that B is 

• recursively enumerable (r.e.) or Q-semicomputable 
iff B is the domain of some Q-computable function, 
i.e. there exists a Q-computable function g such that 
B = dom(g) = {ilg(i) !}; and 

•- semi-decidable or semi-effective iff there is an algo
rithm which gives positive information (only) on mem
bership of B, i.e. with input i, the algorithm halts iff 
iEB. 

NOTES: 

1. By CT, Bis r.e.iff Bis semi-decidable. 

2. If Bis decidable, then B is certainly semi-decidable, 
since an algorithm which decides B can easily be mod
ified to one which gives positive information only on 
B. (However, the converse is not true, as we will see!) 
The analogous result for Q-computable B is: 

Theorem 10.1 If B is recursive, then B is r.e. 

Proof. Since x 8 is Q-computable, there exists a macro 
which computes it. The program 

I [ A] if X B ( X 1, · · · , Xn) = 0 goto A I 
halts only on input i E B. o 

Theorem 10.2 Bis recursive if! Band iJ are r.e. 

Proof. (=}:) Suppose Bis recursive. By Theorem 9.1, iJ 
is recursive, and the result follows from Theorem 10.1. 
(<=:)Suppose Band fJ are r.e. Say 

B = dom(g), g computed by program Pp, 
and fJ = dom(h), h computed by program Pq. 

Intuitively, on any input i, we dovetail executions of PP 
and Pq until one of them halts. Note that, by Theorem 9.5, 
there is a macro for stp<"). So the program 

[A] if stp<")(x, p, T) goto C 
if stp<">(X, ij, T) goto E 
T++ 
goto A 

[C] Y++ 

computes xn. o 

Theorem 10.3 If B, C are r.e., then so are B n C and 
BUG. 

Proof. Suppose 

B = dom(g), g computed by program Pp, 
and iJ = dom( h), h computed by program P q. 

The program 

y - g(X) 
Y - h(X) 
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baits for inputs in dom(g) n dom(h) = B n C. On the 
other hand, dovetailing PP and P q, the program 

[A] if stp(n)(X,p, T) goto E 
if stp<n)(.X, q, T) goto E 

T++ 
goto A 

baits for inputs in dom(g) U dom(h) = BU C. o 
Intuitively, if B and C are semi-decidable, then so are 
B nC, and B UC. 

Let REC and RE denote the classes of recursive sets 
and r.e.sets, respectively. Then, clearly, 

! PR ~ RF.c ~ RE ~ fp(N) 

We devote the rest of the section to the questions concerning 
the properness of the above"~" inclusions (except for the 
leftmost one, which will be answered later - Section 14, 
Exercise 3). 

By Corollary 9.1, REC is closed under u, n and -and 
RE is closed under u and n. The obvious question now 
is: Is RE closed under -? The answer to this question also 
resolves the question concerning the second "~" inclusion. 

Let Wn = dom(<pn), So for all x, 

XE Wn -¢:::::} 'Pn(x) !, 

yielding an effective enumeration of RE: 

Wo, W1, W2,··· 

Now let K = {xix E Wz}, Then 

x E K -<==} x E Wx -<==} <pz ( x) ! . (12) 

Theorem 10.4 K is r.e., but not recursive. 

Proof. K is the domain of the function .,\x · cf>( x, x ), which, 
by Theorem 9.4, is Q-computable. So K is r.e. Suppose K 
is recursive. Then, by Theorem 10.2, f< is r.e. Therefore 
for some n, 

So for all x, 

Putting x = n, 

a contradiction. o 

Corollary 10.1 f< is not r.e. 

Proof. 

f< r.e. ~ K, f< r.e. (Theorem 10.4) 
~ K recursive (Theorem 10.2). 
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(13) 

This contradicts Theorem 10.2. o 
NOTES: 

1. Note again the use of diagonalisation (or self-refer
ence) in the proof of Theorem 10.4. 

2. The non-recursiveness of K is just another fonnulation 
of the unsolvalility of HP (see Section 9.2, Exercise). 

3. REC C RE by Theorem 10.4, with witness K. 
4. Similarly, RE c fp(N), by Corollary 10.1, with wit

ness f<. 
5. Alternatively, we can argue that RE c fp(Af) be

cause RE is countable by the enumeration Wo, W1, · · · 

whereas fp(Af) is uncountable by Cantor's theorem 
(Theorem 2.3(b)). Hence we have 

~ PR ~ RF.c C RE C fp(N) 

EXERCISE: By re-proving Cantor's theorem in the present 
context, produce a witness that RE c ~~(Al'). What is the 
connection between this witness and the one in Note 4? 

10.2 Characterisation of recursively enumerable sets 
using CT 

Although the theorems in this section do not depend on 
CT, we will give proofs using CT for simplicity (following 
[3]). 

