
Ouaestiones 
lnformaticae 

Vol. 3 No. 2 July, 1984 



Quaestiones lnformaticae 
An official publication of the Computer Society of South Africa and 
of the South African Institute of Computer Scientists 
'n Amptellke tydskrlf van die Rekenaarverenlglng van Suld·Afrlka en 
van die Suld·Afrlkaanse lnstltuut van Rekenaarwetenskapllkes 

Editor: Prof G. Wiechers 
Department of Computer Science and Information Systems 
University of South Africa 
P .0. Box 392, Pretoria 0001 

Editorial Advisory Board 
PROFESSOR D. W. BARRON 
Department of Mathematics 
The University 
Southampton S09 SNH 
England 

PROFESSOR K. GREGOOR 
Computer Centre 
University of Port Elizabeth 
Port Elizabeth 6001 
South Africa 

PROFESSOR K. MACGREGOR 
Department of Computer Science 
University of Cape Town 
Private Bag 
Rondebosch 7700 
South Africa 

PROFESSOR M. H. WILLIAMS 
Department of Computer Science 
Herriot-Watt University 
Edinburgh 
Scotland 

Subscriptions 

Annual subscriptions are as follows: 

Individuals 
Institutions 

SA 
R6 
R12 

us 
$7 
$14 

UK 
£3,0 
£6,0 

MR P. P. ROETS 
NRIMS 
CSIR 
P.O. Box 395 
Pretoria 0001 
South Africa 

PROFESSOR S. H. VON SOLMS 
Department of Computer Science 
Rand Afrikaans University 
Auckland Park 
Johannesburg 2001 
South Africa 

DR H. MESSERSCHMIDT 
IBM South Africa 
P.O. Box 1419 
Johannesburg 2000 

PROFESSOR P. C. PIROW 
Graduate School of Business 
Administration 
University of the Witwatersrand 
P.O. Box 31170 
Braamfontein 2017 
South Africa 

Circuladon manager 
Mr E Anderssen 
Department of Computer Science 
Rand Afrikaanse U niversiteit 
PO Box 524 
Johannesburg 2000 
Tel.: (011) 726-5000 

Quaestiones Informaticae is prepared for publication by Thomson Publications South Africa (Pty) Ltd for the Computer 

Society of South Africa and the South African Institute of Computer Scientists. 



Editorial Note 
Regrettably this is the last issue of Question es Informatica to appear in its current format. There are a number of 
reasons for terminating the production of QI in printed form. Firstly, the cost of publication has tripled over the last 
couple of years. Secondly, the interest in the journal has dwindled to the point where one may question the need for 
a South Arican publication on the more academic aspects of computing: the readership has not expanded but, more 
seriously, despite many appeals no contributions are submitted. At present I have only one paper in the pipeline. It 
appears that the only supply of papers comes from the two-yearly Computer Science Symposium, and this is not suffi
cient to justify the expense of publishing QI in its present form. 

Nevertheless, both the Computer Society and the Institute of Computer Scientists feel that a vehicle for publishing 
the results of research in the field of information technology is required for this country. We propose to continue QI 
in a format similar to that used by Questions Informatica. In other words we shall use a photo-reproduction process 
and a printed cover to continue the publication of QI, but at greatly reduced costs. This puts the onus of delivering 
reproducible copy of the authors, but relieves the printers from the problems experienced with unusual 
symbols, diagrams, computer printouts, etc. 

The journal will continue to accept only papers which have been referred. In fact, we shall try to satisfy all the re
quirements for being regarded as a publication acceptable under the rules for obtaining university subsidies. It is also 
intended to guarantee quick publication, say not more than three months after acceptance of a paper. However, the 
journal can only continue to exist if it receives enough contributions of sufficiently high standard. 

Again, I would like to appeal to all engaged in research and development in computer related areas, to consider 
publishing your results in QI. 

Finally, it is my pleasure to thank Dick White, of Thomson Publications, for all he has done to produce this journal 
in its current form. 
G WIECHERS, 
Editor 



On a Generalisation of Cayley Diagrams 
W.A. Labuschagne and H.0. van Rooyen 

University of South Africa, South Africa 

Abstract 
A technique for partially representing binary group operations by sets of binary relations was devised by Cayley. This 
technique can be generalised to permit the representation of arbitrary sets of n-ary relations {n ~ 2) by sets of binary 
relations without loss of information. Such binary representations have associated diagrams. A simple practical ap
plication is partially described. 

