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Guest Contribution 

This guest contribution is a slightly edited report to the Foundation for Research and Development (FRD) 
drawn up by Ed Coffman. Ed was an FRD-sponsored guest at the 6th South African Computer Research 
Symposium. The report was not originally intended for general distribution. Rather, it was specifically 
compiled for the FRD and its staff. I am there/ ore grateful to both the FRD and the author for agreeing to 
its publication in SACJ. I believe that it contains several incisive observations that merit further thought and 
discussion amongst South African computer scientists. (Editor) 

Impressions of Computer Science Research in South Africa 
E. G. Coffman, Jr. 

AT&T Bell Laboratories, USA 

In commenting on the cross section of computer science 
research in South Africa, I will use the classification in 
the table of contents of the "Summary of Awards: Fiscal 
Year 1989," a document published recently by the US 
National Science Foundation. Of the 5 categories, I will 
treat Numeric and Symbolic Computation as inappropri
ate for the discussion below. In this category I noted no 
research in the computer science setting in South Africa. 
It is also common in the US and elsewhere to place this 
effort in other departments, e.g., departments of mathe
matics or applied mathematics. 

Of the remaining categories I found South Africa to 
be strongest in software systems and engineering, to have 
a substantial investment in computer systems and archi
tecture, and to be weakest in computer and computation 
theory. 

The coverage in software systems and engineering 
(SSE) was broad, topical, and similar in scope to that in 
US universities. Technology transfer and the correspon
ding relations with industry seemed to be in place or 
developing along promising· lines. I comment in passing 
that this was rather surprising to me. In the US the 
development of SSE within university departments has 
lagged behind almost all other disciplines of computer 
science. A primary problem has been the insatiable 
appetite of industry for all Ph.D. graduates in the SSE 
field. 

The investment in parallel processing, computer 
networks, and distributed computing appears sound, 
although I expected to see a greater emphasis on math
ematical foundations (see my remarks below}, particularly 
in the parallel algorithms area. Given current resources, 
South African institutions are doing remarkably well in 
computer science research. But computer science is a 
fundamentally important course of study, beginning at an 
early age and extending through graduate Ph.D. 
research; I take this as sufficiently obvious that I need not 
dwell on justifications. With this in mind, and with the 
necessary resources in hand, South Africa should, in my 
opinion, expand and consolidate its computer science 
research effort, increase its visibility in the international 
arena, and correct the rather thin distribution of graduate 
research among universities. 
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I can see much of this proceeding along present lines, 
but I would strongly recommend a concerted development 
in computer and computation theory (CCT}, education 
and research; this is mainstream computer science and 
forms the basis for virtually all other fields of study 
within computer science. It is by no means absent in 
South Africa curricula, but it appears to be under
-represented in advanced studies and Ph.D. level 
research. 

At the graduate level CCT is heavily mathematical. 
I understand that mathematical foundations are supplied 
by mathematics departments in certain cases. This is not 
ideal, but workable and it is justified by limited 
resources. However, it is important that mathematics 
departments not regard this as a mere service; faculty 
will have to make a major commitment to theoretical 
computer science, publishing in its leading journals (e.g. 
SIAM Journal of Computing, Journal of the ACM, 
Journal of Algorithms, Algorithmica, Journal of Com
puter and Systems Sciences, Theoretical Computer 
Science, etc.}, and providing the supervision of theses 
sponsored by computer science departments and leading 
to degrees in computer science. I would also encourage 
active participation in the international computer science 
"theory" societies and their meetings; two highly presti
gious examples of the latter are the annual Symposium 
on the Theory of Computing and the Foundations of 
Computer Science conference. 

Returning to the thin distribution of computer science 
research, I would make the following point. If the 
current situation is only a stage of development - i.e., if 
further resources (both human and financial) can be 
counted on to, bring at least a few of the departments to 
a critical mass - then little needs to be said beyond the 
earlier remarks. Critical mass is hard to define, but calls 
for adequate, expert coverage of mainstream computer 
science re- search. In view of the breadth of this 
research, 8-10 Ph.D. full- time-equivalent faculty would 
seem to be barely adequate; with the usual clumping of 
faculty in specific research areas, more would be 
expected. South Africa has a talent base such that there 
is little doubt that such departments would achieve a 
much wider international recognition. 
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On the other hand, if resources remain fixed at 
current or even slightly retrenched levels, then I would 
recommend consolidation to achieve the same goals on 
a smaller scale. Within a university this can often be 
done by establishing interdisciplinary, degree-granting 
laboratories or institutes of computer science, which 
bring together the computer science efforts located in 
various departments other than computer science, such as 
electrical engineering, industrial engineering, business/
management science, mathematics, and operations 
research. The idea is to enjoy the advantages ( opportun
ity, synergy, awareness, etc.) to both students and faculty 
of reasonably large computer science programs. There 
are many examples of such intramural laboratories in 
North America and Europe. 

This approach could also be considered among 

universities within a confined geographical area, admit
tedly with greater difficulty perhaps. The Institute of 
Discrete Mathematics and Computer Science connecting 
Princeton University, Rutgers University, AT&T Bell 
Laboratories, and Bell Communications Research is a 
possible model. Examples in South Africa might consist 
of universities and research institutions on the Reef or 
those in the Western Cape (just to mention those with 
which I'm a little familiar). 

As a final comment, I should note that my impres
sions have been based on limited information which may 
not give a representative picture. I am sure that my 
reactions will be appropriately discounted where I have 
been off target. 

Editor's Notes 

Prof John Schochot has graciously accepted to be SACJ's 
subeditor for papers relating to Information Systems. 
Authors wishing to submit papers in this general area 
should please contact him directly. I look forward 
working with John, and to a significant increase in IS 
contributions in future. 

The hand of the new production editor, Riel Smit, will be 
clearly evident in this issue. Those papers not prepared 
in camera-ready format by the authors themselves were 
prepared by him in TEX. He will be announcing revised 
guidelines for camera-ready format in a future issue. If 
you use TEX or one of its variations, Riel would be 
happy to provide you with a styles document to SACJ 
format. 

At last some Department of National Education commit
tee has decided that SACJ should now be on the list of 
approved journals. This places it amongst the ranks of 
some 6800 other journals. These include not merely a 
number of ACM and IEEE Transactions but also such 
journals as Ostrich, Trivium, Crane Bag, Koers, 
Mosquito News, Police Chief, Connoisseur, Lion and the 
Unicorn, About the House and Ohio Agricultural 
Research and Development Center Department Series 
ESS. You will recall that in 1990 this same committee 
decided that, if judged on its own merits, SACJ did not 
deserve to be on the illustrious list. In the absence of 
other evidence, we must assume that the sole reason for 
its revised decision is that SACJ's predecessor, 
Qwestiones Informatice, was there. (I have a secret 
suspicion that the committee liked that name.) 