Theorem 10.S If f is total <]-computable, then ran(!) is 
r.e. 
Proo/CT: Suppose that f is total computable. The follow
ing algorithm halts only on inputs in ran(!): 

"With input x: 
compute (in tum) /(0), /(1), /(2), · · · 

until you find an i with f ( i) = x; 
then halt." 

By CT there is a <]-program corresponding to this algo
rithm. 0 

Theorem 10.6 If f is <]-computable, then ran(!) is r.e. 
Proof CT: By modifying the algorithm in the proof of The
orem 10.5 as follows: 

"With input x: 
generate ran(!) by dovetailing (interleaving), 

i.e. in stages: 
at stage n: 

do n steps in the computation of 
/(0),/(1),/(2),···,/(n - 1); 

halt when you find an i with f(i) = x." 

Again, by CT there is a <]-program corresponding to this 
algorithm. o 
Theorem 10.7 If f is total <]-computable and strictly in
creasing, then ran(!) is recursive. 
Proof CT: By modifying the algorithm in the proof of The
orem 10.5 as follows: 
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0 

"With input z: 
compute (in tum) /(0), /(1), /(2), · · · 

until you find an i such that f ( i) ~ z; 
if f(i) = z: output 1; 
if f ( i) > z: output 0." 

The next two theorems can be considered a converse to 
Theorem 10.5. 
Theorem 10.8 If B is r.e. and B f:: 0, then there exists a 
total Q-computablefunction f such that B = ran(!). 
Proo/CT: Let g be Q-computable with dom.(g) = B. 
The following algorithm computes a total function f with 
dom.(f) = B: 

0 

"With input z: 
generate list of elements of B by dovetailing: 

at stage n: 
do n steps in the computation of 

g(O),g(l),·· ·,g(n- 1); 
for all i < n such that g( i) ! in:=::; n steps, 

add i to list; 
[Note: List is infinite (even if Bis finite), 

since it has repetitions.] 
output element number z in the list." 

Theorem 10.9 If Bis r.e. and infinite, then there exists a 
total 1-1 Q-computablefunction f such that B = ran(!). 
Proof CT: EXERCISE. 0 

By combining the above results, we get: 
Theorem 10.10 

(a) Suppose B f:: 0. Then B is r.e. if! Bis the range of a 
total 9-computable function. 

(b) Bis r.e.iff Bis the range of a Q-computablefunction. 
Proof. ( a) From Theorems 10.5 and 10.8. 
(b) From Theorems 10.6 and 10.8, and since 0 is r.e., being 
the domain and the range of ..\z · r. D 

Nom: This theorem gives the justification for the termi
nology "recursively enumerable". (Compare Theorem 2.2 
and Notes 1 and 2 following it.) 
EXERCISES: 

1. Prove Theorem 10.9. 
2. Prove: Suppose B f:: 0. Then B is r.e. iff B is the 

range of a 1-1 Q-computable function. 

11 Enumerability of Total Computable Func
tions 

In Section 9 .3 we defined an ( n + 1 )-ary Q-computable uni
versal function for Q-CQMp( n) in terms of an enumeration 
<.p~n), <.pin), ... of Q-CQMp( n). In this section we show that 
this cannot be done for Q-TCQMp(") ( even when n = 1 ). 
It is for this reason that we consider (partial) Q-computable 
functions as more fundamental than total Q-computable 
functions. 

For any binary function F and n E N, let 

Fn=dr..\z · F(n, x). 

22 

We now investigate whether the UFf holds for g _ 
TCQMp( 1), i.e. whether there is a universal function 
FE Q-TCQMp(2), for which the sequence 

Fo, Fi, F2, · · · (14) 

enumerates all of Q-TCQMp( 1). (Note that there is a UFT 
for 9-COMP, by Theorem 9.4.) 

Theorem 11.1 If F E Q-TCOMJ"-2), then 

(a) for all n, Fn E 9-TCOMP'-1), but 

(b) we can find a function h E 9-TCOMP'-1) which is 
outside the enumeration ( 14), i.e. for all n, Fn f:: h. 

Proof. ( a) Clear. 
(b) Define h(z) = F(z, x) + 1. D 

Corollary 11.1 There exists no UFTforQ-TCOMP. 

NoTES: 

1. Note the use of diagonalisation in the proof of Theo
rem 11.1. 

2. By CT this theorem says: Given any effective enu
meration of some class of total computable functions, 
we can "diagonalise out" to obtain a total computable 
function outside the class! 

3. Thus, although 9-TCOMP is enumerable by classical 
reasoning (being a subset of the enumerable set 9-
COMP), it is (by C1) not effectively enumerable! (See 
also Exercise 3 below.) 

4. Why can the method of "diagonalising out" not be 
used to contradict the UFf for 9-COMP? Because the 
definition h(x) ~ 'Px(x) + 1 does not imply that for all 
y, <.py f:: h. For suppose h = 'Pn· Then the equation 

'Pn(n) ~ h(n) ~ 'Pn(n) + 1 

just means that 'Pn ( n) f. 

