




Editorial Note 

am happy to present the current issue of Quaestiones I nformaticae. 
As indicated in the last issue, Vol.3 No.2, it was necessary to look for 
a new method to produce the journal. Than ks to the efforts of Prof. Judy 
Bishop we have found a way to continue at an acceptable cost, and the 
result is in your hands. Wits University's Computer Centre will do the 
'typesetting' using a laser printer. Judy will use Computer Science 
students to do the proof reading, and Wits will also do the printing. On 
behalf of myself, the Computer Society of SA and the SA Institute of 
Computer Scientists, I want to express my appreciation for all their 
efforts. 

Con rad Mueller, of Wits' Computer Science department has agreed to 
become the circulation manager for QI. He will handle the business side 
of our publication. A hearty welcome to him! 

G. WIECHERS 
Editor. 

STOP PRESS 

QI is now on the official supplementary list of journals considered by the 
National Department of Education for subsidy purposes. 
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ABSTRACT 

In general graph theorists have a limited knowledge of computers and 
computing, and are unaware of the possible variations of representation 
available, and in what circumstances which representation would be better. 
To assist in this regard a comparative study of currently used methods for 
representing graphs on a computer was made. The comparison was over four 
regions of interest, a) time efficiency, bl representation flexibility, c) space 
efficiency, d) language flexibility. The comparison was made for five classe·s 
of graph theoretic problems, a) graph creation, b) path finding, c) structure 
finding, d) graph traversal, e) graph analysis. 

A minimal set of graph operations for graph manipulation was also provided 
in the cour.se of the comparison. 
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NOTATION 

The following notation applies throughout this paper: 

a) v(i) - vertex with label i, 
b) e(i) - edge with label i, 
c) V - the number of vertices in the graph, 
d) E - the number edges in the graph, 
e) D - the graph is directed, 
f) U - the graph is undirected. 
g) Average adjacency - this is the average number of 
vertices any vertex in the graph is adjacent to. 
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THE REPRESENTATIONS STUDIED 

There are four generalised graph representation types currently in use. 
The basic representation types have various specific implementations designed 
to meet specific needs. Twelve graph representations were studied, and under 
their type classifications are as follows : 

1. Adjacency matrices. Three adjacency matrix representations were studied. 
They are: 

a. Adjacency matrices - Normal; [ 4] : The graph is represented by a 
V x V matrix A where A(i,j) is an attribute of the edge running from 
v(i) to v(j), 1<=i,j<=V. If there is no such edge a null attribute is 
entered. 

b. Adjacency matrices - Labelled; [1] : The graph is represented by a 
V x V matrix A where A(i,j) 1s the label of the edge running from 
v(i) to v(j), l<=i,j<=V. If there is no such edge a null label is 
entered. 

c. Adjacency matrices - Boolean; [l,2,4,6,7,8,9,10,12]: The graph is 
represented by a V x V boolean matrix B where B(i,j) is TRUE iff 
there is an edge running from v(i) to v(j), l<=i,j<=V. 

2. Linked list representations. Five linked list representations were studied. 
Of these three are restricted to either directed or undirected graphs 
only: 

a. Adjacency lists Normal; [1,2,6,7,9,10,12] : The graph is 
represented by V linked lists and a vector of V list headers. Each 
list header represents a vertex, and each node in a list refers to a 
vertex adjacent from the vertex represented by the list header, thus 
implicitly representing a directed edge. 

b. Adjacency lists - Inverted; [9] : The graph is represented by V 
linked lists and a vector of V list headers. Each list header 
represents a vertex and each node in a list refers to a vertex 
adjacent to the vertex represented by the list header, thus implicitly 
representing a directed edge. 

c. Adjacency lists - Modified (Undirected graphs only) : The graph is 
represented by V linked lists and of a vector of V list headers. Each 
list header represents a vertex and each linked list contains a node 
for each vertex adjacent from the vertex represented by the list 
header, provided that the label of the vertex represented by the list 
header is greater than or equal to the label of the vertex referred 
to in the list node. Thus each list node implicitly represents an 
u n di rected edge. 