It is my understanding that for official purposes, all 
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journals on this list are regarded as equally meritorious, 
and all of them are more meritorious than any conference 
proceedings. What does all of this mean? 

The momentous implication of the committee's 
deliberations is that the State will not give your institu
tion a single cent for anythi~g that you publish in SACJ. 
Instead, the State and your institution will scrupulously 
keep a score of the annual number of publications that 
count - but actually don't - because someday they might! 
And to encourage your enthusiastic participation in this 
Alice in Wonderland exercise, your institution might 
actually give you some of the standard subsidy funding 
that the State should have provided according to its own 
formulae, but didn't. 

You will not be allowed to use this money to buy 
yourself a car - not even a casual meal. You may only 
use it to finance activities that are provably directed 
towards producing more papers in approved journals. The 
great consolation, of course, is that you will not be 
required to pay income tax on this money. The only tax 
involved will be the VAT component when you spend it 
in an approved manner. As a good computer scientist 
who enjoys recursion, my vote would be that all such 
revenue collected by the State should be earmarked to be 
placed in the pay packets of committee members who 
decided that SACJ should be approved. 

If you publish in these approved journals with 
sufficient regularity and enthusiasm you will almost 
deserve to be regarded as a researcher. What you addi
tionally need to do, is to ensure that you befriend and 
impress at least three overseas referees. You then apply 
to the FRD for official recognition as a researcher, and 
if they are sufficiently impressed, they will give you 
more of the non-taxable kind of money that you need to 
spend on research to publish in approved journals. 
Derrick Kourie 
Editor 
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Modelling the Algebra of Weakest Preconditions 

C Brink and I Rewitzky 
Laboratory/or Formal Aspects and Complexity in Computer Science, 

Department of Computer Science, University of Cape Town. 

Abstract 

Dijkstra's weakest precondition semantics, as presented in textbook form by Gries, may be viewed as an equational algebra. 
The problem then is to find a reasonable (set-theoretic) model of this algebra. This paper provides one. 
Keywords: Guarded commands, Invariants, Predicate Transformers, Weakest preconditions. 
Computing Review Categories: D .3 .1, F.3 .1, F.3 .2. 
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1 Introduction 

Programming language semantics comes in three flavours: 
operational, denotational and axiomatic. Of the latter, one 
of the best known is Dijkstra's weakest precondition se
mantics, introduced in Dijkstra [5] and [6], presented in 
textbook form in Gries [13], offered as a programming 
methodology in Backhouse [2], Dromey [8] and Morgan 
[16], and rejuvenated by Dijkstra and Scholten [7] as well 
as Holt [14]. 

The idea is that the meaning of a (nondeterministic) 
program a is entirely given by describing, for any given 
predicate Q which is desired to be true upon termination of 
a, the set of all those states s such that execution of a from 
s will result in a terminating in a state where Q is true. This 
set is called the weakest precondition of a with respect to 
Q, written wp( a, Q). By a state we mean the usual notion 
of a sequence of values of. all program variables. The set 
of all states is here denoted by S. A predicate is in the first 
instance an interpreted formula in a first-order language. 
However, it is common practise to equate a predicate Q with 
the set of all those states in which Q is true, and we adopt 
this useful ambiguity without further mention. Predicates 
therefore are subsets of S. A program is nondeterministic if 
from a given input state different output states are possible. 
This holds in particular for atomic programs, so that if a 
program is viewed (operationally) as a sequence of atomic 
steps then we may think of an execution tree of states 
developing from any initial state. 

Note that for any program o, 'wp(a,-)' is a mapping 
from predicates to predicates. Such a mapping is called a 
predicate transformer from the power set P(S) (i.e. the set 
of all subsets of S) into itself. The Gries/Dijkstra method
ology is to characterise programs by axiomatising the be
haviour of predicate transformers. Since the axiomatisation 
is equational it is appropriate to think of it as an algebra, 
and it is this Gries/Dijkstra algebra to which our title refers. 

The algebra of weakest preconditions has matured con
siderably from the original five 'healthiness conditions' in 
Dijkstra [6] to the self-contained algebraico-logical presen
tation of Dijkstra and Scholten [7]. For example, Dijkstra 
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and Scholten ([7] p125) embrace a notion for which Di
jkstra ([6] p76,77) could see no use: that of unbounded 
nondeterminism. (That is, from any given state there may 
be infinitely many possible next states for any program o.) 
We choose as representative the presentation of Gries [13], 
which, for the benefit of the reader, we quickly outline. 

We will denote programs by a, f3, 'Y, ..• , and predicates 
by P, Q, R, ... (This notation differs from Gries.) There 
are certain atomic programs called skip, abort and (in Di
jkstra and Scholten [71) havoc. Another atomic program is 
the assignment statement 'z : = e', where z is a program 
variable and e is some expression ( e.g. arithmetical). From 
the atomic programs compound programs are constructed 
in one of three ways. First, any two programs a and /3 
may be composed into another program o; /3, intuitively 
read as 'do a, then do {3'. Second, for any predicates 
B1, B2, , , . , Bn and programs 01, 02, , , , , On there is an 
alternative command IF of the form: 

intuitively read as 'select some true Bi and execute the 
corresponding oi'. [Note: the Bi's are called guards -
which is why the Gries/Dijkstra language is sometimes 
referred to as a guarded command language.] Third, there 
is an iterative command DO of the form: 

intuitively read as 'Repeat the following until no longer 
possible: select some true Bi and execute the correspond
ing o/. 

The Gries/Dijkstra aim is to try and capture these in
tuitive meanings by conditions imposed on the 'wp{o,-)' 
predicate transformer. In Gries [ 13] these are the following: 
(We use the Gries numbering as an aid to the reader.) 
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The Algebra or Weakest Preconditions 

(1.3) Law or the Excluded Miracle: 

(7.4) 

(/.5) 

(/.6) 

(7.7) 

(8.1) 
(8.2) 
(8.3) 
(9.1.3) 
(10.3b) 

wp(o,0) = 0 
Distributivity or Conjunction: 
wp(o,Q)nwp(o,R) = wp(o,QnR) 
Law or Monotonicity: 
If Q ~ R then wp(o, Q) ~ wp(o, R) 
Distributivity of Disjunction: 
wp(o,Q)LJwp(o,R) ~ wp(o,QLJR) 
For any detenninistic program o, 
wp(o,Q)LJwp(o,R) = wp(o,QLJR) 
wp( skip, Q) = Q 
wp(abort, Q) = 0 
wp(o; {j, Q) = wp(o, wp({j, Q)) 
wp(' z := e' ,Q) = { sl s[e/ z] E Q} 
wp(IF,Q) = ( Bi LJ B2) n 
(-,Bi LJwp(o1,Q)) n (-,B2LJwp(o2,Q)) 

(11.2) wp(DO, Q) = Un>O Hn(Q), where 
Ho(Q) = -,B n Q, and 
Hn+1(Q) = Ho(Q) U wp(IF,Hn(Q)) 

The reader familiar with Gries [13] will note that since 
our aim is to consider principles rather than details we 
have effected some simplifications, which we now ex
plain. First, we have omitted multiple assignment (Gries 
[13] 9.4), since it merely repeats single assignment. Sec
ond, we have restricted IF to at most two guards (i.e. 
'if Bi -+ 01 ~ Bi -+ 02 /i') since it is a mere notational 
matter to extend the results obtained for two guards to n 
guards. Third, we have restricted DO to one guard (i.e. 
'doB-+ o od',ormorefamiliarly'whi/e B doo')since, 
as both Gries ([13] p139) and Dijkstra and Scholten ([7] 
p 188) point out, in the presence of the general IF command 
the simple DO will suffice. Fourth, the notation 's[ e / z]' is 
explained in §3. 