EXERCISES: 

1. Let Q-COMP-PRED be the class of Q-computable 
predicates, i.e. the total functions P : N ---+ 2. Is 
there a UFf for Q-COMP-PRED? 

2. (a) Let PR-DERIV be the set of all PR-derivations. 
Show how (by GOdel numbering or otherwise) to 
give an effective enumeration of PR-DERIV, and 
hence (as a sublist) an effective enumeration of 
the set PR-DERIV(l) of PR-derivations of unary 
functions. This induces an effective enumeration 
/0,/1, h, ···of PR(I). 

(b) Let F be the binary universal function for PR(t) 
under the enumeration in (a), i.e. for all m and n, 
F(m, n) = fm(n). Clearly Fis effective, and 
hence in Q-TCOMP, by CT. But is F primitive 
recursive? More generally, is there a UFf for PR 
at all? 

3. Show that the set {Yl'Py is total} is not r.e. (Hint: 
Otherwise there would be a UFf for Q-TCOMP). 
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12 µ-Primitive Recursive Functions 

The main result of this section is the equivalence of the 
class of µ-primitive recursive functions and the class of 
Q-computable functions. 

We inductively define the class µPR of µ-primitive 
recursive1 functions. This is the least class of functions 
which 

1. contains the initial functions S, Z and U?; 
2. is closed under composition and primitive recursion; 

and 
3. is closed under the (unbounded) µ-operator, i.e. if 

g E µPR(n+t) and 

f(i) ~ µy[g(i, y) ~ O], (15) 

then f E µPR(n); 

where µPR< n) is the class of µPR functions of arity n. (The 
µ-operator was introduced in Section 6.5.) 
NoTES: 

1. Without clause 3, the definition yields the class PR. 
The effect of clause 3 is to include panialfunctions. 
For example, if g = >.i, y · 1, then f is the totally 
undefined function. 

2. Note the constructive or computational meaning ofµ: 
Suppose, for example, that in (15), for some given i, 

g(i, 0) = 1, g(i, 1) = 1, g(i, 2) l, g(i, 3) = 0. 

Then /(i) l, since in the computation of g(i, y) for 
y = 0, 1, 2, ···,we never reach y = 3. 

3. Each µPR function has an associated µPR-derivation, 
which is similar to a PR-derivation, but with the ex
tra possibility of obtaining a function from a previous 
function in the derivation by applying the µ-operator. 

Proposition 12.1 In (15), f E Q-COMP(g). Hence if 
g E Q-COMP, then so is f. In other words, Q-COMP is 
closed under the µ-operator. 
Proof. The following Q-program with an oracle (or macro) 
for g, computes f: 

[A] z ~ g(X, Y) 
if Z = Ogoto E 
Y++ 
goto A ......_ ________ ___. 0 

Next we give two celebrated results, essentially due to 
Kleene ( using a different formalism and terminology -
see [4], Part III). 
Theorem 12.1 (Normal Form Theorem for Q-COMP) 
For all n, there exists a PR (n+2)-ary predicate T(n), and 
a PR function U, such that for all c and i, 

(16) 

Proof. A computation number (gn of a computation) has 
the form 

Y = Pr 1P? · · · P;' 
--------

I We are using the terminology of [5]. 
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where for 1 :::; t :::; f, Ct is a snapshot at time t, i.e. 

_ (k ) where kt= K(n)(c, i, t-1), 
Ct - t, St ( ) 

and St= Sn (c, X, t-1), 

as defined in Section 9.4. 
We define T< n) ( c, i, y) as the predicate "y is the compu
tation number when Pe has input x:" In symbols, putting 
Le = Lt(c + 1) and Ly = Lt(y) : 

(\/t :::; Ly )[(Y)t+l = (K(n)(c, i, t), s(n)(c, i, t))] 
1\(\/t < Ly)[{l:::; K(n)(c, i, t):::; Le) 
f\-,(1 :::; K(n)(c, i, Ly) :::; Le)]. 

We define U(y) as the value of the output variable at the 
final state in computation y. In symbols: 

U(y) = (r((y)Lt(y)))1. 

It is clear that T< n), U E PR, and that (16) holds. D 

Theorem 12.2 µPR= Q-COMP. 

Proof. We will show that 

f is µPR <=> f is Q-computable. 

( =>:) This is obvious from CT. However, a proof without 
CT exists, and serves as confirmation for CT. We will ef
fectively associate, with each µPR-derivation of a function 
f, a Q-program for f by CV induction on the length of the 
derivation. (Compare proof of Lemma 5.2.) If the last 
step in the derivation is an initial/unction, or formed by 
composition or primitive recursion, use Proposition 5.2. If 
the last step is an application of the µ-operator (the new 
case), use Proposition 12.1. 
(<:::)By Theorem 12.1. o 
NOTES: 

4. As with PR-derivations (see Section 11, Exercise 2) 
we can give an effective enumeration of the set µPR
DERIV of µPR-derivations, and hence an effective 
enumeration of µPR. The proof of Theorem 12.2 ac
tually gives effective maps between µPR-DERIV and 
Q-PROO (PR in their gn's, in fact), thus providing 
us with a second effective enumeration of Q-COMP 
(=µPR). (The first was induced by the Godel number
ing of Q-PROG- see Section 7.3.) 