d. Orthogonal adjacency lists (Directed graphs only); [9] : The graph 
is represented by 2*V linked lists and a 2 x V array of list headers. 
Each pair of list headers represents a vertex and each list node 
represents a directed edge. One element of .each list header pair 
heads a list of edges incident from the vertex represented by the 
header pair, and the other element heads a list of edges incident to 
the vertex represented by the header pair. Each list node contains 
references to its head and tail vertices and has two iink fields, 
a!iowing it to be linked into both the '"edges incident from" list 
associated with its tail vertex and the ··edges incident to" list 
associated with its head vertex. This representation is a combination 
of a) and b). 
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e. Adjacency multilists (Undirected graphs only); [9]: The graph is 
represented by V linked iists and a vector of V list headers. Each 
list header represents a vertex and each list node represents an 
undirected edge. Each list header heads a list of edges incident on 
the vertex represented by the list header. Each list node contains 
references to both its end vertices and has two link fields, allowing 
it to be linked into the "edges incident" lists associated with both 
its end vertices. 

3. Incidence matrices. Three incidence matrix representations were studied. 
They are: 

a. Incidence matrices - Labelled; [8] : The graph is represented by a 
V x E matrix A where A(i,k) = j if v(i) is adjacent to v(j) via e(k), 
and O otherwise, l<=i,j<-V, l<=k<=E. 

b. Incidence matrices - Inverted : The graph is represented b_y a V x 
E matrix A where A(i, k) = j if v(i) is adjacent from v(j) via e{k), 
and O otherwise, 1<=i,j<=V, l<=k<=E. 

c. Incidence matrices - Booiean; [4, 7] : The grapn 1s represented by 
a V x E boolean matrix B where B(i,j) is true iff e(j) is incident on 
v(i), l<=i<=V, 1<=j<=E. 

4. Edge lists. These fall into a class of their own, having nothing in common 
with any of the other representations. [5]: The edge e(i) running from 
v(j) to v(k) is represented by the entries A(i) = j and B(i) = k, l<=i<=E, 
1 <=j, k<=V. Vertices are thus only represented implicitly. I sol ates are 
represented by a dummy edge running from the isolate to a vertex 
labelled 0. 

TECHNIQUE OF COMPARISON 

The aim of the analysis was to find standards by which the representations 
could be compared. Given these standards a set of demands on them could 
be created and a comparison of the performance of the representations under 
these demands could be made. The standards chosen were based on 
requirements of graph representation and manipulation. The demands were a 
representative set of graph algorithms, divided into five classes. 

THE STANDARDS 

1. Graph operations 

The primary standard upon which the comparison was made was a set 
of graph operations with which all graphical aspects of graph algorithms 
could be performed. Non-graphical aspects, such as aigebraic 
computations, were ignored on the grounds that all representations wouid 
be equally affected by such aspects. 

The set of graph operations decided on are as foliows: 

Class 1 - Graph Structure Access 

a) Add a new vertex. 
b) Add an edge between vertices v and v'. 
c) Remove vertex v. 
d) Remove edge w. 
e) Set attribute n of vertex v to x. 
f) Set attribute m of edge w to y. 
g) Retrieve attribute n of vertex v. 
h) Retrieve attribute m of edge w. 
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ADV(v) 
ADE(v, v') 
REV(v) 
REE(w) 
SVA(v, n, x) 
SEA(w,m,y) 
x:=RVA(v,n) 
y:=REA(w,m) 



Class 2 - Control Structures 

a) For each vertex v do 
b) For each edge w do 
c) For each vertex v' adjacent from vertex v 

(via edge w) do 
d) For each vertex v' adjacent to vertex v 

(via edge w) then , 
e) If vertex v is adjacent to vertex v' 

(via edge w) do 
f) If edges w and w' are co-incident 

(through vertex v) then 
g) If edge w is incident on vertex v 

(to vertex v') then 
h) If edge w is incident on vertex v 

(from vertex v') then 

FEV(v) 
FEE(w) 

FVA F ( v, v1 , w) 

FVAT(v,v1,w) 

VAD(v,v',w) 

EAD(w,w',v) 

EVIT(w, v, v') 

EV I F ( w I V' V.) 