As algebras go, one would expect the algebra of 
weakest preconditions to have some perspicuous standard 
model, preferably a set-theoretic one. (As, for example, 
a standard model for Boolean algebras is the calculus of 
sets.) But the matter is not that simple. The intuitive 
model of the algebra of weakest preconditions in Gries 
[13], for example, is an opportunistic hybrid of first-order 
logic, set theory and operational semantics, and it is not 
clear how this could give rise to a set-theoretic model. It 
seems that such a model must be reasonably sophisticated, 
in the sense of not just considering the input-output rela
tion. Such an input-output approach has been explored for 
example in Sanderson [17], Blikle [3] and Schmidt and 
StrOhlein [19]. Programs are modelled as binary (input
output) relations over S, and operations from the calculus 
of relations model operations on programs. This model 
has some pleasant features, but as is clearly pointed out in 
Gordon [10], it falters on an important point: (8.3) is not 
satisfied when composition of programs is interpreted as 
composition of relations. 

Our aim in this paper is to model programs as next
state relations. On this approach a program run yields an 
execution sequence of states; because programs are non
detenninistic any initial state s gives rise to an execution 
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tree, and the meaning of a program is given by the set of 
all its possible execution sequences. Such a set will be 
called a jlowset (by analogy with flow diagram). In §2 
we develop a calculus of flowsets, and this is used in §3 
to verify the Gries/Dijkstra conditions listed above, or in 
some cases small variations thereof. Thus the calculus of 
flowsets models the algebra of weakest preconditions. In 
§4 we briefly consider invariants (in an algebraic setting) 
in order to prove what Dijkstra [6] calls 'The Fundamental 
Invariance Theorem for Loops'. 

We also have a secondary aim, which is pedagogi
cal. Increasingly, Mathematics students are also doing 
Computer Science, and vice versa. To a mathematically 
mature student population weakest precondition semantics 
can quickly and neatly be explained in the algebraic con
text of predicate transfonners. But then the algebra should 
have a standard model. 

2 The Calculus of Flowsets 

Let S be any set, the elements of which are called states. 
We will model computations by sequences of states, called 
'execution sequences', or exseqs for short. Terminat
ing computations are modelled by finite sequences, non
tenninating ones by infinite sequences. Amongst tenni
nating computations we distinguish those which tenninate 
cleanly from those which don't. In the latter case we say 
the computation aborts, and we model this by having the 
exseq for that computation ending in a special symbol 'l.', 
with l. ¢. S. 

(1) 

We define the set Seq(S) of exseqs as follows: 

s+ denotes the set of all finite non-empty se
quences of elements of S. 

SJ. denotes the set of all finite non-empty se
quences with l. as the last component and ele
ments of S as the first and (if any) intennediate 
components. 

S 00 denotes the set of all infinite sequences of ele
ments of S. 

Seq(S) = s+ LJSJ. LJS00
• 

Note that s+, sJ. and S00 are disjoint. These three 
sets naturally represent (respectively) cleanly tenninat
ing computations, computations tenninating in abortion, 
and non-tenninating computations. We denote exseqs 
by x, y, z, ... etc, the idea being that when we write 
'x = (x1,x2,x3, .. . )' it is left open whether or not xis 
finite. But when we write 'x = (x1, x2, ... , xn)' then xis 
finite and has Xn as last element, where either Xn E S (if 
x Es+) or Xn = l. (ifx E SJ.). 

We now define some operations on exseqs. For any x 
E Seq(S), say x = (x1, x2, x3, .. . ): 

(2) first(x) = x1 

{ 

n if x Es+ LJSJ. and 
length(x) = 

00 

x = (x1, x2, ... , Xn) 

if x E S 00 
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last(x) = n x = (xi, x2, ... , Xn) 
{ 

x ifx Es+ LJSl. and 

undefined if x E S 00 
• 

We also need to be able to compose two exseqs x and y. 
In the paradigm case this talces place when x terminates in 
exactly that state in which y begins: then x o y is obtained 
by identifyingx's last component with y's first component, 
thus joining the two exseqs together. For other cases special 
provision must be made. As follows: 

(3) For any x, y E Seq(S), 
xoy= 

x ffxESl.LJS00 

( xi , ... , x n, Y2, Y3 , ... ) if x E s+, say 
x = (xi, x2, ... , Xn), 
Y =(Yi, Yl, Y3, · · .), 
last(x) = first(y) 

undefined otherwise . 

The idea is that if a computation aborts, or does not 
terminate, then formally sequencing another computation 
after it has no effect. Sequencing is only effective when 
the second computation picks up where the first left off. 

Finally, we make explicit the usual prefix ordering of 
sequences -also called 'ordering by initial subsequences'. 
For any x, y E Seq(S), we have (with n < oo for every 
n EN): 

(4) x $ y iff (i) length(x) $ length(y), and 
(ii) Xi = Yi for every i such that 

0 $ i $ length(x). 

We can now explore some mathematical properties of our 
little calculus of exseqs. To begin with, o is associative and 
$ is a partial order. Thus: 

(5) Lemma (Seq(S), o, $) is a partially ordered semi-
group. 

As is often the case in dealing with partially ordered struc
tures (e.g. in denotational semantics), it will be important 
that chains have least upper bounds. Recall that a chain C 
in a partially ordered set (X ,$) is a linearly ordered subset 
of X - i.e. one such that for any x, y E C either x $ y 

or y $ x. We denote least upper bounds by the neutral 
notation 'lub'. 

(6) Lemma Every chain in Seq( S) has a least upper 
bound. 
Proof Let { Xi he1 be a chain of exseqs (under the 
prefix ordering). Define x to be that exseq such that 
(i) length(x) = lub{length(y) I y E {xdie/} 
and (ii) Vy E {xihe1 and 'v'j : 0 $ j $ length(y) 
we have Yi = x;. Intuitively, each Xi is a prefix 
of Xi+i, and x is that exseq of which all the xi's 
are prefixes. Also, lub(N) = oo. We leave it as an 
exercise to show that x = lub {Xi} i e 1. D 

Exseqs will model computations, but our aim is more ambi
tious than that: we wish to model the programs from which 
these computations arise. We do so by using the power 
construction expounded (e.g.) in Brink [4], Goldblatt [9] 
and Grtttzer and Whitney [18]. That is, from the partially 
ordered semigroup (Seq(S), o, $)we can form its power 
structure (P(Seq(S)), o, +-, E), where: 
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Figure 1: Computation sequences for a program. 

