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ABSTRACT

This sudy reports on an investigation into tiheanner in whichmathematical symbols
influence | earner s 0 ical nodoeptss Tha stully wag coaducteagniat h e m
GreaterSekhukhune and Capricorn districts Limpopo Province, South AfricaMultistage
sampling(for the district), simple random sampling (for the schools), purposive sampling (for

the teachers) and stratifiedndom sampling with proportional allocation (for the learners)

were used. The study was conducted in six schools randomly selected from rural;bsemi

and urbansettings A sample of 565 FET learners and EBT bandmathematics teachers
participated inthe study.This study is guided by four interrelated constructivist theories:
symbol sense, algebraic insight, APOS and procept thedhes.esearcmstruments for the

study consistof questionnaires and interviews. A mixed methagproach that was
precominantly qualitative w a s empl oyed. An anal ysi s o f I
mathematical symbols produced three (3) clusters. The main cluster consists of 236 (41.6%)
learners who indicate that they experience severe challenges with mathematical symbols
compared to 108 (19.1%) learners who indicated that they could confidently handle and
manipulate mathematical symbols withderstandingSix (6) categorieof challengeswith
mathematical symbols emergddr o m | e a r neesrwstl®d mathematecal symisol
readingmathematical text andymbols,prior knowledge time allocated for mathematical

classes and activitielck of symbolsense and problem contexsdpedagogical approaches

to mathematicasymbolsation Two setof theme classe®latedtolearer s 6 di f fi cul t
mathematical symbols and instructional strategies emerged. Learners lack symbol sense for
mathematical concepts and algebraic insight for problem solving. Learners stick to
procedurally driven symbols at the expense of conceptudlcantextual understanding.

From a pedagogical perspective teachers indicated that theyhfadellowing difficulties

when teaching: the challenge of wducing unfamiliar notation in aew topic; reading,

writing and verbalising symbols; signifier argignified connections; and teaching both
symbolisation and conceptual understanding simultaneously. The study reconeaehess

to usestrategies such as informed choice of subject matter and a pedagogical approach in

which concepts are understood befibrey are symbolised.
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CHAPTER IINTRODUCTI ON

This chapterintroducesthe study. The background of the study together with an
explanation of the context and focus of the stadg discussedThe chapter also

discusses thproblem statement anmdsearch gestions.The purpose, significance of the

study and its limitationsaind delimitationsare alsodiscussedResearch assumptions are
described and t he r es e achaptéreonduddsymefisingthe on 1 s
key termsof the studyand a dewiption of the organmtion as well as theontents of

study chapters.

1.1 Introduction

The chalengesand difficultiesassociateavith the teaching and learning ofathematics

are multidimensional. One of the obstacles envisaged in this study is the use of
mathematical symbolResearch omearnes 6 under st anding of mather
secondary level reveathat the conciseness and abstract naturesyoshbolscan be a

barrier to learningAdu & Olaoye, 2014)Symbols form the foundation of mathematical
communication. However, the increase in symbol load due to unfamiliarity and increased

density may cause learners to lose confidence and develop negative conceptions about
mathematicgBardinia& Pierce 2015. Many mathematical symbols and notations are

figured routinely by learneras they learnmathematics inclassroom contexts.

Mathematical symbols obsculearners from understandimgathematical conceptand

sometimes lead to misunderstandings (Buhari, 2012).

The main distinguishing feature of matheiostis the property of having an extensive
symbol systemMat hemati cs i s antits subjectcnatteaisognitivep ur e 0
(Hegel, 2019 Abstract symbols reside within a complex system of rules and internal
relationships that make it possible to lotommunicate and generate powerful
mathematical ideas (Drouhard & Teppo, 200dnowledge ofmathematicssymbolsis
importantfor understandingnathematicatonceptsLearners neetb acquire thebility
to use mathematical symbols and representationaisfan ways that represent their use
across the mathematical communities (Jao, 2018).use omathematical symbolss to
representrelations, patterns, expressipriermulas, diagrams, drawings and to support

1



thinking. Mathematical symbolsprovide shotand for representingmathematical
processes anctbnceptsLearnersexperiencdifficulties whenusing symbols, and to gain

that confidencgethey need to understand their meanirfg®m my experience as a high
school mathematics teacher, | discovered tbatners experience difficulties in using
symbols to understand mathematical concepts. This intrigued me to investigate further
into these challenges and instructional strategies that mathematics teachers can use to

mitigate the effects of symbolic obstes!

Mathematics derives much of its power from the use of symbols but their conciseness and
abstractness can be a barrier to learning (Arcavi, 20@&jhematicalsymbols give
meaning to the subjectut present pedagogical strains to mathematics dduocat
especially in AlgebrgSzydlik, 2015) Mathematical symbols make mathematidsghly
specialiedand technical languadkat is difficult to decodéDale & Tanner, 2012)This
specialisationpresend problems to learners wh interpreting and conceptiising
mathematical textgarticularlyword problems (Ja& Rodrigues, 2012). Mathematical
languagecoupledwith its symbolic syntactic structur@resents challenges to learners
whose first language differs from the medium of instruc{éaregae2011) Bell (2003)

also asserts that mathematics vocabulary, special syntaatictustss, mathematical
inference and discourse patterns in written text compound the difficulties learners

experience when learning mathematics.

The use of mathematical symbolsepents multifaceted problems but the researcher
suspects that one factdinoughnot fully investigated, is a barrier caused by the transition

in the use of symbols between senior and FET band in secondary school mathematics.
The problem is heightened wariation in symbol use between mathematics and other
science subjectdhe issue of reading, recognising and understanding symbols underpins
all mathematics topicsA study conducted by Hiebert (2013) revetiat theuse of
mathematical symbols ime ofthe reasons why learnezgperience difficultiesLearners

who expressed dislike for mathematipsinted out at symbolisatioas one of major
reasos for their distastef the subjec{Peter& Olaoye 2013).Chirume (2012)iewed
learning mathematics as aomplex process and highlighted the challenges of

mathematicakymbolisationas the first hurdle that learners must overcome in order to

2



succeed irthe subject Mathematical symbolgetherwith a variety ofrepresentatios
providetools for conveying mehematical knowledgd-dowever, amnotedby Koedinger,
Alibali & Nathan (2008)earnershave troublein understanding mathematical concepts

and processes due to symbols egpatesentations thate not part of their formal reality.

Research has showthat learnersprefer a symbolic strategy even when a different
representation would be more helpful; altholgarnersmay attempt to use more than
one strategy, they often regress to using the symbolic representation& Sémknpson,
2006; Huntley& Davis, D08 Moreno, Ozogul & Reisslein, 20)1Mathematical
symbols are essential ingredients of mathematiesguage that constitute the
components of mathematical language that enable teacherneandrs to engage in
discourse about abstract mathematiomepts (Berger, 2004). Symbols alserve as
tools throughwhich mathematical thoughts and ideas communicated (Chae, 2005).
They provideshorthandfor representingcomplex word-names,abstractmathematical
processes and concepts. Th@pvide ameans ofmanipulating mathematical concepts
and processes in accordance with sp&cific
Gunga, 2011).

Most mathematical activities eventuallgad to mathematicatieasthat are eventually

represerdd as symbolic object§Altun & Yilmaz, 2011).Whitebread, Basilio, Kuvalja

and Verma(2012) enphasised that the growth of modescientific disciplineslepends

on mathematics and their evolution is measured by their growing reliance on syitnbols

is therefore reasonableto interat | e ar n e r s déndedsandlifginathenhaticale s wi t |
conceptshave their origins in thegroblem of symbolisation. For many learners,

mat hematics i s seen as& ¥, 2014:3.rUefangliar symiaolsgu age 6
and representations of mathdioal concepts present barriers to understandiadoo,

2019. There is scant literaturand knowledge ofhow the symbolic language of
mathematics obscurdearners fromunderstanding mathematical concegidaguire,

2012) This gap requires an understarglof how learners interagtith and perceivehe

symbolic and abstract nature of mathematics.



Mathematical symbols are a crucial component of the subject. They facilitate the
representation of mathematical operations to the external environment (P& @ea

Smedt, 2013)They provide arexternal represeation of abstract mathematical objects.

Bellotti (2011)maintainedthatsymbols allow mathematical objects émist independent

of their concrete representatians this view, mathematical symbolsdoot onl y expr
mat hemati cal concepts but they constitute
Panza& Venturi, 2014). Mathematical symbols can also be viewed in two ways: as
epistemic actions, which enable complex concepts to be repregpdysddly and & a

notational system that frees up cognitive resources to offiistractideas into the
environment (Coolidge& Overmann, 2012). Freeguard (2014dlso submitted that

symbols build an intimate relationship between mathematical concepts ananaiithe

cognition. Despite all these advantages,dbesensusmong researchers is that tiee

of mathematical symbolsontinues to be an obstacle that cannotdos ®liminated from
mathematicsclassrooms (Schleppegrell, 201@obb, Yackel & McClain, 202).

Traditional teaching has not particularly encouraged the development of sense of
symbols, nor has it developed habits of mind for inducing the interplay between

representations.

Mathematical symbolserve as mearsf perceiving, recognising, andeating meaning

out of patterns andonfigurations drawn from redife experiences or communication
(Radford, 2008). This isvhere the strengthef symbolslie; they enable us tsolve
problems without making referente concrete objectdMazur (2014) cocurs with this
assertion, arguing that mathematical symbols have a definite purpose, that is, to unpack
complex information in order to facilitate understanding. Presmeg (2006) and Sfard
(2008 also madesimilar sentimentsargung that mathematical symbmlprovide a
languageto record mathematical ideas and proces&asther essential poirgroposed

by Gray and Tall (1992) is that ymbols are treated asbjects in mathematics, and
mathematiciansnanipulate thenas if they ae the objet s s i gni dran€2005) OO6 Ha |
broughtanother dimension of symbolisas an information dense languagecording to

this view, symbolism can be regarded as a language with speciatisgeges for
organising meaningHammill (2010) also arguedhat because ofmathematical

symbolism,operations, relations, and existential meangam be operated on teolve

4



mathematicalproblems withoutresorting tother concreteworld. Nunes, Bryant and
Watson (2007), however contend that learning mathematics through symbolisation is a
complex exercisedue to the detachment of algebra from the original meaning of a

problem.

The use of mathematical symbols also allows the essence of mathematical thought to be
recorded and passed on from one generation to another (Firth, 2011). Symbas enabl
mathematical thinking to beecordedin a compressibleway (Gray and Tall 2007)
Without proper knowledge and understanding of symbols, it would be very difficult for
learners to express mathematical procedures or relations (Moschkovich, 2008). The use
of symbols and the process of symbolisation pave way for a symbolic logic and the
discourse of modern mathematics (Sarukkai, 2005). Mathematics regist@nisated

by symbols, hence it is imperative that learners understand and use them fluently. Lee
(2010) urged that the most importathting aboutwritten statemeistin symbolic form is

the meaning that the symbol invaka the mind of the learnefhomas and Hong (201
concurred with Gray and Tall (200i)at ®me symbols invoke action or processeslevhi
others are perceived as objects or concepts.

The efficacy of mathematical symbols isaviously interpreted ititerature(Pyke, 2003)

Symbols can be usesk names or labelsfor mathematical objects ideas and processes.

They also play the role of sididrs and as a form of shorthand during classroom
communicabn or instruction Symbols also provide entities that are useg@resentind

simplify the solution process duringoblem solvingBarwell (2007) anK a r a2@14)(

concurred that symbols are used to rewtalcure of mathematical objects as well as
displaying their relationshipsMathematical symbols can be utilised as the semiotic
resource through whichlmathematical solution processes can be predédn®@6 Hal | or an,
2005). Meaney (2005) asserts that the hagimbolic density ofmathematical language
allowsgreat flexibility in the way symbelareused.In order to deal with thisomplexity,

learners shouldpossess specific skills ofirawing meanings Meaney (2005) and
Ob6bHall oran (2005) shared common Vviews perta
symbolisation. They argued thaymbolisationis not taughtas a way of developing
mathematical languagés aresult,learners struggle to mastagr The teaching of the

symbolic component of mathematics textoféen neglected and ngilanned for and

5



teacherstake a naive approacthat languagereading skills are transferable through
reading mathematic§hepherd (2005) reported that Englrsiading skills ee taught in

confined ways that cannbetransferredo content areas such as mathematics.

With these mixed interpretatiorend functions, it is na a surprise thathe symbolic
language of mathematidsings a lot ofmisunderstandings amgresent diffculties for

learners $tacey& MacGregor, 1997) Chae (2005) concurred wit
explanation that thehallengesof using symbols as learning tools are attributed to the
factthat meaning doeasot residan symbols but something one makes frangns.There

is also a consensus view among researchers that mathematical meaning is not attached to
symbols automatically and that without meanisgmbols cannot & used effectively
(Redish& Gupta, 2009; Chirume, 20122 mat he mat i potentid ts gffeatb ol & s
meaning and convegn idea dependsn how the interpreter reads the symhbk so

called symbolobject relation(Mingers & Willcocks, 2014) The interpretation of new
mathematical ideas createew symbols. Inmathematics,new symbols are crésd

through interpretation and communicatiith old symbolgSteinbring,2006§. Symbols
themselves have the potential @énerating new meanings and challenging old ones
(Preucel& Bauer 2001).

Nicol, Oesterle, Liljedahnd Allan(2014)highlightedthat thesymbolic language makes
mathematics more powerful and applicableréyovingsubjective elements that can be
found in vernacularHowever, the powerful and yet-@entextualized languagaesents
difficulties for novice mathematics learnefdathemaical symbolism exerts cognitive
demandson learners to the extent of treatisgmbolic representations as mathematical
objects or operations(De Cruz, 2006). Furthermord,imjap (2009) observedthat
modifying a learnedinformal interpretations of certasymbols andeplacingthem with
formal symbols presemarthercognitive burdens on learners.

Experts in mathematics such as teachemg able tomanipulateand to understand
mathematical concepthirough its symbolic representations, il@Hearnersexpeience
challengesin this endeavour. Mathematicleals with relationshipbetween numbers,

categories, geometric forms and variablBseserelationships are linked and expressed
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symbolically Since the relationships are abstract, they améy accessed tbugh

| anguage and a uni que symbol system (Zel j
interpreted linguistically. This contradicts the commonly held view that mathematics is a
language free are@Vilburne & Napoli, 2008) Tsanwani (2009) strongly argued that

learning mathematicslependon | e a r lamguagegtompetencs. Henry, Baltes and

Nistor (2014) observed that low language proficiency and mathematical

underachievement are highly correlated.

Kirschner, Sweller and Clark (2006) noted that if learnerstéagolve a mathematics
problemsuccessfullythe teacher might think that the learners need more time to practice
or understandHowever,K e n n 2008) afguesthat allowing more time and practice
while learners are in a confused state may aggravate the confusion with understanding

mathematical symbold/Vhen introducing a new topic teachers often fail to teach three
essential things: new syuals “h-h IO & B hnew wads (parallel, tangentand

norma), phrases (sum of, product of), mathematitaims (function, domain, and

derivative) and new grammar (expressing equations in a logical and consistent manner).

According to SloutskyiKaminski and Heckler (2005) learners bring to the classroom and
sometimes sticko misinterpretationsand misconceptionsf some symbolgasa resultof

their previousencounters irarliermathematics classesearnersover rely on the syntax

of natural lmguage (English) to understarmhd make sense ahe language of

mathematics Ghirume, 2012).Firouzian (2014) also describes another common

di fficulty, call ed Amani pselécaheir srategigsaedu s , 0 |
procedures t@roblem solvilg based on the given symbols and fittie attention to the

meaningof the symbolsTeaching by nply pointing out that theules arenot the same

is not guarantee that they will understahd symbolic notations. Lack of fluency with

the symbolidanguageof mathematicsmegativdy affectsl ear ner s 6 probl em so
(Peter& Olaoye, 2013)Consequently, i causes learners ok for alternative waysf

solving mathematical problems without paying attentethe meaningof symbols.

Mathematial language derives some of its meanings froatural language and
kinaesthetiactions such as counting, dividing ameéasuring (Chris¢ & Maton, 2011).
7



However, learners lack the skills to transfer such actions into symbolic forms. The
grammar of matheatical symbolisms specially organised. Symbolism allows relations
between mathematical objedtsbe rearranged and simplified a logicalmanner The
grammatical strategies found in mathematical symbolism are the opposite of what is
found in scientifidanguageMathematical symbolism works through deep embedding of
configurations of mathematl concepts and process€06 Ha |l | o r.éd presenz® 1 1)
mathematical objects and the processesh that they cambe reconfiguredo solve
problems, accordingto preestablished results, laws and axioms. Mathematical
symbolism has a range of grammatical strategies which make the preservation,
rearrangement and simplification of mathematical processes and participant
configurations possible, such as generalisadi@pants, use of spatial notation (for
example, division and powers) and brackets, ellipsis of processes and rules of order
which stipulate the sequencewhich mathematicaprocesses unfold. The sequence of
unfolding processes in mathematical stateisiés not linear, but it is predetermined in

specific ways by mathematical rules.

Mathematical symbolism is @arefully designedool that aidslogical reasoning(Sapire

& Reed, 2011) It does this byencoding of mathematical concepts and processes in a
format thatfacilitates theirrearrangement. It ishis rearrangement that bringdbout
understandingHowever, it can act as a cognitive barrier to understanding mathematical
concepts (Heeffer, 2013). There aregwming debates pertaining to when and haw t
introduce symbolism within the school curriculum. If it is introduced too eg@fgeffer,

2014 argued thatearnersmay lack the maturity to understand and reasgnbolically.
However, (Zvawanda, 2014)had a contrary view, he argued thdtsymbols ae
introduced too late, some mathematical methods and concepts cannot be taught as they

rely on symbolism

1.2 Background of the study

Thehistory of mathematics education$outh African secondarychoolss characterised
by changes in curriculumThe Curriculum Assessment Policy Statemer@APS
curriculum is the fourth wave of curriculum reforms in the mgsrtheid South Africad
number of arriculum reforms have beatesigned to suit botimternational and national

shifts and developments in mathemagdsication, theory and practicglassroom based
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and contenbasedesearch haglayedaninsignificant role in the direction or form taken
by the curriculum over timeuomundsdottir, 2015None of these curriculum shifts has
emphasised on the need taleeks why learners continue to struggle with the transition

from arithmetic to algebra.

The Trends in International Mathematics and Science Study Repeat SurveSSRI

of the world wide trends in scholastic performance in Mathematics and Scienakedeve

t hat South Af r i c aimmatheraaticssgpoos(Mulliq Martin,d-oya n c e
Arora, 2012) South African learners perform poorly tests that measure knowledge of

basic mathematical skill{Spaull, 2013) Further evidenceof South Africané ar ner s 0
underperformance in mathematics were recorded in summative national and international
assessments such as the Programme for International Student Assessment (PISA),
Southern Africa Consortium for Monitoring Education Quality (SACMEQ) and national
assessments such as the Annual National Assessments (ANA), and the National Senior
Certificate (NSC) examination§epeng and Madzorera (201a¥0 contributed to the

debate by revealing that Sowafrican learners struggled to deal with problems related t
mathematical symbols and communicatiMoreover, the Annual National Assessment

( ANA) revealed that, ithe overal/l perfor man
scores of 30%o (DBE, 2011, p. 2) . -12ns addi t i

linked to poor performance in algebra (Mashazi, 2014).

Bernstein (2013) reported that thegh failure rate in Mathematics at secondary school
level in South Africaremains unacceptably higlthe matric pass rate is far below the
national expected standa(BoE, 2015). Reddy & van Rensburg (2011) analysed the
mathematical performance of the South African schooling populatios@mdudedhat

the national average mathematmsformancescore for different grade levels across the
schooling system is sinait and stable, ranging from 30% to 4@84ross allthe grade
levels This raises the question of whether improved schooling makes any difference in
performance (Reddg van Rensburg, 2011). Good matriculation results, especially in
Mathematics and Sciencetdrmine whether a learner will be accepted in the seaftgt
technological and scientific fields of study at tertiary institutions. These fields of study
are largely out of reach for many blaldarners. The lack of adequdiasicacademic



skills and conpetencies to transition from secondary to tertiary education coupled with a
lack of adequate support systems further prevent mpatgntial mathematicand science
graduates from completing their studies. Tdiises learnerimited opportunities testudy
Mathematics and Scienderrther and secur@mployment. Thisis so because many
learners from rural and township secondary schools fail to achieve university entry of
which a pass in Mathematics is one of such requirements (Mdktrauss, 2005).

A study of South African secondary school learneosiducted by Spangenberg (2012)

revealed that many learndexk basicknowledge and skillgor problem solvingMogari,

(2019 made similar sentiments arguing tiiarearedeficiencies irknowledge ofbasic

mahematical concepts Teaching of basic mathematical concepts is superficial and
promotes rote memorisation of mathematical conce&ggaoamali (2016) blameahost

mathematics teachers for teachinghe test and this practice impacts negatively on the
leaeamer s6 conceptual understanding. The qual
Annual Nati onal Assessment s ( ANA) demonst
understanding (DBE, 2014)

Makgato (2007) and Pooran (2011) investigated the problem of mathematics
underachievement in South African secondary schools. Their fingolggle poor ®cial
background lack of support materialgand poorquality of teaching and language of
instruction. Mathematics teaching aftehrning in South African secondaryschoolsis
susceptible to poor instruction, teachers contitugresentin a way that strongly
encourageseticence, conformation to rulesd use of sophisticatedriguage (Mare&

De Boer, 2008 There is little emphasis on conceptual understandihgyer (2001)
reiterated thateachers do noemphasise the utilisation of mathematisginbols to
constructconcepts.

Mwakapenda (2008) notdtiat the approaobsto mathematicseaching andearning in

South Africa have little emphasis ortonceptual understanding. Qmepts are not
adequately connected with symbdtgyether with their meaningdlulwa (2015) also

reveal ed t hat | earner so performancef i s hi
mathematical concepts asgmbols.FurthermoreBardini and Pierce (2015) ghlighted

the importance of paying attention to potential barriers to leateogusef heightened

complexity in the use of symbolslathematical language uses symbols aotitions that
10



are not common in ordinary English and the various languages d&toosls Africa.
Mareeet al, (2006) argue that learners from impoverished backgrounds lack informal
mathematics knowledgwhich is a prerequisite fodevelopng strategies for solving
formal mathematicaproblems.Many learners have difficulty with the neand more
intense ways in which symbols are used at secondary school Hvsl leadsto a
decrease in positive affect, which in turn discourages enrolment in mathematics related
fields.

Despite all these efforts by researchers to get to the root caugesrgerformance in

mathematics at secondary school level, few atterhat® been made to research and
assess |l earnersd challenges in the differen
made to look into the specific challenges that teachers andetsaface when
implementing the curriculum. The highiltae rate in secondary schookthematics and

cognitive gaps in the conception of mathematioahceptsareat t ri but ed t o | e
failure to acquire the language system of mathematics that is af@ahiby unfamiliar

and confusing symbol§Nunes & Bryant, 2015)Mathematics presents many unique

challenges during teaching and learning. The most noticeable barrier to communication is

that mathematics is heavily laden with symboli{@heikh &Randa, 203).

When learners are introduced to a new mathematical concept for the first time, the new
symbols involved overwhelm them and concentrate on symbols instead of the meanings.
(Arcavi, 1994) arguedhat a strong symbol sense ought to be developedvever
Steinbring (2012) warns that there is a danger of acquiring meaning by considering
concrete materials as other forms of representation. In order to acquire meanings for
symbols, Brown, McNeil and Glenberg (20083commend thateachershouldengage
learners in ways that promotéhe connection of abstract symbols and their concrete
representations. However, the potential for these connections to create understanding is
complicated by the fact that concrete materials themselves are representations of
mathematical relationships and quantities. Thus, the usefulness of concrete materials as
referents for symbols depends both on their embodiments of mathematical relationships

and on their connections to written symbols.
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Mathematical knowledge is normally cawed and imparted in classrooms in the fofm

symbols. Mathematicglassesrarely use discourse and talk as modesirgdtruction

(Walshaw and Anthony, 2008)Mathematics teachers seldom engage learners in
mathematical discourse. Teachers tend to diretdaminate classroom activities instead

of engaging learners through discoursehe National Council of Teachers of
Mathematics (NCTM, 2000) encouraged teachers to use classroom discourse in math
classes, to support botearner abi | i t y t dically aral sheimabilityatd h e ma
communicate that reasoninglathematics teachersear ex pected to emph.
inculcate knowledge of how to use 200 uni gl
reveals that learners often struggle with reading, verbalising and writing in mathematics.
These skills are important in the mathematics otesa. One of the new goals for

learning inthe Curriculum Assessment Policy Statement (CARS)ires learners to

develop the power to use mathematical signs, symbols, concepts and terms of
mathematics (DB E, 2010). This is best accomplished if instruetiows learners the

opportunity to read, write, and discuss ideas in which the use of the language and

symbols of mathematics becomes natural

Meiers, Reid, McKenzie and Mellor (2013) note that learners devote little time working
with mathematical textLearners need to develop speaéllls of reading verbalising

and writing mathematics. Learners lack strategiesafticulating word symbols that
guide thought and allow for the attachment of mathematical meaning (Mcintosh, Jarrett
& Peixotto, 2000)Woolley (2011) viewed reading as part of thinking that involves
interpreting symbols, decoding meanings of symbols, and extracting ideas from symbols.
Learners shoulthe able to handle mathematical ideas through the manipulating abstract
symbols and notationThese efficient, but abstract, symbols and notation present a
special concern to the mathematics teacher.afiiléy to decode mathematical symbols
and to associate meaning with them is a special prerequisite to mathematics learning.
Learners see mathatics an intimidating subject which is difficult to understand,
difficult to master while teachers find it difficult to teach. Learners find mathematics as a
completely different language to learn. Meanings of mathematical symbols are not static
(Pimm, 20@). In some cases, they represent operations (Usiskin, 2@ in other

situations they constitute concefg&ahl, 2007) Furthermore, operations performed on
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symbols and using symbols are interchangeable and require different operations in
differentcontextsSherman and Bisanz, 2009).

According to Chae (2005), mathematical symbols serve two fundamental functions based

on two types of connections. Symbols are used as communication tools to convey
mathematical ideas (concept or objects) or actionscgsses). Symbols have also a

private function in which symbols are used to organise and manipulate ideas based on the
connection within the symbol system. Similarly, Gray and Tall (1994) regard symbols as

pivots between processes and concepts in thematidi pr ocept 0. Accordin
Apceo®pt o view of mathemati cal symbol s, they

symbol) and the interiorised operations for carrying out mathematical processes.

Ant hony an @00%adVosake dowlassroom practicethat encouragdearners

to demonstrate multiple waysf presenting and representimgathematical concepts,
promoting mathematical discourse, language and sympaficiency. The challenges of
teaching and learning mathematics involve difficulties that are inherent in the nature of
the subject, particularly the symbolic, abstract and visual nature of mathematics&Adler
Pillay, 2007).Given these perceivechallengeswhy should teachers contie to teach
mathematics to learners who have not acquired the language and symbol system of the
subject? It is against this background that the researcher decided to obtaidegithin
understanding of the challenges posed by mathematical symboliSdi®study aims to
explore find, andsuggespossible instructional strategiesrtotigate the aforementioned

problems

1.3 Context of the Study

Mahn and Steiner (2013) argue thahlener s mat h e ma t thinkiag produ
modes depend on the social and unak contexts in which they develdpresmeg (2007)
conceds that mathematics, longonsidered valueand culturefree, is indeed a cultural

product, and hence that the rolieculturewith all its complexities and contestatiorssan

important aspect omathematics education. Thugarningmathematics in garticular

social and cultural contexs some kind of enculturation (van SchakBurkart, 2011).
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Hence, itis thereforeimportant to include and discuss the context and sites in which this
study was ndertaken.

The study was conducted (@reaterSekhukhune and Capricorn distriaif Limpopo
Province South Africa,where the researcher observed that learners had problems in
understanding mathematical concepts duanapng other factors the symboliatuage

of mathematics textimpopo province is mainly rural and participants for the study were
drawn from rural, serairban and urban backgrounds. Learners from sgb@n schools
either commute from surrounding rural villages or live in the serviceresnt
Mathematicgperformance is poor in Limpopad¥ince schools, especially sthools that
are based in former homelands and townsliidsuton, Louw & Strydom, 2013)A
study by Sinyosi (20153lso highlightedsomesocio-cultural factorghat hinder learers
from learning mathematics. Mostschools in Limpopo Province are located
impoverishedareasvherelearning resources are limiteshd scarceOn average, learners

in the province perform significantly lower than the national average oM

examnations (Reddy et al, 2012

The matric results of 2015 indicated that Limpopo Provira theworst performancen
mathematics with 32.4% of the learners achieving a mark of 40% and aBavi (
2016) . Rammal a (2009) p o ancetirenththamiatigstcouldéea r n e r
linked to multiple factors such as: poverty, lack of resources and infrastructure of schools,
low teacher qualification, and poor learning cultures in schools. Language proficiency
was also identified as a contributory factbrom asocic-cultural point of view Weeks

(2012) argued that creating aleallearning environment isecessary to alloa dynamic
interaction between teachers and learn&ise quality of tasks selected bgathers
should providelearners with opportuties to createtheir own knowledge during
interaction withpeers(Moreeng & Du Toit, 2013).However, this cannot be said of
learners in rural settings. They need the teacher to guide them to unpack meanings of

mathematical symbols and understand concepts.

1.4 The missing phenomenon

The key to comprehendingathematical conceptis in understanding and interpreting
symbols and the role they play conceptuatlevelopment (Limjap, 2009). It is essential
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for learners to understartide role and meaning of symba@adbe able to appreciate their

usefulness in problem solving. Symbal® thebackbone of mathematical language and

arevital tools that maket a universal scienc@lamison, 2000)_earners concentrate on

the procedures of manipulating symbolgimblen solvinginstead olunderstandingheir
meaninggKoedinger & Nathan2004) Learners emetimesmistakenly treat symbols as
mathematical ideas yet they are representatives of the intangible or abstract ideas. This
research investigates| e ar n e r s a@ing uoh dnatmesdti@ln concepts through
symbolisation More importantly,the research expands into the process of mathematical
abstraction by |l ooking at the ways in whioc
understanding of mathematical concepts, protdeiving aml solution processes.

Readingmathematics text requires learners to master the distinct and gmégiake

symbolic language of theubject Selden& Shepherd, 2013)The findings of this
researchcould possiblyprovide teachers with insighisnt o | ear newitk 6 di f f i
multiple representationsf mathematicaprocesses and concepts. The knowledge of these
difficulties enables teachers to provide learners with multiple ways of representing
mathematical ideas in a manner that facilitated anr st andi ng. By identi
difficulties in connecting mathematical concepts and their meanings, teachers can
anticipate the problems and learning gaps that learners are likely to encounter and suggest
remedies for such difficulties. Preventingatners from obtaining parti@nd surface
understanding helthemto achievea robust understanding of the mathematical concept

or process and its symbols in breadth and depth.

1.5 Problem Statement

In an ideal mathematics learning situation, learners arecé tobe competent in
representingnathematicakituationsand recognisingtructureand meaningn symbolic
expressiongMoschkovich, 2008 Learning mathematics with understanding involves
acquiring the knowledge of concepts and mastethng skils of encoding symbol
meaning. Learning mathematics requires learners to be efficient and flneasing
symbols, and to manipulate symbols effectivelyligcover and make nemathematical
concepts(Tarasenkova2013) However this is not the case in mos$outh African
mathematics classrooms. Matearners find mathematiasverwhelming because it is

highly symbolic, contains unfamilianotations and anventions(Chinn, 2016) Even
15



more, the symbolic formulation is dense with meaning, and learners arelisiterined

to unpack meaning#s aconsequencé, e ar ner s resort to meaning
which obscuresurther mathematics learnii@hompson, Cheepurupalli, Hardin, Lienert

and Selden, 2010Many learners experience mathéemac s a s it reasbneos wi t h
mar ks without meani n&Mahdr, MQl@)learmers do ndtanakee | e wi

connections among and between concepts symbolic expression®e Lima & Tall

(2008 also reported that learnemsentally usesymbols and mnipulatethemaccoding

to ruleswithout graspingtheir meaningsLearners do not reason about an overall goal or

the concepts involved in a problem, but instehey look for an implied procedure

inherent in the symbols.

The researcher observed that most learnkave chalenges in understanding
mathematical concepts duedgntactic featuresf the subjectThe researchespeculated

t hat |l earner so fail ur e conoepts cauld chdigkeéduta | i s e
unfamiliar symbols which are confusing and sometimes cootagli As learners
interact with symbols they have to endow them with meaning, understand the context in
which they are used as well as recognising concepts, models and actions associated with
the symbols.A similar claim was made by Lockha(2009) who cited mathematical
symbolism as mobstacle to mathematical leéng and teachingMlathematical symbols
obscurelearners from understandingathematical concepts and procesasswell as
limiting their problemsolving endeavourgHeeffer, 2012).Thus, karnes struggle to
understandmathematical conceptsspecially algebra due to lack of knowledge of
algebraic symbolsThis problememanats from the fact that symbols assume dual roles:
they represent mathematical processes @mttepts (Tall, 2008)Symbolic language
remains a challenge for South African learngush thatteaches continuously pursue
effective instructional strategies to curb this problem.