Note that for undirected graphs operations 2c and 2d, 2g and 2h have 
the same effect. Where necessary a reference to an edge by a variable 
w may be replaced by the two end vertices of the edge. These operations 
were found to be sufficient to implement all graphical aspects of graph 
algorithms. 

Given the set of graph operations, these needed to be allocated real 
times in order to do numerical comparisons. For each graphical operation 
for each representation, the computer operations (e.g. array accesses, 
for loops etc) required to execute the graph operation (if possible) were 
calculated. In cases where the number of computer operations were V 
and/or E dependent, an average case was derived. Hence the time needed 
by each representation to perform could be calculated. 

The fundamental computer operations which were used to construct 
the graph operations for each representation are as follows: 

Computations 

Set variable 
Array insert 
Array retrieve 
Vector insert 
Vector retrieve 
Booiean array insert 
Boolean array test 
Create list node 
Link list nodes 
Move to next node in list 
Set list node field 
Retrieve list node field 

Controls 

Comparison >= 
Comparison > 
Comparison = 
Comparison <> 
For loop 
Exit/Goto 

The times required to do these computer operations were obtained from 
a bench marking program run on the 280 Zilog chip. These times were 
assumed to be representative of many CPUs. 

2. Representation flexibility 

There are many types of graphs, with different structures. Each 
representation can represent a sub-set of all possible graph structures. 
This standard refers to the ability of the representations to represent 
different graph structures, and to access elements of a represented 
graph. The representation and access standards by which the 
representations were compared are as follows: 
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Representation 

Can represent both directed and undirected graphs/ 
Can represent only directed or undirected graphs 

Multiple edges No multiple edges 
Loops No ioops 
Vertex labels No vertex labels 
Edge labels No edge labels . 
Vertex attributes No vertex attributes 
Edge attributes No edge attributes 

Access 

Edges defined by label and/or end vertices. 
Vertices accessed by label, pointer etc. 
Vertices accessible randomly and/or sequentially. 
Edges accessed by labeL pointer, end vertices etc. 
Edges accessible randomly and/or sequentially. 
Vertex attributes accessed via edge iabel, pointer etc. 
Edge attributes accessed via edge labels, end vertex labels, 
direct access etc. 

These capabilities and features were sufficient to define how a graph may 
be stored and accessed in each representation. 

3. Space requirements 

The RAM space required by each representation was calculated by 
defining the basic data constructs of each representation, and working 
out how many of each construct would be required to represent a graph 
of given parameters. The parameters were : 

a) V, 
b) E, 
c) number of vertex attributes, 
d) number of edge attributes, 
e) size of a vertex attribute, 
f) size of an edge attribute, 
g) size of vertex labels (if relevant), 
h) size of edge labels (if relevant). 

To determine the size of each construct the following sizes for common 
data structures were used: 

Data type 

integer 
real 
character 
pointer 
packed boolean 
arrays 

4. Language flexibility 

Space required 

2 bytes 
4 bytes 
1 byte 
2 bytes 
1 bit 
as per array type, no dope vector. 

Some of the representations required specialised language features such 
as pointers, dynamic variables etc, which could only be supplied by 
certain ianguages. Only high level languages were considered, as these 
are the languages commonly used for graph processing. For each 
representation a list of some common languages that could support it was 
made. 
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THE DEMANDS 

The demands placed on the representations were a set of graph algorithms. 
The algorithms were divided into five classes and examined under the 
following headings: 

a. Algorithm description, 

b. Algorithm features. This was in terms of the capabilities as discussed 
in 2), 

c. Each algorithm was converted so that all graphical aspects of the 
algorithm were performed using the basic set of graph operations as 
described in 1), 

d: An operation count of the graph operations used in the converted 
algorithm was done. For every algorithm an average case count was 
found for each graph operation. For some operations in some 
algorithms a best/average/worst case count was justified and 
calculated also. 