5. Theorems 12.1 and 12.2 together show that any µPR 
(or equivalently, Q-computable) function lw a µPR
derivation in which the µ-operator is used only once! 

6. There is also a relativised notion of µ-primitive recur
siveness, and a relativised version of Theorem 12.2: 

µPR(g) = Q-COMP(g). (17) 

EXERCISE: Define the class µPR(g), and outline a proof for 
(17). 
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13.1 ~~flPL 

Up to now our development of computability theory was 
done in terms of the g progranuning language. We have 

· ~r(in Section 8) the equivalence of this notion with 
mail1 other notions of computability, and proved (in Sec
tion 12) its equivalence to µ-primitive recursiveness. In 
this section, and the next, we turn to other simple program
ming languages, and investigate whether the corresponding 
notions of computability are equivalent tog-computability 
or not. 

First we cc;>nsider the programming language£ (for 
"loop"), with the instructions 

v.._o 
v.._w 
v++ 

{ 

loop;V 

end 
skip 

and define an £-program as a finite sequence of instruc
tions such that the 'loop' and 'end' instructions occur in 
matching pairs. 

Comparing £ with g, we find that 

• 'V ..,__ W' and 'V ..,__ O' are primitive instructions in 
C, but not in Q (not an important difference); 

• 'V--' is primitive in g but not in C (also not impor
tant); 

• C has loops instead of labels and branches (this is the 
important difference!). 

To complete our description of the £-language, we give the 
precise meaning of the loop segment 

{ 

loop V 
P } block 

end 

Suppose that, when we read the 'loop' instruction, the value 
of Vis i,. Then the block P of instructions is executed v 
times - even if the value of V is changed in P. This 
means that £-programs always halt! 
NoTE: The convention with respect to input, output and 
auxiliary variables is the same as before; i.e. all variables 
other than the input variables are initialised to 0. 
ExAMPLES: £-programs for addition and multiplication, 
respectively, are 

end 
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loop Xi 

end 

loop X2 
Y++ 

end 

13.2 Relationship to other notions of computability 

Let £-COMP be the class of functions computable by £
programs. 

Proposition 13.1 £-COMP~ g-TCOMP. 
Proof. Firstly, all £-computable functions are total. Sec
ondly, all £-computable functions are Q-computable by 
the following translation Q .-... Q' of £-programs into g_ 
programs (by CV induction on the lengths of.programs Q): 

! V + + I and skip are translated to themselves, and we 

have g-macros for V ..,__ 0 and I V ..,__ W j. Finally, 

can be translated into 

loop V 
Q 

end 

z..,_v 
[A] if Z = Ogoto E 

Q' 
Z--
gotoA 

where Z is a new (auxiliary) variable. o 
NoTE: We can easily define a GN, and hence an effective 
enumeration, of £-programs: 

Let Fe be the unary function computed by Qe. Then 

Fo, Fi, F2, · · · 

is an enumeration of C-COMp( 1). Let 

F(e, x) = Fe(x). (18) 

Then Fis total Q-computable, by CT. Hence by Theorem 
11.1, 

£-COMP C Q-TCOMP (19) 

with witness ..\x · (F(x, x) + 1) (or F itselO. 
The rest of this section is devoted to showing that 

£-COMP = PR. 

Lemma 13.1 PR ~ £-COMP. 

Proof. Suppose f E PR. We find an £-program or macro 
for f by CV induction on the length of a PR-derivation for 
f. We must consider the following cases: 

• The initial functions, i.e. the zero, rojection and suc
cessor functions are cotnputed by Y ..,__ 0 j Y ..,__ Xi j 

drY-xl . l an ~ respective y. 

• The g-program for composition in the proof of Theo
rem 4.2 is also an £-program. 

• To obtain an £-program for primitive recursion with 
parameters we must modify the method for Theorem 
4.4. Assuming £-macros for g and h, f is computed 
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by 

Y - g(Xi, · · ·,Xn) 
loop Xn+l 

Y - h(Xi, · · · ,Xn, Z, Y) 
z++ 

end 

The case of primitive recursion without parameters is 
similar. o 

In order to prove the converse of Lemma 13 .1, we require 
certain definitions and intermediate results. 

Let Cn be the class of £-programs with loop-end pairs 
nested to the depth of at nwst n, and .Cn -COMP the class 
of functions computed by Cn -programs. 
EXAMPLE: The program for addition is in C 1, and for mul
tiplication is in £2 (see previous example). 