1. Cayley diagrams 
By a binary system we understand a pair (A,R) where R is 

some (usually finite) set of binary relations on A. Every binary 
system can be displayed diagrammatically by plotting members 
of the underlying set as vertices and inserting an arrow from 
a to b iff (a,b) belongs to a member of R. Binary systems in 
which R is a singleton correspond to digraphs or graphs accor
ding as the relation is irreflexive, or irreflexive and symmetric, 
respectively. 

The Cayley diagram of a group (see [1] and [2] for a survey 
of applications) is the diagram of a digraph (A,{R}) where A 
is the underlying set of the group and R s A x A is obtained 
from the group operation in the fashion exemplified below. 

Consider the cyclic group of integers modulo 4. Its Cayley 
diagram is 

ot--------------1( 

where each arrow represents addition by the generating element 
1. The group operation may be viewed as a ternary relation, 
where we write (x,y,z) if x + y = z. The triples 

(0,1,1) (1,1,2) (2,1,3} (3,1,0} 
have been displayed via a binary relation R consisting of the 
pairs 

(0,1) (1,2) (2,3) (3,0). 
No information is lost because the generator is used to label 
the arrows. 

It is possible to display the entire operation using the general 
principle that there is a bijection between n-ary relations 
R s A0 (n ~ 2) and functions F: A0 · 2.:;;,.P(A x A), where P 
denotes powerset. Given R s An one simply defines the cor
responding F by, for each f E A 0 -2, F (f) = { (x,y) I 
(x,f(O),f(l), ... ,f(n-3),y} ER}. Conversely, it is clear how R may 
be recovered from F. 

2. Nebulas 
By a nebula we understand a pair N = (A,F} where A is a 

set and Fis a function which correlates with every element i 
of its domain a function F(i) : A llj-2 .:;;,. P(A x A) for some cor
responding ni ~ 2. 

Nebulas can, like binary systems, be displayed by plotting 
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members of the underlying set as vertices, while arrows and 
labels are inserted in accordance with the convention that if for 
some i e dom F and some j e dom F(i), (x,y) E F(i)(j) then an 
arrow is inserted from x toy and labelled with i;j. All relevant 
labels may be attached to a single arrow from x to y in order 
to avoid the occurrence of multiple arrows. Nebula diagrams 
were introduced and combinatoric aspects investigated in [3]. 
More recently explication, development and computer im
plementation of basic nebula theoretic modelling techniques, 
with applications in the field of education, have been presented 
in [4], [5] and [6]. 
Examples: 
2.1 Z modulo 4 gives rise to a nebula (A,F} with A = { 0, 1,2,3}, 

dom F = {O} and F(O) : A.:;;,. P(A x A) defined by 
F(O)(y) = { (x,z) I x + y = z} 
for each y E A. 
The corresponding diagram may be viewed as a comple
tion of the Cayley diagram: 

Since dom F is a singleton, it suffices to write y instead 
of i;y. 

2.2 Associated with a lattice (A,A,v) there is a nebula (A,F) 
where dom F = {0, 1}, F(O) : A .:;;,. P(A x A) is defined by 
F(O)(y) = { (x,z) f :,i A y = z} and F(l) : A .:;;,. P(A x A) 
is defined by F(l)(y) = { (x,z) I x v y = z}. 

2.3 A graph (V,E) suggests a nebula (A,F) with A = v, 
dom F = {O}, and F(O) : A0.:;;,. P(A x.A) defined by 

F(O)(O) = { (x,z) I x and z are adjacent}. 
For instance, the graph with diagram 

corresponds to a nebula (A,F) having A = {0,1}, 
F(O)(O) = { (O, l), (1,0)} and diagram 

o;o 

0 ( o;o 



2.4 Consider a weighted digraph (V,E,w) with vertex set 
V = {ap ... ,a6}, edge set E = {(apaJ, (a .. a3), (~,a3), 

(~,a~, (a3,a.J, (a3,a:;}, (a4,aJ, (a5,3_2}, (a5,aJ }, weighting 
function w : E ~ tl, ... ,5}, and diagram 

The corresponding nebula (A,F) has A = V U ran w, 
dom F = {O}, and F(O) : A~ P(A x A) is defined by 
F(O)(y) = { (x,z) I w( (x,z)) = y} for y e ran w 

0 otherwise. 
The nebula diagram is 

0G0G0 
which differs from the diagram of the digraph only in the 
five extra (isolated) vertices which represent the weights. 