Mathematics is more than justimbers; it involvesymbols, terminology andyntax
which complicateconcepts for most learnershus,the problems addressed in this study

relate to the nature of challengbsatlearners experience with symbolic representations
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The following questions summarise the problem statement for this study:

a) What challenges do sewdary school learners encounter when interpreting and
using mathematical symbols to understand mathematical concepts and problem
solving procedures?

b) What instructional strategies can mathematics teachers use to mitigate the effects of

symbolic obstacles?

The study focuses on thgroblemsrelating to how learners interpret and use
language, symbs, and syntax of mathematics when reading eratticstext, during
problemsolving and algebraic reasoning. Communication in mathematics is strongly
corelatel toa | e aprohlenr solang and reasoning abilities (Ne&aAmit, 2004).
As a result, it is importance for teach&se aware of tteedifficulties. Misconceptions
about the usef the symbols and syntax of mathematfiosce some learners to develo

informal techniquesfor understanding and solviqgoblens (Reynders, 2014).

As a consequence ¢f e a r symbolg dliteracy, nathematics hmbecomeone of the

most unpopular subjects in South African secondary sstiSphull, 2013) Learners do

not perform well in the subject (Mogari, Coetz& Maritz, 2009). The smgrum of

causes associated with ttpsor performance includeamong othetthings deficits in

learning mathematical concepiSarnoy& Chisholm, 2008)The othercauses of poor

performane were cited by RamohapWlaimane and Rankhumise (20183 | ear ner s 0
attitudestowards mathematics; the use of English asegiumof i nstructi on; t
lack of contenknowledge and pedagodgarning resourcesnd support from parents.

1.6 Purpose Statenent

The purpose of this study is to obtain insi ¢
symbolism. It also examines how teachers teach symbolism and recommends
instructional strategies and practdaughts t o a
to obtain indepth understanding of how secondary learners perceive mathematical
concepts focusing on how they interpret mathematical eignbrhe study further

enquireson how symbolism influences learn@moblemsolving approachesr reading

mathematics text. The key attributes that teachers should attend to include the symbol
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sense thatearnersexhibit during problem solving. In particular, the study intends to
inform mathematics teachers on how symbols can help learners to construct meanings of
mathematical concepts. It can be argued that a better conceptual understanding of
symbolism by teachers will prepare them for possible difficulties that learners will

confrontin the classroom.

The study also sought to sensitise teachers on the neebkdb isstructional activities

that support the development of algebra as a sma&eng activity. Kieran (2004)

emphasised that theansition from arithmetic to algebra requires teachers to focus

|l earnersd attention to hocwontepte and firacessdesl me a |
There is need for teachers to guide learners to see algebraic symbols as tools for thinking
rather than as bags of tricks. Algebraic symbols should not be viewed as procedural tools

but as representational aids. According to S{@@D0), algebraic symbols do not speak

for themselves or have meanings inherent in themselves. They depend on what learners

are prepared to notice and able to perceive. In other words, meaningfulness is derived

from the ability to see abstract ideas beéhele symbols.

1.7 Rationale of the study

This study is important due to the fundamental educational necessity of understanding the
challenges faced by learners, and to provide clear and coherent instructional symbol
usage to facilitate meaningful learningdateaching of mathematical concepts in general.
Confusion and misconceptions resulting from the improper or inconsistent use of symbols
aredetri mental to a | earnerods attempt to def
environment. Rubenstein @ifhomson (2001) stressed that learners who cannot develop
fluency with the use of mathematical symbols are prone to slow growth in their
mathematical development. Radford (2008) also stressed the importance of investigating

the way learners interpret mathatical symbols and how teachers present such symbols

to learners when they attempt to endow them with meaning when learners encounter them

for the first time.

This study is also crucial since it sought to establish the extent and manner of use of
mathemécal symbols at secondary school level and to establish the perceived level of

learner confusion as a result of the use of such symbols. It is anticipated that such
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determination will influence the manner in which teachers choose to present such
symbols n future classes. Findings from the inquiry of this nature can also contribute to
the body of knowledge regarding the best instructional practices for teaching mathematics

and to the field of mathematics by answering the aforementioned research questions.

This study is significant to both mathematics teachers and learners. For the teachers the
research serves to inform and potentially modify their pedagogical practices to reduce
potential learner confusion due to mathematical symbolisation. For learnessuthye

seeks to reduce or diminish their level of mathematical confusion due to the use of
mathematical symbolisation and potentially lead to an increase in conceptual
understanding and achievement in examinations. Finally, since the study is exploratory i

nature the results may serve as a foundation for further investigation and inquiry.

1.8 Research Questions

Algebra is a branch of mathematics that uses symbols or letters to represent variables,
values omumbersMathematical symbols are an integral parftfebra used to express
operations, relabnships and to solve problenisarners need to master the symbolic
language of mathematics because symbols are the standard nomenclatur@ use
mathematical discoursegasoning and problem solvinBakker, Dooman and Drijvers
(2003) maintain that there is no Algebra without the use of mathematical symbols. The
intertwinement of symbs| representation and meaning presents additional problems for
mathematics education. Mathematicians, teachers and instructiesajners regard
symbols as carriers of meani(gtacey, Chickk Kendal 2006).Learners, however, lack

the necessary mathematical background to interpret symbolic representbéiacisers
should thereforexplain symbolic representations to learrerddemonstratéow to use

themin problem solving.

The present study specifibalfocused on FET learners who encounpeoblems with

mathematical symbols; what they mean and how to use them in problem solving. At FET

level, more complicated and sophistedssymbols are introducéd lay a foundation for
advanced mat hemati cal concepts. The researc
mathematical symbolism occur in lessons. Experiences consist of particidating

classroom engagementadingmatrematicstext, doing hand®n activities, observing
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how the teacher and other learners ssgmbols. Thus t he study is baseq
attempt to grasp mathematical concepts through symbolisation during classroom
activities or extracting meanings from te®oks.

The followingresearch questiorgiided thisstudy:

a) What challenges do secondary school learners encounter when interpreting and
using mathematical symbols to understand mathematical concepts and problem
solving procedures?

b) What instructional sttagies can mathematics teachers use to mitigate the effects

of symbolic obstacles?

Sub- problems

a) How do learners connect symbols and their meanings?

b) How do learners use conventional mathematical symbols in problem solving?

c) I n what w a y s problemsolvihgegeals raedr astivities influenced by
mathematicatymbol®

d How do teacher s c oand®rmalconceptoomsi rmathendatical n f or ma

symbolism?

The first research question investigates the challenges secondary school learners
encounter \Wwen interpreting mathematical symbols during probterving or decoding
meanings from textbooks. Thexpectation is that if learneese competent, fluerand
capable of communicatingsing mathematical symbols and notation, tipeirformance

in mathematis showsimprovement(Blanton& Kaput, 2005)Learners acquiraotations

and symbols for mathematical concepts and processes durirengagement in
mathematical activities in the classroom setting and as they read mathematics textbooks.
However,if teacherssimply cueup procedures for learnets perform the appropriate
calculations understanding will be jeopardisedn some cases,teachersinterpret
problems for their learners; this deprivearnerghe opportunityto learnautononously:

Mathematics lesms are characterised by classroafiscourse thatnvolves decoding
information,compressing long mathematicantences, representirapd analysing data.

These processes utilise and exploit the spatial features of mathematical symiidisms.
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problems b6failing to use and interpret symbols hinder conceptual understamdimost
mathematics classe€how (2011) noted thatf learnersare thoroughlytaught the
meanings of the symbglandknow how to usgéhem, thecompact forrmakes it easier to
recognse critical relationsps. The correct interpretati@f these conventions revedhe
power of mathematicatymbolism. Chirume (2012) pointed out the weaknesses and
problemsof mathematical symbolisatioare centrecbn using, reading and interpreting
matrematical symbols. A number of researchexplained how the use of mathematical

symbolsinfluences conceptual understanding and mastery in mathematics:

A Garegae (2011) argues that mathemasyaibols andanguage arseldomused
at home soindividual stugy with a textbookis a challenge. éarners studying
alone do not know how teead and endow meanings to symbols they encounter
during reading.

A Chirume (2012) reveals that learners struggle to read mathematical symbols with
comprehension due to their priencounters with those symbols on previous
grades or classes.

A According toTall (2009) symbols,have dual functions: they play the role of

objects or concepts of mathematics or as ideapawdsses thahey represent.

The second research question seekinvestigate the possible instructional strategies that
teachers can utilise in order turb the effects of symbolic obstacles. One central
argumentraised by Bruner and Haste (2010jhat learnersttachpersonal and informal
meaninggo abstract gmbols The transition from informadymbols andvays of thinking

to formal school mathematics presents teachers and learners with pedagogical and
learningproblems.Carruthers and Worthington (2006) further highlighted this problem
They argued thathe symbol system is not fullpinderstood. For example, meanings
lettersof alphabetand numeralfiaveno specificmeaning, but convey information when

they arecombined in systematic way# is therefore important for learnets not only

make sense ahdividual symbolsbut alsoneed to understand them when usethin a

system

Studies orthe developmenbf symbolwriting indicate that learnetsring forthstrategies,

which teachers can suppaxd enhanceheir understandingFor instanceMachaba and
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Lenyai (2014)suggest teachers shou&hsure that they makeonnectionsbetween
learnes hformal knowledge and the abstract system of mathematical symbolism. Hand
and Taylor (2008) argued that the gapknowledge and symbol use betwdere ar ner s 6
informal approache and formal procedures is aitical causeo f | e faffuredor s O
understandnathematics. Fisher (201@choed the same sentimerdsguing thatsuch
connections are imperative since they prepare learners toriti@al mathematical
thinkers rather than mindless manipulators of mathematical procediitesiever,
determining ways of fostering these connectisre challenge for teachers but failure to
dosomagni fies |l earnerso6 diffi cNovak and €afasi t h
(2008) obseve that even thougleachers makefforts to illustratethe symbols and
operationswith picturesand other concretebjects, it has been observed thledrners
continue to struggle to establistrucial links Whilst researobrs emphasiseand
encourages &nersto use heir own marks, teacheifnd this highly challengingas
majority oflearnergely on textbookss sourcesf knowledge(Botes& Miji, 2010). The

use ofmanipulativeds a vital wayto engagevarious senseshenlearning mathematical
concepts Bruins (2014) maintains thahstructiortinvolving manipulatives helps to
engageas many senses pessible. Such an approach helps to simphfy abstracto be
moreconcreteand understandable tioe learner.

Subresearch questions setkinvestigte the challenges learners encouatethey link
mathematial symbolsand problem solvingprocedures.The aim isto investigate
learneréexperiencein makingconnections, if ever they are able to dofso,example,

how concepts and skills from oneastd of mathematics are related to those from another
(Fogarty& Pete, 2009). Adearnersmake such connectionthey begin torealise that
mathematical concepts are not learnt in isolation, but knowledge d@menarea of
mathematicsa prerequisiteto undestand anotherEstablishingrelationships among
symbol s, procedures and concepts al so

understandingMw a k a p 2008d a ,

1.9 Hypothesis

Tests of hypotheses were conducted to test the effects of moderating variables of the

study units. Participantff the study were drawn fromhifferent genders different age
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groupsdifferentgrade levelsdifferentphysial locations as well a& variety of language
backgrounds. These variables can influence the findings of this study, hence and thus
produces an interactioeffect. It is therefore essential to investigate their infleenan

| e ar nespansed
The folowing hypotheses were envisaged in this study:

Ho: There are no gender di fferences in | e

symbolisation.

Hi: There ar e gender di fferences I n l ear

symbolisation.

Ho: There is no grasl age, language, residential area differences with regard to

|l earnerso difficulties with mat hemati cal

Hi: There are gradesage, language, residential area differences with regard to

|l earnerso difficulties with mathemati cal

1.10 Definitions of Terms

Mathematical Symbols
Cobb (200) defined symbols:

fié any situation in which a concrete entity such as a mark on paper, an
icon on a computer screen, or an arrangement of physical materials is

interpreted as standing for or sigyihg sanething else (p. 17).

However, the abovedefinition is wide as it applies to both mathematical symbols and
contemporary symbol s. So in order to define
(2000) definition was modified to:

fié . cancrete enty that $ands for or signifies mathematical idear

object or concept or process

Teachers shoullear in mind that an entity likie "@¢tis not a symbol at all for a learner
is seeing it for the first timeHowevehi "@¢is a symbol fora learner who knows its

meaning.
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In the context of this study, the tesgmbolalsorefersto mathematical entities such as

letters (a,b,c,h,m) numbers p:3,e), arithmetic signs h h I hparentheses (),

square root signs\;(_) and all other symbolic inscriptions found in mathematics

textbooks. Symbols are a form r@presentationhenceijt is important to define the term
representation.
Furthermore, as Langé20() explains
A ésymbols are notproxy for their objects, but are vehicles for the
conception of objects. To conceive a thing @itaation is not the same thing as
to O6reaictdtowanrtdl y, or t o talkimg alzow things o f
we have conceptions of them, not the things themselves; and itisniteptions,
not the things, that symbolsd e ct | y(p:&®&)an b . 0
Representation
Goldin and Kaput (1996) defed representation as:

A éa configuration of some kind, that, as a whole or part by part,
corresponds to, is referentially associated with, stands for, symbolises,
interacts in a special manner with, or othése symbolises something
else (p. 399.

A representation can be also viewed asrieiator thatinks the mathematicaloncept
andits realife object Objects inscribed in textbooks such asnfulae, tables, graphs,
numeralsand equationsre all mathematical representationsed to represent rekie
ideas and relationshipA. representation is a form of symbolisms that plays a crucial role
in teaching and learninghathematics. Withoutepresentation, mathetis would be

totally abstract anthaccessibl¢Bolden, Barmby& Harries, 2013).

There ae two categories of athematical representationsexternal representations
(notation systems) and internal representations (mental structures). External
representationare physical objectssuch as symbols, equations, algebraic expressions,
graphs, or digramsthat teachers writer draw as a way of illustrating a mathematical
ideato their learnersOn the othehand,internal representations areental constructs of
mathematical ideadevelogd throughinteractionwith external representations (Goldin

& Shteingold, 2001)This study focuses mainly on external representations that learners
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can read in textbooks, write in their books and verbalise as they read and communicate
mathematical concepts apdocesses. However, there is a thin line between thedasvo

external representatienbuild internal representationshich are mental constructs that

help us to remember concepts.

Multiple representations are the differentvays of symbolising andescribing the same

mathematical entitfCobb, Yackel &McClain, 2012).They are usedo represent the

same concept @rocessn differentways

Sign and Symbol

There is a difference between a mathematical sign and a symbol. It is important to clarify

the difference between the two. A sign is what is often mistghgerceived of a symbol.
Cassirer (1944) describes the difference be
and symbols belong to two different universes of discourse: a signal is a part of the
physical world of being; a symbol is a part of the lanmvorld of meaning. Signals are
Afoperatorso; symbols are fAdesignators. o Sigl
have nevertheless a sort of physical or substantial being; symbols hawefanbtional

v a |l upe32.0A sign is the perceptible psct of a symbol (Jolley, 2014). It is a written

mark, or a sound. A symbol is a signa mark togethewith its meaning

According to Sebeok2001),a symbol isa combination of aign together with its
meaning orsense A symbol can be perceived as sathing that stands or suggests an
idea or object or procestue torelationship, association, convention, or accidental but
not intentional resemblance. Mazur (2014) asghat the above definition does not quite

fit the collective experience of itsse. He extended it to include some cultural and non
arbitrary, something representative of an object or concept that it does not resemble in
sound or look and something that gives no preconception of the thing it resembles.
Syntax refers to the ways iwhich words are arranged according to the rofea given
languagdWebster& Fisher, 2003);

Notationis system that uses symbols to recm@thematical concept¥ebster& Fisher,

2003).

The symbolic structure refersto a situation in which a learnerastending to a group of
symbols thatare being used together in a representation instead of focusing on a single
symbol (Holloway, Battista, Vog& Ansari, 2013).
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Syntactic structure refers tosymbolic structureof a mathematical concept or process
togeher with the relations, rules, and formal grammar that accompa®@oltlin and

Kaput (1996)

BSymbol rebadé to | earnersd6 experience of t
symbol use, and the various meanings of symbols that they need to deakitay

progress in mathematicBardinia and Piercea (2015) highlighted that the increase in
symbol load due to unfamiliarity and increased density may chaseersto lose
confidence and subsequently choose a study path that minimises their need for
mathematics.

Symbol densityr ef er s t o the 6the number of symbol s
Symbol familiarity

Pimm (2002) provides a framework for explaining how familiarity with symbolism
develops. He identified threstributes of a mathematical symbol asateriality , which

refers to what the symbol looks like, asgntax, which deals with how the symbol is
combined with other symbols, anteaning

The wordii u n d e r s disawiddly usegl in this studyt can mean many things. In the

teaching and learningothain, it refers to the acquisition and retention of mathematical

ideas. For this study, the definitiondsrivedfrom the work ofDewey (1910andPiaget

(1978)

For Dewey (1910), understanding means

fié to grasp a meaning, to understand, to identithiag in a situation in
which it is importand (p. 118).

Thus,a learner shows understanding of a mathematical conchptiff able table to

give its meanin@nd express it using appropriate symbols

According toPiaget (1978) understandimgeans beig able toexplain howthings work

or does not work. Understanding cannot be separated from the realm of reason. A learner
is considered to have shown understanding of a mathematical concept or process if s/he
canprovide a correctmathematical conceptioand communicatadeas consistent with

what is acceptedby the mathematical communityAccording to Sfard 1994),

understanding can be conceived of as grasped meaning. It is a mediation process between
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the individual mind and the universally experiencednvblves building links between
symbols and certain mirdependent realities.

Mathematical symbolisationis the replacement of a mathematical object or process by a

symbol. There are different kinds of such replacement. For example, one can replace
“height by h, a number by “~n', a particular nt
equation' by x, the concept of relation or mapping by f (as in function), a derivative by

"(Xx) and so on. In most cases such replacement or naming is convenidrzabéarary.

The process of symbolisation should not and does not modify or distort that which it
stands for. This character has often been i
logic and mathematics (Sarukkai, 2008). Every mathematical coac@pocess requires

certain symbols to code knowledge. However, symbols do not have meaning in
themselves. The meanings have to be constructed by the learner using suitable reference
contexts. Meanings of mathematical symbols are actively constructdee dgarner or

teacher as interrelationships between sign symbol systems and reference contexts

(Steinbring, 2008).

The next terms are related to the theoretical framework(s) used in this study

The phrasesymbol sensgrefers to a list of attributes drcompetencie about the use of
symbol s. |t i n abiity to apprectate the dowea of aymbols, Have a

feel of when theuse of symbols is appropriate inappropriateand an ability tchandle
andunderstand osymbols indifferent contexs (Pope& Sharma, 2001). Symbol sense

also emphasises on the development of skills for using symbols and understanding of the
situation.A common assumption made by many researchers is that a learner with symbol
sense is less likely to encounter difficaltiin understanding mathematical concepts or

processes due to symbol barrier.

A mathematical conceptis a general idea behind an equation, problem or formula in
mathematicsA math concept is the 'why' or 'big idea' of mathematicéearner who
understads mathematical conceptan operate at higher levels of advanissaningthat
involves abstractthinking and dominatedby symbols. Understanding mathematical

conceptgeplaces learninby rote memorisationf procedures and answegsproblems.
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Accordingto Cruz and De SmedRQ13),a learner who understands a concept is able to
re-identify entities with fair reliability under a wide variety of conditiobkderstanding
a math concept, means being able to think about and process mathematical facts

abstradly.

Conceptual understandingr ef er s t o t he | ear kegideassandgd i | i t vy
draw inferences about those ideldslso involves being abli® strategicallyuse them to

solve problems and to learn new concepts and avoid common misandargs.

Mathematical context The term O0contexto6 means sever a
educational setting. Fraser and Greenhalgh (2001) viewed context as the learning
environment or situation in which learning takes place while Van Den H&argiuizen

(2005) described it as a characteristic of a task presented to learners. These characteristics
include words and pictures that help learners to understand the task, or concerning the
situation or event in which the task is situated. In this study contexs i@ the situation

in which some symbols are used.

Algebra is branch of mathematics in which arithmetic relations are generalised and
explored by using letter symbols to represent numbers, variable quantities, or other
mathematical entitiesAlgebra ca be viewed as a human activity that deals with the
construction of tools and knowledge that can be used for solving recognisable problems
(Drijvers, 2011).0On the othehhand,algebra can be viewed as a braictivity thatdeals

with the abstract world ahathematical objedHansen& Gray, 2010).

A fiprocepto is word derivedfrom the work of Gray and Tall (1994hich refers to a
combinationof: a process (for example additipwhich produces a mathematiaabject
(sum) and aymbol(s)which is/are usedtrepresent either process or object.

A multiple meaning mathematical symbol refers to a mathematicaymbol, which can
represent more than one matheoatentity,or a symbol for which multiple instructional
definitions exist(Phillips, 2008). Some symim have different meanings in different

contexts Multiple meanings of letter symbols are a source of difficulties in algebra. Note,
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however, that this islso, what makes algebra a powerful language and thinking tool.
Multiple meanings can create obstadiesnathematical conversations because learners
often use colloquial meanings while the teacher (or ddaner$ may use mathematical

meanings (Moschkovich, 2007).

1.11 Significance of the Study

This study contributes to the understanding of challenges|¢aners and teachers
encounter in the learning and teaching of mathematical concepts treypmdlolisation.

It also exploredhow learnersperceive andhink abouw mathematical symbols and how
suchprocesses araffected byhow they interpremathematicbsymbols Theaim was to

identify and describe the challenges that secondary school learners encounter when
interpreting and using mathematical symbols to understand mathematical concepts and
problem solving procedureSpecifically, the researchaoughtto obtain insights into

| ear ner s 0abauevorking prt andaoremunicating thi mathematical symbols
during mathematical engagements in different settiags well asusing textbooks.
Furthermore, thetudy suggestmistructional strategies that mathatics teachers can use

to mitigate the effects of symbolic obstacles.
1.12 Limitations of the study

Researches, both qualitative and quantitative have limitations and delimitafioms.
limitations of the study are those characteristics of design or metlyydthat set
parameters on the application or interpretation of the results of the study; that is, the
constraints on generalizability and utility of findings that are the result of the devices of
design or method that establish internal and external talidiimitations refer to the

scope of the studySimon & Goes, 2013).Creswell (2002 defines limitations as
potential weaknesses in a stuiiyt the researcher has control over. These constraints
affect thegeneralizability and utility of findings thatre the result of the ways in the
design of the study was chosen and/or the method used to establish internal and external

validity.

In this study, the researcher combined both probabilistic and-probabilistic sampling
procedures.Thus, the outcomes of his researchcannot be gemalisedto dl the FET
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learners in Limpopo province, buan only be used as a guide for further studly
longitudinal study could have been conducted over an extepeedd to obtain topie
specific difficulties with mdtematical symbolshowever,this was not possible due the
limited time allocated for research activities in the selected schools. The study only included
learners drawn from the FET phase in the selected districts of Limpopo province. The study
was also rstricted to learners enrolled in the FET phase. Limpopo province is mainly rural;

hence participants were drawn mainly from rural settings

1.13 Delimitations of the study

Delimitations refer to the boundarisst by the researcher in order to control the eaofg

a study(Sharma, 2014)in this instance, the delimitations social research refer to the
various boundaries used in the study such as the participants, instruments used, and the
geographical placementhe delimitations are characteristics of thady that can be
controlled by the researcher such as limiting the scope and defining the boundaries of the
study Simon& Goes, 2013)This study was delimited to questioning learners enrolled in
gradel0l2 and teachers teaching mathematics at this |&sthermore, lte area of
mathematical symbolisation is broad and can be studied from different perspectives. This
study has been narrowed to explore and gain insights legmersand t eacher s
perceived mathematical symbolisation challenges. The studgecifically intended to
provide information that may be used to change the complexion of mathematics
instruction especially in South African rural secondary schools. The results of this study
can be generalised to other South African provinces withe sdraracteristics especially

rural settings. However, the results may not be generalised to urban and white dominated

schools.

1.14 Assumptions of the Study

According to Cresweland PlanoClark (2007), most research studies are grounded in a
variety of assumtions and all designs are confined by sundry limitatidasording to
Leedyand Ormrod (2010)

fi éassumptionsire so basic that, without them, the resegvatblem itself

coul d n(p.62).exi st o
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A number of assumptions peculiar to this study and twlis$s of this nature were
identified. This study utilised a survey research design, which rely mainly on
guestionnaires and interviews for data collection. One assumption that was made in this
study was that the information supplied by participants wasratee and truthful. The
researcher also assumed that the questions in both instruments were sufficiently valid,
reliable and addressed the issues under investigbéised on the pilot survey findings.

The inclusion criteria of the sample were appropriatel therefore, assure that the
participants have all experienced the same or similar phenomenon of the study.
Prospective participants for the study were deemed suitable since they had enough
exposure and experience with the symbolic language of mathematmixed methods
researchapproach MIMR) was utilised based on the assumption that use of both
guantitative and qualitative approaches provides a better understanding of research

problems than either approach alone.

1.15 Overview of thesis chapters

Thisthesis is divided into six chapters.
Chapter 1

This chaptelintroducesthe study. It begins by presenting a synopsis of the background
and motivation for the study as well as highlighting some of the problems faced by
learners in learnipp mathematics through symbolisati®o me of t he | ear ner s
were identified and highlighted from the r

teacher. The research questions and hypotheses were also stated and briefly discussed.

Chapter 2

This chapter reviews the literature on the issues and challenges currently experienced in
mathematics education due to mathematical symbolisation. Key aspects and themes were
outlined in relation to how theynfluencel ear ner sd6 wunderstanding
concepts. Thehapter also discussan detail, the theoretical perspecsvihat underpin

this study, namel vy, Arcavids (1994) symbol
for algebraic insight, Dubinsky arldc Do n ad @®%) (APOS t hetf4)y and 1
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Procept Theory. These frameworks provide explanations for associating mathematical
symbols and their meanings. Symbol sense and Algebraic insight are psuileng

frameworks while APOS and Procept are frameworks of conceptual gréiefour

framevor k s all ow researchers t o evaluat e | e
symbols and observe the way learners learn. Furthermore, they help teachers to cover a
wide spectrum of representations in the classroom that would help learners build

symbolic fltency.
In Chapter 3

In this chapter, the methods usedctlect data in this study are outlined. The main
theoretical influences on the methodology of the study as well as the processes of data
collection and analysis are discussed. The chapter highlightes related to data
collection methods, research approach, ethical issues, trustworthiness and generalisability
in researchThis study proposes a mixture of qualitative and quantitative researches. The
collection of data report is a hybrid consistiog questionnaire and focus group

interviews.
Chapter 4

Thi s chapter presents and anal yses dat a
mat hemati cal symbols and teachersdé instruc
The organisation of the regas a hybrid form consisting of descriptive and statistical

reports. Responses from questionnaires and interviews were analysed and categorised

into themes, whiclare eventually used to report the findings.

Chapter 5

This chapter discusses the findinigsrelation to the research questions, the literature
reviewed and the conceptual frameworks that guide the study. Lessons emerging from the
study are discussed in relation to the two domains of interest in this study: mathematical

symbolisationchallenge and teachersé6é instructional pr a

Chapter 6
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This chapter summari ses the main conclusio
mat hemat i cal symbols and teachersé6é instruct
chapter also sets out limitatis of the study, implications of findings, directions for

further research and concluding remarks.

1.16 Summary

This chapter introduces the study on the challenges experienced by learners due to
mathematical symbolisation. The focus of the study is to ganiight s i nto | ea
difficulties with mathematical symbolisation and sensitise teachers so that they can
prescribe appropriate intervention strategies. The chapter also outlined the background,

the problem statement, the motivation for the study. Peitiresearch questions and the

general and specific objectives were also addressed. A brief outline of the cbafhers

study was also providedhis chapter provided a summary what the study intends to

investigate. The next chapter reviews the lite@andthe conceptual framework related

to the study.
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CHAPTER LRI TERATURE REVI EW

The review of literature in this study is organes thematically. The discussion is
organisedaroundthemes and theoretical concepts relatedntalengs and instructioal
strategiesfor teaching mathematicalymbolisation This structure ispreferableto the
chronologicalorganisationbecause it enables the researcher to define the thewrikes
constructs that are important to tsteidy (evy & Ellis, 200§. Thesequencef themes
movesfrom broad to specifitn a funnel approaciwherethe discretesulbbconcepts and
themesare funneled from highdevel concepts to the specific cases upon which this

research is based.

The chapter provides an overview of curreand previous researchon mathematical
symbolisation It connects and correlates the current study to findings of previous
relevant esearch and expert opinion symbolismIt provides a justification fathe need

to reviewliterature concerning thgymbolisationchdlenges experienced by learners and
the instructional practices on the use otmeaatical symbolsThe chapter alsdiscusses
and connects numberof frameworks that guidéhe study The purpose ofeviewing
literature is to survey previous studies on dwledge regarding the challenges of
mathematicabymbolisationandlink it with current trends and classroom practicHse
review looks at the naturef mathematical symbolisnthe role of symbolism and
learne s 6 di ffi cul ti alsopwidds ketasegnsidhts intotsemeasonst
why learnersave troublevith symbols when learning mathematical conceyis during
problem solving The reviewing literature was done to guide the selection and
identification of keydata collection reqtements for the resedrd¢o be conducted, and it

formspart of the emergent research design process (Giles&awlLacey, 2013).

The discussiomf literatureis divided into sections and each sectrewolves around a
theme In the firstsection,the dscussion involves literature about the usesyhbolic
representations in mathematics. It discusses literature relatdd)tthie processes of
mathematical symbolisation in mathematics education, (bglthkenges and difficulties
experienced by learnerg learning mathematics concepts through symbolisation (c)
instructional strategies for teaching mathematics through symbolisation (d) congecti

among symbols andoncepts. Thesecond section discusses the pedagogical strategies
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recommended by variougsearchers for teaching and learning mathematical concepts

and symboldor understanding. The third sectioisclsseshe conceptuaframework and

theories that support theeaching and learning ofmathematical concepts through
matrematical symbolisationFour (4) conceptual frameworks: Symbol sesyenbol

sense(Arcavi, 1994), Algebraic Insightramework (Pierce & Stacey, 2001), APOS

theory (Dubinsky& Mc Donal dd s, 200 2) (Gray&drallP109%) avere t Theol
condensed into a quadrilateral frame ofotfies and serve as lens for focusing and

guiding this study.

2.1 Mathematical Symbolisation

Santos and Thoma®011) definesymbolisationas aprocess thainvolves forming a
correspondence between a mathematical concept and its me@&magdler (2007)
coneivesasymbolic representatioss an externally written or spokeymbol thatstand

for somethingother than itself According to Godino, Godino,and Batanerq2003)
symbolisation refergo the relationshipbetween the represeat and the representing
worlds Symbolic representations such as formal equations and line graphs eliminate
extraneous surface details, asbitrarily related to their referents, and represent the
underlying structure of the referent more efficieniwus, they allow grdar flexibility

and generalizability to multiple contexts, but may appear as meaningless symbols to

learners who lack conceptual understanding (Nathan, 2012).

Symbolisationis alsoviewed as a processvolving assigningmeanings and defining
relationships between mathematical objeatsl their externatepresentationsThomas,
2003. Symbols are used kgachers and other expertsnmathematis to code problem
solving situationsand contexinto symbolic forms These forms allow the problem to be
solved without reverting to the original reléfie problem situation Symbolic forms or
representationtake variouforms suchasgraphs,symbols, languagand organiational
schemes thatdescribe theconcept. According toKollar (2014, symbolisationis
engainedin a | e aabilityeto idtesact with theexternalenvironment. Symbolisation
produce mentaktructures, which when actagpon by the mind produce mental or

cognitivestructureqFiorini, Gardenfors & Abel, 2014 hus,meanings of mathematical
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concepts evolvehroughthe association of mental operations with mathematical symbols
(Kvasnil)a, 2008

Mathematical symbolserve several rolesuchasillustrating and describg the structure
of mathematical concefptmanipulation routines such as addition, subtoactdivision
and multiplication (Steinbring, 2006 Mathematical symbeslallow teachergo express
mathematical concepts compactignd help learnersto make reflections about
mathematics Mathematical symbols allow thoughtand solution processes to be
expressed permaneniiRubensteir& Thompson2001) Ganesalingam (2013) sleribes
mathematical symbols aharacterof written mathematic statementisat areimportant
for the construction of mathematical knowledyéritten mathematics differs from other
disciplines with the property of having vast amounts of symi¥dsiugia(2013) also
singlesout the gmbolic feature of mathematicsa t he s ubjparent &d mo st
distinctive featureThe symbolic language of mathematics often presents leamidns

challenges as they try to write, read amdbalisethese symbols.