These definitions suggest a hierarchy of £-programs 

and a hierarchy of £-computable functions 

Co-COMP~ Ci-COMP~ £2-COMP ~ · · ·, 
£-COMP = Un.Cn -COMP. 

Let us assume for now that 

• programs (or blocks) contain only auxiliary variable 
Z1, Z2, ···,and 

• a block within a loop ('loop V ···end') does not con
tain the loop variable V. There is no loss of generality, 
since 

loop V 
'P 

end 

w-v 
,_ loop W 

'P 
end 

where Wis a new auxiliary variable (and'~' denotes 
semantic equivalence of programs). 

Nowconsiderablock'P withvar(P) ~ Z = Z1, ···,Zn, 
We think of P as trans/ orming the values of Z by 

i -- (11 (Z), · · ·, !n(i)) 
or i-- i(i), (20) 

for certain n-ary functions f = /1, · · ·, fn, We also say 
that 'P defines the trans/ ormation (20) on i. Consider now 
a loop segment 

loop V 
Q = 'P 

end 

with V 't Z1, ···,Zn. Then var( Q) ~ {Z, V}, and Q 
transforms the values of these variables by 

i-g(Z, V) 
v-v (21) 

for certain (n + 1)-ary functions g = 91, · · ·, 9n (since, 
by assumption, the value of the loop variable V does not 
change with the execution of Q). What is the relationship 
between fin (20) and gin (21)? Note that 9i(z, v) is the 
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final value of z; after v iterations of block 'P, assuming that 
v is the initial value of V. 

Lemma 13.2 (With the above notation:) g E P R(f). 
Proof. We have 

g;(z, 0) = Zi 

g;(z,t+l) = fi(91(z",t), ... ,gn(z,t)). 

So g is defined from f by simultaneous primitive recursion. 
The result follows from Theorem 7 .2 (generalised to n 
functions). D 

Lemma 13.3 Suppose that 'P is an £-program with 
var(P) ~ Z = Z1, ···,Zn, and that 'P defines the trans
formation i - f(Z), with f =Ii,···, fn, Then f E PR 

Proof. Since 'Pis an C-pro~ram, 'PE Cn, for some n. We 
show that if 'P E Cn then f E PR, by induction on n: 

Basis: n = 0. 'P has no loop-end pair, and consists only 
of the instructions 

So we must have 

Zi -o, 
Zi - Zj, 
zi++. 

!i(i) 
or fi(Z) 

Zi + k, 
k, 

for i = 1, · · ·, n, some j and some k. Therefore f E 
PR. 

Induction step: Suppose the result holds for n = k. Let 
'P E .Ck+ 1• Then P is of the form 

Qo 
loop Vi 

'P1 
end 

Q1 
loop l'2 

P2 
end 

Q2 

Qr-1 
loop Vr 

'Pr 
end 
Qr 

where Qi, 'Pi E Ck, By the induction hypothesis, 
the transformations defined by these are all in PR. By 

loop \.'i 
Lemma 13.2, the transformation defined by 'Pi 

end 
is in PR, and the result follows from the closure of PR 
under composition. o 

We are now ready to prove the converse of Lemma 13.1: 

Lemma 13.4 £-COMP~ PR. 
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Proof. Suppose the k-ary function h is computable by 
the £-program P, containing the variables Z1, · · ·, ZL, 
Xi,···, Xk, Y. Put 

P ='P(Z1,···,ZL,X1,···,Xk,Y). 

Let 

Q = P(Z1, · · ·, zl, zl+1, · · ·, zl+k, zl+k+1) 

and suppose Q defines a transfonnation 

with Z = Z1, · · ·, ZL+k+t and j = /1, · · ·, IL+k+t· By 
Lemma 13.3, j E PR. Also 

h(x1, · · ·,xk) = hH+t(O, · · ·,O,x1, · · ·,xk,O) 
~ 

Therefore h E PR. o 
Finally, 

l times 

Theorem 13.1 £-COMP= PR 

Proof. By Lemmas 13.1 and 13.4. o 
Norn: Again, there is a relativised notion of 'loop' com
putability, and a relativised version of Theorem 13. I: 

.C-COMP(g) = PR(g) 

Corollary 13.1 PR c g-TCOMP. 

Proof. By (19) and Theorem 13.1. o 

13.3 Ackermann's function 

(22) 

As we have seen, the function Fin (18) is g-computable, 
but not PR. We conclude this section with a nwre interesting 
and "natural" witness that PR c g-TCOMP. To set the 
stage, consider the hierarchy of PR definitions of well
k:nown functions: 

x, x + Sy 
0, x * Sy 
1, x t Sy 
I, xtfSy 

Norn 1: The hyperexponential 

= S(x+y) 
x+(x*y) 
X*(xfy) 
x t (x ft y) 

x ft y = x · · ;r } ( y times) 

increases very rapidly with y.2 

We systematise the above sequence of constructions 
by putting 

11 = +, f2 = *, '3 =t, 14 =tt, · · · 

2For example, 3 fl 4 is much larger than 1080, Ed<lington's estimate of 
the number of electrons in the universe. 
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and defining 

Noms: 

I 
lo(x,y) 

fn+1(x, 0) 

ln+1(x, Sy) 

Sy 

{ 

xifn=O 
= Oif n = I 

I ifn > I 
= fn(x, ln+1(x, y)). 