(7) P(Seq(S)) is the set of all subsets X, Y, Z, ... of 
Seq(S); 

X o Y = { x o y Ix E X and y E Y} 
VX, YE P(Seq(S)); 

X +-Y iff (Vx E X)(3y E Y)[x $ y] and 
(Vy E Y)(3x E X)[x $ y], 
VX, YE 'P(Seq(S)); 

E = {(s)ls ES} 
(i.e. the set of one-component sequences). 

[Note: Readers familiar with powerdomain theory in de
notational semantics will recognise +- as the Egli-Milner 
ordering.] 

The required model of programs is obtained as a sub
structure of this power structure, namely that consisting of 
certain special sets of exseqs. 

(8) A set XE P(Seq(S)) of exseqs is called ajlowset if 
it satisfies 
Axiom 1: Vs ES 3x EX with first(x) = s, and 
Axiom 2: V x, y E X, x </. y. 
The set of all flowsets will be denoted by ':F'. 

The idea with Axiom 1 is that any state s is a possible 
initial state of any program. A computation may not actu
ally progress from s (in which case it is modelled by the 
exseq (s)), or it may immediately abort (modelled by the 
exseq ( s, l. )) - but at any rate it is defined. One virtue of 
this idea is that, for any state s, any set of exseqs x with 
first(x) = s provides a natural model for the execution 
tree (or 'extree' for short) of some program o from this 
initial state s. Note that it is risky to rely on a graphical 
presentation of such trees, or a definition intended to cap
ture such a graphical presentation. For example, a program 
o may, from some given initial state s, have the possible 
computation sequences (s, ti, u, vi) and (s, t2, u, vi), and 
only these. Yet the graphical tree representation of Figure 
1 would seem to indicate that (s, ti, u, vi) and (s, t2, u, vi) 
are also possible execution sequences. But this is not in
tended. 

The idea with Axiom 2 is that no initial subsequence of 
an execution sequence is also an execution sequence. This, 
in fact, is the manifestation of a rather subtle point con
cerning nondeterminism. Generally speaking, a program 
is said to be nondeterministic if from any given state there 
is no assumption of a unique next state. The question raised 
here, which does not seem to have been addressed before, is 
whether or not one should uniformly assume the existence 
of a next state. In short: does the notion of nondetermin-
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ism allow a program which has already proceeded up to 
some state s to sometimes terminate at s and sometimes 
not? Space does not allow a discussion of this issue here, 
so we resolve the matter by simply choosing one of the al
ternatives: Axiom 2 rules out a notion of nondeterminism 
on which initial subsequences of computations can also be 
computations. Note that any extree satisfies Axiom 2 (but 
not necessarily Axiom 1). 

The operation o between flowsets is intended to model 
sequential composition. Think of X and Y respectively 
as the set of all possible computations of programs a and 
/3. Then X o Y corresponds to the set of all possible 
computations of the program which consists of doing f3 
immediatelyaftero. Technically: foranysequencex EX, 
if it does not terminate cleanly leave it; if it does then append 
at its final state (say) Zn all exseqs in Y starting with Xn. 

The relation +- between flowsets is the power order of the 
prefix relation between exseqs. It says that X +-Y iff any 
exseq in X is a prefix of some exseq in Y, and any exseq 
in Y has some exseq in X as prefix. Thus, intuitively, Y 
extends X. The set E is useful for technical reasons: it will 
model a program called null, which from any initial state s 
does exactly nothing. 

We now come to the calculus of flowsets. 

(9) Theorem ( F, o, E, +-) is a partially ordered mono id, 
with E as identity/or o, and as minimum under+-. 
Proof To establish the monoid part of the Theorem 
we need to check that the power operation o is asso
ciative, and that Eis a (left- and right-) identity for o. 

The former follows since the power operation of any 
associative operation is again associative. The latter 
is also easy, but it is not immediate. That X o E = X 
and E o X = X for any flowset X must be checked 
for all possible cases. 

Secondly we must establish that+- is a partial or
der, and E its minimum. It is known that the power 
order of any partial order is a quasi-order - that is, 
reflexive and transitive. So we only need to check 
that +- is anti-symmetric. To do so, let X and Y be 
flowsets such that X +-Y and Y +-X; we need to show 
that X = Y. For this we show that X ~ Y, analo
gous reasoning would then also establish that Y ~ X. 
So let x E X arbitrarily. Since X +-Y there is some 
y E Y such that x :5 y. But also, since Y +-X, there 
is then some z E X such that y :5 z. But then x :5 z, 
hence by Axiom 2 x = z, hence since x :5 y :5 z we 
have x = y, hence x E Y. Thus X ~ Y, as required. 
To see that E is the minimum element of +- we just 
need to invoke Axiom 1. D 

The next question to address is whether chains in F have 
least upper bounds. Note that the 'obvious' response that 
flowsets are sets and that therefore lob's should be unions 
is fallacious. The union of flowsets is indeed a set, but it 
is not necessarily a flowset: Axiom 2 is easily violated. 
However, our earlier preparation in Lemma (6) pays off: 
chains of flowsets will have lob's because chains of exseqs 
have them. 

(10) Theorem Let { Ai hEI be any chain of flowsets under 
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the ordering +-. Let A = {x I x = lub under :5 
of some chain C in U,eJ A,}. Then A = lub 
{A,he1 under+-. 

In §3 we will view the iterative command DO as a repetition 
of IF commands. We therefore need to build into the cal
culus of flowsets the notion of repetition; it is precisely for 
this purpose that we talked above about chains and lob's. 
We define iterated composition in the usual way: 

(11) For any flowset X: x 0 = E 
xn+t = X" oX, Vn ~ 0. 

Then: 

(12) Theorem For any jlowset X, { X" }n~oforms a chain 
under the ordering+-. 
Proof We must show that X 0 +-X1+-X2 +- .... By 
Theorem (9) E+-X for any flowset X, so we only 
need to show that, Vn ~ 0, X"+-X"+1 = X" o X. 
Since composition simply appends exseqs in X to 
exseqs in X" this is easy to show by consideration of 
cases. D 

It now follows from Theorem (10) that for any flowset X 
the chain {X" }n~o must have a lub. This is an important 
notion, for which we reserve both a notation and a name. 