Delice and Aydin (2006)found thatlearners conceive symbols as objects with some
meaning rather than thinking of procedgect duality. At high school level, it has been
observed that, the rpcesses of manipulatingymbols meaningfly with correct
proceduresand notationvaries from learner to learn@fyfe et al, 2014)Learners have
difficulties in expressing thethoughtsusing appropriate mathematicgymbols. When
learners memores mathematical expressignihey conceive symbols as objects with
some meang rather than thinking of procesbject duality.According to Santos and
Thomas ( 2 0 Oirfability tolseea matleematidal concept from two perspectives,

thesymbolic and its descriptidiorm seem to limit learners during problem solving.

Symbds are special features afiathematical representatiortdarel and Kaput (2002)
describe symbols as strings of characters used to represent a mathematical process or
object. The symbols are the mathematical marks that do not constitute ordinary language,
and are manipulated according to certain vadelfinedrules. Even though symbolsave
specificmathematical meaningkearnersoften have their own constructed mearsrigat

are shaped by socioultural factors, experiences, knowledge and cognitiviétiab.

Learnersunderstand mathematicstifey areactively engaged in the construction of new
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knowledge from past experiencds.e n c e , |l earnerso past encoun
mathematical symboland conceptsnfluence their understanding of new syrfsband
conceptg{Luna& Fuscablo, 2002).

2.1.1 Mathematical symbols and symbol systems

There is a need to clarify the distinction between symbols, symbol systems and symbol
products. A symbois anyentity or object whether material or abstratttat stands fo

another object{DelLoache, 2004).anger (2009 definedasymbolasanian i nst r ume n
of thoughd, that enables us to think about something and to form a concept in the
absence of that object itselfhey are according to Vygotsky (1978) it ool s f or
mind. 0 Symbols create those pdgnman Piertei ti es ¢
(2006) asserts that symbols have a tris@hning, whictsuggests that meaning arise from

a relationship among three things: the object or referent, the person (intergneténe

sign. The sign presents the object in the mind of the interpreter. Meaning thus depends on

the mental image or thought of the person in relation to the sign and the object the sign
represents.The most distinctive feature éfeirce (2006accounts best thought of as the
understanding that we have of the sign/object relation. The importance of the interpretant

for Peirce (2006) ishat signification is not a simple dyadic relationship between sign and

object: a sign signifies only what is beimgerpreted. This makes the interpretant central

to the content of the sign, in that, the meaning of a sign is manifest in the interpretation

that it generates in sign users.

Systems of symbols are human inventions and thus are cultural tools that Hawe to
taught. Mathematical symbols are hurmaade tools that improve our ability to control

and adapt to the environment. Each system makes specific cognitive demands on the
learner, who has to understand the systems of representation and relations thiaigare b
represented.earners can behave as if they understand how the symbols work while they
do not understand them completely: they can learn routines for symbol manipulation that
remain disconnected from meaningearners acquire informal knowledge in ithe
everyday lives, which can be used to give meaning to mathematical symbols learned in

the classroom.
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Mathematicalymbols do nonecessarily neetb have any logical or natural connection
to the thing they represenfWolfram, 1999).Symbolic systemgrovide the structuring
matrices of human consciousness. Symifotsmathematical concepts assume various
forms such as diagrams, pictures, variables, tadmdesnumbers. Aymbol system is a
combination of symbols that are arranged in as specific maweerding to some rules
(Pollatsek& Treiman, 2015)Symbol systems sustain entire realms of thought in pure
abstraction (mathematics comes to mind). In so doing they create additional ranges of
human consciousness that simply would not exist in theirnabs®&orencArmella,
Hegedus and Kaput (2008)dthatsymbols are meaningful if they correspoondkhown
fields of reference. The field of referenggves meaning to symbolsand rules for
combining themSymbols arentities thathe mathematics communityeatedn orderto
communicate mathematical knowledge witherexperts in thesubject. Symbols are part
of mathematical language with unigoeanings thabthers in the field cannderstand,
interpret, appreciate, criticis® transform.

Anotherway of comprehending mathematical symbols ixtmsiderthe context inthe

symbol is being used artdpics being studie@Szydlik, 2015).As reportedby Ongstad

(2007), neaning are alsoderived from convention that is, meaning of particular

symbols were deided and agreed upon hyathematicians and scientistSymbol
systems are those cognitive Atool so that,
communicate ideas without the immediate presence and participation of actual things in
the environment. @Bnbols allow us to entertain ideas because they serve to evoke those

ideas.

One area of mathematics that requires learners to be fluent and competent with symbols
is problem solving. Problemsolving is a critical mathematiskill thatrequires learners

to converta problemfrom asymbolic representatioim analternativeform. Many South

African secondary school mathematicsriteas lack this skill and problesolving
continues to bea serious challengtor them especially in financial mathematics and
applications ofderivatives (Brijlall& Ndlovu, 2013) To solve problems in mathematics
learners,need to be competent in the three senses: number, symbol and function. If

learners do not recognise a symbol or misinterpret the vocabulary of a symbol, their
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performance may suffer (Powell, 2011). A study conductechgvelson, Webland

Lehman (2000) indicass¢ hat | earnersdé6 understanding of m
how learners decode and symbolically represent information to themselves (aptitude).
Conequently;l earner s6 wunderstanding ofon theirmat he ma
interpretation of symbolssed in instructionL e ar ner s6 wunder standi ng e

of mathematical concepts depend on their prefemmede of representation.

2.1.2 Meaning of mathematical symbols

The ter m retes ytandifierend things in the branches of mathematics.
mathematics and other scientifields, it refers to a mark that is mapped to some referent
object or point(Deacon, 2011)lt can be combinedvith other maks according to
specificrules.In this way, a symbol isonceivedasa code that represents a mathematical
concept In the context of thistudy,a mathematical symbol contains two ideas: that of

the signifier and that of the signified. Developing meaniofgsymbols is a compound
process of conjectures, analyses, and descriptions of the sense, in this case, the concept
that the symbol might represent. Studying the development of the meaning of symbols

has strong implications for the study of understanding.

Harel, Fullerand Rabin (2008) suggest#itht meaningsof mathematical concepts are
best learnedby paying attention to the context in which they are u3éey noted that
learnergnanipulate symbols without a meaningful basis that is grounded in ritextof

the symbols This behaviour of operating on symbols as if they possess a life of their
own, rather than treating them as representations of entities in a coherent reality, is
referred to as the nemferential symbolic way of thinkingHarel et al 2008). Sapire
(2011) observedhat when reading symbols, words, and letters do not make or carry
meaning until the reader associate them with féal contexts. Thus mathematical
symbols are brought to existence through associations and ideas thexsleachteachers

bring into mind during the teaching and learning process. As recommended by Phillips
(2008) mathematics teachers need to keep this in mind before they attempt to introduce

mathematical symbols in general.
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Mathematical symbols are importafor representing mathematical ideas and problem
solving procedures but the learner interacting with them has to endow them with
meaning, has taeep the context imind, andrecognisemodels and actions associated

with the symbol. It is also worth mentimg that symbols are not the main goal of
learningmathematics, they are not static (Langer, 2009k0me cases, they represent
processes of mathematics, and in other instances, they represent matherbpsotsl

(Gray & Tall, 1991).Symbols at timesrae c on st r u ewhichacanbeused | ect s €
without having to root them back in any model or context. Thus, there are dangers of
being misled if teachers | ook at | earnerso
assuming that these reveal what tlkepw about mathematicBased on the findings of

Naidoo (2009)it can be argued that mamgarners are proficient in using the rules for

manipulating symbols without having a strong sense of what the symbols represent.

According toAmit and Neria 2004),the meanings of mathematical symbols are derived
from four mainsources:algebraic sticture (lettersymbol form), othermahematical
representationgnd problencontextandreatlife applications A number of researchers
have attemptedto distinguishbetweenthe meanings attached to features of symbolic
inscriptions. Skemp (1987)describestwo levels of structure related to features of
symbolic inscriptions: surface structures and deep structures. Surface structures involve
the written symbols, where#ise moredifficult deep structures of language are those that
involve the conceptual meanings of the symbolic inscriptidmsa similar manner,
Yerushalmy (200p differentiates between two levels of meaninigarnersattach to
symbolic inscriptions At the lower level is yntactic manipulation in which learners
operatewith basicalgebraicrules such asrder of operationsThese areonstructed from
common mathematics instructions such as expanding brackets, collecting like terms,
reducing to lowest termand taking out the common factoiThe other set of meanings

for mathematical symbols is derived from semantic interpregtbrhigher cognitive
properties oflgebraic expressiorsich as number of zero$ a polynomial degree ok

polynomial remaincaer, parameters, or constraints.

Perceptualsymbolism is another source of difficulty for learnd@ttmar, Landy&

Goldstone, 2012) Perceptualsymbols aresymbols that arise from performing a
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mathematical action. In an action such as countimg,symbat usedpl{; [Pl 8 8 are

thinkable concepts, such as number. A symbol sggix dx represents both jprocess

(integration)to be executecnd theresulting thinkable concept (integralyall (2008

refers to suclan amalgamation of symbglprocesss and conceptasiiproc e pt 0 .

2.1.3 Learning mathematics through symbolisation

Kenney (2008)iewed mathematicadymbols as the objectsof mathematical language
thatfacilitate communicatiometweenteachers antearners. Thdunction of symbolsin
theteaching and learning geess isvell documented ifiterature. Howevertheir impact

on conceptual understanding and learner achievement remain largely unexpéoges
(2002) and Azzarello and Edwards (200&¢knowledge thatinking mathematical
concepts and operations pracessedo mathematical symbols is a complex intellectual
activity. This is because symbols lackomeone correspondenceith their meaning or
references.The semiotic structure of mathematical concepts and processess
conceptual difficulties foteaners dueo the multiple ways in whicBymbols are used.
Symbols perform multiple functions such as naminglabeling, signifying,
communicating simplifying, represenibg, reveaing structure, and displatyg
relationships (Moschkovich, 20155ymbolismsplay a crucial role in teding and
learning mathematic'hey allow communication of mathematical ideas to the learners
in a coherent andonsistent way and provide a common language that the members of
teachinglearningcommunity use to express their tlghts, to share their ideas with the
others, and toeflect collectively upon a mathematical notion beimgestigated Bay a z et
& Aksoy, 2010) Becauseof the multiplicity of interpretationsand meanings of
mathematical symbolst is nd surprisingthat tie symbolic language of mathematics

confuseslearners Kailikole, 2009.

Expert mathematiciaor mathemats teacherare able to manipulate mathematial
representations, whereas learners struggke.learners are schooled they learn the
symbols, they larn the meaning of the symbol and the use of the symbol. These
meanings and uses are established in relation to the other symbols in the system. The
whole gestalt of meanings has to be negotiated, revisited from time to time, and adjusted
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as necessarpnae the symbolic connection has been established between the symbol and
its object, then we are able to set the objects aside and opemateittnthe symbols.

This definesabstract thought.

In classroomcontexts wherd ear ner s 6 e x pearsynmohaceevariougdly f f er
interpreted During mathematics classdsarners try to assimilateew symbolgo their

existing schemas, which may bring clusters of templates where it may fit, evoking
meaning within available schemas derived frandividual prior expeiences. The
meaning constituted by the symboladoptedwhen learners disiss its meaningmong
themselves, or with the teacher, through negotiafltnus the negotiation of meaning
between theteacher and learnens essentigl as theteacherdirects b learners to
understandthe symbol, together with its meanin§fard (2000) recommendsthat
conversational feedbagkay a central role in discursive and experiential background for

the introduction of the symbol.

Mathematical symbols paved theayv for the translation of humaractivities into
symbolic modelsSymbols are needed to deal with quantity, shepeechange. This is
how mathematics was born. Mathematics is a symbolic version of nature built on basic
intuitions. When learners are dealing with cartain symbol for the first time the
reference field can beery narrow. However, stheyprogresswith learning,they become
more proficient with its useand the corresponding reference field beginswigen
Various researchers have stressed that thebgjic formulation of relations between
variables raise specific problems for novice learnézzérello, 2006; Radford2008.
Although particular difficulties experienced by learners have ladrly reportedand
documented byhe aforementioned work&a d f ®01@) arduesthat more research is
still neededsince learners continue to struggleet@lowsymbolswith meaning.

The history of mathematics evolved through a series of attempts to represent the
mathematical concepts symbolicallipespite conceed efforts to produce clear and
concise symbolically representative systems, most attempts have resulted in imperfect
representations. Such imperfect systems ended up with too few symbols, too many
symbols, unclear symbols, or symbols which carry multip&aningsFor example, e
ancient Babyloniandailed to createa symbol to represent the quantity zero. This
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omission led to confusion and uncertainty regarding the precise quantity embodied by
various symbolic representations (Cajori, 1993nifarly, the Romans never developed

a symbol for zero and introduced an additional element of confusion by allowing the
symbols O phw vhd pmhd vmhdéd pmhO vVIIE D

p mt @ embody multiple meanings as both letters of the alphabet andralsme
(Keppie,2002.

Attempts to develop symbolic representations in the various cultures such Chinese,
Sumerian, Greek, Phoenician, and Cadmea cultures led to further communicative
complications and confusions. According to Sun (20069st mathematicalysbols
havemultiple meanings, inconsistent and ambiguous. For example, the ancient Sumerians
had six different symbols, used interchangeably to represent the modern daylettelrs

U (Waddell, 2004). Thus the impact of incomplete or overabundant artd-madning
symbolic systems and the detriments of employing unclear symbols are impodant an
certainly worthy of studying.These detrimental effects of symbolic representations
infiltrate classroom discourse, influence instructional practices and a#eching
outcomes. The confusion associated with the use of multiple meaning symbols has
detrimental effecten| e a r comcepsods and understanding of mathematical concepts.
There is limitedresearclon instructional use of multiple meanings and absmature of

math symbols as well as their mp act on | earnersd comprehen

concepts.

The development of mathematical symbols is a result of conventiothe mgathematics
community comprised of mathematiciansaches and theorist€Corventions are agreed

by the mathematics community and lead to tise of certain symbols to represent
mathematical properties, operations, or concepts, thereby endowing such symbols with
meanings beyond the symbalemselves. Manyesearchers have conduttstudies on

the impact of symbols on mathematics educatiBubgnstein& Thompson, 2001;
Adams, 2003; Steinbring, 2006). Another group of scholaraft&, BeltonKocher,
Glasnapp& Poggio, 2009 investigated the instructional use of multiple meaning of
mathematical words, but velittle has been exploredn perceivedearner confusion
resulting from the use of such symbols in trying to understand mathematical concepts as

well as instructional strategies to foster understanding.
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2.1.4 Multiple meanings of symbols

The multiple meaning nature of a mathematical symbol is another feature of
mathematical symbols that confuses most learners (Chirume,).20b2 cognitive
objects to which the symbols and words refer are constructs that reflect different webs of
meanirg that, for each individual, might be daio be part of their personaystem of
algebra (Drouhard & Teppo, 200Mjathematics, aa scientific field requiresearners to

think and organise their thinking in terms of symbatenceptsand abstract ideas.
Garrison and Morg1999 describemathematics aa subject in which ideasvords and
relationships are compressedo a single symbolFor instance, a set of parentheges

has at least five different meanings depending on the context and situation under
consideration. Such multiple meaninigave thepotential of introducingconfusion and
disorientation for mathematics learners as they attempt to rememliee alpplications

of the same symbol and the appropriate circumstance in which to use each one.

Paentheses are used as grouping symbols in order to facilitate the order of operations
when simplifying mathematical expressions. They are also used to indicate multiplication
between two terms. Another common use of parentheses is tatsdipoint on graph
suchas(35) . Parentheses are also commonly used in functaiation f(Xx)to define
relationships between variables. This particular representation possesses the greatest
potential for learner confusion in that, at first glance, two terms separated bthpae=n
appears to be representing multiplication, sirg&) =6 or h(2) =2h. King (2002)

observes that many novice algebra learners not only struggle with the concept of

functions but also mistake function notatioh(x) as a multiplication indicatoix .

Finally, parenthesecan be used to indicate a range of numbers on a number line such as
in ofb 8This particular symbolic presentation is designed to convey the meaning that
one wishes to consider all of the real numbers which are greater than three and less than
five 0 @ v 8ltis particularly problematic since it takes on the exact form used to

indicate a point on a graph.

Working fluently the languageof mathematics requires learners to develop a strong
symbol senséEssien, 2011)Symbol sense involvdsavingan ability to createsymbolic
relationships thatepresent written information; experiencing different roles played by
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symbols; and appreciating the power of symladsools for displayingand explaiing
relationships expresseingnatural language (Arcav2005) However, it is not easy for
learnersto connect natural language and symbolic representations, particularly in the
context of word problems Mathematicsis a language in itself, composed of natural
language and a symbolic system of mathematigassigraphs, and diagranmsammill,
2010).

Mathematical language is heavily dependent on the symbaiguage thaincludes
syntax and organisation of symbols and the natural language of instruction
(Moschkovich, 2007).0n the otherhand, mathematical n@ation enables ideas and
concepts to be expressed unambiguously and to enable and encoomgesponding
way of thinking. Mathematical symbolsare essential forcoding constructing and
communicating mathematical knowledgdowever they do not arry mahematical
meaning and conceptual ideas themselMastead, meanings negotiated through

interaction with the symbol and its reference.

Schleppegrell (20Q7explains thaaininterplay between symbolic and natural language is
clearly present when solvingord problems where learners aexjuired todecode not
only the language of the question and the overlaying context, but must also have
knowledge of and be able to represent words witrafipropriate mathematicaymbols
needed to effectivelysolve theproblem Recent developments in mathematics have
shown that many learners encounter difficultidsemnmaking connections between words
and mathematical symbols in word problems (Reynders,;28ddeng and Madzorera,
2014. Some of the suggested reasons #amided difficulties for larners on word
problems includea lack of builtin contextual clues found in literary narratives
(Fernandes, Anhalt & Civil, 2009), unfamiliar cultural contexts and interpretations
(SolaneFlores & Trumbull, 2003), reading compiension issues (Schleppegrell, 2007),

and the artificial contexts of word problems (Wiest, 2001).

Many countries, including South Africadopted theArabic system of numeration,
therebymaking symbols universal in mathematiéfowever, this symbol univerday
across languages heavily criticised for encouraging teachers to move too quickly to the
symbolic expressions before the conceptual foundation has bein (Sloutsky,
Kaminski& Heckler, 2005)It encourages learners &quire the skillsor manpulating
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symbols without a proper conceptdaundation.Consequently, thimits their progress

into higher mathematics, sintieey lack the basis faonceptuafoundationfor advanced
mathematics.Learners should access the language of mathematicagthnmultiple
semiotic systems that fulfil different functions: (a) natural language introduces,
contextualizes, and describes a mathematical problem; (b) symbolism is used for finding
the solution of the problem; and (c) visual images deal with visualthiagproblem
graphically or diagrammatically (de Oliveiga Cheng, 2011). All of these systems may
involve vocabulary, sentence structures, contexts, and representations that are new or

unfamiliar to learners.

Clement (2004) noted thatdrners often findt relatively easy taepresent mathematical
concepts ina variety of modessuch as manipulativespictures, diagrams, spoken
languages. Howevgthe same cannot be said about the wrifiem thatis dominated by
symbols.It is this symbolic natire of mathematics thagcares thenmPrevious studies on
mathematical symbolism have demonstrated a series of misconceptions learners have
when using mathematical symboFor example,Knuth, Stephens, McNednd Alibali
(2006) out | i ne dtiors evihrtire eequal Gigrimmasycschoat lkegrners
often misinterpret the equal sign as an operationahstead of a relational symbol.
Learners often view symbols as labels for objects (Christou, Vosn&adtamvakoussi,
2007). Many learners mentionetluse of symbols as the origin of their difficulties, saying
that they understoodnathematics algebraisymbols were introduced(Christou and
Vosniadou, 2005)

Another difficulty that learnergxperience when using symbolstlie use of symbols
known & | éac k of c | Kesseovics & Linehewvska, r1994).This error is
committed when a learn@loesnot accept symbolic expressions as final answeos.

example, whersimplifying: §(5x+10) =2x+4, learners may proceed further to solve

for @ 2x=4, x=2. Christou et al. (2007) suggesitthat learneryiew mathematicas

an empirical subject, whemaathematical calculations must always lead to numerical
answers only. When learners are introduced to a new topic, they face the difficult task of
assiging meaning to new symbols and assigning new measitagold symbols, which

they learned inthe previoustopics. A study by Chow (2011) revea thatle ar ner s 6
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misconceptions, errorgnd cognitive dissonane®th the use of symbolsriginatefrom
the ingpropriate transfer of prior kmdedge from previous encounters.

An interplay between symbolic and natural language is clearly present when solving
mathematical word problems where learners must be able to translate not only the
language of the questionathe overlaying context, bghouldalso have knowledge of

and be able to represt words with the appropriat@athematical symbols needed to
effectively represent the situation and answer the question. For some learners
mat hemati cs pr gsagts is@édaiiyg dymbolidandl t@ nspecific
(Reynders, 2014)Some of thesuggested reasons for added difficulties farners on

word problems includea lack of builtin contextual clues found in literary narratives
(Kenney& de Oliveira, 2012), mfamiliar cultural contexts and interpretatioNgilpurne,
Marinak & Strickland, 2011)reading comprehension issues (Schleppegrell, 2007), and

the artificial contexts of word problems (Wiest, 2001).

2.1.5 The influence of symbols in algebraic thinking

If learngs are unable to see abstract ideas beneath the symbols, they develop an
impoverished understanding of algebraic concéptacGregor& Stacey, 1997)As
learners progress into secondary and tertiary scientific fields, symbols play an
indispensable role irepresenting mathematical concefike transition from arithmetic
thinking to algebraic thinking requires learners to make sense of the symbolic notation.
Brijlall and Ndlovu (2013) | amented of
and algebraiahinking. They noted that learnerslack skills to operate with or on the
unknown aghey move to algebraic thinking. By reporéd that learnersre notable to

view literal symbols as generalizedimbers and unabl® operate with the symbols
themselveslf learners are not given sufficietiime to develop this type of meaning,
manywill struggle to progress frorarithmetic thinking to algetic thinking. As a result,
when learnersfail to construct meaning for the new symbolism ahdy resort to

performng meaningless manipulations of symbwaishout understanding their meanings.

2.1.6 Mathematical symbols and signs

It is important toprovide a clarification of whanhathematical symbols and sigaie Jao

(2012 described symbols aabstractionsentities thatrepreseniof mathematical ideas,
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concepts, or processedhis study adopts Foucault (1966) aRdesmeg (200) 6 s
definitions thatregard a symbol as a signifier that represents, signifies, or replaces a
mathematicalidea, conceptor process Rouse (2000) Iso defined a mathematical
symbol as a character that is used to indicate a mathematical relation or operation.
Combining the two definitionsRedish and Gupta (200@pncludel that mathematical
symbols have a definite initial purpose: to methodically chpaomplex information in

order to facilitate understandingSteinbring (2006)describedmathematicalsigns as
means of communicating abstract mathematical ideaal function), of indicating
(deictic function) and of writing (symbolic functioniMitchelmore and White (2008)
referred to mathematical symbols as shorthand marks that are used to represent
mathematical conceptgleasand processesliebert (1988) defined symbols as entities
that represent mathematicaleas or processesResearchers in mathatits education
haveconcurred that the development of mathematical notation is closely connected with

the overall development of the concepts and methodmtfematics (Cajori, 2010

The connection between the meaning of a concept and its mathersgirdadl is not
always obvious. Various notions of the meaning of symbols have been studied in
mathematics educatio®owa(2010 identified mathematics as one area that lacks a one
to-one correspondence between membatical symbols and the wordsnhceps they
represent. In order to understand mathematical symbols and their meanings there are two
things to help us; the context in which we are working, or the particular topics being
studied, and convention, where mathematicians and scientists have decigedtitaar
symbols will have particular meanings. Tall (2004) hinted that mathematics is powerful
because of its symbolism. He noted two contrasting effects that written symbols have for
learners as a twedged sword: they can help them cope or they samdelm them.

Thus, mathematical symbols, interpreted as either processes or objects, symbols allow a
duality of thought. According to Tall (2004) this view iparceptuadivide only those

who come to think flexibly about processes and objects becomeessiul in
mathematicsGray and Tall (1991) definefgroceptii a scomdinationof a process and
aconcept in whicta mathematicgbrocess andbject/product is epresented by the same

symbol Thusaccording to this viewhe symbol for a procept can dwoeither process or
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concept. For example the sight of the symilw £ i — invokes the process of

differentiation and a derivative at the same time.

2.1.7 The nature of mathematics

By tracingthe historyanddevelopments imathematicspne gets the impression thtte
essence of modern mathematics is symbolic mathemakizthematics is the
construction of knowledge that deals with qualitative and quantitative relationships of
space and timeM d a K@06) Thus, nathematics is a languageat has its own symbols,
syntax, grammar, and a variety of representatidhslso relies on an intensive use of
different types of symbols to represent variables, signs for numbersamgdiormulas,
and algorithms. The dominamntities that dominate mathematiase numbes and
algebra. These involvprocesses thare eventually symbolised into both process and
concepts However,the dual use of a symbas either process or concept causes great
difficulty for many learnersTall (1992 asserts tat symbolson their owncannot provide
acompleteenvironment for mathematical thinking. Thagemore powerful if they do so

in a flexible proceptualvay. The power is further enhanced if there are alternative

representationavailable thatncrease théexibility of thinking.

Mathematics can be viewed ashaman cultural activity that deals with patterns,
problemsolving, and logical thinking in an attempt to understand the world and make use
of that understanding (Adler, 2006)rhis understanding isxpressed, developed and
contested through language, symbols, and social interaction. Mathematical literacy
provides powerful numeric, spatial, temporal, symbolic, communicative, and other
conceptual tools, skills, knowledge, attitudes and values to anatyalee and justify
critical decisions; and take transformative action in sociegynders (2014) observed

that one of the problems for mathematics learners is related to syntax, the sentence
structure and semantic components of language in the mathenlasises. The lack of
oneto-one correspondence between mathematical symbols and the concepts they

represent wasingled out as onkeature that present problems to learners.
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2.1.8 Differentiating symbol systems

Researchers proposed two dimensions that casdxto differentiate synafic systems:
resemblance and tadonality (Blumson, 2014).Resemblance refers to the extent to
which symbols resemble their referents. Symbols that resemhdeklike their referents

are called eonic symbols or replica model®r example, geometrical shapgsch asa
rectangleto represent a rectangular fielhe advantage of using iconic models is the
models' correspondence with the reality of appearance. In other words, the model user
can tell exactly what the proposed edtj will look like. Schematic models are more
abstract than physical models. While they do have some visual correspondence with
reality, they look much less like the physical reality they represent.

Graphs and charts are schematic models that provideriplctrepresentations of
mathematical relationshipSymbols that do not represent their referents are referred to as
analogues. Various researchers classify mathematical symbols and systems differently.
Sowell (1974) classify symbolas concrete, pictoriaand abstract whileShavelson

Webb, and Lehmal(1986) classifies symbols as representational (realistic depictions),
conventional (symbols stand for ideas or events in a particular culture), connotative
(symbols results from the distortions of converdgiosymbols) and qualitative (symbols
represent some idea or feeling). However, this classification was heavily criticised by
Goodman (1968) and Salomon (1979) who argued that resemblance is not a satisfactory
way of defining symbolsystems. They argued theesemblance is ambiguous since
symbols can represent their references in multiple ways. They further argued that symbol

systems can be notational, Aootational or somewhere between these two extremes.

Shavelson, Webb and Lehman (1986) provided an wstive distinction between
notational and nonotational systemsn notational systems, the symbols are discrete and
discontinuous and there is a ot®one correspondence between symbols and their
referents. In nomotationalsystemssymbols are not disinted but are continuous and

each element does not correspond to one and only one referent. For example, pictures are
non-notational because each element could represent many things, for example, a line can
represent length, depth and the picture coeladIto many interpretationslowever,
notationality was criticised for being too abstract to help define taxonomies of symbol

systems for particular knowledge domains. Harkin and Rising (1@fa9sified
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mathematical symbols intbve categories: ambiguousymbols, synonymousymbols,
archaicsymbols, inappropriate symbaad contradictory symbols.

Ambiguous Symbols

This class of symbols consists of symbols whose meanings are not clear when the symbol
is used in isolation. Context clues are necessary lfoification. A dash IS an
example of an ambiguous mathematisg@ibol thatcarries three distinct meanings. It

carries meaning if it is part of a chain ©fmbols thatepresent a mathematical concept

or processFor example, tican denote the binarpperation of subtraction id- 3, in
another context it is used to indicate a negative intege¥ < - 3, andit can be used as
an additive inverse (opposjitef a number, for example, ¢ ¢8It can also

represent a rangesp 1 ¢ Tin grouped data.

Sajka (2003pbservethap ne of the | earnersdo difficulties
function stems from its dual natuie.fact, Dede and Soybas (2011) note that a function

can be understood in two essentially different ways: (i) &trally, as an object; and (ii)

operationally, as a proceds.the first instance, the function is a set of ordered pairs, and

in the operationalvay, it is a computational process or well defined method for getting

from one system to another. These twayw of understanding functions, although

apparently ruling out one another, however, should camgiéeach other and constitute

a coherent unit. For exampléhe function f(x) =2x+3 has two meanings. The first

meaning ighhow to calculate thgalue of the function for particular arguments (evoking
the process)secondlyit encapsulates the whole concept of function for any given

argument (thus presentirthe object).Therefore the function f(x) representdoth a

process and &oncept.In addition in the context of functions, when we writg

sometimes we are referring to a certain value of the function; at tithes, we are

referring to the ordinate of a certain point in the coordinates system, and yet in other

times we areeferring to an argument. The interpretation depends on the context, which

can confuse a learner. This notation of function is ambiguous pagsents some

di fficulties among | earners. For Sajka (200
also depnd on the contexts in which the symbols are worked in mathematics classes, and

on the teachersdé | i mit edsomélearnerghe coocéptahat he ma
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afunction is often linked to the concept of formula, and sometimes learners cdmmect t
concept of function to the graphing process, where a formula is necessary to draw it.

Synonymous Symbols

Synonymous symbol&re multiple representations or a group of symbols Hrat
associatedvith the same concept. Fexample a linear function maye expressed in
different ways or notationsThese differentnotations and symbols invokeifferent
conceptions of theoncept. For example, the line with gradient of three and passing
through the pait p can be expressed in different wags o® p; Q® o® p
and’@n° ow p.

Archaic Symbols

The language of mathematics is archaic. The notatiod wséescribe mathematical
objects and processes is confusing. The names that are assigned to the symbols and
concepts are pooNames are imptant. They drive our thoughtslowever,when names
become disconnected thethings they represent, they become a source of confusion

(Lockhart, 2009)lt is easy to forget if the symbols are separate from the referdrmes.

(%]
example the sine of angle ABC in a triangled ¢ @rawn on the chalkboard éasier to

conceptualis¢thani "Q&
Inappropriate Symbols

Inappropriate mathematicaymbols refeto symbols that encourage misconceptions due

to the learner's level of intellectuattainment Post 1988. For example,a learner may

think that letters of the alphabet represent objects or nufiif@erfieightcd ¢, sincex

is the second letter of the alphabet. Learners may also simplify the expreésion

U  Xa in two different mathematical contexfBhesecontexts ee expanding brackets
containingunknown and simplifying expressiofy collecting like termsAppropriate

use of symbols should begin early in the primary grades; however, in the search by
human intelligence or coherendga our world, misconceptions plagn important
transitionalrole. The world of the learnes iparticularly full of relativism A | ear ner
cogrnitive growth dependsn his/her ability toestablishthe gross essence of concepts on

an intellectual as well as a perceptaatl anemotional leve The entire situation can be
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viewed as a structure of ideas in which he seeks thomeections thaseem most

pervasive.
Contradictory Symbols

Contradictorymathematical symbolare symbols thahavedifferent meanings in forms
or different topics They are designated as inconsistent symigogsikham, Nachtergaele
and Schilling, 2007)Many symbols mean different things in different contextsopics

For example,the use of parentheses & frequent source of confusion. For example,

(e @ (product)but f (X) s fX(function) To solvethis confusionlearnersmust

pay attention tdhe context in whichmathematical symbols are us@Reys, Lindquist,
Lambdin and Smith, 2014Whenlearnersfail to give meaning to a symbol by drawing
upon thecontext in which it occurs, they often give up on developing understanding of
the symbols. Instead, they simply look for clues as to what algorithm the symbol

suggests.