2. For all n, In E PR (by induction on n). 

3. It is also easy to see that In E .Cn-COMP (again by 
induction on n). 

4. However, we can show that ln+t ft .Cn-COMP, since 
it "increases too rapidly"! (See [2, Chapter 13] for a 
proof for a related hierarchy.) 

Now let A(z, x, y) = lz(x, y). This is (a version oO 
Ackermann 's function. 
NOTES: 

5. The function A is defined by double recursion (on the 
first and third arguments): 

I 
A(O,x,y) = 

A(Sz, x,O) 

A(Sz, x, Sy) = 

Sy 

{ 

x if n = 0 
O if n = 1 
I if n > I 

A(z, x, A(Sz, x, y)) . 

6. A is g-computable (forex~ple, by en. 
7. However, A ft PR! For suppose 

A E PR = £-COMP = Un.Cn -COMP 

Then for some n, A E .Cn -COMP. So 

ln+1 = Ax, y · A(n + I, x, y) E .Cn-COMP, 

a contradiction to Note 4. 

EXERCISES: 

I. Define the class .C-COMP(g), and outline a proof for 
(22). 

2. (Tail recursion) Suppose I is defined from g and h by 
the equations 

{ 
l(x,O) = g(x) 

l(x, n + 1) = l(h(x, n), n). 

Show that I E .C-COMP(g, h) and (hence) I E 
PR(g, h). Note that in the second equation, I is on 
the "outside" of the expression on the right hand side 
- this is characteristic of tail recursion. Also the 
parameter changes (from x to h(x, n)), so that these 
equations (as they stand) do not form an instance of 
definition by recursion. 

14 'while' Programs 

The third programming language that we consider, is the W 
programming language which is similar to C, except that 
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instead of the loop-end instruction, it has the instruction 

while V =I= 0 do 

end. 

We also need 'V - - ' as a primitive instruction (for tech
nical reasons). It is clear that, in contrast to £-programs, 
W-programs can diverge. It is therefore necessary to clar
ify the relationship between the function classes W-COMP, 
C-COMP and Q-COMP. 

Lemma 14.1 C-COMP ~ W-COMP. 

Proof. £-programs P can be translated into W-programs 
P' by CV induction on the length of P, using 

loop V 
Q 

end 

z-v 
while Z =I= 0 do 

........... Q' 
Z--

end 

··where Z is a new variable. o 

. Lemma 14.2 W-COMP ~ 9-COMP. 

Proof. W-programs P can be translated into Q-programs 
P', using 

while V =I= 0 do [A] if V = 0 goto E 
Q ........... Q' 0 

end goto A 

For the converse direction, we must show how to eliminate 
'goto' instructions: 

Lemma 14.3 Q-COMP ~ W-COMP. 

Proof. A direct translation of Q-programs to W-programs 
(by CV induction on the lengths of Q-programs) is very 
hard. Instead, we show that any Q-computable function 
is W-computable, using the normal form theorem for Q
COMP (Theorem 12.1). Let f E Q-COMP, say f = <p~n). 
Then 

f(i) '.:: <p~n)(i) '.:: U(µyT(n)(e, i, y)). 

Let 'i'(n) = ,T(n). Since T(n) E PR, so are t<n) and U. 

Therefore t<n) and U are £-computable, and by Lemma 
14.1, also W-computable. So a W-program for f is 

z-o 
V - t(n)(e, X, Z) 
while V =I= 0 do 

z++ 
v - t<n\e,X, Z) 

end 
Y - U(Z) 

where Z and V are new variables. o 
Corollary 14.1 

W-COMP = Q-COMP(= µPR). 
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Proof. From Lemmas 14.2 and 14.3. o 
Noms: 

1. This provides further confirmation for CT! 
2. Again, there is a relativised notion of 'while' com

putability, and a relativised version of Corollary 14.1: 

W-COMP(g) = Q-COMP(g). 

This brings us to our final display, in which all the questions 
about proper inclusions, raised in the previous pages, have 
been answered: 

COMP CJ EFF C FN 
u u u 

PR = £-COMP c TCOMP ~ TEFF c TFN 

where 'COMP' means any one of Q-COMP, W-COMP 
and µPR, and 'TCOMP' means any one of Q-TCOMP, W
TCOMP and TµPR (= the class of total µPR functions). 

Generalisations of these concepts and results to abstract 
structures are developed in [5, 6] . 
EXERCISES: 

1. Let WC be the programming language for 'while' and 
the conditional instruction, i.e. the language W to
gether with the construct 

if V = 0 
then 

A 
else 

P2 
fi. 