(13) For any flowset X, the iteration X* of X is defined 
by X* = lub{X" }n~O· 

Finally we introduce into the .calculus of flowsets an oper
ator which does not explicitly feature in the Gries/Dijkstra 
algebra of weakest preconditions, but which is quite useful 
as an aid in modelling such operations. It is the non
deterministic choice operator which for programs a and 
f3 would correspond to a program a V /3, interpreted as: 
'Nondeterministically choose either a or /3 and then run 
the chosen program'. In the relational semantics briefly 
discussed in § 1 nondeterministic choice is modelled by set
theoretic union. But in the calculus of flowsets this won't 
do, since the union of two flowsets need not be a flowset. 
Instead we choose to model a V /3 by what is known as 
Hilbert's epsilon operator. 

This operator, t, features strongly in Higher-Order 
Logic - see for example [l], [10], and [11]. It is a 
variable-binding operator, like quantifiers, and can be used 
as a primitive logical symbol. For our purposes, however, 
it will suffice to make clear its semantics. Namely, the c
operator acts as a choice function: given any set A, t picks 
out some unknown but fixed element of A, which is then 
denoted by t .A. In particular, 

(14) For any indexed set { Xi }ieJ of flowsets 

t.{X,he1 
denotes some particular unspecified but fixed X,, i E 
I. 

Note that if the indexed set I is finite then 
t. { X 1 , X 2, ... , X n} is some particular one of n flowsets. 
But we make no finiteness constraints on I in (14), in order 
to cater for the unbounded nondeterminism of Dijkstra and 
Scholten [7] 

In conclusion we point out some related work. Blikle 
[3] also models programs as sets of computations and 
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presents an algebra of such sets. But Blikle adopts a notion 
of 'generalised composition', whereas our approach uses 
the power construction. Another relevant paper is Hoare 
[ 15], which models programs as sets of 'possible traces', 
along the lines of operational semantics. It is interesting 
that Hoare ([15] p425) proves exactly what we called Ax
ioms 1 and 2 for flowsets. 

3 Verifying the Gries/Dijkstra Conditions 

Our aim in this section should be clear, and is easy to state. 
We model each of the programs in the Gries/Dijkstra lan
guage by a flowset, each operation on programs by an op
eration on flowsets, and we prove the given formulae of the 
algebra of weakest preconditions in the calculus of flowsets. 
We also add a few extra features to the Gries/Dijkstra alge
bra, as an aid to the exposition. 

We adopt the square bracket notation '[-]' of denota
tional semantics to map each program a onto its meaning 
[a], which will be a flowset. We may also specialise this 
to 'the meaning of a program a at some initial state s', 
written [a](s), which is an extree (or execution tree) in the 
sense of §2: the set of all those exseqs x in [a] such that 
first(x)= s. 
To begin with: 

(1) [skip] = {(s, s)ls ES} 
[abort] = {(s, .i)ls ES} 
[havoc]= {(s, t)ls ES and t E S} 
[null] = {(s)ls ES} = E 

We introduce the atomic program null because it will be 
useful in defining IF. Next, we model sequential composi
tion of programs by composition of flowsets. That is: 

(2) For any programs a and /3, 
[a; ml = [a] o [,B]. 

The assignment statement, as is well known, is problematic 
in the Gries/Dijkstra algebra insofar as it is the only com
mand which deals directly with program variables. But 
the problems raised by assignment are extraneous to the 
modelling proposed here, and does not affect the issues we 
discuss. We therefore simply adopt the Gries/Dijkstra tech
nique (also commonplace in other contexts) of indicating 
notationally a change in state effected by a change in the 
value of a program variable. Namely: 

(3) For any state s E S, 's[e/ z]' will denote that state 
which differs from s only in that the value of the 
program variable z is replaced by the value of the 
expression e evaluated ins. 

It is then easy to model the assignment statement as a 
flowset. [Note: Like Gries ([13] pl 18), we assume e to be 
well-defined in every S.] 

(4) For any program variable z and expression e, 

[z := e] = {(s, s[e/ z])ls ES} 

To model IF we use both the Hilbert epsilon operator and 
the null command. We first define nondeterministic choice: 

(5) For any programs a and ,B, 
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[a V ,B] = !.{[a], [,B]}. 

We then define the meaning of IF at an arbitrary initial state 
s, thus obtaining an extree, and take the union of all of these 
extrees. As follows: 

(6) For any programs ai and a2, any predicates B1 
and B2, and any state s E S, the meaning of 
'if Bi -+ c:ti O B2 -+ a2 Ji' at sis given by: 

[if Bi -+ c:ti O B2 -+ c:t2 /i](s) 

( 

[a](s) ifs E Bi ands ft B2 
_ [,B](s) ifs¢ Bi ands E B2 
- [aV,B](s) ifsEBiandsEB2 

[null](s) ifs¢ Bi ands¢ B2 

and the meaning of IF itself is: 

[if Bi -+ c:ti O B2 -+ c:t2 Ji] 
= U,eS [if Bi -+ c:ti O B2 -+ a2 fi](s). 

[Note: We use, as is customary in this context, 's E B' as 
an abbreviation for' B is true in state s'. Likewise 's ¢ B' 
means 'Bis false ins'.] The intention here should be clear. 
How does 'if Bi -+ a1 O B2 -+ a2 Ji' execute from any 
initial state s? If Bi is true but B2 is not c:ti will be exe
cuted from s; if Bi is false but B2 is true then a2 will be 
executed; if both are true exactly one of ai and a2 will be 
nondeterministically selected and executed, and if neither 
Bi nor B2 is true nothing will happen. Two typical spe
cial cases of IF are 'if B do a', which we equate to 
'if B -+ a O ,B -+ null Ji', and if B do a else ,B Ji', 
which we equate to 'if B -+ a O -,B -+ /3'. It is then 
easy to read off their meanings from (6) above. 

With Gries and Dijkstra we assume the guards to be 
well-defined in every state, so that the four possibilities 
enumerated above are the only ones. On the other hand, 
unlike Gries ([13] p132), Dijkstra ([6] p34) and Dijkstra 
and Scholten ([7] p144) we do not say that if no guard 
is true then IF aborts. There is danger of confusion here, 
since in fact in Dijkstra ([6] p26) and Dijkstra and Scholten 
([7] p135) 'abort' really means 'does not terminate', so 
what they are actually saying is that if no guard is true 
then IF goes into an endless and unproductive loop. It 
is not clear to us what the virtues are of such a notion. 
What will be made clear by our exposition, we trust, is 
that having (literally) the null-option available makes for 
a tidy treatment of IF, both technically and conceptually. 
On our treatment, in any composition 'IF;a' control will 
always pass from IF to a, even when no guard of IF is 
true. The reader is reminded that our aim is to model the 
algebra of weakest preconditions, and that in doing so we 
are not constrained by any particular intuitive semantics 
of the constructs involved. A final point: each extree by 
assumption satisfies Axiom 2 (of §2), hence a union of 
extrees over every state s E S will be a flowset Thus 
[if Bi -+ ai O B2 -+ a2 f i] is well-defined as a flowset. 