2.1.9 The Role of Symbols

Cockcroft (1982)Viewed mathematicasymbolism as both the strehgind weakness of
mathematical communicatiorisrey andTall (1994) tookthis fundamental paradox a
stagefurther; andregard mathematical symbolisa amajor source of both success and
distress in mathematics learnifgathematics is taught symbolicallyetause symbolic
representations are the most effective vediyrecording mathematics andransfering
mathematical knowledge from one generation to another (Ant&okyalshaw, 2010).
Symbols are valuable in showing what one cannot say. They express isiéteres
concepts, abstract ideas, and particularly complex significations that are difficult to
articulate (Burbidge, 2013).Symbols are way of representing and expressing
mat hemati cal t hought s, knowl edge, and commu
use symbols expands their cognitive and communicative power. Symbols are a means of
taking the present into the future, the past intgotlesent (Bevan, 20163ymbol enables

the present generation of mathematicians to learn from the proceeding generations
Because symbols are such an important source of learning and knowledge, it is important
for learners to become symboinded (DeLoache, 2004%ymbols play a crucial role in
advanced mathematical thinking by providing flexibility and reducing cogniteel. |
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They have a dual nature since they signify both processes and objects of mathematics
(Gugler, 2014). It is important to note that the key to understanding mathematics lies with
the interpretation and distinguishing between the concept and processastraally, in

the nature or amount of symbols and the role they play.

However, to understand mathematical concepts learners must appreciate the role and
meaning of symbols and to appreciate their usefulness. Symbols are useful as substitutes

for abstrat ideas. Arcavi (1994) and Pimm (1995) concur that at times learners work
manipulate symbols correctly and efficiently without paying much attention to their
referents. This practice has its roots in symbol pushing. Symbol pushing involves
concentrating © the symbols rather than interpreting the symbols as representing
conceptgHersh, 2013)Crooks and Alibali (2014) reported that mathematical thinking is
conceptual thinking and not procedural thinkiBgmbols can be transformed or replaced
whilethemani ng remains the same. Understanding
pushingodo is not real understanding. Teache

learning since it is unproductive in tleng runand lead to erroneous conclusions such as

W W Voo w as a result of ovegeneralising the rules such azw w =

Mo Vo W ow @ It is important to note that the key to comprehending
mathematicdies with the interpretation othe concept and not really in the nature or
amount of symbols and the role they play. Symbols do not have mesanitigeir own;

this has to be produced by the learner by means of establishing mediation to suitable

reference contexts.

Another key argumentised by researchers is that learners have a tendency to wait for
the teacher to interpret symbols for them and to show them how they are used in
problemsolving (Bakker, Doorman& Drijvers, 2003 Advocates of constructivist
philosophy argue that man mird does not hold abstraabtions; rather it possesses
symbolism that contains distilled meaning of mathematoakepts (Gray et al, 1999).
Constructivists argue that it is not ideal for learners to understand concepts and symbols
by being simply told wat to know. Symbolsnd syntactic rules of mathematics do not
have meaning for learners until they are interpreted by the individual &ee
Hol | e b20@Bh demrners have a tendency to bring their own interpretations of

symbols to the classroom, based on their previous encounters symbols in past math
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classes (Saraiv@ Teixeira, 2009). Learners depend on the rules and syntax of English to
interpret mathematical language in ordemunpack meanings of mathematical concepts
(Cook, 2013).

Rubenstein and Thompson (20dikted the different roles for mathematical symbols.
Some of the roke include naming concepts, statinglatiorships betweerconcepts,
indicating mathematical operations and processes, abbreviate words, and indicate
grouping. However, they failed to highlight the multiple roles that symbols play within a
single mathematical statement. Other researchers (U&sifrigueros, 2004 Bardini,
Radford& Sabena, 2005) posit that letter symbols can be used in algebra as generalized
numbers, parameters, unknown numbers, and varididegexample, in representing the
equation of a line ag=mx+c, the learners must differentiate the lettérand w as
variables and the lettefs andGas parameters that define the gradient and intercept of a
line. It is therefore imperative for learners to be able to appreciate the different roles
played by letters, operators, and other notational devicaslér to communicate fluently

in mathematics.

Various attempts have been made to define and describe symbol sense. For example, Fey

(1990) described symbol sense as:

Aean informal skil/l required to deal eff

and algebraio p er a {(pi80)n s 0

Arcavi (1994) defines it as:

Aféa quick or accurate appreciation, unde
symbold hat is involved at all st(mges of mat
31).

Kinzel (2001) described symbol sense as aserse ial gebr ati zi ngo a si
algebraic expressions that accurately represent relevant quantities within a situation.
Equally important is the fact that such representational awareness should be accompanied

by the skill to manipulate and integirthese expressions. In this regard, the combination

of awareness and skill seems to imply a sense of symbols and theiraohathematical

activity. If learners are to be competent and fluent users of symbols they should have
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notational options avaitde and be able to judge when such options are appropriate or

not.

In order to work fluently with mathematical symbddsrnersneed to develop a strong
symbol sense (Rubenstein, 2009; Chirume, 2012). None of these researchers has
attempted to provide aexhaustive definition of symbol sense, arguing that doing so is
difficult since symbol sense is closely related to other senses such as number or function
senses. Instead, they listed features of what it means for a learner to have symbol sense.
The listof these characterisations include among otHerswing whento use symbols

during problem solving and when to abandon them for better tools; understanding the
need to continuously reflecting on meaning
expectationsand intuitions; and having an appreciation of the communicability and
power of symbols to display and prove relationships. Arcavi (1994) noted that learners do
not see mathematical symbols as tools for understanding, communicating, and making
connectionseven after several years of study. He views the development of symbol sense
as an important component ofeaning makingn mathematics. Symbaense makes
provision for learners to read and the meaning of a problem and clieeks
reasonableness of the sibun process. Pierce and Stacey (208ipanded the symbol

sense framework and emphadise need for learners to distinguish between meanings of

letters as symboksnd operators.

2.1.10 The importance of symbols in mathematics

Mathematicalsymbols and signer e mai nly viewed as MfAinstr.L
describing mathematical knowledge, for communicating mathematical knowledge as well

as for operating with mathematical knowledge and generalizii8teinbring, 2006)
Mathematics requires certain sign symbol systems in order to keep a record of and

code the knowledgeMathematics igprimarily made up otwo basic entitiesnumbers

and symbols. Symbols are found in simpiathematicsalgebra, geometry, calculasd
statistics.Symbols are esseatly representative of a value andithout mathematical

symbols,one cannot perform mathematics operations and procedures.
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Lester (2007) points ouhat symbolssupportunderstandingand provide a universally
accepted way of showing certain mathematitaictions and patternsin order to
understand a mathematical concept, as opposed to rote memoriatides without
reason, Skemfl971), pod#s that it is cruciahnd good instructiongiractice forteachers

to link abstract mathematical symbolism with reggrgtations from the everyday world
whenever this is possibl&@he fundamental need in mathematics at all levels of learning
is the ability to represent the relationship between a sign and the number or value it
refers. Certain ideas and concepts can barlgidlustrated only by the creation and use

of symbols. Measuring the relationship between numbers and representing the
relationship symbolically not only serves to simplify the process but also gains a better
understanding of the concept than a wordgcdetion of the same. This is where the

issue of languages comes in.

2.1.11 Algebraic Reasoning and Symbolisation

According to Blanton andKaput (2005), algebraic reasoning involves generalising
mathematical ideas from a set of arstes, establighg those gearalisations through the

discourse of argumentation, arekpresseshem in formal ways using appropriate

symbols. Zorn (2002) refereed to this kind of rAatawledge as symbol sense. Drijvers

(2011) viewed algebraic reasoning as the literacy that openaties background without

our conscious awareness durimgblem solving Algebraic reasoning can be construed

as the |l earneroés ability to model a situat.
symbols. It involves formalising experiences andagléento a symbol systerfLapp,

Ermete, Backett & Powell, 2018 It bridges the cognitive gap between arithmetic in

primary school grades and abstract algebraic topics such as functions, calculus and other

topics in secondary grades.

The use of formal sybolic representations, such as equatignges learnersto access
abstract concepts. It provides a foundation for the development of abstract mathematical
understanding. Algebraiceasoning provides tools fonathematicians to explore the
structure of mtnematics and supportmathematical thinkingKoedinger, Alibali &

Nathan (2008)advised thatteachers shouldocus on developingl e a r algebraco
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reasorprior to formal symbolic representation and manipulation. Algebraic reasisneng

facet of symbol sense.Algebra requires learners to decode the symbolic language of
algebra (Bednarz, Kieraf Lee 2012).The main aimof learningalgebra is to develop
symbolsenseThi s i s because | earnerso6 ability to
situations dpends on their competence in using symb8knbol sense and algebraic
reasoning provide learnensith the ability to represent and draw inferences about

algebraic relations and functians

2.1.12 Switching Representations

Mathematical ideas and mdliegy are usially represented in the form afumeric,
geometric, graphical, algebraic, pictorial, and concrete represestaBased on the
findings of Flanders (2014), @éanbe argued thatebrnershave problems o$witching

from one representation to @her (triangulation), recognisinghe connections beeen
representations, and usitige different representations appropriately and as needed to
solveproblems. Learninthe various forms of representation helps learners to understand
mathematical concepts and t&aships; communicate their thinking, arguments, and
understandings; recognise connections among related mathematical concepts; and use
mathematics to model and interpret mathematical, physical, and social phenomena. When
learners are able to represenhoepts in various ways, they develop flexibility in their
thinking about those concepts. They are not inclined to perceive any single representation
as fAthe mat ho; rat her, they understand t ha
understand a caept.

2.2 Challenges ofteachingmathematical symbolisation

Rubenstein and Thompson (2001) identified the challenges to mathematical
symbolisation as: (a) the same symbol may have different meanings, (b) multiple symbols
may represent the same conceptsyo)bols that are used apecific variables in specific
contexts, and (d) the family to which a function belongs is endsedah its
symbolization Koedinger, Alibali and Nathan (20p&ited the use of symbolism in
mathematics is as the main reason for thek |lof understanding and difficulties in
learning mathematicé.earners whexpress hatred for and averstormathematics cit

its reliance on symbolism as the main reason for their distestee is astrong emphasis
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placed on symbolic or abstract repentations of problem@&ryant, 2011). When
learning new concepts, learners are quickly rushed into using those symbolic
representations, before they ever understand what the symbols represent. Therefore,
mathematics becomean overwhelmingmental exercis in the memorization and

manipulation of symbols.

Steinbring (2006) idicatesthatattempts to expounchathematicEoncepts withoutising
symbolismyield nothing There are ongoing debates on thestionof when and how to
introduce symbolism withithe mathematicsurriculum.Heeffer (2013 argued thatfiit

is introducedprematurely learnersnight lack the maturity to understand and reason
symbolically.On the othehand,if it is delayed some mathematical concepts cannot be
taught as they rellgeavly on symbolismCurrent understanding of symisrh provides a
picture that theyposethreats as well as opportunities for the mathematics curriculum.
Teachers shoulthke cognisant of the fact thegmbolism does not act in a completely
abstract way. Anrisight in how perceptual processes dirdcte a r mnderstariding of
symbolism prepares teachers for possible mistakes and difficulties in classroom practice.
Historical epistemology and cognitive psycholalygwn from recent findings singled out
symbolismas a conceptual barrier nderstandingnathematical concepts (Heeffer,
2013. The following section discusses some of the challenges of mathematical

symbolisation identified in literature.

2.2.1 Lack of correspondencebetween symbols and referents

Written mathematical symbols play an important rolethe teaching and learning of
mathematics, but learners often experience challenges in constructing mathematical
meanings of symbols (Yetkin, 2003)ne such challengedentified in literature is that
learnersdo not make connections between symbols and their meanings or referents
(Adams, Thangat& King, 2005;Hammill, 2010).Studies by Heath (2010) have also
proven that symbols are effective whiearnersunderstand the connection between the
symbol and the mibhematical conceptHeath (2010) further argued that it is more
important for learners to understand what the symbol means than its Marshall

(2006) urged mathematics teachers to help learners to understand symbols and avoid rote
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instruction. He recagsed that when learners work with symbhaley must know what
they mean and where they come from.

Learnersshould beableto make use of mathematical concepts using symbols in many
settings.Learners derive meaning for the symbols from either connegtitly other

forms of representations such as graphs, concrete objects, pictures and spoken language
or establishing connections within the symbol systektiebert & Carpenter, 1992
However, there is a drawback in using these representations to fatéigatig written
symbols;they have limited potential to create understanding of written symbols, since
they are representations themselMdsNeil, Uttal, Jarvinand Sternberd2009) report

that learners experienchfficulties in understanding the meay of a written symbols if

the referents do not well represent the mathematical meaning or if the connection

between the referent and the written symbol is not appropiPisten (1995) advises:

fié through working with symbslwe gain experience of the tlin
substitited for. However, we aldose sightof the fact thawvhat we have

is a symbol and not threal thing weoriginally de s i r(pel@9n

Pimm (1995)emphasizegshe importance of keeping track eymbol meaningduring

teaching. Similarly, van Oers Z000) considered symbols andneanings to be
finextricably linked ( p . 148), and considers refl ect
symbols and their referents to be a critical part of constructing meafangOers (2000)

also arguedhat it is not enougfor learners to be able to use symbols corretilythey

must also understand their meanings in order to determine their relevance in a particular

situation.

Azer, Guerrero and Walsh (2018postresshe importance of reflecin on connections.
Theysuggest thateaches should be explicit about what is berggpresented bgymbols
and should encourage learners to continually reflect on symbol meaSmjga. (2003)
studi ed | earner sé mi sunderstanding of t he
identification of their possible sources. He posits three kinds of sources: the intrinsic
ambiguities of the mathematical notation; the restricted contexts in which some symbols
occur in teaching, and a | imited choice
idiosyncratic interpretation of school mathematical tasks.
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2.2.2 Dual nature of mathematical symbols

The use of symbols can be described in two ways: as processes and as Tdhgedis
naturedescribes aymbolserving bothasan indicatorof a particular peration (process)

and an object upon which to be operated, can be an additional difficultly for learners
trying to interpret and work with mathematical symb@enney 2008) For example, a
symbolic expression such @w ow p can be interpreted asrule for a procedure,

or as an object that can be manipulated (Kinzel, 1998)aiva (2009) concluded that
learners face many difficulties when they attempt to understand it laad they need to
indicatethe chain of symbols that are connected withRibjano (2002) als@eminds
mathematicdeachers to be cautioas the change in meaningf mathematical symbols
during the transition from arithmetic to algebra. The transpiosse presentsbstacles in

t he subj ect 0 stheacquikitntdialgebraid languagand reasoningThe
differences in meaning afome symbols present difficulties for learners in algebra,
chall enging the old idea that algebana coul d

extension of45arithmetico (p.
From a procept standpointof mathematical logic, the following main groups of

mathematical symbols wabe noted:symbols designatingobjects %), symbols
X

designatingmathematical operations processes f{jf (x)dx), and symbolsiesgnating

relations( f "*(x). A fourth group borders on these three mainugsoof mathematical
symbols:auxiliary symbols that establish the sequence in which symbols are combined.
For instance, arentheses, which indicate the order in whiglerations are performed,
provide an adequate idea of such symbRkssearcherananimously agree that recalling

or recognsing symbols is not complex (Quinneft Carter, 2012)However, learners
struggle withthe semantics and meaningfssymbols or lhe concepts that they represent

( Ho u r 20005 Quinnell and Carter (2012) further noted that the syoitasymbols

further brings additional complexities for learners. They alpoesented compelling
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evidence that learnerstruggle with decoding and verhiging mathematical symbols
relevantfor theirgrade level.

2.2.3 Attributing personal meaning to mathematical symbols

Anothers our ce of | e ar nsgmbslsin cittd by Howard (2008ketisat wi t h
learnersapply personal meanings to symbols. AccordmBenney (2007)mathematical

notations can only become representatighssomeone endows andonstructs an
interpretation fothem. For someone who has not developed meaning for them, they are
regarded as potent i aihterprempns alwagsndiffer toasednos . Lea
their prior experiences they bring to the classro#mowledge of mathematical symbols

i s al so b asexgkriemces whea they metrthe @ymbol for the first.tikse
Schleppegrell (2007) pointealut, learners havimformad ideas about symbolsnd their

uses inmathematics Learnersodé prior experiences oft
mathematical language and notatiBor exampleKinzel (1999)found thatwhen told to

use the letteh for height in a word problem, sontearners assigned the val8eo h

because it is the eighth letter of the alphabet. Van Oers (2000) explains that such
interpretations are promoted in daily life with puzzles and games that invsilvg®

phd ¢, and so onAnthony and Walshaw(2009) suggest that teachers needgoide

learnerdo identify and use the conventioaEmathematical language

According toKilpatrick, Swafford and Findell (2001), manylearners whdave trouble

with mathematics bringo schoolinformal conceptions of mathemeal understanding.
Consequentlythey encounter difficulties in connecting thisior knowledgebase to
formal procedures, language, and symbolic notation system of school mathematics.
Teachers shoulthereforepay attentionto the informal ideas that le@ers bring to the
learning situation. Teachers should strive to close thisbgapeen informal anébrmal

mathematical conceptions.

There is growing literature on mathematisginbols thasupportt h at |imabilityn er s 6
to comprehend mathematical dyoks hampersheir aspirations to pursue mathematics
related careeréHoltman et al, 2008)The findings on a research conducted Kalloo
and Mohan(2011) confirm that manylearners wereable to do mathematicsp to
introduction of algebraThe ability to manipulatesymbols according to rules is an
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important skill of mathematics If learners lack this skjllthey find it difficult to
understand the conceptSymbols allowcomplicated concepts and procedutesbe
eventually compressed and representsgmbdically in a way that can hardly be

conveyed in words.

The progression througto secondaryschool marks agrowing collection of new and
advanced notation and symbdBepeng and Madzorera (201ted that the abundance

of symbols carries the potentia ¢onfuse and disoriedéarners whare attempting to
understand and comprehend mathermahtionceptsA studyconductecb y H €@10)h (
revealsthat a learnewho cannot establish the meaning of signs and symbols struggle
with mathematical concepts. T§ufrom a teaching perspectivélaik, Banerjee and
Subramanian2004)supportthe view that before introducing new mathematical symbols
it is important to consideneanings of symbols, context and the topic under study

2.2.4 The uniqueness and complexity of nthematical language

Mathematical language is dominated by symbols and unique notation that can only be
interpreted by mathematically literate people (Baber, 2011). Algebra is one branch of
mathematics where this language is mostly dominant. Researchersbiad that the
confusion between mathematics symbols and their meanings is the root cause of
difficulties experienced by learners in understanding mathematical concepts (Saraiva
Teixeira, 2009; Chirume, 2012). The sight of the symbols often produstesbdince to
cognition. According to Bircet al (2005) mathematics is a language that has its own

vocabulary, symbols and tools that are used in specific circumstances.

Mathematics language is unique and complex. The use of symbols and abstract notations
adds uniqueness and complexity to the mathematical register. Qundellarte{2012)

adds that learners are able to think mathematically in the absence of symbols; however,
communicating usingvritten mathematical ideas cannot be achieved without skeofi
mathematical symboldviathematics language problems are evident when learners have
difficulties in using mathematical symbols, expressing mathematical concepts to others,
and listening to mathematics explanations. Learners also struggle with reagmgng

word problems and writi ng (Garnmetflo9 xPpficercys i n g

in mathematical language provides the link between the concrete and the abstract
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mathematical representations. At advanced levels of mathematics learnjupdaraids
mathematical thinking, manipulating concepts and ideas without relying on concrete
materials.Teaching approaches based on lecture, demonstration and worksiméts

be used with aation since they Iimitt ear ner sd6 | anguageptudlevel op

growth.

2.2.5 The symbolic nature ofmathematical concepts

All mathematical activities areventudly expressed in terms ofymbols and symbolic
expressioa (Corry, 2015. The many diverse activities of mathematicians have symbolic
inscriptions as theikcommon featuresModerndisciplines that depend upon mathematics
could be measured by their growing reliance on symbols. It is reasonable tawenjec
that much of the difficulties experiencdy learners in mathematics, and the lack of
popularity of thesubject in higher education could be linked to the problem of
symbolisation.Behind the formal symbols of mathemafities a wealth ofexperience
thatprovides meaning for tlse symbols. Scoeitvilson (204) notel that rushing learners
into theworld of symbolsimpoverishes the background experienaad leado troublein
advanced mathematic¥hey recommended that it is essentiaptovide learners with
time to talk about their activities and developing their own informal records using

concrete maniputares beforantroducing theformal symbols of adult mathematicians.

There are two approaches which learners acquire the meaning of mathematical
symbols: nominalism and conceptualism. Thdistinction betweennominalism and
conceptualism is most evideint the way proponents of each account for the meaning of
mathematical symbols. The nominalist argues that the meaning of mathematical symbols
is derived from the context in which the symbols are uRetinan (2000argues that on

one hand, symbols can benstrued as means to think about mathematical relations and
objects, and on thether,they are the products of such thinking since new mathematical
signsare generatedf a learneris asked to calculate the area dafiangle for example,

the meaning ofhe symbolsedce "@ee @ewould bederived from the area formulas in
which these symbols appear. There is no needrge that the symbols refer to

postulated cognitive entities
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From the conceptualigpoint of view the meaning of a mathematicymbol cannot be
totally specified by describing the behaviour of those who use the syian a
learneris asked to calculate the area of a rhombus, for example, the meaning of the
symbolsedfee "Cand ek is derived, not just from the area formuldst thelearner
manipulates, but also from the mathematical ideas to which these symbols refer.
Conceptualists view mathematicaingbols as cognitive constructgGardenfors, 1997)

For the conceptualists, tlw®ncept is mor@nportant tharthe symbad used to construct

it.

2.2.6 Mathematical symbols andcontexts

Mathematical symbolsmean differentthings in different contextyHaylock and
Cockburn, 2008)Similarly, learners bld variousconceptionsof symbols, letters and
signs in different settings. Efféige learning of mathematics requires learneradquire
conceptualinderstanding about the use of the symbols and the context in which they are
used. Sapire (201} positedthat when learnersnemoriserules for moving symbols
around on papethey may be éarning somethingther than mathematicdoreover,
usingsymbols without understandinigeir meaningss detrimentaltd ear ner s é r el at
understanding of MathematicgVilson and Petersorf2006) pointed out that teaching
abstract ideavithout paying atention to meaning deteonceptual understandinghey
suggestedhat if teacherantendto e n h a n c e uhderatanthge of snathematical
concepts then theghould engage them witta deeper understanding of the use of

symbols and their meaningsdifferent contexts

According toSullivan (2011),to fostersymbolic literacy, teachersshouldbe awareof

how they approach the symbols of mathematiBillips (2008) maintained that
mathematical symbols themselves beaither meaning noany purpose untisomeone
endows such meaning or purpose through relational conveyance. In mathematics
classroomsteachers aréhe agents of thendowment. Teachers tend to depend on their
education, experience, and textbook information to assign meaning to symbols, but
research has shown that the assignment of such meaning requires deeper thought and
analysis. Mathematical symbols do not have meaning until they are meditated by the
epistemological nature of the subject into refee contexts (Steinbring, 20053t is
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thereforeimportant forteaches to keep this in mind before they attempt to introduce new

mathematical symbols.

Teachers should provide clear and coherent instructional symbol usdgeilitate
meaningful learner understanding and comprehension of matlesrmateneral. Phillips
(2008 argued that the ability to use symbols enalidesnersto imagine, select, and
create and to define the situations to which they respond. Any ambiguitynfusion
resultingfrom theimproper orinconsistent use of sudymbols wouldbe detrimental to

| e ar ntemptdodonceptualise mathematicancept

227Learner so6 profAlgeork nowl edge

Stacey and MacGregor (199F)ovide evidencethatlearners havenisconceptions about
the useof mathematicabymbols.Prior researclpoints to the many difficulties learners
have with the formal and abstract concepts in linear alg@bsaudy conducted by Sin
(2006) reveat that learners havemisconceptionsabout theuse of symbols This
negatively affectsheir understandingf mathenatical conceptsin his study, Ali(2011)
argues that the problemsencountered by the learneirs understanding mathematical
concepts originate frortheir lack ofprior knowledge anctould be aresult of teaching

they experience in learning mathematicepto secondary schooling level.

Nalube (2014) suggestd that primary school teachers neex éncourage learners to
developskills for observingpatterns and relationships. The next step is to model the
situation,first in words, and later moving towardtandard notational representations. As
learners make sense of simple relationships and praarbalisingthose relationships,

they gain experience with the concept of abstraction from the earliest grades, which
prepares them for the increasingly rigasouse of symbolic notation in later grades.
Learners are often asked to perform actionguestiondike simplify, evaluateand solve
rather than actually using algebraiencepts and symbols to represent and solve real or
relevant situationfEgodawatte2011) Learners lack exposure tioe process of algebraic
thinking and reasoning, the rules for manipulating and interpreting symbolic expressions
have little meaning and are simply rulesiemorise or fAr ul es wi t hout r

as suggested bhe NCTM (2000) standards, learners need exposure to the process of
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modelling reallife contextsbeginning with a situation, representing and generalizing the
mathematical relationships with symbols, and using equations to model the situation.

Nunes, Brant and Watsorf2009 recommendd that in order tounderstand algebraic
symbolisation,learners should have knowledgé operationsand be fluent with the
notation. The symbols and their meanings are successfotlgrstood whernearners

know what is beingexpressed and have time to become fluent at using the notation.
Learners lack prior experience of recognising the different roles of letters as: unknowns,
variables, constants and parameters. These meanings are not always distinct in algebra
and do not rate unambiguously to arithmetical understandings. Mapping symbols to
meanings is not learnt imoneoff experience but it is a proced&/elder (200% asserts

that prior to learningalgebra;learners mushave an understanding of numbers, ratios,
proportons, and the order of operations, equality, algebraic symbolism, algebraic
equations and functionBarsalou (1999also mentioned that the introduction to algebra
marks a cognitive milestone for learnetearners begin to explore the more abstract
conceps of numeric relationshipsrepresentations and symbolisirior to algebra,

learneranust have essential prerequisite knowledge.

2.2.8 Mathematical language is compact and precise

Mathematical language consists of strings of formal symbols that can be pdocesse
according to some grammatical rules, and, conversely, generation of new strings
according to the grammatical rul@Sardenfors, 1997)The language of mathematics is
uniqgue and complex (Moschkovich, 2010). Mathematical language is used by
mathematiciando communicate mathematical ideas among themselves. This language
consists of a substrate of some natural language (English) using technical terms and
grammatical conventions that are peculiar to mathematical discourse supplemented by a
highly specializedymbolic notation for mathematical formulas.

A notable feature of mathematical register is the use of symbols. Symbols communicate
complicated mathematical concepts clearly and efficiently. Their uniformity enables
people to share mathematical and scienkinowledge (Krippendorff, 2012). Whilst it is
possible for learners to think mathematically in the absence of symbols, the written

communication of mathematical ideas cannot be achieved concisely without the use of
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mathematical symbols (Quinnédl Carter, 2012). Further, it igossible to suggest that

the fear and disli ke of mat hemadecodelllycan be
the symbols inherent in this area of mathematics. Written text can be defined as symbols

or signs that convegnathematicalmeaning (Siegel, 2006)These symbols can take on

many forms, such as letters, numbers, mathematical signs. These symbols have specific
meanings. Meanings, however, are not arbitrary. Once the meanings of the symbols have
been established and ackvledged, learners need to be able to understand these

combinations of symbol strings in mathematical concepts and procedures.

Mathematics text isbest described asompact, dense and precis®sferholm &
Bergquist, 2013. This means that a lot of inforien can berepresented by a few
symbols The English text can be understood despite spelling mistakes and wrong word
usage, comparable errors in the use of mathematical symbols can have a significant
influence on the meaningdowever, minor changes in th use of symbols can cause
major changes in the meaning of a mathematical statement. Teachers usually hold the
assumption that mathematical symbols and notations are figured routinely by learners as
they learn mathematics in the school contexts. Howevethe bases of the evidence
currently available in most classes many learners are struggling to understand the
meaning of those mathematical symbols and notations, and sometimes lead them to

misunderstandings (Buhari, 2012).

2.2.9 The dynamic natures of mathemats register

Another noticeable challenge of mathematical notation and symbol system is that it is
constantly evolving(De Cruz & De Smedt, 2010)Mathematical notation evolves
constantly as people continue to invent new ways of approaching and exprésasg

There is abundangvidencethat supports the view that mathematiciaastinually invent

new notations to present innovative concepts and ideas together witlsynevols
(Kaput, Noss& Hooleys 2002). Mathematical ideas can exist independently & th
notation that represents them. However, the connection between meaning and notation is
subtle, and part of the power of mathematics to describe and analyse denvets

ability to represent and manipulate ideas in symbolic form.
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Modern mathematicaymbols are a product of centuries of refinem&uh(iemann&

Car r 2002).rMazur (2014)also investigates the subconscious and psychological
effects tlat mathematical symbols hawn mathematical thought moods, meaning,
communication, and comprelgan. He considers how symbols influence conceptual
understanding througrsimilarity, association, identityresemblance, and repeated
imagery how they lead to new ideas by subconscious associations, how they make
connections between experience and th&nawn, and how they contribute to the

communication of basic mathematics.

2.2.10 Communicating mathematically

The issues around communicating mathematically include what it means to be able to
communicate mathematically, why it is important anbat are the imjptations for
classroom practice. The term communicating mathematically is being used in this thesis
to mean using mathematical language and representations to formulate and express
mathematical ideas in written, oral and diagrammatic form in a way thatéptable to

the wider mathematical communitgommunicating mathematically involves more than
having the ability to apply mathematical conventions and linguistic forrookati
appropriately. It includesknowing mathematics in depth and breadthat is,
internalization)and thinking mathematicallgKhisty & Morales, 200 Communicating
mathematically comprises a particular type of discourse and regitbteppegrell,
2007). Depending on the context, the meanings that emerge in discourse are multiple,
changing, situated, and determined socially and culturaidijei, 2013. Communicating
mathematically and doing mathematics are inseparable. Both involve acting, as well as
using tools, symbols amabjects. Gwengd2013) argus thatthe ability to canmunicae
mathematically enabledearners to contribute effectively in the negotiation of
mathematical meaning and better understanding of the mathematical concepits.

Communication in mathematics can be referred to as the ability to represent mathematical
ideas in multiple ways and to make connections among different representations
(Clement, 2004). NCTM (2000) noted that the rules for interpreting and manipulating
mathematical symbols are not always in agreement with the way relationships are
expressed through thenglish languageranner (2003) describesathematicalanguage

is a collection of symbols, letters, or words with arbitrary meanings that are governed by
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rules and used to communicate conceptsmguage can be thought of as a system of
communication thauses symbols to convey deep meaning. Symbols can be words,
images, body language and sourndasiguage is symbolic in that the symbotss havea

deeper Asymbolic and semanti coltoomsistmofng bey
words or symbols that regsent objects without being those objects. This can cause
difficulties for learners.

According toBraiden (2011)the processes of language and mathematics diverge above
the level of symbolic processing. Competence in one does not correlate with competenc
in the other. This divergence is partly due to differences in syntax. The syntax of
language and syntax of mathematics both evolve from the ability to process symbols.
Both need to be taught and learned. Good writing, reading and grammatical skills do no
in and of themselves translate into good arithmetic computation and problem solving
skills. However, poor language skills do correlate with poor mathematical skills,
suggesting that both require a basic level of competence in symbol processing, that is,
deriving meaning from symbols. Being able to think mathematically is reflected by the
ability to read& comprehend mathematical symbolism in much the same way one reads

words in English.

With regard toreading Daroczy, Wolska, Meurers and Nuerk (2015) argihat
mathematics is an abstract and cognifivecess thatequires a working knowledge of

the interaction of numerous discrete skills. Mathematical symbols tend to be more precise
than language. Multiple interpretations and ambiguity are not geneoalbydered as part

of mathematics register or computation until it is used as a tool in such fields as statistical
inference. There is danger of praturely focusing on symbolSymbols are abstract and
have no meanirgy The symbols that learners read amite must have meaning to them.
Starting with the abstract nature of symbolism will almost assuredly lead to failure.
Mathematical gmbols become meaningful if teaching begins with concrete and semi
concrete examples that can be attached to meanirgghilcomprehension (Fite, 2002)

2.2.11 Informal and formal mathematics controversy

A critical analysis of the results of a study conducbsdO 6 T o (200€) provides

confirmatory evidence that learners whamcounter difficulties with mathematical
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symbolsbring to school a strong foundation of informal mathematics understanding.

They encountechallenges whettrying to connect thiknowledge to the more formal

symbolic notation of school mathematics. Many learners struggladerstandhe new

world of written mathematical symbols onto the known world of quantities, actions as

wel | as the peculiar mat he mtthe cosventioasno ua g e .
written mathematical symbols is normalystained at the primary school level thye

practice of wokbooks filled with problems to be solvéBuchs& Fuchs, 2007)This

kind of instruction encourageslearners to act as problem solvers rather than as

demonstrators of mathematics knowledge

Chirume (2012)acknowledged that learners see written mathemasygabols as an

unfamiliar foreign language causing considerable difficulties for their understanding of
Mathematics Carruthers and Worthington (200pbinted att he gap bet ween | €
seltinvented strategies and schaalght, formal mathematical syols as a likely cause

of Iearnerso diffi cuWorthiegon and Gafutherc(2003pdlso mat h e |
made the same sentiments, arguing that making connections between formal

mat hemati cal symbol s and t heisirmperativerDeig, 6 s o wn
McCrae and Row€2003) propos that meaningful mathematics learning occurs when

learners assmate some personal experienuegotiated through social experience with

others symbols. The consensus view amongst researchers seems to be dlaghthe

bet ween | emvantedestrategies aral fofmal mathematical symbalsésause

of the conflict.