Prove or disprove: WC-COMP = W-COMP. Do not 
use CT. 

2. Show that Ackermann's function is WC-computable. 
(Write a program for Ackermann's function in WC.) 

3. Show that for sets: PR c REC. (Hint: Give an effective 
enumeration of PR sets.) 

15 The s::i Theorem 

In the previous sections we defined various notions of com
putability, and investigated their interrelationship. In the 
remaining three sections, we will study some interesting 
properties of the indexing (or Gtxlel numbering) of Q
computable functions. 
Noms: 

1. From now on, we will write "computable" for "Q
computable", and "COMP'' for thedass "Q-COMP''. 

2. Although our indexing of computable functions is in
duced by our GN of the programming language g (and 
so depends on a particular GN of a particular program
ming language), it can be shown that the results below 
cs::i theorem, fixed point and recursion theorems, and 
Rice's theorem) hold under very general assumptions 
on the indexing of computable functions. 
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The main result of this section, the s:;. theorem of Kleene 
(also known as the parameter theorem), is very useful for 
manipulating indices of functions, and is one of the main 
tools in the proof of the recursion theorem (Section 16). 

Theorem 15.1 (S:;. Theorem) For all m, n > 0, there 
is an (n + 1)-ary function s:;. E PR such that for all 
U 1 , · · · , Un, Z 1, · · · , Z m, y 

(m+n)( .... "") (m) ( "") 'P11 z,u ~'Ps;:.(11,a) z. 

For some intuition on what this theorem says, let m = n = 
1. Then there exists a binary PR function S = Sf such that 
for all z, u, y, 

<.p~
2
)(z, u) = 'PS(y,u)(z). 

We may think of 1.pi2) for fixed y, u as a unary function 

.\z. <.p~2)(z, u). This function is Q-computable, with gn z 
(say). So for all z, 

The theorem then says that z depends primitive recursively 
on y and u, i.e. 

z = S(y,u) for SE PR. 

Proof. By induction on n: 

Basis: n = 1. We want a PR function s:n such that for 
X: xi,·· ·,Zm, 
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<.p~m+l)(i, u) ~ 'P~7,)(y,u)(i). 

Let P 11 be a progam for <.pi m+ 1). For fixed y, u we now 

want a program Q for computing .\i · <.pim+l)(i, u). 
We can think of Q as consisting of two parts: 

Q1 : initialise Xm+t to u, 
Q2 : then execute 'P 11 . 

Clearly, we can take 

Xm+1++ ' 

> u times 

Xm+1++ J 

Now the gn of instruction 'X m+ 1 + +' is 

So 

(0, (1,2m+ 1}} = 16m+ 10. 

#(Q1) = (Tif=tPi) 16
m+lO_J 

q1 ( u) (say) 
and #(Q2) Y, 

where q1 E PR. Therefore 

#(Q) = concat(qi(u) + 1, y + 1)-1 
= s:n(y,u), 

where s:n E PR (by Proposition 7 .5). 
Inductionstep: Supposetheresultholdsforn = k. Then 

(m+k+I)(.... ) <.p11 z,u1,···,uk+1 
(m+k) ("" ) ~'Ps• ( ) z,u1,···,uk m+" y,u,.+1 

- (m) ("") 
- 'Ps~(S!..+,.(1J,U,o+1),u1,···,u,.) z • 

By defining 

s:,.+ 1(y, Ul, · · ·, Uk+l) 

=df s:,.cs:n+k(y, Uk+l), Ut, ···,Uk) 

the result follows. o 
NoTE: In the universal function theorem (Theorem 9.4) and 
the s:;. theorem we have two powerful tools for forming 
new computable functions from old: 

• The UFf states that <.pin) ( i) is a computable function 
of y~ and x together, i.e. it provides a way of moving 
arguments up from the index. 

EXAMPLE: <.p~;<11 lz, 'Pip,.(r)(z)) is a computable func
tion of u, x, y, z. 

• The s::i theorem makes it possible to move arguments 
down to the index while pr~serving primitive recur
siveness. 
EXAMPLE: Suppose f is a 5-ary computable function of 
z, y, z, u, v. Then the arguments y, u, v (say) can be 
moved down to the index, i.e. 

f(x, y, z, u, v) ~ 'Pg(y,u,v)(x, z) 

for some g E PR. 
• These two tools can be used "simultaneously". EXAM

PLE: We can show that there is a function g E PR such 
that for all u and v, 'Pu o 'Pv = 'Pu(u,v)· Indeed, for 
some computable function f and some PR function g, 

'Pu('Pv(x)) f(u,v,z), (byUFf) 
~ 'Pg(u,v)( Z ), (by 3:;.). 

16 The Recursion Theorem 

The following theorem, due to Kleene, is a powerful tool in 
computability theory. Its proof uses the s::i theorem, and 
involves a dazzling use of diagonalisation. 