Given the ability of each representation to perform the graph operations 
and to represent different graph structures, b) and d) above determined 
which representations could execute which algorithms. The efficiency of each 
representation in performing the algorithms that it could perform was 
measured using the times calculated for each graph operation for each 
representation, substituted into d) above. 

The following algorithms were studied (divided into the five classes): 

Class 1 - Graph creation algorithms 

a) Harary graphs [ 4]. 
b) Create graph. 
c) Line graph. 
d) Pruned graph. 
e) Regularisation of a planar graph [5]. 

Class 2 - Path finding algorithms 

a) Dijkstra's algorithm [9]. 
b) All pairs shortest paths [9]. 
c) Fleury's algorithm [4]. 

Class 3 - Structure finding algorithms 

a) Matching in a bi-partite graph. 
b) Krusal's algorithm f9l. 
c) Prim' s algorithm [1 . 
d) Stable marria9e algorithm [10]. 
e) Detect cycle L 12]. 

Class 4 - Graph traversal algorithms 

a) Depth first search [9]. 
b) Bread th first search {9]. 
c) Post order tree· search {11]. 

Class 5 - Graph analysis algorithms 
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a) Connected components [9). 
b) Topological sort [9]. 
c) Boolean adjacency matrix. 
d) Check for reflexivity [3]. 
e) Degree. 

COMPARISON RESULTS 

This section gives the results obtained from comparing representations 
under the standards and demands specified in the preceding sections. 

1. Comparison by representation flexibility 

Firstly for each algorithm class it was necessary to decide which 
representations are suitable for that class. This was done by looking at 
the representation suitability for each algorithm in each ciass. There are 
three possible reasons for a representation being unable to perform an 
algorithm: 

a) cannot do a required graph operation, 
b) cannot supply a required feature, 
c) cannot represent the graph type the aigorithm is aimed at 
(i.e. cannot represent directed/undirected graphs). 

Representations were not penalised for being unable to represent a 
graph type, but were excluded from a class if they could not perform 
most of the algorithms for one of the other two reasons. 

The most flexible representations appear to be Adjacency lists -
Normal, Adjacency lists - inverted and to a slightly lesser extent Edge 
lists. These representations can cope with both directed and undirected 
graphs, and are suitable for al I classes of algorithms. Of the specialised 
representations Orthogonal adjacency !ists are suitable for representing 
directed graphs, and Adjacency multilists are suitable for undirected 
graphs. 

2. Comparison by time efficiency 

Once the comparison by representation flexibility had been done the 
ability of each representation to perform each graph operation was 
examined. This was done for V running from 10 to 10 5 and at two edge 
densities for each V. The two edge densities considered in undirected 
graphs were: 

a) the edge density of a tree, 
b) an average edge density, half way between a tree and a 
complete simple graph. 

Originally a complete graph was also considered but it was found that 
the results are almost exactly the same as for b). a) is called the low 
edge density and E=O(V). b) is called the high edge density and E=O(V 
2). In the case of directed graphs twice the number of edges were used 
to give the same edge density, since directed simple graphs can have 
twice the number of edges of undirected graphs. 

To compare representations within a class, some standard demand of 
that class had to be established. The operation counts of each algorithm 
in each class were added to provided a measure of the importance of each 
graph operation in each class . .Alsorithms that cou Id be applied to both 
undirected and directed graphs had their operation counts added in for 
both cases. Having established a "graph operation count" for each c!ass 
the ''times'' for each representation for each class were calcuiated from 
the operation times previously determined. The results of these 
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calculations are not actually times although they are referred to as such. 
Actually they are a measure of the representations' abilities to perform 
algorithms in each algorithm class. The times were compared and the 
results are summarised in Table 1. 