From a Vygotskian perspective, symbols or graphical representatioes thegap

bet ween 0en a ebdundvthenking@arel alsteagt spoolni ¢t hi nkingé (v
1997, p.237). A study conducted by Deloache (19@tpalsthat learners are able to

represents mathematical concept two differentways. Thisflexibility of meaning and

object allows learners tanderstand that written mathatital symbols stand for

something other thathemselvesDeloache (1998pointsout thatthe symbolsystemis

not fully transparentFor example,dtters of the alphabet and numeraisve no inherent

content or meaning, but convey information in systeenaays Learners not only have

to make sense of individual symbads in isolationbut need to understand their role

within a system whether for example, letters within a written word, marks that denote
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parts of a drawing or a mathematical symbol withinrdten calculation. Understanding
abstract symbols in written language or mathematics begins long before learners enter
school : t h-kbiys ha Wgdshyt(1®4B)lbedieved originates in both gesture

and the alternative meanings that learnessga to objects within their play.

Lee and Ginsburg (2007) outline three fec
mat hematics, namely, understanding of writt
informal arithmetic, learners interpret writtenngyolism in terms of what they already

know and good teaching attempts to foster
knowledge and the abstract and arbitrary system of symbolism. Fronthheséeatures,

one gets the impression that learners passessiderable informal mathematics by the

time they start formal learning.

There has been whitunn (2001)descri bes as 6éa considerabl e
how learners develop éhability to use number symbasn d t he devel opment
useadundergsndi ng of wri 3. Smppomerabgsdebapner so
and reading is problematic for sormathematic¢eachers and it appears that introducing
abstract symbolism of mathematics is morePsamary school teachers emphasise @n th
concrete approach to teachimgthematicsThus, most of the work is left for secondary

school teacher to introduce thleulk of mathematical symbolsCarruthers and
Worthington (2006) observeyen though teachers illustrate the symbols and operations

with pictures and objects, many learners still have trouble with establishing important
links. Determining ways to foster these connections has been a challenge for teachers but
Hughes (1986) observed that failure to do this is likely to be where manyrlearte
difficulties lie.

2.2.12 The Abstract and Virtual reality of mathematic al concepts

According to Decon 4011), abstraction is a characteristic feature of the symbolic
representation of mathematical concepts. This is an essential feature of mathematics, and
agan is one part that makes mathematics incomprehensible to learners. Abstraction in
mathematics is the process of extracting the underlying essence of a mathematical
concept, removing any dependence on héalobjects with which it might originally

have leen connected, and generalizing it so that it has wider applications or matching
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among other abstract descriptions of equivalent phenomena (&aifiacker, 2013).

Mason (2004)perceivesabstraction as a spiral process. It is anrgoimg process in
mathemécs. Unlike most other subjects, mathematics is a quest for abstract principles,
without any necessary connection to concrete facts. Many mathematical topics and
concepts exhibit a progression from the concrete to the abstract. At the lowest level, one
begins by manipulating concrete objects (for example, a sequence of numbers). After a
whil e, one fAigets a sense ofo those objects
properties that describe those objects (for example, certain terms in the seapgence
divisible by a number). Although most learners easily pick up elementary knowledge
through the use of concrete objects, they should be encouraged to use symbols and other
mathematical notation to represent their understanding. Reading mathematiossrequi
learners to develop skills at the symbol processing level (GroRRe, 2014). Symbol
processing involves the ability to derive meaning from symbols, whether they are words,
letters, numbers or equations. If a learner lacks theyatnlprocess symbols,e&h heshe

cannot read nor do mathematics.

Abstraction in mathematics is based on the assumption that mathematics- is self
contained, that isis an abstract mathematical object takissmeaning only from the
system within which it is defined (Duval, 2006)aving rules, symbols and properties to
work with instead of theeal objectdhemselves is one level of abstraction. A limitation

in coping with abstraction presents the greatest barrier to handle mathematical procedures
and concepts. The disadvantagelostraction is that highly abstract concegredifficult

to learn.Mitchelmore and White (20Q04ropounds thaa certaindegree of mathematical
maturity and experience may be needed for conceptual assimilation of abstractions. He
further proposed thatarners must be encouraged to move from concrete examples to
abstract thinking.

Tillema (2007) viewed mathematics a science focusing on symbols in a sense. He

noted that the comprehension of the symbols used in mathematics is particularly
important forunderstanding the universal and abstract laggud# mathematics. Arcavi

(1994) introduceshe noti on of s y debired goat ®mMnsathematiss a f é
educat i ardope dng Skanp (2001) expanded the symbol sense notion to
incorporate the abilityo appreciate the power of symbols, to know when the use of
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symbols is appropriate and ability to manipulate and make selsgmbbls in a range of
contexts. Symbol sense actually develops skillssfigof symbols and understanding

the situationwhere hey are useful and where they are.nidie assumption of symbol

sense is based on the premise that a learner with symbol sense is less likely to experience
difficulties in understanding abstract concepts. Symbol sense actually develops skills on
the use okymbols and understanding of the situation. According to Santos and Thomas
(2001),mathematicians seek precision and unique definitions, but cognitively they seem
to use symbols ambiguously to represent either processes to do mathematics or concepts
to think about. He argues that mathematiciansl other experts in mathematics have a
sense of symbolshat enables them to handle symbols in a flexible and imaginative

manner.

In mahematics, unlike other science subjedbjects do not have a tangible existe

and are not directly accessible to perception. Thewalytoaccess them i&a symbolic
representation(Fagnant, 2005)in contrast to other school subjects, the "objects" dealt
with in mathematics are symbols that do not refer to specific olgeegents in the real

world. The representation and processing of knowledge in mathematdstimct and
requires more abstraction in the domain of mathematics than in other subjects in the
schoolcurriculum Mathematicsdbelongs to what Sfard (20p@alls A vi rt ual real
opposed to actual realitfp. 39) Actual reality communication may be perceptually
mediated by the objects that are being discussed, whereas in the virtual reality discourse
perceptual mediation is scarce and is only possible Withelp of what is understood as
symbolic substitutes of objects undemsmleration Symbols are therefore an integral

part of mathematical reasoning.

Cobb (2000) advocade he i dea according to which fAthe
the meanings thegome to have are mutuallycans t ut i ve and pel®er ge t c
When teaching symbolisation, teachers should guricentrateon symbols and their

meaning but raher on the activity of symboliisg and meaning making (Yackel, 2000).

Fagnant 2005 summariseslearnerg difficulties at thesymbolisationstage: learners are

not always capable of producing a correct number sentence when they are confronted

with a problem, even if they have solved it correctly. In other words, learners experience
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difficulties in making connections between their informal approaches to problem solving
and their use of mathematical symbolism.

Drawing from Reynders (2014)Jearners' difficulties in learning written symbols,
concepts, and procedures in mathematics has been reesoti concern for many
researchers. Standard written symbols in school mathematics textbooks play an important
role in the learning of mathematics, but learners may experience difficulties in
constructing mathematical meanings of symbols. Learners tetetitee meaning for the
symbols from either connecting with other forms of representationeXamplephysical
objects, pictures and spoken language) or establishing connections within the symbol
systems Yetkin, 2003).Meanings of numerical and operata symbols are constructed

by connecting with concrete materials, everyday experiences or landdeijeil, Uttal,
Jarvin& Sternberg, 2009)An understanding of a mathematical concept might therefore
involve facts about that concept, pictures, symbolgrocedures learners might draw on

in order to explore the concept, and how we have felt in the past working with that
conceptl n order to i mprove | ear nemmcapts teaanatser st an ¢
need to link together these separate represembati to create a more complex
understanding about that concept (Barmby, Harries, Higgi8siggate, 2007).

2.3 Instructional Strategies

One of thechallengesof mathematicdeaching isto create instructional sequences in

which learnersgenerate, refine, andtend their intuitive and informal thinking to more
sophisticated and formal ways of reasgnifRasmusse& Blumenfeldg 2007) The

design of such learning sequenceguires teachetso car ef ul | yexstm@a | yse | ¢
or informal knowledge that canebleveraged for the development of formal or
conventional mathematic&n important aspect ofmathematicdearning suggested by

Quinnell and Carter(2012)is the need to give learners opportunities to read, write and

verbalise symbols and explanations tm &arning. Learnershave a tendency to

undervalue and often avoid entirely, expressing their mathematical thoughts verbally

(Duval, 2006) Learners often struggle to sound out symbols. Askeagners toread

75



mathematical expressions and problems alsudne way to identify misconceptions
(Rubensteir®& Thompson, 2001).

2.3.1 Precision with mathematical symbols

Teachers should approach mathematical symbolismaoaitiion Mathematicasymbols

need to be written very carefully taking into account the sizsjtipn, and order
(Rubenstein& Thompson, 2001). Links and connections need to be made among
symbolic, written, graphic, and oral language. Rubenstein and Thompson (2001)
suggested that learners should draw examples and counter examples of statements such
as, or write symbolic statements that apply to certain diagrams, or practice by reading and
writing statements containing symboBossé and Faulconer (2008commendhat the
devel opment of [z flles mmathematcsinvplvesteaminige signs,
symbols and terms of mathematics. This is best accomplished in problem situations in
which learners have an opportunity to read, write, and discuss ideas in which the use of
the language of mathematics becomes natural. As learners commuredaigeths, they

learn to clarify, refine, and consolidate their thinking.

Communication in mathematics can be referred to as the ability to represent mathematical
ideas in multiple ways and to make connections among different representations
(Clement, 200% The NCTM (2000) notes that the rules for interpreting and manipulating

mathematical symbols are not always in agreement with the way relationships are
expressed in English language. Mathematical language is a collection of symbols, letters,
or words wih arbitrary meanings that are governed by rules and used to communicate
concepts. It consists of words or symbols that represent objects without being those

objects. This can cause difficulties for learners.

According to Matejko and Ansari (2016) the prsses of language and mathematics
diverge above the level of symbolic processing. Competence in one does not correlate
with competence in the other. This divergence is partly due to differences in syntax. The
syntax of language and syntax of mathematic$ lealve from the ability to process
symbols. Both need to be taught and learned. Good writing, reading and grammatical
skills do not in and of themselves translate into good arithmetic computation and problem
solving skills. However, poor language skitls correlate with poor mathematical skills,

suggesting that both require a basic level of competence in symbol processing, that is,
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deriving meaning from symbols. Being able to think mathematically is reflected by the
ability to read and comprehend mathéice symbolism in much the same way one reads

words in English.

2.3.2 Classroom Discourse

Another mportant aspect of learnimgathematicss to equiplearnerswith the skills to
communicate what they know, or thinRne of the recommended ways isetacourage
communication from all learners is through classroom discussion or small group work
(Ololube, 2015). There has always been the notion that learners learn best when they
actually have to teach or explain a concept to their gé&anéstrom, 2011).This meas

being able toverbalisewhat they know. Therefore,teachers need to encourage their
learners toverbalisetheir own knowledge so that they can learn more efficiently.
Learners on the listening end also benefit from heaemglanations from their
classnates When learners listen to each other, they often benefit from hearing concepts
being explained from different points and in ways that might be clostetowaysof

thinking. When learners listeeffectively, they generate questions to furthéreir

thinking.
The process of attaching appropriate meaningo mat hemati cal symbol
under mined by teaching that I's heavily wei

( Gol d2a.rBech a learning environment encourages a procesged view of
mathematics where the object of study is not cognitively engaged, and hence- pseudo
conceptions are more likely tmccur Once these pseudmnceptions are in place they

can be very resistant to change and may act as cognitive obstacles when a learner is
encouraged to perceive a mathematical object, such as an equation, via its properties.

2.3.3 Timeous introduction of symbolism

Reacting to the difficulties demonstrated by learners, several reseaiRbdfar(l,2006;
Drews, 2007; Mduli, 2014; Boorman, 2015) seamend early teaching of problems in
order to give a variety of meanings to mathematical symbolldfmy have these

recommendations not always been follo®€&dr Berliner and Calfee (2013), a persistent
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idea in educational thinking is that knowledge shotitdt be acquired, and that
applications for reasoning and problem solving should be delél@uaever,.the creation
of links between problems and mathematical symbols is a compplerss thatannot be

reduced to a simple translation.

Doig, McCrae and Row/(2003 recommended thdearners should understasgmbols

by making connections within the system. Mathematics teachers sheutundful of
thesedifficulties and provide learners with opportunities to make connections within
symbol system. It has bee&rell documented that is key to supportearnersso that they

form links between their own informal mathematics and the abstract symbolism of
schootbased mathematics (Worthingt@gnCar r ut her s, 2003) . Learn
learning written symbolsan be reduced by creating learning environments that help
learners build connections between their formal and informal mathematical knowledge

and by using appropriate representations relevant to the given problem context.

With regard to reading Daroczy, M¢ka, Meurers and Nuerk (2015) argue that
mathematics is an abstract and cognifivecess thatequires a working knowledge of

the interaction of numerous discrete skills. Mathematical symbols tend to be more precise
than language. Multiple interpretati® and ambiguity are not generally considered as part
of mathematics register or computation until it is used as a tool in such fields as statistical
inference. There is danger of praturely focusing on symbols. Symbols are abstract and
have no meanirgy The symbols that learners read and write must have meaning to them.
Starting with the abstract nature of symbolism will almost assuredly lead to failure.
Symbols become meaningful if teachirgegins with concrete and seooncrete

examples that can be athed to meaningful verbal comprehension.

One way to help learners with potentially confusing symbolism is to provide a historical

insight into the development of those symbols. For example, a story about the
development of Leibniz notation mighelp leaners understand thiategral notation.

Another way to alleviate confusion is to explicitly point out to learners that symbols often

have different meanings in different contexts, and that alternate symbolism often exists

with the same meaning. Unpackingneplex symbolism piece by piece can also enhance

|l earnersd understanding. This includes bre

units that are easy to understand. By habitually unpacking symbolic statements'
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meanings, learners can more readily &ttaeaning to symbols and extract meaning from
symbolic expressions. Mathematics teachers will find that a new culture emerges in their
classrooms when they are conscientiously and consistently sensitive to learners’
meaningful use of symbols. Learners willake connections between mathematics
concepts and the symbolism used to represent these concepts. Asoaumt, learners

will develop symbol sense and will become better symbolic reasoners.

2.3.4 Connectingmanipulatives and written mathematical symbols

The manipulation of concrete objects is not, in itself, enough to give learners the
opportunityto understand abstract, symbolic representations of mathematica{Btkaas

Blair & Schwartz, 2012)lt is critically important that learners understand trsgebolic
representations as they advance thr&ugh
DeLoache, 2009). Manipulating concrete objectorder to understand mathematical
concepts iertainly important, particularly in the early stages of learning),ldarners

must be able to connect concrete and symbolic representafifuns the essentialuty

for mathematicgeaches is to help learners to understand, and to manipulate, symbolic

representations

Learners need repeated experiences and a widdwafie€oncrete materials to make
these connections strong and stable. Teachers often compound difficulties at this stage of
learning by asking learners to match pictured groups with number sentences before they
acquire sufficient experience of relating regties of physical representations with the
various ways of stringing mathematics symbolgether, and the different ways we refer
to these things in words. The fact that concrete materials can be moved, held, and
physically grouped and separated makesmthmuch more vivid teaching tools than

pictorial representations.

Because pictures are seabistract symbols, if introduced too early, they may confuse
the delicate connections beingihed between existing conceptsd thenew language of
mathematics. &iilarly, Marshall and Paul (2008) note that structured concrete materials
are beneficial at the conceptual development stage for mathematics topics at all grade
levels. Concrete objects provide a way around the opaqueness of written mathematical
symbols. Eidence from research indicates that learners who use concrete materials

actually develop more precise and more comprehensive mental representations often
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show more motivation and dask behaviour, better understanding of mathematical
ideas, andr@ ableto apply these to redife situations (Hieber& Grouws, 2007).

According toDeLoache (2004the concept of dual representation can shed light on this
fundamental problem. The central tenet of this concept is that all symbolic objects have a
dual naturethey are simultaneously objects in their own right and representations of
something else. To use a symbolic object effectively, one must focus more on what the
symbol is intended to represent and less on its physical properties. Symbols may be
difficult to teach to learners who have not yet grasped the concepts that they represent
(Ball, Thames& Phelps, 2008)At the same time, the concepts may be difficult to teach

to learners who have not yet masteredsyrabols. This scenario presents teachers with a

dilemma of how to sequence concepts and symbols during teaching.

Hiebert (1988) proposes a theory that may help to explain leafiogesly mechanical
behaviou6 o f l Ehe theorynsgbased on how learners develop competence in
dealing with the wiien symbol systems of mathematics. Hiebert (1988) suggests a series
of cognitive processes whose cumulative effect yield competence with written
mathematical symbolsHe identified five majortypes of processes:(1) connecting
individual symbols with refemts; (2) developing symbol manipulation procedur8y; (
elaborating procedures for symbolgt) (routinizing the procedurefor manipulating
symbols; and (busing the symbols and rules as referents for building more abstract

symbol systems.

Connectingsynbols with referents In school mathematics, written marks in textbooks
represent quantities aperations (processesh quantities.To connect written symbols

with appropriate referents, learners must be familiar with the relevant quantities and
actions o the quantities, and they must be familiar with the written characters that will

be used to stand for the quantities and actions. Then they must create a correspondence
between the written characters and the quantities or actions to which they refer.
Famiiarity with quantities that can be used as referents is part of many learners' informal
knowledge. Learners often engage in activities with materials and idet@sd how

many, how much andvhen These everyday experiences generate knowledge of

guantities and actions on quantities that can provide the initial referents for written
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mathematical symbolsNunes, Bryant& Watson, 200). Learnerscompetence with
written symbols develgpas construct connections between individual symbols and
familiar referents Meanings for individual symbols are created as connections are
established between the written marks on paper and the qemmtitiactions that they
represent (Papé& Tchoshanov, 2001). The process involves building bridges between

symbols and referenend crossing over them mentally many times.

The significance of the connections between numeric symbols and quantities is that they
provide mental paths from the symbol to the referent. Learners can recall the mental
image ofrelated quantitieand reasomlirectly about the quantity to solve the problem if

it is presented to learners in the form of written symbols (as in ordinary classroom
lessons). The advantage is that the quantities serve as "conceptual entities" (Greeno,
1983), as cognitive objects théhe problem solving procedures take as arguments. For
learners who are new to the domain, such conceptual entities are likely to support the
problem solving process.

Developing symbol manipulation procedureghe second cognitive process required to
coninue the development of competence with symbols is directed tewthed
development of symbol procedures. The procedures are formulated by manipulating the
referents of the individual symbols, observing the result, and then paralleling the action
on referats with an action on symbols.

Routinizing symbol proceduresThe symbol system is used more efficiently if the
procedures arevell practiced When procedures are practiced so often, they can be
executed automatically, with little conscious thought, e tthe user achieves maximal

efficiency.

Building more abstract symbol system$Symbol systems themselves develop by
building on one another (Goldi& Kaput 1987). Learners' competence with symbols
continues to develop as more abstract systems are ¢amminand the ways in which

they build on earlier familiar systems aezognisd. One way in which later systems can
build on earlier ones is through the transfer of meaning directly from the early symbols
and rules to the later system. A second way hsough the recognition of a
correspondence between two different symbol systems. Learners can transfer meaning

from a familiar symbol system to a new, more abstract system if they have established
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meanings for the familiar symbols (the first two proceskase been thoroughly
engaged), and if theyecognisea mapping between the systems so that the familiar

symbols and rules can serveraferents for the new system.

2.3.5 Strategiesfor teaching mathematicalsymbolisation

Teachersshould be aware of the diffidties that symbolism creates for learners.
Symbolism is a form of mat hemati cal | angua
formal. Mathematical symbolism is largely limited to the mathematics classroom.
Therefore, opportunities to use that langualgeukd be regular, rich, meaningful, and
rewarding. According to Bruner (1960 learning should proceed from concrete to
abstract. Mathematical symbolism and mathematical understanding are intertwined, but
meaning must generally precedegmbolisation (Ruberstein & Thompson, 2001).
Teachers should engage learners in contexts, problems, and activities that move them
from familiar to newer mathematical ideas; this stage is calleeérnbetive stageThe
products from these activities may then be expressedblastar pictures, théonic

stage Ultimately, learning is expressed in common oral English with mathematical
vocabulary and, in written English with mathematical symbols; this stage is called the

symbolic stage.

Mathematics teachers needvierbaliseeveything they write and be precisad fluentin
mathematical languagét is very important for all learners to use as many senses as
possible when learning new mathematics concepts. They need to read a new mathematics
problem, write it, listen to it, taically explore it through manipulatives, and when

possible move their body and/or manipulative through space.

The poor performance of South African learners in mathematics can be traced to the
method used to teach mathematics at the primary school (&gtpu, 2013)The focus
is on specific problems arabesnot buildingon thetheoreticafoundations necessary for
understandingieneraimathematicst higher leve(Wilson, 2006). These foundations can
only be built with a mathematics program that teaatwncepts and skills, and problem
solving (Daro, 2006)The reform movement in mathematics education can be traced to
the midl 9 8 @ra avas a response to the failure of traditional teaching methods, the
impact of technology on curriculum and the emergent new approaches to the

82



scientific study of how mathematics is learned (Battista, 19%3tners must be able to
read, write and discuss mathematics, use demonstrations, drawings amrieal
objects, and participate in formal mathematical and lbgizguments. Meaningful
mathematics learning is a product of purposeful engagemenh@mdction thatuilds

on prior experience (Romberg, 2000).

Sabean and Bavaria (2005) compiled a list of the most significant principles related to
mathematics teachijnand learningThe list includes expectations that teachers know
what learners need to learn based on what they Kheachersask questions focusing on
developing conceptual understanding, experiences and prior knowledge provide the basis
for learning méhematics with understanding, learners provide written justification for
problem solving strategies, problem based activities focus on concepts and skills, and that

the mathematics curriculum emphasizes conceptual understanding.

2.3.6 Teaching reading in mathenatics

Of all the contentirea texts that secondary school learners read, mathematics is arguably

the most difficult(Barton, Heidema% Jordan,2002) Learners face challenges when

reading mathematidext. Mathematics is a language that requires the ds®aabulary

and symbols to translate problems from word formalgebraicform. Adams (2003)

characterised mathematics as a language of words, numerals, and symbols that are at

times interrelated and interdependent and at other times disjointed andnamiieno

Adams (2003) states that weakness in | earne:
the obstacles they face in focusing on these symbols as they attempt to read the language

of mathematics.

Textbooks are commonly written in a concise mansangisymbols and diagramBhe
conceptual density of mathematitext is one ofthe major challengedMetsisto (2005)
maintains that mathematics texts contain more concepts per line, sentence, amaglparagr
than any other kind of textn addition, readingnathematics requires special reading

skill, skills that learners may not have used in other content areas. For example, in
addition to comprehending text passages, learners must be able decode and comprehend
scores of scientific and mathematical signsnisgls, and graphics. Learners also need to
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read and interpret information presented in unfamiliar ways not footy left to right,

but also right to left (hnumber lines), top to bott@ables), and even diagonally (graphs).
Further, learners must learnvindo read text that is organized differently from that in
other coresubjects. For example, reading limits of functions present challenges for some
learnersi EJd ¢® o "Qcan be read as the limit gfo ¢ "@s’Qtends to zero or the

limit as"Qtends to zero ofw 0 Q

Given these challenges i t I's no wonder why lowean shoul c
teachers help learners become more successful at readinpaaning mathematics

text? In response to thj8Burton, Hedema and Jordan (2002) suggest thathersan

incorporate reading as part of instructiaa help learners activate prior content
knowledge, master vocabulary, and make sense of unfamikarstges. Vaccaand

Vacca (200palsocontended tha learner's prior knowledge is the single most important
resource inearning mathematicext Each learner actively draws on prior knowledge

and experience to make sense of new information. The kmwwledgeof symbolsand

skills that learners bring to a text, the better they will learn from and remember what they

read. Activating learners' prior knowledge prepares them to make logical connections,

draw conclusions, and assimilate new ideas.

The alility to read, write, andrerbalisemathematical terms is often overlooked during
instruction. These skills are necessary for learners to be able to understand and
communicateduring mathematical discours@ne strategy that can be of great assistance

in learning to speak, read, and write the language of mathematics is diagramming.
Rubenstein and Thompson (2000) suggest that diagrammirigakthatlearners can use

to make connections between different mathematical vocabularies. From reading, to
writing, to verbalising learners throughout history have struggled with mathematics.
Moreover teachers should remember that there is no one list of strategies that is all
inclusive. The possibilities are endless. The nchiallengeis that learners who do not
know how to read, write, orerbalisemathematical terms and ideas have an even harder

time trying to learn how to do the actual mathematics.

The Curriculum and Evaluation Standards for School Mathematics (NCTM, 1889)
Americaproposed the need fordmers to learn to communicate mathematically. They

proposedhat
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fi € Thedevelopment of a learner's power to use mathematics involves learning the signs,
symbols, and terms of mathematics. This is best accomplished in problem solving
situations in whichdarners have an opportunity to read, write, and discuss ideas in
which the use of the language of mathematics becomes natural. As learners communicate

their ideas, they learn to clarify, refine,and consalide t hei p.6)t hi nki ngo (

However, Callan (209 later noticed that it is raf® find a mathematics classroom in
which reading experiences are thoroughly integrated into mathematics instruction. Borasi
and Siegel (2005) then proposed that learoeutd use transactional reading strategies to
learn fom any kind of mathematical texts. These strategies engage readers in active
meaningmaking in the sense that interpretations are constructed through reflective
thought motivated by ambiguity. Latdduke and Pearson (2008)guethatit is not only
whatlearners read, but also how they read toatid make a difference in their learning.

2.3.7 Scaffolding

Proponents of the constructive theory argue tkatning occurs when individual is
prompted to move past current levels of performance and develop netesfiitmer

and Newby,2013) Thus, the provision of external support from the instructor, peers,
experts, artifacts or tools is essential for learners to construct knowlEdgeuidance

that the teacher extends to the learners is termed scaffdtdinghond and Gibbons
(2005).1t is assumed that through scaffolding, learners can become independent learners.
Scaffolding techniques such as clarifying doubts, inviting responses, focusing on task,
reinforcing important f a c tnde wsaeddy teachars wnat i ng
enhance understanding. Tteacherinitially provides extensive instructional support, or
scaffolding, necessary to help learners build their own understanding of new concepts or
skills. Scaffolding is a term in the world of eduoatthat exists in modern constructivist
theory of learning. In learning, scaffolding takes a very important role in the development
of learner learning. Each time the learners reach a certain developmental stage in learning
which is characterized by thalfilment of indicators in certain aspects, the learners will
require scaffoldingBassiri 012) suggests that scaffolding is the concept of learning

with assistance (assisted learning).
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According to Vygotsky (1986), the functions of higher mental, iiclg memory and the
ability to direct attention to specific goals and the ability to think in symbols, is a
behaviour that requires assistance, especially in the form of media. Scaffolding is derived
from the view that learning mathematics needs a multiwsgraction, teachdearner,
learnerlearner, learneteaching materials so thdearnersbased on experienaan
develop mathematical knowledge and strategies to respond to mathematical problem
given. Allowing learnersto work out mathematical problemising symbols initially and

then discussing the reasoning may also be an effective way to scaffold mathematical
understandingHammond and Gibbon2009) views scaffolding as a foraf support in

which learners takencreased responsibility for their learg. Vygotsky (1986) coined

At he zone of prooxiomadie gdpabetddenphat @ frearner can do
independently and what they can do with help. Teachers need to provide high levels of
support when necessary while ensuring that learners reéereged enough to make

progress.

2.4 Challenges related to learning mathematical symbols

2.4.1 Difficulties of learning written mathematical symbols

Learning mathematics with understanding is the vision of school mathematics
recommended by the National Council ©éachers of School Mathematics (2000).
Learners struggle with a very narrow form of mathematical language, namely formal
symbolism. The special written symbolism of mathematics is the hardest form of
language for learners to leatn.order to design andevelop learning environments that
promote understanding efficiently, teachers need to be aware of learners' difficulties in

learning mathematics.

Standard written symbols play an important role in learning of mathematics, but learners
may experience diffulties in constructing mathematical meanings for symbols. Learners
derive meaning for the symbols from either connecting with other forms of
representations (e.g. physical objects, pictures and spoken language) or establishing
connections within the synob systems (Yetkin, 2003)Meanings of numerical and
operational symbols such af thofthc@hand are constructed by connecting with

concrete materials, everyday experiences or language. For example, the symbol
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ctakes meaning if it is connected with the joining idea in situations like "I have four
marbles. My mother gave mavé more marbles. How mangnarbles do | have
altogether?"Although these representations facilitate learning written symbols, the
potential for them to create understanding of written symbols is limited, since they are
representations themselves. Learmaight have difficulty in understanding the meaning

of a written symbol if the referents do not well represent the mathematical meaning or if
the connection between the referent and the written symbol is not appropriate (Yetkin,
2003). For example, geometniegions are the models most commonly used to represent
fractions. These models represent the -pdudle interpretation of rational numbers.

However, the symboj= also refers to a relationship between two quantities in terms of
the ratio interprtion of rational numbers. Similarlﬁ may be used to refer to division

+

operation. For this reason, teachers need to use other types of representations such as sets
of discrete objects and the number line to promote conceptual understandimg of t
symbol i= :

One of the reasons advanced for the difficulty in understanding symbols comes from the
fact that in their standard form, written symbols might take on different meanings in

different settings. For instance, in solving the equafiar-3=4, wis an unknown that
does not vary, whereas it varies depending on y in the equaketB=y (Janvier,

Girardon & Moorland, 1993). In order to understand mathematical symbols, learners
need to learn multiple meanings of the symbols depending on the givennpraniéext.
Therefore, they should be provided with a variety of appropriate materials that represent
the written mathematical symbols, and they should also be aware of the meaning of
mathematical symbols in different problem contexts. Furthernworgeptsare learned

best when they are encountered in a variety of contexts and expressed in a variety of
ways, for that ensures that there are more opportunities for them to become imbedded in a
student's knowledge system (Bransford, Brown and Cocking, 1999).

Learners also build understanding for written symbols by making connections within the
system. For example, a numeral sucly as vcan express the number of the units of any

power of ten. In other words, it represents thherisandtwo hundred fifty -four units as
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well as three hundred twentiye tens; thirtytwo hundred and threghousandAlthough

these patterns are evident for adults, learners might not easily construct these
relationships by themselves (Whitebread, 2012). Therefore, teachers shawareeof

these difficulties and provide learners with opportunities to recognise the patterns and
make connections within symbol system. Developing understanding in mathematics is an
important but difficult goal. Being aware of learner difficulties ane slources of the
difficulties, and designing instructions to diminish them, are important steps in achieving

this goal.

Because mathematics is so often conveyed in symbols, oral and written communication
about mathematical ideas is not always recogniseanaimportant part of mathematics
education. Learners do not necessarily talk about mathematics naturally; teachers need to
help them learn how to do so (NCTM, 2000). As learners progress through the grades, the
mathematics about which they communicateust become more complex and abstract.
Learners' repertoire of tools and ways of communicating, as well as the mathematical
reasoning that supports their communication, should become increasingly sophisticated.
To this regard, Hattiand Donoghu€2016) eourages teachers to establish classroom
cultures that foster learning for learners to develop ability of effective communication
that promotes deeper learning, but this condition alone is not sufficient to make learning
with deeper understanding take @adearners whose primary language is not English
may need some additional support in order to benefit from communigation
mathematics classes, but they can participate fully if classroom activities are

appropriately structured (Ferreira, 2011).

Wilder ( 201 3) di scusses how human beings posse
them to fAassign symbols to stand for objec-
and operate with them on a conceptual | ev e
achievement to this uniquely human capacity. Human beings possesses what is called
symbolic initiative; that is, they assign symbols to stand for objects or ideas, set up

relationships between them, and operate with them as though they were physical objects.
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2.4.2 Verbalisation challenges

Verbalisation challenges involve translating mathematical symbols into spoken language.
Verbalisationrefersto the surface structures used to transméas (K'Odhiamba
Gunga, 201 Thompson and Rubenstein (2000) ipdkat f a learner does not know

how to read mathematiedoud it is difficult to register the mathematics. Reading is a
link to understanding. Some symbols require multiple words to pronounce, and others are
verbalised in multiple ways. At times, the verbaimatof a symbol changes depending

on the context. Learners may need to be reintroduced to verbalisations of familiar
symbols when they are doing more advanced wilkh@raj, 2008 Therefore learners

must not only recognise the symbols, but they must lelsm to associate them with

particular concepts, procedures and the words used to express those concepts.