3. An application 
Consider the problem of student advice in connection with 

registration for a university degree. Assume that a degree con
sists of course units selected from topics a, b, c and d. Assume 
further that only two forms of restriction need be applied in 
order to ensure adequate control of curricula, namely prere
quisite and parallel conditions. By a prerequisite condition for 
a course unit x we mean a list of course units each of which 
must be completed before x can be read. By a parallel condi
tion for x we mean a list of course units which are not prere
quisites for x but which must be completed as a necessary part 
of any degree in which x is read. Given course units may have 
several alternative registration conditions. The table gives a cod
ed version of these conditions taken from part of an actual situa
tion, where llo is a dummy course unit representing an entrance 
qualification for topic a. 

Course unit 
a1 

~ 
a3 

a4 
as 
a6 

prerequisite 
ao 
llo 
llo 
a3 

llo 
ao,c1 

parallel 

a5,C2 
or a5,b0 

or a5,d1 
or d0,c2 

or d0,b0 
or d0,d1 

8 

Cz 
or b1 

or b2 

ag,c3 
or a8,b1 

or a8,d2 
or c3 

C3 

or b1 
C • 

3 
or b1 

C3 
or b 1 

or d2 

a12•C3 
or a12,b1 

or a12,d2 

The prerequisite and parallel relationships can be represented 
by n-tuples of the form (a;,x0,. .. ,xk, y0, ... ,ym,a.) where 
ai,Xo, .. ,,xk is a list of prerequisites for ai and y0 , ••• ,y~ is a list 
of parallels for a .. 

The relevant nJbula is (A,F) where A = {a0, ... ,a13 ,b0, ••• ,b_ 
~,c0, ••• ,c3,d0 , ... ,d2}, dom F = {(0,0), (0,1), (0,2), (0,3), (1,0), 
\1,1), (1,2), (2,1), (2,2)}, and F(i) is defined below. Note that 
dom F has been selected so as to show the number of prere
quisites and parallels, respectively, which remain after the outer 
co-ordinates of an n-tuple (apx0, ... ,xk,y0, ... ,ym,a) are 
suppressed. 

Let F((O,O)) = F00 : A0 ~ P(A x A) be defined by 
F00(0) = { (11o,a1), {a3,a.J, (a0,a5), (~,a11)} 

where we write Fx for F((x,y)). 
F01 : A~ P(A x A) is defined by 
F01(x) { (a6,as)} if x = c2 

= { (a6,a8), (a4,a10)} if x = b1 
= { (a6,a8)} if x = b2 

= { (<Li,a.J, (a4,a1J} if x = c3 
= 0 otherwise 

F02 : A2 ~ P(A x A) is defined by 
F 02 ( (xl'x:z)) '.: { (a0,a3)} ~f (xl'Xz) (al'a1) 

- { (<Li,a.J} if (xpx:z) (a8,cJ 
= { (<Li,a) { if (x .. x:z) = (a8,b1) 
= { (<Li,a.J} if (x1 ,x:z) = (a8,d:z) 
= 0 otherwise 

F03 : A3 ~ P(A x A) is defined by 
F 03 ( (XpXz,X3)) = { (a0 ,a:z)} if (XpXz,X3) = (al'c0,c1) 

= 0 otherwise 
F 10 : A~ P(A x A) is defined by 
F10(x) = { (a0,<Li)} if x = c1 

= 0 otherwise 
F11 : A2 ~ P(A x A) is defined by 
F11((xpXz}) = { (a3,a1J} if (xpx:z) = (d0,c3) 

or (d0 ,b1) 

= 0 otherwise 
F 12 : A3 ~ P(A x A) is defined by 
F 12((x .. Xz,~)) {(a0,aJ} if (x .. x2,x) = (cl'a5,cz) 

or (cpas,bJ 
or (cpa5,d1) 
or (c1,d0,cz) 
or (cpd0,bJ 
or (cpd0,d1) 

= 0 otherwise 
F21 : A3 ~ P(A x A) is defined by 
F21((x .. x2,x3)) = f(a4,a1z)} if (XpXz,x) = (a5,a6,c3) 

or (a5,a6,b1) 

or (a5,a6 ,dz) 
= 0 otherwise. 

Finally, F22 : A4 ~ P(A x A) is defined by 
F2z((xl'x2'x3,x.J) = {(a4,a13)} if 

(xpXz,X3,x.J = (as,a6,a12•c3) 
or (a5,a6,a12,b1) 

or (a5,a6,a12,dz) 
0 otherwise. 