F..or the iterative command DO, in the simple form 
'while B do a',ourearlierpreparationreallypaysoff. The 
definition is quite simple: DO is the iteration of IF. 
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(7) [while B do o] = [if B do or 
(= lub{[i/ B do of}n>O 
= lub{[(i/ B do ot]};~o) 

Recalling the relevant definitions in §2, we see that DO is 
defined as the least upper bound of the chain of flowsets 
arising from repeating the IF command. [Note: This is 
the second equality in (7). The third is easy to prove by 
induction.] Intuitively,toperform 'while B do o' consists 
of repeatedly doing the following, until it has no further 
effect: check whether B is true, and if so do o. 

We now come to the central definition, which is that of 
weakest precondition: for any program o and predicate Q, 
Dijkstra ([6] pl6,17), Gries ([13] 7.1 p108) and Dijkstra 
and Scholten ([7] p129) are unanimous that 'wp(o, Q)' 
must denote the set of all those states such that execution 
of o begun in one of them is guaranteed to terminate, and 
when it does it satisfies Q. Our definition will capture this 
intuition, but it adds a clarification: 'wp( o, Q)' will denote 
the set of all states from which o terminates cleanly (and 
satisfies Q upon termination). In our context, if o does not 
terminate cleanly (i.e. aborts) it cannot satisfy Q, since l. 
is not a state. 

(8) For any program o and predicate Q, 
wp(o, Q) = 
{s E Sl('v'x E [o](s))[x Es+ and last(x) E Q]} 

We can now verify the formuiae of § 1. 

(9) Theorem For any program o and predicates Q and 
R: 

(a) (Gries [13], 7 .3) 
Law or the Excluded Miracle: 

wp(o, 0) = 0. 
(b) (Gries [13], 7.4) 

Distributivity of Conjunction: 
wp(o,Q)nwp(o,R) = wp(o,QnR). 

(c) (Gries [13], 7 .5) 
Law or Monotonicity: 

If Q ~ R then wp(o, Q) ~ wp(o, R). 
(d) (Gries [13], 7 .6) 

Distributivity of Disjunction: 
wp(o,Q)LJwp(o, R) ~ wp(o, QLJR). 

Proof All of these depend upon simple logical proper
ties, such as in (b) the distribution of universal quan
tification over conjunction. D 

To check that in our context the converse of Theorem (9)(d) 
does not hold in general, an example such as that of Gries 
([13] pl 11) would suffice. But the converse does hold for 
deterministic programs. 

( 10) A program o is said to be deterministic iff for every 
s E S [ o ]( s) is a singleton set. 

That is, from any initial state o can proceed to execute in 
exactly one way. 

(11) Theorem For any predicates Q and R, and any de
terministic program o (Gries [13] 7 .7) 

wp(o, Q) LJwp(o, R) = wp(o, Q LJR). 

The atomic programs are easy to characterise from Defini
tion (1). 
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(12) Theorem For any predicate Q 

(a) (Gries [13], 8.1) wp(skip, Q) = Q. 

(b) (Gries [13], 8.2) wp(abort, Q) = 0. 
(c) (Dijkstra and Scholten [7], 7.12) 

wp(havoc, Q) = S 
(d) wp(null, Q) = Q. 

We now come to composition: the place where the rela
tional model fails. 

(13) Theorem For any programs o and /3, and any predi
cate Q, 

wp(o;/3,Q) = wp(o,wp(/3,Q)). 

Proof Left to right: Lets E wp( o; /3, Q), then by (8) 
any z E [o; /3](s) terminates cleanly, and in Q. To 
show thats E wp(o, wp(/3, Q)), let u E [o](s) arbi
trarily. If u E sJ. or u E S 00 then also by (2.3) (and 
(2)) we would have u E [ o; /3] ( s), which would then 
contradict the fact that u must terminate cleanly. So 
u Es+, hence last(u) E S. To show that last(u) 
E wp(/3, Q), consider any v E [/3](last(u)). Then 
u o v E [o; /3](s), hence by assumption u o v termi
nates cleanly, and in Q. But then v must terminate 
cleanly, and in Q. Hence last(u) E wp(/3, Q), as 
required. Analogous reasoning establishes the right 
to left inclusion. · D 

As with the definition of the assignment statement we also 
pass lightly over its . weakest precondition result: issues 
such as definability and non-classical conjunction raised 
by Gries ([13] 9.1.1) are not germane to our discussion. 
What we should do is check: 

(14) Theorem For any program variable z, expression e 
and predicate Q: 

wp('z := e',Q)= {sl s[e/z] E Q}. 

Proof Let s E wp(' z : = e' ,Q) then every 
x E [z := e](s) terminates cleanly and in Q. But 
by definition (4) x = (s, s[e/z]); hence s[e/z] E 
Q. For the reverse direction, let s be such that 
s[e/ z] E Q. To show that s E wp(' z := e' ,Q) 
take any x E [z := e](s), then by definition (4) 
x = ( s, s [ e / z ]). Hence x terminates cleanly and 
in Q; sos E wp('z := e',Q). D 

We now come to the IF statement, 

'if B1 --+ 01 ~ B2 --+ 02 Ji'. 
As mentioned, the Gries/Dijkstra idea is that if no guard 
is true IF does not terminate. Accordingly, in Gries ([13] 
10.3b) wp(IF,Q) is given as an intersection of three facts: 
some guard is true, if B1 is true then we have wp( 01, Q), 
and if B2 is true then we have wp(o2 , Q). Our treatment, 
as pointed earlier, differs from that of Gries/Dijkstra in 
also covering explicitly the case where no guard is true: in 
that case wp(IF,Q) is just Q. It seems to us that this better 
captures the intuition behind IF than the Gries/Dijkstra idea 
that IF is non-terminating when no guard is true. On our 
treatment we get: 
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(15) Theorem For any programs a and (3, and any predi
cates Bi, B2, and Q, 
wp(if Bi -+ ai ~ B7- -+ a2 Ji, Q) 
= [Bi n-iB2 n wp(ai, Q)] LJ 

[-iBi nB2 n wp(a2, Q)] LJ 
[B1 n B2 n wp(ai V a2, Q)] LJ 
[-iBi n -iB2 n QJ. 