Verbalisingmathematics is a skill that learners must devel@arnersneedto routinely
participate in dialogue and discussion on mathematictedetapics and also to discover
methods in mathematics. Studies, conducted by Siegel and Fonzi (d9&%)lack of
verbal exchange between learners and their peers, and also with their teachers within the
classroom, and instead portrayed classrooms asaadard input/output situation.
Teachersshouldlearn to give up part of the educational reigns of their classroom and
allow the learners to become more than just passive receivers wfatbealsat which

they need to become skill&d Engaging learms intalking aboutmathematical concepts

is one of the ways to engage in formatassessment. An additionbEnefit is that
learneramay themselves reakwhat they danot understandThis allows them t@djust

their own reasoning, and over time it menprove their metacognitivabilities. Teaching
through discussion supports robust learning by boosting memory, deeper reasoning,
development olanguage and social skil{f€og Aloisi, Higgins& Major, 2014.

Another aspect ofverbalising mathematics isthe use of correct terminology and
vocabulary. If learners do not spedke language of mathematickow do they
understand the mathematicb®ercer and Sams (2006¢el theneed for learners and
teachergo conversaising terms that are functional, not ypifbr communication but for
reasoning. Part of understanding mathematics is being able to use its vocabulary correctly

in daily conversation. Teachers need to be aware that learning vocabulary is not just
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l earning definiti ons. aryilistauwith definitions, orgaskihge ar ner
them to look up definitions, is not enough for them to develop the conceptual meaning
behind the words or to read aeydHancevez, t he v
Heuer, Metsisto& Tuttle, 2005:26). Teachers andearnersshould correctly use the

vocabulary daily in their classroom interactions. This inclusion will help make th
vocabul ary a n aspokeraldngupge and wilbaid inltheilaunderstandirng.

AMat hemati cs 1 s a f oarners; igis learnadnagscteog and is oot ma n
spoken at home. Mat hematics is not a o6firs
spoken | anmgwy dapeewicz, (Héwem Metsistw Tuttle, 2005:6).Learners

need torecognisethat for them to learthe material;they have tdoecome participants

not observersof their edgation process. They must aetive learners.

Mathematics is often conveyed in symbdlse oral and written communication about
mathematical ideas is not alwayscognisd as an irportant part of mathematics

education. Learners do not necessarily talk about mathematics natoealtg teachers

need to help them learn how to do 9§ Connel | and Aflamekey, 2 (
progress through the grades, the mathemadkiasthey commuicate becomesmore

complex and abstract. Learners' repertoire of tools and ways of communicating, as well as

the mathematical reasoning that supports their communication, should become
increasingly sophisticated. Support for learners is vilEbkenchlas,Schalley and

Guillemin (2013) recommend thagdrners whose primary language is not English may

need some additional support in order to benefit from communieatiormathematics

classes, but they can participate fully if classroom activities are apgasdpstructured.

The language policy in South Africa stipulates that English language is the medium of
instruction at the secondary school levéintwango, 201 But, mathematics is
conceived everywhere in the world has a subject with internationaltepted
terminologies ané symbol system that has condensed meanidgs(ke 2006. These
symbols and terminologies are not familiar and sometina@® contradicting meanings

with ordinary English especially in the area of statistics.

Learners need to lea mathematical symbols and ideas so that they can communicate
with others mathematically. As learners strive to express and expand their mathematical

understanding through the communication of their ideas, they learn to clarify, refine, and
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consolidate thir thinking (NCTM 2000). Mathematics is a communication system that

can be sed to describe and communicéife experiences, yeMulwa (2014 further

discerrs that communication about mathematics requires genuine negotiation and sharing

of meaning. Themani ngs are conveyed through symbol ¢
mathematics provides a common, natural context for the sharing of mathematics.
Mathematicaldiscourse not only promotdse ar ner s 6 or al | anguage

advances ltiesdorthink and cdmnaubidgate mathematically (Moyer, 2000).

Communication is an essential part of mathemahosughwhich ideasbecome objects

of reflection, refinerant, discussion, andmendment. Theommunication process also
helps build meaning argermanence for ideas and makes them public. When learners are
challenged to think and reason about mathematics and to communicate the results of their
thinking to others orally or in writing, they learn to be clear and convincing. Listening to
others' exm@nations gives learners opportunities develop their own understanding
Conversations in which mathematical ideas are explored from multiple perspectives help
the participants sharpen their thinking and make connections. Learners who are involved
in disassions in which they justify solution especially in the face of disagreement will
gain better mathematical understanding as they work to convince their peers about
differing points of view §mith, Silver& Stein, 200% Such aractivity helps learnerto

develop a language for expressing mathematical ideas and an appreciation of the need for

precision in that language.

Learners who have opportunities, encouragement, and support for speaking, writing,
reading, and listening in mathematics classes reap bduneefits: they communicate to
learn mathematics, and they learn to communicate mathemati€alklyRoss& Evans

2014). There is little researclon how mathematics teacherand learners acquire

verbalisationResear ch on | ear ner and symtmolic clementg of o f t he
mat hemati cs | anguage of ten focused on | ear
mat hemat i cal texts, rather than | earnersd o0\
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2.4.3 Reading challenges

Reading chall enges r ef e rteswhéenoeadng fmathematidalt i e s
conceptsn textbooks Mathematics is a language that can neither be read nor understood
without initiation (Simonsor& Gouvea, 2003)The issue of reading, recognising and
understanding symbols underpins all mathematics dofBardinia & Pierce, 2015).
Readingis a skill that goes beyondronouncing and attaching meanitg symbols.

Reading inmathematics entails more than a mechanical or manipulative approach to
numbers.Reading anathematics text requires understandingfesymbols in order to

master two basic processes: classification and the study of relationships. Thargfore
approach to improving reading skills in mathematics must focus primarily on
comprehension, on understanding abstract ideas in order to impeoeerIiner s 6

understanding of concepts.

Reading a mathematical text requires a reading protocol, which is a set of strategies that a
reader must use in order to benefit fully from reading the text. Reading a mathematics
text requires cross referencesflecing, scanning, pausing revisitirgnd rereading In
mathematical writing, mathematicians appear to pgpeacisenessand precision of
meaning (Shepherd, Seld&nSelden, 2009)Most mathematics textbooks used in South
African secondary schoolgontain atext exposition of concepts and processes
definitionsof key terms and vocabulgriheoremselated to the concepéd less formal
mathematical assertions, graphical representatfanses, tablesyorkedexanples, and
exercises at the end of a suhit or conceptand a summativexercise or topic at the end

of the topic

Mathematics textbooks contain mangnfusing symbolghat function as ideographs

rather than lettersAn ideograph is a graphic symbol that represents an idea or concept.
Some ideogram are understandable only by familiarity with prior convention; others
convey meaning through pictorial resemblance to a physical object, and thus may also be
referred to as pictograms. Theeani ng of such compl exes cann
out o0 Ileammerd readReading mathematics text requires analysis and the generation

of meaning from a symbol system and involves two types of comprehension: literal,
including word meanings, sentence meanings, and getting the main idea; and inferential,

including drawing conclusions, making judgments, and using symbolic language (Randi,

92



Newman & Grigorenko, 2010). Reading mathematics can be challenging. Some
mathematical words have more than one meaning, depending on the branch of

mathematics, for exampléinversed in arithmetic and in functiondn arithmetic the

inverse of¢ is - (fraction or reciprocal while in functions the inverse dfie function

"Qw ow pisnot—but™Q w —.

Some adjectivesused in mathematicean substantially change the meaning of some
words, such adialue of ow po or fiabsolute valueof ow po. Learners must
comprehend the wordssymbols, signsand sentences they are readingorder to
understand theoncept Zambo and Cleland (200%yguethat readingactivitiessuchas
relating the symbols to personal experience, and concenttgfiergames have a place

in mathematics instruction when vocédny development is an objective.

According toTall and Gray (2001inany learners have difficulty moving beyond simple
arithmetic to understanding the symbolic nature of algebra and variables. Anthony and
Walshaw (2009) posit that providing learners at agg with opportunities to converse,
read, and write about mathematathanceshe development of concepts. When concept
development is the desired goal, verbal interaction among peers is a tremendous
facilitator (Dennen, 2004).However few learners getthe chance toverbalise
mathematical understandings and symbBiflay and Adler (2015) indicatthat school
mathemats learning is dominatdaly teacher presentations and independent silent.work
Group discussionare nolongera common feature ahodernclassroomsilt is important

that both teachers and learners acknowledge that errors and misinterpretations are a
naturaland valuable, part of the learning process. The ability to share one's ideas and

justify them to others helps develop a dalnderstading of those ideas

The National Council of Teachers dfathematics (2000¢ontendsthat learners who

have opportunities, encouragement, and support for writing, reading, and listening in
mathemécs classes reap dual benefits. They communicate theis ideotherand they

leam to communicate mathematicallgarton and Heidema (2002)rther pointed out

that:

i é éThey learn to use language to focus on and work through problems, to

communicate ideas coherently and clearly, to organize ideas and s&wguments, to
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extend their thinking and knowledge to encompass other perspectives and experiences, to
understand their own problesolving and thinking process as well as those of others,

and to develop flexibility in representing and interpreting idgas).

For the learner, reading the mathematics textbook or handouts or extended response
problems presents builh challenges. The vocabulary of mathematics can be confusing,
with some words meaning one thingonemathematical context and another wieeyday
settings. Symbols can look alike, and different symbols can represent the same operation.
Graphs vary in format, even when representing the same data.

The ability to read mathematicsan extremely important and necessary skill for learners

to maser. Learners who can read and comprehend mathematical text and language are
better able to understand anceeed in mathematics (Buchan&007). Weinberg and
Wiesner (2011)explored the potential for mathematics instruction using reading
strategies ba&sl on the transactionakading theory. Thegxplained whatmakes reading
mathematics text a more complicated endeavour than reading other types of text as well
as what skills are needed to be able to understasutdessfully. Thé&ey to successful
readng of technical mathematics texts lies in the led@rrer a tb decode myathematical

symbols andhe special and unique languageed in such texts

The ability toread and understand mathematical text biswefitslearners in their daily

school work.examinations, and even college entrance tests or other types of assessments.
Teaches need to teach learners the skill of how to read and understand mathematics as a
language to learners. One way to do this is by treating mathematics as a second language
that needs to be taught, learned, practiced and understood. Masterigkjlls to read

and comprehend mathematical text is not a natural skill, but instead a skill that must be
practised and learneddams (2003putlined some of the skillhat learnersack when

reading mathematics text. He argued that readingftesn excluded or given little
attention in mathematics classef®eading mathematics is multidimensional task
because the reader is challenged to acquire comprehension and mathematical
understading with fluency and proficiency through the reading of numerals and
symbols, in addition tevords. Manylearnershaveweakness in their mathematics ability

due in part to the obstacles they face in focusing on these symbols as they atteatpt to re

the mathematicalanguage
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One of the tooldor helping learners to succeed at reading the mathematical text is to
teach thenmhow to read the text and then constantly practice this skill (Buchannan, 2007).
Teaches need to teach the skill of how to read andeusidind mathematics as a language

to learners. One way to do this is by treating mathematics as a second language that needs
to be taught, learned, practiced and understood. Mastering how to read and comprehend
mathematical text is not a natural skill, lmstead a skill that must be learned. Learning

to read mathematical text and write mathematical ideas in written expressiem to

have a symbiotic relationship with each other. If a learner can do one skill, it theke

other skill easier, and vice rsa Rosa& Or e2010).Reading mathematics is different

from reading a novel because mathematical writing is very different from fiction and
even most types of nonfiction. Mathematical writing is concise and dense. New concepts
build logically upon previously intauced concepts. Specialized vocabulary, abundant

symbols, and detailed diagrams challenge the reader.

Shepherd, Selden and Selden (2009 s u mma r i s difficultie i rreading s 6
mathematics textbookas (1) learners bringnsufficient prior knowledges a result of
underdeveloped concept images) IRarnersstruggle withthe syntax and precision of
mathematical definitions, examples, dadk expositionn mathematical writing; and (3)
grounding the abstractness of mathematical ideas in concretetsobjeactions while

reading.

2.4.4 Writing Challenges

Writing challenges refers to inability to produce appropriate symbols for a given
mathematical situationVi t h  r egar d t o |Philips @0O8) suggesbed n wr i t
that writing sentences helps learnerite correct symbolic expressiandowever,many
learnersstruggleto effectivelycommunicate mathematical ideas in writipst learners

believe that this ability is not importantlathematical writing, however, has its own

particular style. Théocusof goodmathematicsvriting is on clarity and precision.

By habitually unpacking symbolic statements' meanings, learners can more readily attach
meaning to symbols and extract meaning from symbolic expressions. Mathematics
teachers will find that a new Ilture emerges in their classrooms when they are

conscientiously and consistently sensitive to learners’ meaningful use of symbols.
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Learners will make connections between mathematics concepts and the symbolism used

to represent these concepts. As ghydict, learners will develop symbol sense and will

become better symbolic reasoners. Many leatnerp r ogr ess i n mat hemat
by math symbols. To battle symbol cosion; learners should familiagsthemselves

with symbols in advance and perhapsreverite out in words what they mean. For
example, they can wr it Bultplwa rtwhmlderanby xiptomnesl
way, learners will be able to understand and quiakigrpretsymbols on magmatics

tests anavill not allow the language ahath to confuse them.

2.4.5 Multiple Representationsof mathematical concepts

Kirsh (2010)defined multiple representatioas external mathematical enaments of
ideas and concepts tharovide the same information in more thame form.
Mathematicalconceps or processes malye representesh a number of differentvays.
These include verbal, syfolic (numerical or algebraic)pictorial/diagrammatical
(geometrical) asa table of values (spreadsheet), graphical or as a physical rmbdgl.

are used to undersi@nto develop, and to communicate different mathematical features

of the same object or operation, as well as connections between difflereesses.

Teachersshould use multiple representations of mathematical ideas and concepts when
teaching mathemascand encourage learners to use multiple representations to help solve
mathematical problems. Researfdtusing onthe use of multiple representations in
teaching and learning reveals that learners learn more readily under this regime and gain
deeper mathmatical understanding (Kap# Goldin, 2002).Hegedus and Kaput (2007)
found convincing evidencthat learnersising dynamicallsiinked representations gained

in understanding by seeing how a change in one representation produced chamges in t
others. Stdiesby Chittleborough and Treagust (20Q&pvided a great deal of evidence

to support the argument that learners working with multiple representations gain a deeper

understanding of the mathematical concepts involved.

Hoong, Kin and Pien (2015) reveahat learners learn through several modes of
representations. Similarlyj$aput (L989; Skemp (1987; Hiebert and Carpente992)
illustrate that multiple representations of concepts can be utilized to help learners to
develop deepegnd more flexible urerstandingBal (2015)arguesthat representations
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are inherent in mathemes; theyprovide multiple concretiations of a concept; they
could be used to mitigate certain difficulties; and they are intended to make mathematics
more attractive and interesg. Dreher, Kuntze and Lerman (2015ted some potential
benefits of multiple representations(a) they provide multiple concretations of a
concept, (b) selective emphasis andedghasis different aspects of complex concepts,
and (c) facilitate cognite linking of representations

Goldin and Shteingold (2001glassify representations as external and intermgal.

internal representation consigtEmental images correspgimg to internal formulations
construced out ofreality (signified).External r@resentations refer texternal symbolic

entities such asymbok, schema and diagrams there used to represeamt certain
mathematical realityExternal representations are theansy which mathematical ideas

could be communicated and they are preskrte physical objects, pictures, spoken
language, or written symbol&xternal representations such as pictures, diagrams, and
physical model s are grounded in familiar
knowledge, and have an identifiable perceptoaiespondence with their referents (Fyfe,
McNeil, Son & Goldstone, 2014). However, they may contain extraneous perceptual

details that distract learners from relevant information or inhibit transfer of knowledge to

novel situations$loutsky& Heckler, D08).

External representations act as stimuli on the senses and include charts, tables, graphs,
diagrams, models, computer graphics, and formal symbol systems. They are often
regarded as embodiments of ideas or concéptiernal representations are thgnbols
(signifiers) while internatepresentationarecalled the signifiedMason (2002 presented

the idea that teaching schemes are a spiral movement. As they pass through the spiral,
learnershave mental transformations fromsing manipulable egtnd representations to

gain meaning of internal representations to symbolic representatiSgmbolic
representations such as formal equations and line graphs eliminate extraneous surface
details, are more arbitrarily related to their referents, and reprélsenunderlying
structure of the referent more efficiently (Chu, 2015). Thus, they allow greater flexibility
and generalizability to multiple contexts, but may appear as meaningless symbols to

learners who lack understanding of the symbols (Nathan, 2012).
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Stylianou (2010)further elaborateon the two forms of representation as: External
representations are the representations we can easily communicate to other people; they
are the marks on thehalkboard,paper, the drawings, the geonyesketches, and the
equations. Internal representations are the images we create in our minds for
mathematical objects and procesgasldin and Shteingold (200Expand the discussion

on the types of representation arguing tlkaternal systems of representation range from
the conventional symbol systems of mathematics (such astdraseimeration, formal
algebraic notation, the real number line, or Cartesian coordinate representation) to
structured learning environments (for example, those involving concrete manipulative
materials or computdbased micro worlds). Internal systems, in contrast, include

| ear ner ssgmbaisatioscanstradis and assignments of meaning to mathematical
notations, as well as their natural language, their visual imagery and spatial
represetation, their problensolving strategies and heuristics, and (very important) their

affect in relation to mathematics. (p. 2).

In trying to relate internal and external representations in mathem&ulsjn and
Shteingold (2001)propose two important mes in their décussion: homonymy and
synonymy.The first phenomenon in mathematics is found when one representation has
two different meanings. That is, from an external representation there are two different
internal representations. The second terferseto when one mental object is denoted in
many representations: from two different external representations thergiinternal
representationAccording to Goldin and Shteingold (2001homonymy, as well as
synonymy canot be avoided in mathematickearners show certain preferences for
certainexternal representatienH a r t (1991) studied | earner sé
and observed that they vary depending on the probtemfindingsare complementary

to Arcavi ( 1dYmbplGess. at t ri but es

1. Learnersseek alternate representationshen they are nosuccessful atirfiding
solutions using symbals

2. L e ar rcleoices @f representation depends the complexity of the symbolic
information provided.

3. Some learners do ngqirefer certain representains because they do noécognise

them asviablechoices.
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4. Learners lack confidence in using certain representations
5. Learners whoare not conversant with graphdo not choose to use the graphical

representation

2.4.6 Abstraction in mathematics

Abstractionin mathematicaneansextracting the underlyingssenceof a mathematical
concept (Hollihan& Baaske, 2016 Their meanigs are defined within the world of
mathematics, and they exist quite apart from any external referencmdtes any
dependence on real world objects with whilob concept mightave been connected

(Joan, 2015)0One of the features that make matheasatifficult is that it deals with
abstract concepts that are represented by abstract symbols. Mathematics concepts are
modelled at the abstract level using only numbers, notation and mathematical symbols.
Mathematical cognition only takes place aftemwering mathematical symbsl into
appropriate inner codgDe Cruz& De Smedt, 2013). At the elementary level, these
symbols may not be adequatetyplained andhus learnerail to perform mathematical

operations when the abstractions are more complex.

The abstract nature of mathematical symbols and concepisei®fthe reasonswhy
mathematics is so difficultAbstraction isone of the underlyingpowersof mathematics
(Wilson, 2006).Most of the strands of mathematics beguith the study of real wall
problems, before the underlying rules and concapslentified and defined asbstract
structures Abstraction and mathematicaymbolisation are ongoing processem
mathematics and the historical development of many mathematical topics exhibits a
progression from the concrete to the abstfaat.example, physicahanipulatives act as
teachingaids that can help learners waderstanding mathematical concepibey are

not, in and of themselves, mathematics, but are teaching tools to help get to the heart of

mathematics.

2.5 THEORETICAL FRAMEWORK

This study is guided by four interrelated constructivist theoldieshe constructivist

perspective, the learner must betinay involved in the construction of one's own

knowledge rather than passively receiving knowledge. t€aeher's responsibility is to

arrange situations and contexts within which the learoenstructs appropriate
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knowledge According tothe constructivst theoryof learninglearnersare viewed as

active mathematical thinkers, who try to construct meaning and make sense for
themselves of what they are doirggsed ortheir personal experiend&huard, 1986)
Under standi ng t hleallengastwith neathemttical syrabols ie compiex, ¢
and there is a need for orgaatisnal structures such as frameworks to examine the nature
of I earnersd6 reasoning about symbols and wu
understandingThis theoretich analysisaims to suggesa framework that teachers and
learnerscan useo construct meaning®r mathematicabymbols thatid understanding

of mathematicalconcepts. Thisstudy is guiled by a combination ofymbol sense
(Arcavi, 1994) Algebraic hsight framework (Pierce & Stacey, 2001) APOS theory
(Dubinsky & Mc Donal d & s, ProeeptOTRBepry(Gaay & Tall, 19%). These
frameworks are interrelated and all shed light into the aspects of symbol sense that are
challenging for learners as they reasod ase symbols in mathematlcactivities and
problem solvingThese frameworks are described in detail below.

2.5.1 Symbol Sense Framework

The proponents of theymbol sense framework are Fey (1990) and Arcavi (1994).

Symbol sensés considered as the heart afyjebraic competency (Arcavi, 1994).is

difficult to define symbol sense because it interacts with other senses like number sense,
function sense, and graphical sense in profdelving situations. Arcavi (1994) made a
remarkable attempt to characterssymbol sense through a rich variety of examples and
illustrations of mathematical behaviours (Zehavi, 2002). Kinzel (2001) describes symbol

sense as the combination of notational awareness of expressions and the skill to
manipulate and interpret these exp s si on s . Boero (2001) wuses
and anticipationo to analyse behaviours in
continuous tension between Aforeseeing and
(2002) viewed symbol sense the ability to extract mathematical meaning and structure

from symbols, to encode meaning efficiently by symbols, and to manipulate symbols
effectively to discover new mathematical meaning and strudtuceder to be proficient
mathematics learners mtuacquire an understanding of letters, variablasd objects

(Arcavi, 2005).
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Arcavi (2005)ar gues t hat having &édsymbol sensed0 1S
goodteachingaims to achievé® s y mb o | Symbslrsengeds.an essential prerequisite

for advancedmathematics and science aisdhe primary purpose dlgebra $Sullivan,

2013. Some keys themes for teaching symbol sense were suggested by Fey (1990) and
Arcarvi (1994).Arcavi (1994)modified the list proposed by Fey (1990) and considers
thatthe symbol sense must include, among others, an understanding of and an aesthetic
feel for the power of symbols, which brings the idea of visahénce (Kirshne& Awtry

(2004); an ability to manipulate and to "read" symbolic expressions as two
complimentary aspects of solving algebraic problerscavi (1994) further asset that
knowing the algebraic manipulations to solve problems it is not enough, instead it is
necessary to understand the meaning of the symbols. He identified four key behaviours:
readng instead of manipulation of the symbols; reading and manipulation; reading as the

goal for manipulation, reading for reasonableness.

Goldin (2002) explains that communication in mathematics is viable if symbolic systems
are understood and relations beém systems could be used to enhance symbolic
understanding.Holmqvist et al (2011 define symbol sense as a complex and
multifaceted "feel" for symbols. Zehavi (2002ke Arcavi (2005)conceded thait is
difficult to define symbol sense because itemcts with other senses like number
function and graphicain problemsolving situations. In an attempt to define symbol
sense, Hawkinsand Allen (1991)described itas an accuratechoice of symbols to
represent a mathematical situation or conc@&upe and Sharma (2001) provided a
comprehensive definition in which thelgfined symbokense s the ability to appreciate
the power of symbols, to know when the use of symbols is approEnateéo manipulate
and make sense of symbols in a range of cont&kiss,thereis noconcisedefinition of
symbol sensdut description®f behaviourghatillustrate whethera learnethas symbol

sense or not.
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Arcavi (1994) characterised symbol sense as an

a) understandingf situationandstage whersymbols can be arghould be used in
order to display relationships

b) ability to abandon certaisymbols infavourof other approaches in order to make
progress in solving a problem

c) ability to carry out mathematical processend t o fAreado symbol ic
complementey aspects of solving algebraic problems

d) awareness that one camtiate symbolic relationships that express the verbal or
graphical information needed to make progress in solving a prpbtem

e) ability to select a possible symbolic representation abalpm.

Learning #gebra requires learners to have symisenhse(Naidoo, 2009).Algebra
involves much more than mastering basic skills; it also invoblesosingsensible
strategiego tackle problems, maintaining an overview of the solupiatess, crdaag a

model, taking a global view of expressions, wisely choossuipsequentsteps,
distinguishingbetween relevant and less relevant characteriatdsinterpretingesults

in meaningfulways Symbol sense is regarded as a type of rketavledge in algera.

Symbol sense involves the flexible algebraic expertise or algebraic literacy that often
operates in the background without our conscious awareness. Based on insight into the
underlying concepts, it directs the implementation of the basic routinday#t a role in
planning, coordinating and interpreting basic operations and consists of three interrelated

skills:

The strategic skills and heuristits approach a problenthe capacity to maintain
an overview of this process, to make effective choicdisimvthe approach, or if a

strategy falls short, to seek another approach.

The ability to view expressions and formulas globally, to understand the meaning
of symbols in the context and to formulate expressions in another way. Process

object duéity playsa role in that skill.
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The capacity for algebraic reasoning. This often involves qualitative reflections on
terms and factors in expressions, symmetry considerations or reasoning with

particular or extreme cases.

Arcavi (1994) states that many learnerd faisee symbols as tools for understanding,
communicating, and making connections, even after several years of study. He sees
development of symbol sense as a necessary component ofrsgtiag in mathematics.

He argues that h a v i mdgmendak rgquiterodnt fos they Stuelydof | s a

mathematics especially algebra

Bergsten (2000) describe symbol sense as an appreciation for the power of symbolic
thinking, an understanding of when and why to apply it, and a feel for mathematical
structure. AdamsPegg and Case (2015) compared symbol sense with number sense and

found it to be a higher level of mathematical literadyu (2009) explains that
communication in mathematics is viable if symbolic systems are understood and relations
between systems coulik used to enhance symbolic understanding. Arzarello, Ferrara,

Robutti and Sabena (2009) urged learners to acquire skills in manipulating various
symbols in order to solve a mathematipabblem or to prove a formul&esearch has

revealed how learnerstaerpret @ad make use of mathematical symbalsfacet of the

work onsymbol senséArcavi (1994) describpedas fimaking friends witt
25), including an understanding and feel for symbols, how to use and read them. While

solving a mathematicglroblem, the learner is required to analyse, identifyrandgnise

the relevance of critical areas of a mathematical representation. Kenney (2008) adopted a
symbol sense framework constructed using the work of Pierce and Stacey 22021

and Arcavi (194,2005) t o i nvestigate | earnerso6 reasoni
different problem solving stages. She identified the following components of symbol

sense:

1. Friendliness with symbols

This includes understanding of and an aesthetic feel fopdtwer of symbols, how and
when symbols can and should be used in order to display relationships, generalizations

and proofs that otherwise are hidden and invisidteavi (1994) found that most learners
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lack substantial background in algeband donot resort to symbolsas toolsto enable
them toinvestigate it in a general way

In somecasesjnvoking mathematics symbols may be costly in terms of the amount of
work and time required to execute the mathematics daskpared to other approaches
Thus,researchers claim that learners who know how to perform algebraic manipulations,
but do not consider the possible relevance of symbols to reveal the structure of a problem
that has aroused their curiosity, did not fully develop their syrsdose (Drijvers, @03;

Arcavi, 2005).Having symbol sense includes the relevant invocation of algebra; that is,
to have symbolseadily available as possible sense making tdofeirther indication of

lack of symbol sense is also noticed when, in the process of solvirttemetical
problems algebraically, learners are usually unable to recognise and express solutions in
symbolicforms orhaving symbolic as final answeiSsven when symbols are used, and
the solution they vyield isecognisd, it would be desirable that learseappeciate the
"power of symbols": @ly with the use okymbols,a conjecture or an argument can be

conclusively accepted or dismissed.

Arcavi (2005) furtherposits thatsymbol sense should include, beyond the relevant
invocation of symbols and thgiroper use, the appreciation of the elegance, conciseness,

the communicability and the power of symbols to display and prove relationships in a

way that arithmetic cannothus symbol sense requires learners to invoke symbols when

they are appropriate antdrequires them to abandon symbols when they are likely "to

drown" in complicated technical manipulationBhe ability to discard the almost
unavoidable initial temptation to proceed mostly symbolically, in favour of the search for
another approach, regas a healthy blend of "control" with symbol ser@entrol refers

to fNa category of behaviour which deal s wi
potentially at their disposgbchoenfeld, 2014it focuses on major decisions about what
todoinaprb|l e m, deci sions that i n amd amf att h & myp d
to solve a problemTo sum up, thisomponent or theme of symbol sense implies that

learners should cultivate a culture of trying alternative ways to represent the problem, in

the belef that more elegant and straightforward approaches may exist and should be

considered
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2. Mani pul ating and O0reading through &édsymbol

One of the strengths of symbols is that they enable us to detach from, and even, "forget”
their referents in order to produce results efficiently. On the one hand, the detachment of
meaning coupled with a gl obal 6gestaltdé vie
manipulations to be relatively quick and efficient (Drijvers, 2011). Orother hand, the
reading of and through the symbolic expressions towards meaning adds layers of
connections and reasonableness to the reduit@bservation made by Chirume (2012)

on learners performing tasks involving symbols indicatatomatic maniputéon of
symbols without understanding their meaningsiother strategy used by learners
involves the use ahea-priori inspection of the symbols with the anticipation of gaining

a feel for the problem and its meaning, andifsosteriorchecking to comaist meaning
making with symbolic manipulations are instances of symbol gehstburt, 2009).

For example when solving thequation, SX*2
10x+4

meaning into the symbol®ne might notice that, whatevehsince the numerator is half

2l earners should try

thedenominatorthis equation cannot have a solutidmll (1996) claim that thia-priori
inspection of the symbols with the expectancy of gaining a feel for the problem and its
meaning is another instance of symbadense.This also corresponds to algebraic

expectation of the Algebraic insight framework.
3. Initiating symbolic relationships

This refers to the ability to successfully initiate mathematical symbolic relatioribiaips
express verbal or graphical informationeded to make progress in a problenis
schemeshows a higher cognitive level of symbol sense than the ones discussedtabove.
suggests that, given the symbols, learners with symbol sense should be able to "read"
meaning from the symbols themselves. lbpgoses that symbol sense also includes:
firstly, an appreciation that an ad hoc symbolic expression can be created for a desired
purpose ad that onecan engineer it; secondly, and more specifically, the realization that
an expression, with certain chatexstics is what is needed; finally, symbol sense should

include the ability to engineer that expression successfully.
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4. The ability to select symbolic representation for a problem

A learner who hasymbol sense should be albdeassign a symbol for eedainvariable,
situation, idea or processd havehe courage toecogniseand havelissatisfactiorwith
that choice to search fdretter one. This reconceptualiation emerged from regarding
equivalent symbolic expressions as possible sswfceew neanings.

5. Reflecting on themeaningsof symbolsduring problemsolving

This involvescheckng for symbol meanings during the implementation of a procedure,
the solutionto a problem, or, during the inspection of a res3Mhen learners translate a
situation into symbols, the first step is to choose varat howto representThe choices
that learners make crudwlaffect their solution process as well as the resuitsthis
regard,a learner with a developed symbol senskes the appropriate choiceyliaking

into account the goal of the probleihe choice of symbols may not only obscure part of

the situation, but it may also impede thieole solution process

6. Symbolshavedifferent rolesand meaningsn different context

This component of symboésse involves the realisation that symbols play different roles
in different contextsuch as, variables or parameté&utiérrez, Leder anBoero,2016).
Thus,learners should develop an intuitive feel for those different contexts. In this case a
learneris expected to appreciate the desirable compeneintsymbol sense which
consists of the "wsitu" and operative recognition of the different (and yet similar) roles
which symbols can play in high school algebra. This entails that the learner with symbol
sense should be able to sort out the multiplicityh@fmeanings of symbols depending on

the contextln addition, theability to handle different mathematical objects and processes
involved (Tarasenkova, 2013)n order to mderstand mathematical symbobetkin

(2003) recommergthat learnershould be exposed taultiple meanings of the symbols

in differentproblem context
Reflectionson symbol sense

A number of researcheatemptedo review the symbol sense framewaoikcavi (2005)
further characteses (5) and (6) as showing a higher cognitive lsval symbol sense
than (1) and (2)Kinzel (2001) describes symbol sense as the combination of notational

awareness of expressions and the skill to manipulate and interpret symbolic expressions.
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Pierce ad Stacey (2002n d o p t Awork anv suggesting a practical research
framework called algebraic insight as a subset of symbol sense, and their focus was

mainly on algebraic expectations.