Theorem 16.1 (Recursion Theorem) Letgbean(m+l)
ary computable function. Then there is some e such that 
for all x, 

'Pe(i) ~ g(x, e ). 

Proof. For all v, i there is some d such that 

g(x,s:n(v,v)) ~ <.p;+1(i,v), 

~ <.p~~)(d,vli) (bys:;.) 
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Putting v = d and e = S!n(d, d), we obtain 

g(i, e):: <pe(x). 0 

A useful alternative version of the recursion theorem is the 
following: 
Corollary 16.1 (Fixed Point Theorem) Let f be a total 
computable function. Then there is some e such that 

<pe = <pJ(e)· 

Proof. Let 
g(z, x):: <pJ(z)(x). 

Then g is computable by the universal function theorem. 
Therefore by the recursion theorem there is some e such 
that for all x, 

<pe(x):: g(e, x):: <pJ(e)(x). 0 

EXAMPLES: 

1. There is some e such that for all x, <p e ( x) = e, i.e. there 
is a program which gives its own gn as output! This is 
the basic idea behind "self-reproducing programs" and 
viruses. 
Proof. Let f = Az, i · z E COMP. By the recursion 
theorem there is some e such that for all x, 

<pe(x):: f(e, x) = e. 0 

2. More generally: Take any total computable unary func
tion g, for example g(x) = xx. Then there is some e 
such that for all x, 

EXERCISE: Prove the result stated in Example 2 above. 

17 Rice's Theorem 

One of many interesting applications of the recursion the
orem is in the proof of the following result, which we will 
use to give many simple examples of non-recursive sets. 

We define the ' - ' relation on N by 

Proposition 17.1 The relation ·-' is an equivalence rela
tion on N. Hence it partitions N into equivalence classes. 
Note that the fixed JX)int theorem says that for every total 
computable function f there is some e such that f ( e) - e. 

A set A ~ N is called an index set iff A is closed under 
'-',i.e. Vx,y(x E A/\x - y => y EA). Now given sets 
A ~ N and F ~ COMP, let 

F(A) =dr {<pxlx EA} ~ COMP, 
l{F) =dr {x E Nl<px E F} ~ N. 

So I( F) is the set of indices of functions in F. The two 
operations F and I are almost inverse to each other, in the 
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following sense. 
Proposition 17.2 
(a) For any F ~ COMP, F{l{F)) = F. 
(b) For any A ~ N, 11(F(A)) = {yl3x E A(x - y)}, i.e. 

the closure of A under·-·. Hence 11{F(A)) 2 A, with 
equality if! A is an index set. 

Corollary 17 .1 A subset of N is an index set if! it is the 
set of indices of some set of computable functions. 
EXAMPLES OF INDEX SETS: 

1. N, 
2. 0, 
3. [a], [a] =df{blb - a}, the '-'-equivalence class of a, 

for any a EN, 
4. Any union of index sets. 

Theorem 17 .1 (Rice) The only recursive index sets are N 
and 0. 
Proof (I. Case): SupJX>se that 

A is an index set, 

0 c Ac N, and 

A is recursive. 

(23) 

(24) 

(25) 

We will now get a contradiction from (23), (24) and (25). 
By (24), choose 

a E A,b ¢ A, (26) 

and define 

f( ) _ { <pb { x) if z E A 
z,x - <pa(x) if z ¢ A. 

Then f is computable, since A is recursive by (25). By the 
recursion theorem, there is some e such that 

<pe(x):: f(e, x):: { ~ab((xx)) if e EA 
r if e ¢ A. 

We consider the two possibilities: 

e E A => <pe = <pb => e - b <g) b E A, 

or e ¢A=> <pe = <pa => e - a <g) a¢ A. 

Both possibilities lead to a contradiction to (26). o 
Corollary 17 .2 The following sets are not recursive: 
(a) [a],forany a EN, 
(b) { zl<pz total}, 
(c) { zl<pz constant}, 
(d) { zl<pz defined on at most finitely many args.}, 
(e) { zl<pz increasing }, 

Norn: By CT, Corollary 17 .2( b) says that there is no ef
fective method to decide, given any g-program, whether it 
defines a total function. (This is related to the unsolvability 
of HP.) In fact, by Section 11, Exercise 3, this problem is 
not even semi-decidable! This shows that the notion of 
computable partial function (or partial algorithm) is more 
fundamental than the notion of computable total function 
(or total algorithm). 
EXERCISES: 
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1. Prove Proposition 17 .2 and Corollary 17 .1. 
2. (A uniform version of Section 7 .3, Exercise 3): Show 

that there is a binary function f E PR such that for all 
y, An· f(y, n) is 1-1, and for ally and n, f(y, n) - y. 

3. Show that for every total computable f, there is a 
primitive recursive g such that for all x, g( x) - f ( x). 

4. Is the relation'-' recursive? 
5. Let f ( x) = "the least y such that y - x". (Note that I 

is total.) Is f computable? 
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