Proof Left to right: 
Let s E wp(if Bi -+ ai ~ B2-+ a2 Ji, Q). Then 
every x E [i/ Bi -+ ai ~ B2-+ a2 /i](s) termi
nates cleanly and in Q. To show s is in the right 
hand side we distinguish four mutually exclusive and 
jointly exhaustive cases: either s E Bi n -iB2 or 
s E -iBi n B2 or s E Bi n B2 or s E -iBi n -iB2. 
We only consider the first case; the others are 
similar: If s E Bi n -iB2 then by definition (6) 
[if Bi -+ ai ~ B2-+ a2 /i](s) = [ai](s); hence 
every x E [ai](s) terminates cleanly and in Q. So 
s E Bi n-iB2 n wp(ai, Q). 
Right to left: Similar. D 

This presentation of wp(IF,Q) exactly parallels the defini
tion of IF in (6). That is, wp(IF,Q) breaks down as follows: 
If the first guard is true and the second false we are dealing 
with wp( ai, Q); if the first guard is false and the second 
true we are dealing with wp( a 2 , Q); if both guards are true 
we are dealing with the weakest precondition of one of ai 
or a2 (without knowing which), and if no guard is true the 
weakest precondition is Q itself. 

What can we say about the weakest precondition for 
(nondeterministic) choice operator 'V'? Only this: 

(16) Theorem For any programs a and (3, and any predi
cate Q, 

wp(a v /3, Q) 2 wp(a, Q) nwp(/3, Q). 
Proof Let s E wp(a,Q)nwp(f3,Q); then ev
ery x E [a](s) must terminate cleanly and in Q, 
and so must every x E [f3](s). To show that 
s E wp(a V (3, Q) take any x E [a V /3](s). Then 
x E t:.{[a](s), [f3](s)}; so x must terminate cleanly 
and in Q. Hence x E wp(a V (3, Q). D 

The converse of (16) fails, since if every x E [a V f3](s) 
terminates cleanly and in Q this only tells us (by (5)) that 
every xis in one of [a](s) and [f3](s) terminates cleanly 
and in Q. In consequence we can prove the analogue of 
Gries ([13] 10.3b) in one direction only. 

(17) Theorem For any programs a and /3, and any predi
cates Bi, B2 and Q, 
wp(if Bi -+ a1 ~ B2 -+ a2 Ji, Q) 
2 [(B1 LJ B2) n (-iB1 LJwp(a1, Q)) n 

(-iB2LJwp(a2,Q))] LJ [-iB1 n-iB2nQ]. 
Proof Let s be an element of the set on the 
right hand side of '2 '; there are then two cases. 
If s E -iB1 n-iB2 n Q then by (9)(d) s E 
wp(null, Q) and by (6) and (8) this is exactly 
wp(if B1 --+ a1 ~ B2 --+ a2 Ji, Q). In the second 
case s E B1 U B2, if s E B1 then it is also in 
wp( a1, Q) and ifs E B2 then it is also in wp( a2, Q). 
Distinguish three subcases: s E B1 n -iB2 or s E 
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-iBi n Bi or s E B1 n B2. In the first subcase 
s E wp( a1, Q) which in this case by (6) and (8) 
equals wp(if B1 --+ a1 ~ B2--+ a2 Ji, Q). In the 
second subcase s E wp(a2, Q) which likewise in 
that case equals wp(if B1 -+ a 1 ~ B2-+ a2 Ji, Q). 
In the third case s E wp(a1,Q)nwp(a2,Q), 
which by (16) is contained in wp( a v (3, Q), 
which by (6) and (8) in this case equals 
wp(if Bi --+ ai ~ B2--+ a2 Ji, Q). D 

We spoke of 'the analogue' of Gries ([13] 10.3b): this 
indicates our addition of the extra possibility that no guard 
is true. With or without this addition it remains true that 
what Gries takes to be wp(IF,Q) is included in what we 
take to be wp(IF,Q). The point is that our wp(IF,Q) is thus 
weaker than wp(IF,Q) in Gries; since finding the weakest 
precondition is what the game is all about we count this as 
a virtue of our approach. 

For 'if B do a' and 'if B do a else /3 Ji' we get as 
special cases from (15): 

(18) Corollary For any programs a and (3, and any pred- · 
icates B and Q, 
wp(if B do a, Q) 
= [Bnwp(a,Q)] LJ [-iBnQ] 
wp(if B do a else (3 Ji, Q) 
= [B n wp(a, Q)] LJ [-iB n wp((3, Q)] 

Finally, we come to the itera
tive command, 'while B do a'. Like Gries ([13] p140) 
we define for any given predicate Q a sequence Hn(Q) 
of predicates, where H n ( Q) represents the set of all states 
from which execution of DO terminates (cleanly!) in n or 
fewer iterations, with Q true. But our definition simplifies 
that of Gries. Namely: 

(19) For 'while B do a' define predicates Hn(Q), 
n ~ 0, by: 
Ho(Q) = -iB n Q 
Hn+i(Q) = wp(if B do a, Hn(Q)), Vn ~ 0. 

The simplification is possible because of our treatment of IF 
in the case where no guards are true. To prove that nothing 
is omitted by the simplification we require two Lemmas. 

(20) Lemma -iB n Hn(Q) = -,B n Q, Vn ~ 0. 
Proof By induction. D · 

This says that any state from which DO terminates in n or 
fewer iterations, and in which B is false, is also a state in 
which Q is true. 

(21) Lemma Vn ~ 0, 

Hn+i(Q) = [-iBnQ]U [Bnwp(a,Hn(Q))] 
Proof Use (19),(18) and (20). D 

This gives exactly the form of Gries's Hn+i(Q). An in
ductive argument then suffices to show that it is also the 
same set. So we get: 

(22) Theorem H n ( Q) as defined by Gries ([ 13 J pl 40) on 
the basis of his definition (10.3b, p132) of wp(IF,Q) 
is the same set Vn as Hn(Q) defined in definition 
( 19) on the basis of wp(IF,Q) given in Theorem ( 15), 
arising from our definition ( 6) of IF. 
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It remains to verify Gries ((13] 11.2). 

(23) Lemma For 'while B do a', and any predicate Q, 
{Hn(Q)}n~oforms a chain under the set-theoretic 
ordering s;. 

This means that Gries really characterises wp( DO, a) 
as the least upper bound of the chain (under s;) of the 
Hn(Q)'s. And so do we. Again we need two Lemmas. 
Both demonstrate our approach of defining DO in terms of 
IF. 

(24) Lemma 
Hn(Q) = wp((if B doa)",-,BnQ), Vn ~ 0. 
Proof By induction. [Note: For any program a, 
a0 = null and an+l = a"; a.] 0 

(25) Lemma For any s E S, if [while B do a](s) is 
finite then 3n E N such that 
[while B do a](s) = [(if B do a)"](s), and 
t ~ B for every leaf t of this extree. 
Proof By saying 'the ttee is finite' we mean 'only 
has branches of finite length'. (Since we are deal
ing with unbounded nondeterminism there may well 
be infinitely many branches). From (7) we get that 
[while B do a] = lub{[{if B do a)"]}n>O, hence 
if for any particulars E S [while B do a](s) is fi
nite it follows from Theorem (2.12) that there must 
be a least number m e N such that 
[(if B do ar](s) = [(if B do ar+1 ](s) = ... 