Zorn (2002) takes a broader view of advanced symbol sense tofimean. t he gener
ability to extract mathematical meaning from and recognize structure in symbolic
expressions, to encode meaning efficiently in symbols, and to manipulate symbols
effectively to discover new maZehae (2G04)i c a | me
coined the term advanced symbol senseefer to problensolving behaviours that

involve masterful insight and judgment of the problem and afsitisn. A further

reflection by Naidoo (2009) on the attributes of symbol sense revealed that six
components of Gnsepratated and dosely dinkdith other evords, if a

learner has one component then she/he will probably display cthponents.
However,lacking one component might result in not having any of the components. In
otherwords, if a learneshowsé f r i end | i n e ghenthelearner isdikelgabled | s 6

to manipulateandreadsymbolic expressions

Inculcating symbol sense

There are ongoing debates on whether symbol sense is taught or is just acquired
naturally; the sealled nature or nurture controversyhe debateis centred on the
following questions Is symbol sense something that only mathematically able people
develop by themselves, or can most people develop it at least partially? Can symbol sense
be taughtArcavi (2005 proposs that: symbol sense can be nurtured, and one necessary
condition for symbol sense to develop is to provide supportive instructional practices.
Bokhove and Drijvers (2010) descritmbol sense as an intertwinemerdtween
procedural skillsand conceptualinderstanding as complentary aspects of algebraic
expetise. Good teaching aims to address begtiocedural skills andysbol sense in
algebra as they are intimatelyelated: understanding of conceptakes basic skills
undestandable, ah basic skills ca enforce conceptual understanding (Arcavi, 2005).
Teachers should disuragefrom jumping tosymbols, but to make sense of the problem,

to draw atable, agraph or a picture, to encourage them to describe what they see and to

reason abodit.
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2.5.2 Algebraic Insight Framework

The proponents of the symbol sense framework are Pierce and Stacey ([91).
Algebraic Insightframeworkis embedded in th&ymbol Sense frameworkAlgebraic
Insight is thesubset of symbol sense that enables the pahipen§ the thinking involved

at all stages of mathematical problem solving including formulating the problem and
interpreting the solutiorThe theory helps the formulation omathematical solutiasto
problens (Pierce & Stacey, 2001). The framework hies algebraic insight into two
components: ability to link representations (symbolic, numeric, graphical); and algebraic
expectation, the cognitive skill required to monitor symbolic wdétierce and Stacey
(2001) describe algebraic insight as the algebkaiowledge and understanding which

allows alearnerto correctly monitor algebraic expressions during problem solving.

According to Pierce and Stacey (2004), the
expectationdo and a bs.The term algelraiekpectaton neferpto e s e n' t
the thinkingprocess thatakes place when an experienced mathematician figures out the
result they expect to obtain as the outcome of some algebraic premss. and Stacey

(2004), divide the algebraic expaton into three elements: a) recognition of
conventions and basic properties, which common instances are the knowledge of the
meaning of the symbols, the order and the properties of operations; (b) identification of
structure, which common instances dhe identification of objects and of strategic

groups of components and recognition of simple factors ; c) identification of key features,
related to the identification of the form and the dominant term, as well as the union of the

form with the type of dation.

Algebraic expectation focuses on the application of Algebraic Insgighin the symbolic
representation od mathematical problenfor example,an estimate of the produof
5000 and 4200 will be in millionsAlgebraic expecition may involve exgcting the

product (2- x+x%) (X*- x*+2x-9) to be a polynomial of degree seven or the

expansion ofp ¢w has@terms one of whicloneis a constant. It is important tmte
that Algebraic expeation does not producn approxnate solution but rather noticing

conventions, symbols, structure and key features of an expression that determine features
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which may be expected in trsolution. Algebraic is characterised by the following

features:

Ability to recogniseof conventions ad basic properties

Learners must recognise the conventional meaning of symbols used in algebra. This
involves both operators & rhahdashoeld be éamiBad . Whi |
from arithmetic the convention in pen and paper algebra of implicit multiplication, where

Xy meansX timesy, is a source of confusiohetters are used in a number of ways in

algebra. Forexample,a standard quadratic funatiads commonly expressed ag =

ax’ +bx+c. This requires a learner to recogniget the lettersa, b and ¢ are

parameters whilex and y are variables, two different meangipr letters in the same

algebraic sentenc&hus a learner with algebraic expectation kaswledge ofmeaning

of symbols, order of operations and properties of operations
Ability to identify structure

Recognising structuref an algebraic expression carean seeing at daynce, a learner
can realise thaBX- 1 is a common fdor, in the expressiorf3x- 1)® - 5x(3x- 1) but

looking at (3x+1)? - 5x(3x- 1) and noting that the bracketed objects differ.

Ability to identify key features

When solving equationgdentification of key features may lead to expectation abwat

type of solution, numbeof solutions, typeof solution whether a point is maximand
minima, domain and range. Identifying the correct form of equation helps the learner to
apply associated knowledge required to solve the problem. For exa2apée,=0 is a

linear equation ire* while € +5e* =- 6 is a quadratic equian. A learner with a good
algebraic insighttan realisethat the first equation has one gué solution while the

seconcequation has at most three distinct solutions.

Ability to link representations

The ability to link epresentationsnvolvesthe lea ner s6 abi l ity to mov
between symbolic (algebraic) representations and graphiaaliroeric representations.

Such Inking is also concerned with expectations, but expectations across representations.
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Algebraic Insight is shown when a learn@ashexpectations about graphs and tables that
are linked to featuresf the symbolic representation of the problem. For example, upon

recognisingthe functionf (x) =3x+1, the learner can tell that the graph of this function

is a straight line ofjradiento and aw intercept of p8

Furthermore, the learner should be able to tell that the orientation of the graph stretches
from the bottom left corner to upper right corner of the Cartesian hagree and Stacey
(2001 describealgebraic insight as the algebr&nowledge that enables learner to
correctly use conventional mathematical symbdisinvolves knowledge of linking
multiple representations. A mathematical idea can be represented symbolically,
graphically, numerically, or in other ways. Having algébrasight involves being able

to anticipate what the graphical or numerical representation looks like given a symbolic

representation, orice versa.

Pierce and Stacey (200d8commended learnets recogniseéhe meanings of both letter

and operator sybols in order to inform their understanding of transitions between
symbols and graphs or tableRecognisingand understanding ofhe structureof
mathematical concepare features of problem solving (Pierce& Stacey, 2001,
Rubenstein& Thompson, 2001; N&x & Amit, 2004; Kieran, 2008). Arcavi (1994)
considers the ability to identify symbols to reveal the structure of a problem as an
important part of symbol sense, and Pierce and Stacey (2001) stress that, a structural view
of expressions will inform algeaic expectationThus,the two theories blend well.

Ability to link of Algebraic andgraphical representations

The ability to link algebraicand graphial representatiosmof a mathematical concept
involves associatingalgebraic formto the shape and keyeatures such as orientation,
intercepts and asymptotdsnking of shape to form is shown when a learner looks at a
function like f(x) = 2sin(x- 30°) recognises that this is the graph of the sine function in
which the modulus has been doubled and translated imytb the rght. In general,
identifying formprovidesenough information about a graph to be able to draw the basic

shape 6in the airé with a hand wave.
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Ability to link symbolic and numeric representations

The ability to link symbolic and numeric representatiamshown whera learner linls

number patterns to formula. For example ale@rer abi | ity to | ink symb

representations is shown when a learner can reprissepatternc it NeNW8 &sT, =2n

. Algebraic insight framework is a framework for reflagt symbol sense at the solving

stage. The framework addresses wafyplaming, assesag, and refledhgon | ear ner s 6
understanding when working with mathematical symbols to solve mathematical
problems. Blending this framework and expanding it to inclasjgects of symbol sense

at al | |l evel s of problem solving assists i
developing activitye f f e c t rel ationships ( Si mon et al ,
competency with mathematical symbols the researchelocirfor sigrs of recognition

of conventionsunderstanding of the meaning of symbols and order of operations. The
researcher can also look for instances of leadbnendalisingor indicating connections

that they are making between what is being donpaper and what is needed to meet

their goal. This framework provides observable aspects on which the researcher can focus

when interviewing and working with learners in the study.

There are | imitations to the Pikasadeesf@and St a
describing |l earnersé reasoning about symbo
elements of symbol sense at the stage of solving an already formulated problem. It does

not describe the activity in other stages of problem solving, sudbramilating the

problem and interpreting the solutiofhis isthe problemsolving stagevhere learners

seem to have challengésvans and Swan, 2014enney(2008)expanded the Algebraic

Insight framework by incorporating features for identifying learise0 uses and
understanding of symbolic structures in the other stages of problem solving. However,

her frameworkswere criticised for lacking thebackandforth movement between
representations that typical o f | e aeasoréng sliout symbolsilithough her

framework was useful in identifying and categorising some aspects of symbol sense, it

was criticised for not providing a | ens for

reasoning about symbols that she found indbedy. The currentesearch eemsto need

111



a framework that can incorporateese two frameworks, hence the need to envisage other

frameworks.

2.5.3 Actioni Proces$ Objecti Schema (APOS) Theory

APOS theory is grounded in the philosophical beliefs of constructivism and focuses on
the mental onstructions made by learners as they attempt to make sense of mathematical
concepts. The proponents of this theory@udinsky and McDonald (2001IAPOS is an
attempt to understand the mechanism of reflective abstraction, introduc@dadpst
(1968) to describe the development of logical thinking in learndtsis resolutely
grounded in the tenets of constructiviseontendingthat learning is not passively

received butatherconstructed by an active participant.

APOS is anacronym thatstandsfor the types of mental structures (Action, Process,

Object, and Schema) which learners build in their attempnttenstand mathematical

concepts (Brown, De Vries, Dubinsky, Mathews Thomas, 1996 Dubinsky &

McDonald, 2001)Ar non et al . é(AROBE 4 theorswhiehtexplaihshawvt i
learners learnmathematicat o n ¢ e p t Acoordifigpto the) APO$heory thelearner

constructs a mathematical concept so that an action performed to an object is interiorized

to a process which then encapsulates to arcbfjihkioniemi, 2006)APOS theory is a
useful theoretical framewor k for studyin
devel opment . It i's closely related to Piag
claims that mathematical knowledge developdemrners perform actions that become
interiorized to form a process or a concept, which eventually leads learners to a higher
level of awareness or object understanding of a mathematical coficegtly, the learner

organises these mental images to makechema that enables him to conceptualise a

mathematical situation.

APOS theory claims that mathematical objects are constructed by reflective abstraction in

the sequence &-0O-S, beginning withActions that are perceived as external, interiorised

into internal Processes, encapsulated as mefithjects developing within a coherent
mathematicalSchema.APOS theoryviews mathematical knowledge asn i ndi vi dual
tendency to deal with perceived mathematical problem situations by constructing mental

actions processes, and objects and organizing them in schemas to make sense of the
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situations and solve the problenf®ubinsky and McDonald, 2001). Mathematical
knowledge in this theory is modelled through those constructions by making inferences
from | acivtynvath spécific mathematical tasks. APOS theory proposesathat
learner should possessrtainmental structures to make sense of a given mathematical
concept.lt is therefore recommended tHagforeteachinga conceptthe teachershould
designsuitablelearning activities to support the constian of these mental structures.

APOS is a cognitive theorfArnon et al, 2013)Objects in this framework are considered

as mental objects that individuals construct in order to learn about mathemaiscas,obj

as defined by the mathematics community. The thgqogposesthat mathematical
knowledge is constructed by making mentalctions processes and objects and
organisng them inschemado make sense of the situatsoand solve problems. APOS
theory isa tool thatobjectively explairs learner difficulties with a broad range of
mathematical concepts and to suggest ways that learners can learn these dboeepts.
inform teachern thepedagogical strategies that lead to marked improvement in learner
learning of compl ex or abstract mat hemat i c:
concepts to prove theorems, provide examples, and solve problems. There seems to be
considerably widespread agreement that mathematical ideas begin with human activity
and movedrom there to abstract (Dubinsky, 1991).

Interiorization

Processes
Coordination
Inversion

Actions
Objects

Encapsulation
De-encapsulation

Figure 2-1: Construction of mathematicalknowledge
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APOS claims that for one to understand a mathematical concept, one musbyegin
invoking previouslyconstructd ment al or physical odbm ect s i
actions.Actions would then be interiorised to forprocesses thatre then encapsulated

to form objects. These objects could beetieapsulated back to the processes from which

they are formedwhich would be finally organed in schemaslojo (2014)stated a

learner whohas developed a schema #rconcepthas developed a process or object
conceptionof the conceptthat is, the learner camderstand theoncept ag proces®r

as an object.

APOS theory claims thahe formation of a mathematical concept involtr@smisforming
existing objectsnto new objects. An action is any transformation of objects according to
an explicit algorithm in order to obtain other objects, and is seen as beiegsat |
somewhat externally driven. As an action is repeated and the individual reflects upon it, it
may be interiorized into a mental process. An important characteristic of a process is that
the individual is able to describe, or reflect upon, the stepiseofransformation wholly

in her/his mind without actually performing those steps. Additionally, once a mental
process exists, it is possible for an individual to think of it in reverse and possibly
construct a new process (a reversal of the original psyfeont et al., 2008).

When a learnebecomes aware of the process as a totality and is able to transform it by
some action, we say that the process has been encapsulated as an object. When necessary,
an individual may dencapsulate an object back te iinderlying process. In other
situations, the individual may think of the transformation in terms of actions. A schema

for a certain mathematical concept isiam d i vsicallecgoh 6f actions, processes,
objects and other schemas linked consciouslynaonsciously in a coherent framework

in thei ndi vsinidnd.aThé research method or investigative approach of this
framework consists of threstep cycles. The first step is a theoretical analysis of the
actions, processes, objects, and schemas tleariael may construct in order to learn a

given/specific mathematical concept.

According to Berger4d005),t he wuse of a symbol to refer
understanding resonates with how a learner makes a new mathematical object meaningful

to heself. In practice, the learner starts communicating with peers, with teachers or the
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potential readersusing the signs of the new mathematical object before she has full
comprehension of the mathematical sidinis communication with signgives initial
aaccess to the new object. According to Vygotsk¥pg6), the central role in concept
formationis a functional use of the word, or any other sign, selecting distinctive features
and analysing and synthesizing theie also argued that the learner does not
spmtaneously develop concepts independent of their meaning in the social world. The
meaning of a&oncepti®i mposedd upon the | earner and

a readymade form.

A learner is expected to construct a concept whose use andngéacompatible with

its usein mathematicsand is accepted by thmathematicsccommunity To do this,a
learner need$o use the mathematical symbols in communicatuithy more socialised
others (including the use of textbooks which embody the knowletigeore learned
others). In this way, concept construction becomes socially regulated. Vygotsky (1978)
regarded all higher human mental functions as products of mediated activity. The role of
the mediator is playely psychological toolssuch as words, goas, algekaic symbols,

or a physical tool.Vygotsky (@978), views action mediated by symisolas the
fundamental mechanism which links the external social world to internalrhuomeatal
processes and he arguimt it is by mastering semiotically mediatpdocesses and
categories in social interaction that human consciousness is formed in the individual
(Berger, 200%

The constructs of APOStheory

Mulqueeny (201 summarised the four constructs APOS theory of conceptual

understanding as follows:
The action construct

An action is a physical or mental margdion that transforms objects. Learners develop

an actionconstruct of a mathematical concept if they havexearnal perception of the
mathematical conceptThis means an ndividual can only carry dusymbolic
manipulationsvia specific external cues and detailed step by step procelluearner
whose knowledge of algebra is limited to an action conception reacts to external cues of

mathematical symbols by giving precise details on what steps toLta&mers who have
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an action conception of symbols see algebraic expressions as commands to follow a
certain procedure. In order to allevidiarnes dnisconceptions at the action level

teachers needo address the symbols. Workingindly with symbols that are not

understood leads to inect solution processesearnerstend toinvent their own

procedurego deal withor avoidsymbols they do not fullynderstand. For examplan
expressiorsuch a) Ez}-conssts of three distinct pieces, each of which needs attention.

This cognitively obscures thiearner and challengdbe teacherin terms of finding a

convincing explanation that can bederstood by learner3.h e sy mb o | Asi no
offeranyinui t i ve not i on ¢arfeanadoublingthe angke-. Vhie whole i
expression can benistakenly agi Q& Learners struggle to see how this new

information can Afito into their existing c
Theprocessconstruct

A process is an don that takes place entirely in the mirkkteriorisation occurs when
the individual refleg upon theaction thathe or she is performing. A learngho is at the
process | evel of understanding can fArefl ec
previously learnt conceptithout actually performing those steps.learnerwho has
acquired the processes level cagw the functionsin2g as a sie function in which the

angle has been doubledsmm(@+¢g). If a learner hasnoved to tis next level of

understanding, they  should be able to apply the idemtit

sin(A+ B) =sin AcosB +sinBcosA to getsin(@+g) =singcosg +singcosg = 2singcosq .

A learner with a praess conception is able to sdwtt the expressiomstands for

compound arlg, which in this case is a double andgleachers therefore need fticus

their attention tahisk i nd of | earnersé use of symbol s a
development of symbol sense (Bills, 2001) andffold thelearner to a process level

understanding.
The Object construct

A process is encapsulated into a cognitipgect;the learner is ablto reflect ormany
different representatiored the concept. Dubinsky (19P&peculated that encapsulation is
difficult to see and researchersncanly infer that this level of understanding has been

achieved from statements madeablearner Asiala (1996) described this phenomenon as
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the ability ofa learnert o i rupaon dperatibnsapplied to a particular process and
becomeawae of the procss as a totality. A learner with an object construct reétiae

thei "Q#fCa doubled angle is not the same as twicei ti@#fCthe angle O Ei—

¢i "Qe8Sfard (1991) describes this ability as structural thinking. Seeing a mathematical
concept as an entity esathedideaa a dlahce and maniputater t o
it as a whole, without going into detail o (
thinking is detailed and dynamic. The learner is able to move freely flgettoto
process.Once this isachievedthe concept is said to be at the objlestel. Thus, the

learner should be able to see hdic— OE+ — <¢i QA F—Owithout invoking

the identitysin(A+ B) =sin AcosB +sinBcosA.

The schemaconstruct

A schema isa collection of cognitive objects and internal processes for manipulating
these object$Brijlall & Ndlovu, 2009) According to Dulnsky (1991), aschemahelps

learners to

~

Ai... understand, deal with, organise, or
problem @idRuati ono

Skemp 1981) considers a schemaaasoncepual structure stored in memomje argues

that a schema integratesisiing knowledge and, even more than a concept, greatly
reduces cognitive load. Skemp argues that inappropriate early schemas will make the
assimilation of later ideas much more difficult, perhappossible. A learner who has
developed a schema for the ulite angle identity shouldealise that O Egl—

¢i QAFO without reverting to  the double  angle identity

sin(A+ B) =sin AcosB +sinBcosA.

Sfard (1991) pointed out that conceptan be conceived in two fundamentally different

ways: as processes (operatadly) or objects (structurally). IAPOS,theory action and

process can be regarded as operational conceptions, while object and schema are
structuralconceptions Sf ard (1995) wused the term fAreifi
turning computationaloperations (processes) into permanent objectk e entities
(objects). The development of mathematics often proceeds by taking processes as

operators and then turning them into objects. Examples of processes as operators are
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counting, calculating using armula (for example, using the term "¢ of a
sequence to generate successive terms) and differentiating; while examples of resulting

objects are numbers, algebraic expressions (for example; thggeneral) term of a

sequence) and the dirderivative(—) or "Q @ of a function. Therefore reification,

which refers to a transition from an operational to a structural mode of thinking, is a basic
phenomenon in the formation of a mathematical concept since it brings the gdnc A .
into existence and ther eb\Lidcheogki2994sp.5d)ur und.
Both operational (procedural) and structural thinking are important in mathematics since

both contribute to the hierarchical structure of algebra, which is tse@present

mathematical concepts symbolically.

Tall (2004) introducethe idea of three worlds of mathematics, the embodied, symbolic

and formal. The worlds describe a hierarchy of qualitatively different ways of thinking

that individuals develop as nesonceptions are compressed iotcepts that are more

thinkable The embodied world, containing embodied objects, is where we think about

the things around wus in the physical wor |
perceptions of realorld objects,but also our internal conceptions that involveud

spatial imagery (Tall, 2004, p. 30). The symbolic world is the world of procepts, where

actions, processes and their corresponding objects are realizedsyarublised.

According to Tall, Thomas, DavisGray and Simpson (2000) tHermal world of

thinking comprises defined objects, presented in terms of their properties, with new

properties deduced from objects by formal proof.

APOStheory is similar to the concephage thatTall and Vinner (1981) intrduce in
AConcept i mage and c oncdaewth padceldrirefierence ton i n
limits and continuity.The development of a schema occurs during a process called
reflective abstraction (Arnon, Cottrig Dubinsky, 2013).Reflective abstractionsia

concept introduced bipiaget (1978)o describe the construction of logiomathematical
structures by an individual during the course of cognitive developriRéet (1978)

made two important observationg=irstly, that reflective abstraction has ndsolute
beginning but is present at the very earliest ages in the coordination of semstor
structures Riaget& Beth 1966, pp. 20&208) Secondly that it continuesup through
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higher mathematics to the extent that the entire history of the deveibpoie
mathematics from antiquity to the present day may be considered as an example of the
process of reflective abstraction (Piaget, 1985). This process utilizes two mechanisms:
projection unto a higher level of abstraction and reflection aimedcanstuction and
reorganigtion into larger systems. The process of reflective abstraction is the means by
which concepts can evolve from actions to processes to objects and finally into schemes.
These processes are termeexteriorisation encapsulation and sematization,

respectively.
Interiorisation

Transformation of an action is the process by which a physical series of actions can be
performed in the mind without the need to be prompted or having to perform every
learnerstep.For example,@  p hcanbe dme mentally withoutounting pebbles.

Once achieved, it can be said that a given action has been interiorized into a process. For
an action to be interiorized into a process it must be repeated dedrinereflects upon

it. When thelearneris able todescribe, or reflect upon, the steps of the transformation
wholly in her/his mindusing abstract symbols withoattually performing those steps

we conclude that thactions have been interiorized into a process.
Encapsulation

Whenalearnerbecomes awaref the process as a totality and can apply actions to it, the
process is encapsulated and an object is construtkes, a mathematical process is
encapsulated when the given mathematical concept eXisteactlywithout the need to
perform any specifiactions or steps. At thstagethe concept gainsvariantproperties.

Once this is achieved, the concept can be transformed and new actions can be learned
using the encapsulated mathematics process, sa@v to be at the object level. For

example, a larner knows how to find the derivative-J or "Q @ of a functionQw , use

it to find turning points, to determine concavity, points of inflection dhderivatives.
Schematisation

Schematisatioms the process by which multiple objects, processes, and actionsaform
coherat body, called a schemahere concepts can be manipulated and related to one
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another.Schematisatiommplies the possibility of thinking of a schema as a whole, to act

on it or make transformations on it and study its properties. It also involves 8ibilggs

to dissect, break down, examine its parts, and reassemble it as a @dmalie@, Llinares

and Sanchekatamoros (2011) characterized the derivative schema is in terms of the
learner ability to explicitly trierasdfitefirstt he r
derivative to the derivative function and the second derivative.

Desigring and implementinginstruction according to APOS

The design of instruction based APOS isbased on the assumption that learning is a
nontlinear processAPOS theassts claim learners gain partial knowledge and repeatedly

return to this knowledge in an attempt to organise their knowledge strud@beckearner

first develops partial understanding, repeatedly returns to the same idea, and periodically
summarizes andkries to pull the ideas together. APOS theory assumes moreover that
learning is fundamentally dependent on cognitive conflicts whose overcoming requires a
Areequi |l i brationd of previously devel oped me
conficts mmy ari se when t Hhrastideas & otheesr Therefoie,dreaa s ¢ o n
classroom basedn APOS theory, learners are usually organized into groups where they

can work cooperatively and are encouraged to reflect on procedures that they perform.

This is intended todrive the learners into an environment where their mental
constructions can disequilibrate, or start
The effort to overcome those contradictions may lead to the formation of new mental
constructims. According toDubinsky(2010),APOSth e or y6s appl i cati on t
learning is based on two assumptiomsthematical knowledgend learning.

Implications of the assumptions

One of the implications of the assumptions made above is that a leamstgpossess the
appropriate mental structures to make sense of a given mathematical concept and its
symbolc structure. Maharaj (20B) also studied learner$ ment al structu
understanding the limit process and found that measnerdack mental stratures at the

process, object and schertevels. Themental structures refer to the likely actions,
processes, objects and schema required to learn the concept. The theory requires teaching

and learning to be structured in such a way that before a givéremmatical concept is
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taught or learnt the likely mental structures needed to support understanding should be
detected, and then suitable learning activities should be designed to support the
construction of those mental structur@fwus, the assumptionsmiply the selection of

teachingstrategies that help learners to build appropriate mental structures, and guiding

them to apply these structures to constnaéwunderstanding of mathematical concepts.

Instructional approads sutable for APOS theory reques teachers tstart with a
breakdownof the topic or concephto simpler concepts which are combined to give the
overall picture. Theaeachershouldanticipate a set of mental constructions that learners
might form as they begin to explore the conceptss provides an initial theoretical
perspective used to guide instruction. The theory proposes that teachers begin instruction
by giving explicit directions, enabling learners to carry out routine procedures. Repeating
these actions, coupled witkeacherguided questioning and cueing strategies that
encourage reflection provides a framework for the development of an action conception
of the concept. At this level, teachers will in fact givilegrnerstools to think with.

When leaners no longer needtenal cuesto manipulatemathematical symbolghey

begin to realise that symbolic notation is related to the concept, interiorize these actions

to form processes which in turn form concept images.
APOS and mathematicalapresentation

Representation is arsgential tool for expressing mathematical concepts and thoughts
when learning mathematics Representations and symbol systems are fundamental to
mathematics as a discipline since mathematics is "inherently representational in its
intentions and methods"(lgat, 1989, p. 169). Panasuk (2010) éeepresentation as an
attribute of mathematical concepts, which are defined by three variables: (i) the situation
that makes the concept useful and meaningful, (ii) the operation that can be used to deal
with the sitation, (iii) and the set of symbolic, linguistic and graphic representation that
can be used to represent situations and procedtiedzert and Carpenter (1992) propose

a frameworkfor understanding based on ttenstructivistperspective thaghed light on

how mathematicsunderstanding occursRepresentationsare essential elementsor
supporting learners' understanding of mathematical concepts and relationships; in
communicating mathematical approaches, arguments, and understandings to one's self

and o others (Clement, 2004hliebert and Carpenter (199@jJake a distinction between
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the external and internal representation of mathematical ideas, pointing out that, to think
and communicate mathematical ideas, learners teaepresent them in some way.
External representation refers to observable symbols, figures and tables, models, and
images(Adu-Gyamfi & Bossé, 2014)Communication requires that the representations

be external, taking the form of spoken language, written symbols, drawings or concrete
objects. Internal representation refers to the mental images constructed by a learner.

Learners can use external representation to produce an internal representation of
mathematical concepts. When the various changes in the internal representation of a
mathematical concept and the functional relationships among these changes can be
developed, we can say that this concept has been le@apdt, 1987).Goldin (2001)

identifiesfive different formsof internalrepresentation system@) verbal/syntactic(b)

imagistig (c) formal notational(d) strategic and heuristic, afe)) affective. According to

Goldin (2001)t he st udy coockption ana understanding of a concept should
focus on studying | ear n é&addaesbyimnpteng lpaansd r epr e ¢
interaction with, discourse about, or production of external representaliaaosncept is

learned when a variety of appropriate internal representations have been developed with

functioning relationships among them

External and inter systems of representation and their interaction are essential to
mathematics teaching and learniigp(din & Shteingold 2001). Internal representations
are usually associated with mental images individuals create in their minds. Bruner
(1966) proposedo distinguish three differeninodes of mental representatiortbe
sensorymotor (physical action upon objects), the iconic (creating mental images) and the
symbolic (mathematical language and symboAnasuk (2010) posits that internal
representationsi an attribute of higlorder human cognitive processes; it involves
abstraction to represent the entity of the object of communicatiesgmbols Pape and
Tchoshaov (2001) described mathematicapresentation as an internal abstraction of
mathematicaldeas or cognitivechemata thahe learner constructs to establish internal
mental network or representational systdiebert and Carpenter (1992)hus, one can

assert that internal representation and abstraction are closely related mental constructs.

External representationsrea associated with th&nowledge and structuref the

environment, physical symbols, objects, or ighensions as well agxternal rules,
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constraints, or relations embedded in physical configurafidhssla, Sethi and Damiani,

2013. Goldin and Shteingold (2001) suggested that an external representation "is
typically a sign or a configuration or si g
representation casymbolises o met hi ng ot her Mostloathe extarnale | f 0 (|
represntations in mathematics (for exampsegns of operations, symbols or composition

of signs and symbols used to represent certain relationships) are conventional; they are
objectively determiad, defined anéccepted. Irdistinguishing internal representats

and external representations, Kaput (1999) used the term "fusion" to emphasize the
actions surroundelly the experience of internalg the external representation. Through

classroom discourse and various experiences, teachers facilitate intelzetioeen

external representations and the learners' internal representation systems and assist the
learners in the process of building into their internal mental structure the images of the
external representations (Goldind Shteingold2001, p.2)For instance, to introduce the

notion of multiplication, the teacher gives certaieamings and interpretations to the

multiplicationsymbol(c) as an external representation (external abstraction) that replaces

repeated addition symbolfof exampléd+4+4=43 3),

Becauseof interaction of "learners' persorafmbolisationconstructs” with the external
representation (Goldi& Shteirgold, 2001, p. 2), multiplicatiosign, learners build into

their mental structure the image of the operatiormottiplication thatbecomes their
internal representationGoldin and Shteingold (2001) stress that learners' internal
representations are affted by their visual imagery, natural language, problem solving
abilities and their attitude toward mathematibtathematical relationships, principles,

and ideas can be expressed in multiple representations including visual representations
(i.e. diagramspictures, or graphs), verbal representations (written and spoken language)
and symbolic representations (numbers, letters). Each type of representation articulates

different meanings of mathemnzal concepts.

According to Goldin (1998) representation gyss are proposed to develop through three
stages, so that first, new signs are takesytaboliseaspects of a previously established

system of representation. Then the structure ohéve representation system develops in
the old system and finally theew system becomes autonomoukherefore, a

mathematical concept can be represented in multiple ways. Different forms of
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representation can be used to express or build the same concept, and each representation
has advantages that make it superior to otlgresentations. In discussing these
advantages, Tall2004) felt that graphicakepresentations providgualitative and
comprehensive insight, quantitative results, and symbols provide a powerful capacity for
manipulation. APOSnd representation theorialow researchers to examine the same
phenomenon from two different but complementary viewpoints. In APOS theory, by
using actions or processes of representation to describe the theory, reflection on actions
can produce meaningful viewpoints or propertieausing the actions to become
internalized as processes. By integrating representation thkergesearcheran clarify

the role of these actions by emphasizing the necessity of distinct viewpoints or properties.
APOS theory can be used to describeridationship between two objects in the same

schema, or the relationships among objects, processes, or actions with different

representationg=or example, symbolicepresentatias of a cubic functiomre y = x* or

"Q @ . The symbdi of its derived fundbns are% =3x?or f(X)=3x%.
X

2.5.4 The Procept Theory

Another theoreticaframeworkadopted inthis studyis ProceptTheory. The proponents

of this theory are Gray and Tall (1994roceptrefers to thedual nature of mathemaal
symbols both as a process (such as addition) and as a c@theeguim)(Tall, 1992).The

notion of procept helps to explain the dual nature of mathematical symbols. The procept
theoryenables us to think about different kinds of encapsulation iardiit contexts and

to see how learners face cognitive difficulties related to symbolism (Tall, 1895).
includes different symbols and different processes that give rise to the same mental object
in the mind of learnerThis phenomenon of the duality aachbiguity of mathematical
notation perceived as procedure and concept hasgrepased by Gray and Tall (1991

as an explanation of an underlying causeleafrners success or lack of success in
mathematics. This theory postulates a duality between acpss and a concept in
mathematics. One way in which this duality becomes apparent is that a single symbol is
often used to represent both a process (such as the addition of two numkers and

the sum of that process (the sofip 9§y which is the object
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Gray and Tall (1994) described this dual
to define procept, they introduced the term elementary procept. It consiss of
amalgamation othree components: processthat produces a mathematiaabject (or
concept) and aymbolthat represents either the process or the object (& Esll, 1994).

The processes often begin as diggstep procedures that are slowlgutinized into
processes that can be thought of as a whole without needing to carry the3yrobols

allow the mind to pivot between the procedure and process on one hand and the mental
concept on the otheA proceptconceives symbols flexibligoth as processes to do and
concepts to think about. This flexibility allows more powerful mentalimdations and
reflectiors to build new theories.