TABLE 1 

Preferred representations in each algorithm class for various 
graph types 

Algorithm 
Ciass 

1 

1 

1 

1 

2 

2 
2 

2 

3 

3 

3 
3 

4 

4 

4 

4 

5 

5 

5 

5 

Graph 
Type 

u 

u 

D 

D 

u 

u 
D 

D 

u 

u 

D 
D 

u 

u 

D 

D 

u 

u 

D 

D 

Edge 
Density 

Low 

High 

Low 

High 

Low 

High 
Low 

High 

Low 

High 

Low 
High 

Low 

High 

Low 

High 

Low 

High 

Low 

High 

Preferred 
Representations 

Adjacency multilists 
Adjacency lists - Normal 
.Adjacency multilists 
Adjacency lists - Normal 
Ad.iacency lists - Normal 
Orthogonal adjacency lists 
Adjacency lists- Normal 
Orthogonal adjacency lists 

Adjacency lists - Normal 
Adjacency multilists 
Any linked list 
Any adjacency matrix 
Adjacency matrices - Labelled 
Adjacency I ists - Normal 
Orthogonal adjacency lists 
Any linked list 
Any adjacency matrix 
Adjacency matrices - Labelled 

Adjacency lists - Modified 
Any linked list 
Adjacency lists - Modified 
Any non-adjacency matrix 
Any linked list 
Any non-adjacency matrix 

Adjacency multilists 
Adjacency lists - Normal 
Adjacency multilists 
Adjacency lists - Normal 
Orthogonal adjacency lists 
Adjacency lists - Normal 
Orthogonal adjacency lists 
Adjacency lists - Normal 

Adjacency matrices - Boolean 
Any adjacency matrix 
Any linked list is tolerable 
Adjacency matrices - Boolean 
Any adjacency matrix 
Adjacency matrices - Boolean 
Any adjacency matrix 
Any linked list is tolerable 
Adjacency matrices - Boolean 
Any adjacency matrix 
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The linked list representations emerge as the overall best. At low 
density their supremacy is unrivalled, while at high edge density they 
are the top performer in three of the five algorithm classes. Of the linked 
lists Adjacency lists - Normal give the best overall performance, being 
suited to both directed and undirected graphs. Adjacency multi lists and 
Orthogonal adjacency lists give performances that equal, and in some 
cases improve upon, that of Adjacency lists - Normal. However they are 
both limited to one type of graph. The adjacency matrices give top 
performance at high density in two of the algorithm classes. Of the 
adjacency matrices, Adjacency matrices - Labelled appear to be the best, 
followed by Adjacency matrices - Boolean. The incidence matrices and 
edge lists do not have the power of the other two groups of 
representations. 

The main inadequacy of the linked list representations is their 
inefficiency with the VAD operation. If this operation is used in graphs 
of high edge density, the inherent ability of the adjacency matrices to 
do this operation makes them far superior to the linked list 
representations. Whereas the adjacency matrices have a constant time for 
the VAD operation, the linked list representation times are average 
adjacency dependent, i.e. proportional to E and inversely proportional 
to V. 

The adjacency matrices have their problems with the FVAF and FVAT 
operations. Of the Ii n ked list representations Adjacency lists - Normal, 
Adjacency multilists and Orthogonal adjacency lists perform the important 
FVAF operation in a time related to average adjacency, while the 
adjacency matrices perform it in a time proportional to V. This means that 
the linked list representations' time complexities for FVAF are at worst 
equal to those of the adjacency matrices, and at best are an order of 
exponentiation on V better (assuming V<=O(E)<=V2 ). It is only the 
mentioned linked list sentatirepre ons that do perform FVAF so well. 

Another facet of interest is that while Adjacency lists - Normal perform 
the FVAF operation well, they perform the FVAT operation very badly. 
The converse is true for Adjacency matrices - Inverted. These limitations 
are inherent in the structure of these two representations. However, 
Adjacency multilists and Orthogonal adjacency lists perform both 
operations well, in their respective graph types. 