But then 
[while B do a](s) = [(if B do a)m](s), and t ¢ 
B ( since otherwise [( if B do a r+1 ]( s) would 
extend [{if B do ar](s)). 0 

The idea here is quite simple: a terminating DO from an 
initial state s is precisely the n-fold composition of an IF
statement, for some n e N. 
(26) Theorem (Gries (13] 11.2) For any program a and 

predicates B and Q, 
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wp(while B do a, Q) = Un>o Hn(Q) 
= Un~O wp((if B do a)"' -,B-n Q). 

Proof Left to right: 
Lets E wp(while B do a, Q). Then every exseq x 
in [while B do a](s) terminates cleanly and in Q. 
Hence [while B do a](s) is finite, so by Lemma 
(25) 3m E N such that [while B do a](s) = 
[(if B do ar](s) (and t (/. B for every leaf 
t of this exttee). But then every exseq x E 
[(if B do ar](s) terminates cleanly and in Q, 
hence in -,B n Q. Thus by Lemmas (24) and (23), 
s E wp((if B do ar, -,B n Q) = Hm(Q) ~ 
Un~oHn(Q). 

Right to left: 
Let 8 E Un>O wp((if B do a)" 1 -,B n Q), say 
s E wp((ifB do ar ,-,B n Q) for some m EN. 
Then every exseq x E [ (if B do a) m] ( s) terminates 
cleanly and in -,B n Q. But then 

[(if B do ar](s) 

= [(if B do ar+l](s) 

= 

and hence 

[(if B do ar](s) 

= (lub{[(if B do a)"]}n~o)(s) 
= [while B do a](s) 

by (7). Hence every x in [while B do a](s) 
terminates cleanly and in Q and so s e 
wp(while B do a, Q). 0 

4 Invariants 

With DO, as with IF, the weakest precondition is not always 
the most useful precondition. As Gries ([13] pl40) puts it: 

The formal definition of DO is not easy to use, and 
gives no insight into developing programs. There
fore, we want to develop a theorem that allows us 
to work with a useful precondition of a loop (with 
respect to a postcondition) that is not the weakest 
precondition. 

This sought-after precondition is to be called an invariant 
of the loop: it is • ... a predicate P that is true before and 
after each iteration of [the] loop''(Gries (13] pl41). So the 
idea is that if s e P and DO is executed from s, then the 
final state is again an element of P. To model the notion 
of an invariant in our context we come forward with two 
suggestions. 

(1) Suggestion 1 Instead of restricting the notion of an 
invariant to loops, define it for any program a. 

That is, for any program a a predicate I s; S will be called 
an invariant of a iff, Vs e J, if a is executed from s then 
every final state is again an element of I. The reader will 
no doubt see the immediate problem: a may not terminate 
cleanly, or may not terminate at all, so that an appropriate 
final state may not exist. For this we have: 

(2) Suggestion 2 Think of invariants by analogy with 
subalgebras: 'I is an invariant of a' is analogous to 
a subset of an algebra being closed under a given 
operation. 

The virtue of this suggestion is that the problem just raised 
has been exhaustively investigated in Universal Algebra, 
and so we may borrow from there. Since a may not ter
minate (cleanly, or at all), we may think of it as analogous 
to a partial operation in an algebra. The question of how 
to define invariants for programs which do not terminate 
cleanly is then analogous to this: What is the correct notion 
of subalgebrafor partial algebras? For this, consider the 
comment of Gratzer ([12] p79): 

For algebras there is ony one reasonable way to 
define the concepts of subalgebra, homomorphism 
and congruence relation. For partial algebras we 
will define three different types of subalgebra, 
three types of homomorphism, and two types of 
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congruence relation ... all of these concepts have 
their merits and their drawbacks, and each par
ticular situation detennines which one should be 
used. 

Space consttaints disallow further discussion, so we simply 
report that of the three kinds of subalgebra considered by 
Gratzer we may use two in the present context to give the 
following alternative notions of an invariant of a program 
a. 

(3) Alternative 1 A predicate I is called an invariant of 
a program a iff'v's e I the extree [a](s) is finite and 
all leaves are e I. 

(4) Alternative 2 A predicate I is called an invariant of 
a program a iff 'v's e J, if the exttee [a](s) is finite 
then all its leaves are e I. 

In the Gries/Dijkstta formulation of invariants termination 
is not built in - it must be proved separately by a bound 
function. Thus Gries/Dijkstta implicitly select Alternative 
2, hence, for current purposes, so do we. 

Having defined the notion of invariant, why is it useful? 
The idea is that an invariant, as a precondition of a loop, is 
easier to obtain than the weakest precondition. Namely, for 
'while B do a' and a given postcondition Q, ifwe can find 
an invariant I such that -,B n I ~ Q, then I will be a pre
condition of the loop- that is, I~ wp(while B do a, Q). 
The reasoning is that if execution is started in I it remains 
in I; upon termination Bis false (hence -,Bis true). But 
then any final state is in -,B n I, hence in Q. This crops 
up in Dijkstta ([61 p38) as 'The Basic Theorem for the 
Repetitive Construct' (also 'The Fundamental Invariance 
Theorem for Loops'), in Gries ([13] p144) as Theorem 
(11.6) ('a theorem concerning a loop, an invariant and a 
bound function') and in Dijkstta and Scholten ([71 p180) 
as the 'Main Repetition Theorem'. Our version is: 

(5) Theorem For any predicates I, B and Q, and any 
program a, if 
(a)-,B n I~ Q,and 
(b) B n I~ wp(a, I), and 
(c) [while B do a](s) isfinite, 'v's E J, 
then 

I~ wp(while B do a, Q). 
Proof 
It suffices to show that I ~ wp(while B do a, I) 
since by (a) and monotonicity of wp, 

(while B doa,-,Bnl) 

~ wp(while B do a, Q) 

and using an inductive argument it is easy to verify 
that 

wp(while B do a, I) 

= wp(while B do a, -,B n I). 
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So let s E I then either s E B or s E -,B. If s E -,B 
then 

[while B do a](s) 

= [(i/ B do a)0](s) 
= null(s) = {(s)}. 

Hence every exseq in this exttee terminates cleanly 
and in I, sos E wp(while B do a, I). Now suppose 
s EB. We mustshow that 'v'x E [while B do a](,), 
x terminates cleanly and in I. By (c) and Lemma 
(3.25) 3m E N such that [while B do a](,) = 
[(i/ B do ar](s) (and t ~ B for every leaf of this 
exttee). So we need only show that every exseq x in 
[(i/ B do a)m](s) terminates cleanly and in I. But 
[(i/ B do a)m] = [i/ B do ar, hence any such x 
has m nested initial subsequences Xi, 1 S i S m, 
such that /ast(xi) E B for 1 S i < m. But then 
since s (= /irst(x)) E B n I we get from (b) that 
last(xi) e I for 1 S i S m. Hence, in particular, 
last(x) E J, as required. D 
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