The diagram of (A,F) is 

a, 

(3) 0) 0) 
0) 0) CS) 

~(0~C0 

Consider the initial registration of a student who wishes to 
read ~· How must he plan his degree curriculum? He needs 
to know which choices of course units lead to a9• This infor
mation can be provided by one or more nebula diagrams. The 
appropriate nebulas are produced by forming cascades in (A,F) 
as described below. 

Some preliminary definitions are required. 
By a weak subnebula of a nebula (D,K) we understand a 

nebula (B,G) such that B s D, dom G = dom Kand, for each 
i e dom G, each j e Bni-2, 

G(i)(j) s K(i)U). 
By a reduct of (D,K) we understand a nebula (B,G) such that 

B = D, dom G s dom Kand, for each i e dom G, 
G(i) = K(i). 

By a weak subreduct of (D,K) we mean a nebula (B,G) which 
is a weak subnebula of a reduct of (D,K). It is straightforward 
to show that (B,G) can also be seen as a reduct of a weak 
subnebula of (D,K). 

A cascade in a nebula (D,K) is a sequence of weak subreducts 
(Bi,G) of (D,K) such that if i < j then (Bi,G) is a weak 
subreduct of (Bi,G). 

For any family { (Bi,Gi) I i e I} of weak subreducts of a 
nebula (D,K) the supremum is the weak subreduct (vBi,vGi) of 
(D,K) defined by: 

vB. = U B., dom vG. = U dom G. and, for each 
1 i e I 1 1 i e I 1 

k e dom vGi, each 
j e (vBi)nk-2, (vG)(k)(j) = u R. 

i e I 1 

where Ri = Gi(k)U) if k e dom Gi and j e dom q(k) 
= 0 otherwise. 

Given any nebula (D,K), the reverse adjacency function 
r-1 : D ~ P(D) is defined by, for each de D, r·1(d) = {b I 
for some i e dom K, some j e dom K(i), (b,d) e K(i)(j)} U { d}. 

Given a nebula (D,K), the reverse context-function 
r·1 : D ~ P(D) is defined by, for each de D, r·1(d) = {b I for 
some i e dom K, some j e dom K(i) and some c e D, (c,d) e K(i)(j) 
and b e raq j}. 
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In order to illustrate the formation of cascades, we return 
to the nebula (A,F) and define the sequence {(BpG) I i e w} 
as follows. 

B0 = {a9} and 0 0 = 0, 
Bi+ 1 = r·1(B) U r·1(Bi), dom Gi + 1 = dom F and, for each 

k e dom Gi+l' 
Gi+Jk): (Bi+J?k-2 ~ P(Bi+l x Bi+!) is defined by 
Gi + Jk)U) = F(k)G) n (Bi+ 1 x BJ 

For i > 4, (Bi,Gi) = (B4 ,G.J = (vBi,vG). In particular, 
B4 = { 11o,a5,a6,a7,afa9, bq,b1 ,b2,c1 ,c2,c3,d0,d1 ,d2}, and 

(GJ00(0) = { \a0,a5)}. 

(GJ01(x) { (a6,a8)} if x c2 
{ (a6,a8)} if x b1 
{ (a6 ,a8)} if x b2 

{ (a7,a9)} if x = c3 

0 otherwise. 
{ (~,ag)} if (x1 ,x2) 

{ (~,ag)} if (x1 ,x2) 

{ (~,ag)} if (xl'xz) 
0 otherwise. 

(GJ0i(x1,x2 ,x3)) = 0 for all (x 1,x2,x3) e B4 x B4 x B4. 
(GJ10(x) = { (a0,a7)} if x = c1 

= 0 otherwise. 
(G4)11((xl'xz)) = 0 for all (xrx2) € B4 X B4. 
(GJ12((xpx2 ,~)) = { (a0,aJ J if (xl'x2,x) = (c1,a5 ,cz) 

or (c"a5,bo) 
or (c"a5,d1) 

or (c1 ,d0 ,c2) 

or (cl'd0 ,bo) 

0 otherwise. 
or (cl'd0,d1) 

(G4) 2J(x"x2 ,x3)) = 0 for all (x"x2,x3) eB4 x B4 x B4. 
(G4) 22((x1,x2,x3,x.J) = 0 for all (xl'x2,x3,x.J e B4 x B4 x B4 x B4. 

The diagram of (vBi'vG) is 

-l(). 
'C' 

' 

<9@ 
©©@ 
©©@@ a, 

The diagram dispalys the various lists of prerequisites and 
parallels which lead to ~· Each particular choice can be pro
vided for the ,tudent in the form of a diagram produced by 
defining more·Jiinited cascades in either (vBi,vG) or (A,F}. 
Two examples are 



and 
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