3. Comparison by space requirements 

The adjacency matrix representations require space proportional to 
V 2 , and independent of E and hence perform equally at high and low 
density and in directed and undirected graphs. 

The space used by the linked list representations is dependent 
primarily on E at high edge density. The space used by each header is 
at most half that of an edge node, and E>V-1 means that the size of the 
edge nodes is of primary importance. For Adjacency lists - Normal and 
Adjacency lists - Inverted this is especially true in undirected graphs 
as each edge is represented by two edge nodes. 

The incidence matrix representations fare poorly in terms of space 
requirements, especially the non-boolean ones. The space used by an 
incidence matrix representation is proportional to E*V, and thus increases 
both with V and with edge density. Comparison of the boolean and 
non-boolean incidence matrix representations with the -boolean and 
non-boolean adjacency matrix representations shows clearly how edge 
density affects the space requirements of the two matrix type 
representations. 

E is the controlling factor in the space used by the Edge lists. Edge 
lists are the most efficient users of space as there is no extra data to 
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give the representation structure (e.g. pointer fields), nor wasted data 
area (e.g. non-existent edges are catered for in adjacency matrices). 
Also the implicit representation of vertices helps to save space. 

Overall Edge lists are the best in terms of space requirements. At 
high edge densities with no edge attributes Adjacency matrices - Boolean 
are the best, but only for this limited situation. The linked list 
representations perform nearly as well as Edge lists and their space 
requirements are within an order of magnitude of that of Edge lists. 
incidence matrices are not space efficient and should not be used for 
large graphs, especially where high densities are expected. 

4. Comparison by language flexibility 

Edge lists are most easily supported and only highly specialised 
languages such as LI SP and FORTH can not support them directly. The 
non-booiean matrix representations are also suitabie for most high ievel 
languages. Whereas Edge lists can be stored in one dimensional arrays, 
these representations require two dimensional arrays. The boolean matrix 
representations have less language flexibility as a boolean data type is 
required. 

The linked list representations can only be represented by 
PASCAL-like languages, such as PASCAL, ALGOL 68 and PL/1. This is 
because dynamic variables and a pointer data structure are necessary 
to implement linked structures effectively. Linked structures can be 
implemented using arrays and/or vectors, but this is not true to the 
spirit of linked data structures and there are limitations 1n such 
techniques. 

The PASCAL-like languages are the best for graph theory appiications. 
They can cope with all types of representation structure, notably the 
iinked list representations. The only failure of this type of languages is 
that some do not have booiean data structures. The FORTRAN-like 
languages can support all the matrix representations and Edge iists, 
which is essentially a matrix representation anyway. Specialised languages 
like FORTH and LISP are not suitable for any of the studied graph 
representations. LISP would be suitable for a representation that used 
only linked structures, e.g. a linked list representation with linked 
headers. 

CONCLUSION 

Overall the linked list representations give the best performances. In terms 
of flexibility and time efficiency they are the best performing representations. 
Their space requirements are low, and the space required is proportional to 
the size of the graph, i.e. proportional to V + E. Adjacency and incidence 
matrices have space requirements proportional to V 2 

and V*E respectively. The only drawback of linked list representations is 
that they can only be effectively implemented by languages that supply 
dynamic variables and pointer structures. All the other representations only 
need array or vector data types. 

Of the linked list representations, Adjacency lists - No,·mai and .4d_iacency 
lists - Inverted are the most flexible, and give goo-d performance in most 
situations. The specialised !inked I ist represer.tations, Adjacency multi lists 
and Orthogonal adjacency lists. give better performances than Adjacency lists 
- Normal and Adjacency lists - Inverted, but are limited to undirected and 
directed graphs respectively. 

The use of extra "structure" i:ems in representing graphs is justified, 
despite the increased space requirements. One envisages an improved linked 
list representation with some extra structure to improve the ability to check 
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for the adjacency of any two vertices in the graph. Other extra "strudure" 
items that could be added are separate linking of edge nodes and linked 
headers rather than an array. 
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