The Procepttheory suggests that there is a #ioear progressive and recursive
relationship between signifier (symbol) and signified (object) in constructing and
communicating a mathematical object. spmbol that evokes a process or prodisct
called aprocept Such a symbol stands dually for botpracess and aorcept It gives

great flexibility in mathematics. This flexibility makes matters particularly difficult for
the learner. Learners who impligi sense the flexible power of symbolissucceed in
understanding mathematical concepts, while those who do not, are likely to fail. In a
sense, if a symbol is used as a signifier to refersignified, that is, procept, a successful
learner should bebde toseeprocess acting on an input to produce an output as concept.
Moreover, later on, the learnean perform actions/transformations on the signified they

(%)

alreadyperceived. The symbaoD, in DX§2x2 +%x4 - 3H represents botla procesof

differentiating a functiorand derivative of the function.

According to Gray and Tall (2001) the concept acquisition can start by an action
performed on an object, but also by making a perception of an object. Gray and Tall
(2001) call this knd of perceived objects embodied objects. The embodied objects are
mental constructs of perceived reality, and through reflection and discourse they can

become more abstract constructs, which do not anymore refer to specific objects in the

na

real world (Grg & Tall 2001). Hencdearnebs conception can start

perceptual or from symbolic representations, and it is important to connect these
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representationsTable 21 below summarises some of the symbolic expressions or

phrases thatepresent bin mathematical processes and objects.

Table 2-1: Procepttheory- processes and objects

Expression Process Concept/Object
v O Addition sum
LU WO Multiplication product
oft Division Fraction/ ratio
T Adding four Positive number

addingo to the product of

. Algebraic expression
v andw 9 P

“ approximating' Infinite fraction

The flexible use of a symbolism as either processconcep causesconceptual
difficulties for learners.In the minds of successfuhathematiciansa symbol evokes

either process or concept, whichever is appropriate, and this is done so subconsciously
that we may be unaware that it is happening. In algebra.elsawho view symbols as
procedures to be carried out are le&sli to understandhe meaning of mathematical
conceptgOksuz, 2007).
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Spectrum of outcomes

e o — — ——

procedural proceptual

To DO : To THINK
@ routine about
[ mathematics 3 mathematics
accurately 2 : symbolically
Procept

Progress

Process{es)

/ Procedure(s)

Process
Procedure(s)

Procedure

Sophistication

Figure 2-2: Procepttheory (Adaptedrom Tall, 1999

An actionbased larning process begins by making some actions on the objects. At first,

a sequence of actions, a procedure, is performed by using-lyss&gp algorithm. After
severakepetitionsthe procedure is automatized, and a learner is able to see it as an entity

so that he/she can consider it without referring to the single steps. Then the process is
encapsulated as a mental object. This stage is similar to the APOS theory (Duébinsky

Mc Donal d, 2001) and Sheayr tdabdsescriljedti®e dghiver ei f i c a

development of processes into objects.

Sfard (1991) pointed outhat mathematicsconcepts could be conceived in two
fundament al ways: structurally and operatio
and Aprocess. 0 She ddaptonsiintthg toliowitgevdy: Thdreisae t wo
deep ontological gap between openasib and structural conceptionsSeeing a

mathematical entity as an object means being capable of refarrings if it was a real

thing, a static structure, existing somewhan space and time. It also means being able to
reorganize the idea fat a gwvatmotgang mtad t o m
details.In contrast, interpreting a notion as a process implies regarding it as a potential

rather than actual entity, hich comes into existence upon request in a sequence of

actions. Thus, whereas the structural conception is static, instantaneous, and integrative,
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the operational is dyamic, sequential, and detail@al 4). In another article, Sfard and
Linchevski (1994)maintained thakearnerseed toswitchfrom process to object in order

to understand concept3hey specified three stages in the transitidgmteriorisation
condensation, and reification. Therefore,
starti ngly consistent with Chids (2002, 2005)
consistent with Piagetods t heor&Kinpel20d)y ef | ect
whi ch has apsogectipntplaaseanswhichithe actions at one level imecthe

objects of reflection at the next and a reflection phase in whiclo@aisationtakes

place (p. 313).
2.6 Justification for combining frameworks

The procept notion has strong links with APOS theory, but there are significant
differences.Procept andAPOS theories that seek to expldiow learnerdearn new
mathematics contenThey are all frameworks of conceptual growth. Telication of

the twotheoriesis that learners play an active role in their own learning and action is
required on their parto develop a deep level of mathematical understanding. Learners

who do not see an object as more than a procedure may well be good at performing
computations and succeed in the short term but in the long term they may lack the
flexibility that will give greater succesBrecise definitions of mathematical cepts that

are given in claspresentationgocus on the object at the experdethe inner process.

This prevents a larger number of learners, who do not sense the flexible power of
symbolism from soceeding in mathematicespi te the fact t hat [
theory refers to |Tahr (e erds) atesaboutnbthematicalws an
thinking, the theories seem to blend naturally together. Such a framework #tews
researcheto evaluda e | earnersd conceptual under stand
observe the way learners learn. Furthermore, it was designed to help teachers and
instructors to cover a spectrum of representations in the classroom in such a way that

teaching based onwtould help learners build symbolic knowledge

On the other handymbol sense and algebraigsight framework also blend well since
algebraic insight is embedded in symbehse.Algebraic Insight is the componeot
symbol £nse that helpm solving algebraically formulatednathematicaproblems.The

first five dtributeso f sy mb ol sense appl yAlgelraictingight 6 s ol v
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model (Pierceand Stacy2001). Algebraic insight ia specific symbol sense needed at

the solving stageAlgebraic expectation focuses on the applicatioratgfebraic insight

within the symbolic representation of mathematics while ability to link representations
deal s wi t h t he |l earnersdé ability to mo v e

representations and gtapal or numeric representations.

Al gebraic insight framework addresses ways
understanding when solving mathematical problems (PieSceStacey, 2001

Incorporating this framework and aspectsymbol sense atldévels of problem solving
assists i n t he t ask of i denti fyieffegt | ear ne
relationshipsl n anal ysing | earnersd execution of t1I
signs of recognition of conventions and properti@sdentify some of the aspects of

symbol sense, Il ncluding | earnersd understan

of operations.

Procept and APOS frameworks are cognitive oriented frameworks that provide useful

tool s for mod el tual grogith nd explairethie svay learoensdearp new
conceptsAPOS is applicable asatdolo qu e st i Whaspedagogidadtrategies

can help learners in the mental construction of arpt i cul ar concept?0o0
mathematical concept is best learnkd involvesan action conception of the concept, a

process conception of the concept. A learner with an object conception can think about,

name and manipulate an object without necessarily focusing on hofeiitmed. On the

other hand, a learner with aprocess conception can thirdbout problersolving

procedures and solution processes with little emphasis on what the oldectiss kind

of learner the process isnore important than the product.

The four theoretical frameworks have representa®a common featur&aput (2000)
describes a representation as some kind of relationship between a symbol and its referent.
According to Goldin (1998) representation systems are proposed to develop through three
stages, so that first, new signs are taleeaymbolize aspects of a previously established
system of representation. Then the structure of the new representation system develops in
the old system and finally the new system becomes autonorfibus, in order to
interact with concept, solve a profrleto act on an object, or experience a process, it

must be cognitively represented in some way to facilitate meanakgng.Each of these
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theoretical positions makes an important contribution the understanding of
mathematical symbolisation and its tioution to mathematics teaching alehrning.

The composite conceptual framework is shown in Fige@do&low:

Symbol Sense Mathematical

N

Algebraiz Insight

Problemsolving

Mathematical Representation & Algebraic Reasoning

(Symbols, graphs, tables, numbers, algebra)

I Conceptual Understanding I

Figure 2-3: Theoretical Framework: Quadrilateral Frame of Theory
2.7 Summary

This chaptehas discussed literature on pasirk that has been conducted to examine the

nature of challenges that learners experience in trying to understand various mathematical
concepts through their symbols. The review reveals significant extant literature on the
specifics of the topic of investigation for this reseatdteratureon | ear ner s6 ex p.
with mathemati cal symbolism appeared abund:
learning experiences and difficulties with mathematical symbolism. Stardes focused

on mathematical symbolism itself to study
as mathematical objects and modifying their interpretations of symiSt&cey &

Macgregor, 1997)Some investigatedhow meaning for symbolsould be @veloped

130



(Kieran, 1981 and some studied how mathematical symbols are used to delegate some
mathematical operations to the external environment (De &Me Smedt, 2013)0ther
studies investigated how learners draw meaning of symbols from inside ofntibels

systems (Hiebe& Carpenter, 1992).

Current researches focus on symbolisation challenges specific to certain topics such as
translating word problems to algebraic statements (Silver, 2013; Reynders, 2014),
functions (Chirume, 2012), derivative§Zweng, 2012. This study contributes to this
debate by looking at the symbolisation challenges experienced by secondary school
learners inthe South African FET band when interpreting mathematical concepts and
problem solving. Furthermore, the studwesticates into the instructional strategies
teachers can us® mitigate tle effects of symbolic obstacleEour (4) conceptual
frameworkswere condensed into quadrilateral frame of theories that seagelens for
focusingand guidinghis study. Thenext chaterdiscusseshe methodshat were used to

conduct this study.
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CHAPTER BESEARCH METHODOLOGY

This chapterdiscussesthe researchmethodology and design, including sampling,
population, establishing rigour during and after data collection, etroosiderations and

data analysis. The chapter explains how the research was conducted. A number of
measures were taken to ensure that quality data is collected. Ethical considerations and

trustworthiness are also discussed.

3.1 Research questions

The selectiorof the methodology for collecting and analysing data was guided by the

following research questions:

a) What challenges do secondary school learners encounter when interpreting and
using mathematical symbols to understand mathematical concepts and problem
solving procedures?

b) What instructional strategies can mathematics teachers use to mitigate the effects

of symbolic obstacles?

3.2 Research Methodology

Methodology encompasses concepts such as research paradigms, theoretical models and
guantitative or qualitatie technigues. Burns and Grove (2003) describe methodology as
the means or methods of conducting research, which includes the design, setting, sample,
methodological imitations, and the data collection and analysis techniques in a study.
According to Hollavay (2005), methodology means a framework of theories and
principles on which methods and procedures are based. In this study, methodology
describes how the research was conducted, what data was collected and how it was

analysed.

A mixed methodsapproachwas utilised in this study. Mixed methods research refers to
guantitative and qualitative procedures of collecting and analysing data in the study
(Creswell, 2013) Creswell and Plan€lark (2007) define mixed methods as a

methodology that involves the éattion and analysis of qualitative and quantitative data
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in a single study or series of studies. The main reason for mixing the two research
approaches is to obtain better understanding of research problems that either approach
cannot achieve alone. Thaugdy focused on exploring and describing the experiences of
learners as they struggle with the symbolic barrier to understanding mathematical

concepts therefore the research approach was dominantly qualitative.

3.2.1 Research paradigm

This studyis guided bya onstructivist paradigmCreswell and Plan€lark (2007)
defined a paradigm as a worldvietv paradigm is an interpretative framework, which is
guided by a set of beliefs and feelings about the world and how it should be understood
and studied (Lincoln & Goa, 2000. Constructivism as a paradigm posits that learning is

an active, constructive process. The learner is an information constrlictogoak of
constructivist research aumderstanding and structuring, as opposed to prediclius.

study explord and described the experiences of FET band learners as they integrate the
symbolism in mathematical conceptShe conception of mathematical symbols is
constructed through the APOS, Symbol sense, and Procept and Algebraic Insight
theories. Different typesf data have to be used to construct a complete picture of
mathematical symbols.

3.2.2 Qualitative Approach

The dominant research approach for this study is qualitative, since the natural setting is
the direct source of the ddfferaenkel & Wallen, 2003 Forthis study, data was collected

from the participants in their natural setting without controlling any aspect of the research
situation. Qualitative methodology is interactive and interpretive. In the interaction
between the researcher and participantsytees e ar cher di scovers t
and interprets it (De Vos, 2002). This study intended to find out challenges and
difficulties learners encounter when dealing with mathematical symbols to develop
concepts in the teaching and learning procé&hks.first researchquestion for this study

was best answered through a qualitative paradigm. This design allows-@e&ptim

he

understanding of | earnersdé <challenges abou

exploring the factors that affect them in learnimigebra. In this study, a qualitative

method explored and described the challenges teachers and learners encounter when
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dealing with mathematical symbols,e ar ner s6 i nterpretation of
instructional strategies to reduce symbolic abl&s.

3.2.3 Quantitative Approach

Quantitative approach measures and analyses the causal relationships between variables.
In order to eliminate the weaknesses and limitations of qualitative and quantitative
approaches, Laxman (2015) suggests combining themmixed methods design. The

main weakness of the quantitative paradigm is that the researcher is inseparable from the
object of observation (Kur& Sulaiman, 2012)On the otherhand, the qualitative
research does not generate predictive models that geret@llarger populationg.he
guantitative paradigm tes#sd validates existing theorigeneralising research findings
(Johnson& Onwuegbuzie, 2004 hus, the strengths of both paradigms were combined

to offset their mutual limitations.

3.3 Research Desig

Research design is the overall plan for obtaining answers to the research questions (Polit
& Beck, 2004). It is a plan of action that links the philosophical assumptions to specific
methods (Creswell, 2013)he research design for this study is in tewels:the logic of

the research and at another level, the research design reflects on the purpose of the

inquiry, which in this case, is both exploratory and descriptive.

Exploratory research examines a theoretical idea. The researcher has an ide&satad se
understand more about it This study was i
|l earnersd6 use and mani pul ation of mat hemat
meanings or concepts they represent. The exploratory research lays the groundwork

future studies on the idea. What is being observed might also be explained by a currently
existing theory. Exploratory research identifies the boundaries of the environment in

which the problems, opportunities or situations of interest are likelside and to elicit

the salient factors or variables that might be found there and be of relevance to the

research.

On one hand, a descriptive research design provides an accurate and valid representation

of the variables that are pertinent and relevarthe research question (van Wyk, 2012).
134



Methods, on the other hand, refer to specific techniques that are used for data collection
and analysis (Creswell, 2003). Kumar (2010) viewed it as a blueprint of how a research
study is conducted. It operationa&ss variables so that they can be measured from a
sampleand analysis of the data therefrom. This procedure must be carefully adapted by
the researcher to answer questions validly, objectively, accurately and economically.
Thus, the research design mininszde chances of drawing incorrect causal inferences

from data.

3.3.1 Descriptive Research Design

A descriptive research design was used for the quantitative data collected using the
guestionnaire survey. Quantitative research designs emphasise objectiveemeatsiof
data (Babbie, 2010) . The study described t
mathematical symbols and their use in conceptual understanding. The dependent or
criterion variable is a phenomenon that one is attempting to explain or predibts I

study, the phenomena of interestover the difficulties that learners and teachers
experience due to mathematical symbolisation. Since this study iexpanimental,

there are no independent variables that can be manipulated to explain or peedict th
dependent variable. However, extraneous variables such as demographics of participants
need to be controlled in order to obtain meaningful results. Hence, variables such as
grade, gender, social economic status, age, home language, geographical tfcation
participants and ethnicity were considered to see the extent to which they influence

| earnersdé understanding of mathematical syml

3.3.2 Phenomenological research Design

A phenomenological research study attempts to understand people's perceptions,
perspetives and understandings of a phenomenon (McConnell, Chagmirancis,

2009). The aim of phenomenological study is to obtain descriptions of experiences from
learners who experience problemish mathematicafymbols The aim of the research is

to descibe the phenomenow f | e aymbot sepsg@ as agately as possible.
Similarly, Sterley (2014) believes that phenomenologists seek to understanding
phenomena from the perspectives of the participants. From these descriptions, themes,
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typologies emerge.t linvolves interpreting the original descriptions of symbols using
reflective analysis and interpretation of

data collection are audi@cordeeconversations.

A phenomenological methodology was also utilisedthis study. Interviews were
designed to build a description of t he paé
fundamental assumption made is that the important reality is what people percebe it to
(Alibakhshi, 2015) This perception builds a degert i on of a | earneros
mathematical symbols that build mathematical concepts. Thus, the phenomenological

interview is a technique ideally suited for data collection in this study.

Intuiting

This process involves thinking through the data iteorto obtain a comprehensive and
accurate interpretation of what participants mean in a particular descripgech &
Onwuegbuzie, 2007)In order to achieve this, the researcher remains open to the
meanings and issues raised by participants in terntkeotlifficulties they experience

with mathematical symbolisation. Intuition leads to a common understanding about the
phenomenon that is being studied. It also requires that the researcher creatively analyses
the data until such a common understandingrgase The researcher must be totally
immersed in the study of the phenomenon.

Analysing

Analysing involves listening to, comparing and contrasting descriptiohs | ear ner s
conceptions of mathematicgymbok in to identify the essence of the phenomenodeu
investigation. Analysis seeks to make sense of the essential meanings of the phenomenon.

Common themes emerge as the researcher works with the descriptive data.

Bracketing

Bracketing is a qualitative research technique that suspends assumptions and

pr esuppositions about any knowl edge of | ea
teachersé approaches to symbolisation to |

the participants (Tuffor& Newton, 2010). Bracketing improves rigour and redusas
in research. In this exploration, the researcher suspends his assumptions and
preconceptions especially during data analysis. As recommendeasisilan (2010), the

researcher remained neutral with respect to belief or disbelief in the existerfoe of t
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phenomenon. The researcher first identified

symbolisation. Researcher al so had to susp
chall enges, to allow the trustworthy HAtrut hc
Describing

This is the in a | step in which the researcher desc!
phenomenon. The researcher avoided prematur
common methodol ogi cal err or 2009. Intthisistaidy,t y pe o
phenomendagical describing involved classifying all critical elements common to

| earnersod6 challenges in understanding mat her
6Memoingd was also wused in this study. Thi

impressions and thoughts of the researdmehe course of collecting and reflecting on

the process Groenewald (2004). The researcher complied field notes of what participants
were raising during the datmllection process and reflected on the data analysis. As
recommendetby Ejimabo (2015) theesearcher kept updated memos and later correlates
them with the data.

In view of the issues discussed above, phenomenology was considered the best method

and approach to address the qualitative part of the study.

3.3.3 Reflective analysis

Reflexivity is an agect of a phenomenological research in which researcher assumes the

roles of a researcher and the participant at the same(Emiay, 2012).Researchers
continuously reflect on their own preconcei
researcher andeflecting on how it will influencehe data collectedin this study, the

researcher maintained as selbnitoring stance in order to prevent bias and increase
objectivity of the study. As recommended ®bjolloway and Wheeler (2002) the

researcher contirmusly reflected on his own feelings, actions and conflicts during the

research so that they do not affect the credibility of the study.

3.3.4 Mixed Method Approach

Rich and Brown (2014) defined mixed method

collects, analges, mixes, and draws inferences from both quantitative and qualitative
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data in a single study. Creswetlal( 2006 : 5) & e mathodology,tit ineolves i
philosophical assumptions that guide the direction of the collection and analysis of data

aod the mixture of qualitative and quantita
researcher selected this approach on the basis that the combined use of quantitative and
gualitative approaches provides a better understanding of research probleraghiran

approach alone. Integrating methodological approaches strengthens the research design,

as the strength of one approach offsets the weakness of the other (C&dWaiic

Clark, 201). The other practical benefit of using a mixed method researdeiiwed

from Baran and Jones (2016) who reveal that it encourages interdisciplinary collaboration

and use of multiple paradigms in a research.

Although there are egoing debates about whether MMR is a research design or
methodology, this study takes a mdle ground. MMR is a research design with
philosophical assumptions as well as quantitative and qualitative metWdsisn (2016)
describes mixed methods as a research methodology in which data is collected, analysed,
and inferences drawn from both qutattve and qualitative data in a studQualitative

and quantitative designs, methods, data collection and analysis techniques were utilised to
provide data that was later mixed to provide a big picture of the findings of this study.
The choice of a mix@ method approach was derived from the nature of research

guestions and the kind of instruments used to solicit ttee da

The first research questidor this study seeks to explore the challenges that learners
encounter when interpreting and using matateal symbols to understand mathematical
concepts and problem solving procedures. The second research question is based on
instructional strategies that mathematics teachers can use to reduce the effects of
mathematical symbolisation obstacles. To addtbese research questions a survey
guestionnaire consisting of closed and epaded questions was used. Quantitative data
analysis methods were used to summarise data in the form of descriptive statisties. Open
ended questions were analysed by drawingstadf broad categories that were later
gualitatively researched using focus group interviews. Thus, the study utilised qualitative
research to gain access to participants®o

research allow researcher to makeistiatl inferences about the phenomenon.
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3.3.5 Mixed method designs

There are many mixed methods designs in literature, each emphasising different
dimensions. However, all of them share two common basic dimensions: timing of the
integration andpurpose of integtion (Guest, Namey® Mitchell, 2013. Timing of
integration refers to the stage at which qualitative and quantitative data sets are used. The
purpose of integrating both methods is to overcome weaknesses in using one method with

the strengths of another.

Morse (1991) describes simultaneous and sequential mixed designs: In simultaneous
triangulation, qualitative and quantitative methods are used simultaneously but there is
limited interaction between the two sources of data during the data collectien atag

the findings (at the data interpretation stage) complement one another. Triangulation
combines methodologies in the study of the same phenomenon to decrease the bias
inherent in using a particular method (Morse, 1991). In the sequential desidarrara

data, either the qualitative or quantitative, is collected before the other. When the results
of one approach are necessary for planning the next method, sequential triangulation is
utilized. Quantitative data can support qualitative research aoenp® by explaining the
emerging phenomenon and the reverse is true for qualitative data illuminating

guantitative components by development of the conceptual model.

The design for this study is a sequential mixed design. Data were collected in two phases
First, data were collected using a questionnaire consisting of closed anenuszh
guestions Quantitativestatistical methodsvere used t@nalysethe closed questions to
determine which findings to explore further and augment in the next phse.
researcher reviewed and analysed the survey results and tailored the subsedpght in
interview instrument to followup on significant responses. Participants were purposively
selected based on the issues they raised in the-emukd questions. Predicto
importance values were utilised to inform and select questionnaire items that needed
further investigation using focus group interviews. Secondly, questionnaire number codes
were used to select -thepth interview participants. The subsequentiepth, smei-

structured interview schedule consisted of questions intended to explore particularly
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interesting survey responses. Figurd delow shows the detailed summary of the

sequential expl@atory design used in this study.

4 )

Quantitative Qualitative Data
Data Collection Collection
n=565, Survey Pheromenology
Questionnaire design
(Closed and In-depth Focus
openended group interviews
\mlpgfinng\ )
[ Mixing \
Mixing
Purposefully
selecting Integrating
e ~N participants based - and
Quantitative on typical response: interpreting
Data Analysis and importance Quantl(';atlve
SPSS predictor variables an
I(:reque)ncies, \ / Qualitative
cluster
Analysis N/
ANOVA, T- 4 Qualitative Data )
test,_Nodes, Analysis
I\/lledloql Inductive Analysis
\C ustering Y, Coding
Typologies/Categories
Thematic Analysis

\ Themes j

Figure 3-1: Sequential explanatory design{Adapted from Creswed Garrett, 2009

3.4 POPULATION AND SAMPLING

Polit and Beck (2014) define a population as the entire aggregation of units that meet a
designated set of criteria. A populationailso defined as all the individuals who have
certain characteristics and are of interest to a researcher (T&ddiie2007). Two types

of population in research are: target population and accessible population. The target
population is the total ofases thathe researcher would like to make generalisations

about (Polit& Beck, 2004). In this study, the target population consists of learners
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enrolled in Grades 10 to 12 @reaterSekhukhune and Capricorn Districts in Limpopo
Province. The reason for iolwing learners in theses grade levels was that they had
adequate exposure to a variety of mathematical symbols inscribed in their textbooks. The
research also targetd® mathematics teachers as valuable sources of data regarding the
challenges of mathertieal symbols since they are likely to observe these as they engage
learners during the teaching and learning process. The gimpulfrom which the
researcher drawtheir conclusions is the accessible population. This population is a
subset of the targgtopulation and is alsknown as the study population. tinis study,

the accesible population consists @300 Grade 1012 learners and 5L mathematics
teachers who participated in the study.

3.4.1 Eligibility criteria

Eligibility criteria specify the charactestics ofprospectivgarticipants thatake them to

be considered for inclusion in the study (Shamseer, Galipeau, T&riwher, 2013).
These characteristics must be shared by all participdrits. researcher neolled
participants with similar charactstics to ensure that the results will be due to what is
under study and not extraneous factors. In this way, the eligibility criteria helped the
researcher to achieve accurate and meaningful redutell-defined eligibility criterion
makes research puomol safe, ethical and scientifically valigHumphreys, Harris&
Weingardt, 2008)For eligibility to this study, participants had to:

A be Gradel0-12 learners enrolled in public secondary and high schools in Limpopo
Province, South Africa

A have enough expore to a variety of mathematics textbooks and are able to read,
write and verbalise mathematical symbols.

A Secondary school mathematics teachers.

3.4.2 Sampling method

This study adopted Kempeg,t r i ngfi el d and Teddiesd (2003)
sample.The sample was selected such that it could furnish sufficient data on the
phenomena being studied. Conducting a mixed method research requires the researcher to
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satisfy the requirements of the qualitative and quantitative samples. Teddlie and Yu
(2007) reérred to these requirements as representativeness and saturation. Sampling in
guantitative research aims to achieve representativeness, that is, a sample has to be so
large enough so that it reflects the true characteristics of the populatithris stug, a

sample of0 v @ learners selected from the FET phase was deemed large enough to

represent the population.

3.4.3 Multistage random sample

A multistage random sampling design was used for this skidljistage sampling refers

to survey designs in which the populationitsinare hierarchically arranged and the
sample is selected in stages corresponding to the levels of the hierarchy (Uthayakumaran
& Venkatasubramanian, 201%). multistage random sample is obtained by taking a
series of simple random samples in stadddti-stage sampling represents is a form of
cluster sampling in which large clusters are subdivided into small, more targeted
groupings for the purposes of survey(ipo, 2011).

At each stage, only units selected at the previous stage are consideresistundhihe
first-stage units were districts, the secetage units were circuits while the third stage
units were the schools, and the fourth stage involves selecting learners and teachers who
participate in the studyulti-stage sampling does not repua complete list of members

in the target population, which greatly reduces sample preparation cost. The list of
members is required only for those clusters used in the final stage. The main disadvantage
of multi-stage sampling is the same as for clustenpling: lower accuracy due to higher
sampling error.A large sample size (565 learners) waerefore selected from the
population in order to reduce sampling error. A large sample size decreases the potential
for deviations from the actual populatiobefith, 2001). A stratification protocol was
implemented by selecting 32 learners from three grade levels per school and selecting
three schools from each of the geographical locations of the participants: rural, semi

urban and urban schools.
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Sample location for the study
(Multistage Random Sampling)

!

Districts

(Sekhukhune, Waterberg, Capricorn,
Vhembe, Mopani)

{ Circuits

[ Learners H Schools H Teachers ]

Figure 3-2: The sampling process

3.4.4 The Study Sample

The sample is a subset of a population selected to participate in a researdbstigly

Hak, 2008).For the sample, three schools from three circuits were randondgtee!

from the chosen districts to participate in the study (Ban&jeéghaudhury, 2010). A

random sample of 96 learners consisting of 32 learners per grade level per school was
selected from a population of FET band learners at the selected schools. ekidttof
datacollection,565 out 0f800 questionnaires were successfully completed. This gives a

response rate of0.63% Teacher participants were purposefudblectedthey were all

teaching Grades 102. These mathematics teachers were assumed to dokepiate

knowledge of the difficulties learners experience with mathematical symbdlism.
phenomenol ogi cal study, it he pversanimcloengon di c |
even, the type of p a r tHurpdsipeasampbng is ftudlly c n e r 1
synonymous with qualitative researdh.is sometimes referred to &xpert sampling

since the researcher is looking for individuals who have particular expertise. Maxwell
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(2008) also defines purposive sampling as one in which particular sefigrgsns or

events are deliberately selected for the important information they can provide that
cannot be obtained from other choices. In this study teachers who were teaching learners
in the FET band were purposively selected as the researcher assurtteeyhbave
experienced or observed learners struggling to understand mathematical concepts due to
lack of symbol sense.

3.5 Data Collection

3.5.1 Research Instruments

In this study, questionnaires and focus group interviews were utilised because they
supplementach other and their combination boosts the validity and dependability of the
data. In the main study, quantitative data were obtained through -eloded
guestionnaires and the qualitative data through -@peled questionnaires and focus
interviews. Crswell (2011) hinted that a survey design provides a quantitative
description of a sample that can be in turn generalised to the population from which it
was drawn. The researcher found it useful to use a questionnaire since it was not possible
to observetie phenomenon directly. The researcher is not a high school teacher and this
requires a longitudinal study that can produce results after a long period of engaging
learners. Thus, the data gathered through questionnaires allow the researcher to

reconstruct ear ner s6 experience and perceptions

The items of the questionnaires were derived from research objectives and research
guestions. The questionnaire for this study consists of a mixture of eased and
openended Closedended questionnaires are more convenient because of their ease of
analysis (Selige& Shohamy, 1989) while open questions can lead to a greater level of
discovery (Gillham, 2000), because participants can express what they want to say
(Zohrabi, 2@3). Therefore, it is better that a questionnaire includes both ebysbxtl

and operended questions to complement each other.

A group-administered questionnaire was issued to participants all at one time and place.
Bee and Murdocltaton (2016) recommeerd groupadministered questionnaire because

the return rate is high, the researcher is present to explain any unclear questions and
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knows the conditions under which the questionnaires were filled. The cover letter is an
integral part of the questionnai(Be Vos, 1998)it informs the participants about the

nature of the study and the value of their participation.

3.5.2 Questionnaire for Learners

The questionnaire for learners consisted of closed and- opmehed questions. It
addressed issues related to the aege objectives. It consists of a covering letter and

three subs ect i ons. Section A focused on partici
consisted of closed questions thexploredl ear ner s 6 experiences,
obstacles, encountered when usingheatatical symbols. A-point Likert scale (1 =

strongly disagree, 2 = disagree, 3 = neutral, 4 = agree, 5 = strongly agree) was used. The
scale enabled respondents to report their experiences (Subedi, 2016). Textiast

consists ofoperrended questits that sotiited information relating to the teaching and
learning approaches that are utilised in classrooms. Reja, Manfreda, Hlebec and Vehovar
(2003) reasoned that opended questionnaireitems work to elicit responses that
individuals give spontanesly, avoiding the bias that may result from suggesting

responses to individuals.

As highlighted by Stacey (2013)perrended questions are used where the issue is

complex, relevant dimensions are not known, or where a process is being explored.
Harvey (200 ) al so recommended the use of a &édmixe
arguing that researchers should avoid a restrictive questionnaire or even one that is too

open and difficult to analyse. Bird (2009) also noted that -@peled items are used by

paticipants to elaborate on the reasons underlying their answers to thefdosaetéms.

Openended items in this questionnaire required learners to write their responses that

were used to compile a list of questions for focus group interviews.

3.5.3 Administrat ion of Questionnaires

The researcher personally administered the questionnaire to the participants at their
schools. This has a fast response, as the researcher can get the questionnaires completed
and collected quickly as compared to the postal methodrewvparticipants might
postpone responding or questionnaire are delayadhmsit Sekaran& Bougie, 2013).

The meanings of the questions were clarified to ensure that the participants were
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answering the questions in the sense that the researcher int€hdedsearcher also had

the opportunity to introduce the research topic and motivate participants to offer frank
responses. The researcher also explained the importance of the research and its
significance to them. SeHdministering the questionnairesalensured better response
rates because of the personal persuasion when researcher is present (Beu&enhorst
Kerssemakers, 2012). However, the researcher was very careful to avoid introducing bias
when explaining some of the questions to participant®agspy in rural and semirban

schools where learners had language problems.

3.5.4 Questionnaire for Mathematics teachers

The researcher prepared a perception questionfioaiteachers. Perceptiauestionnaire

asked questions concerning the feelings, thayghnowledge and opinions of
participants(Mackay, 2004) The questionnaire for teachers was designed to obtain

i nformati on about teacherséo strategies f o
symbolisation. The questionnaire for teach&sused onthoudhts and perceptions

related to mathematics education, classroom practical experiences with mathematical
symbolisation. It also attached a covering letter on the nature and value of the research.
Section A focused on part iBowapneadetup 6f opgre mogr a
ended questions that explore teachersd expe
with regard to the use of mathematical symbols when teaching mathematical concepts.

The last section solicited information about the teachinthl@arning approaches that are

utilised in classrooms. Only op@mded questions were used in this section.

3.5.5 Focus Group Interviews

I n order to seek c¢l ari fi c-andedoguestions and mar ner
overcome difficulties in interpretinge ar ner sd ment al processes,
focus group interviews that contained carefully constructed items and questions to
identify | earners6 experiences, Views, refl
group interviews were purgefully selected based on their responses to -epded
guestions.Focus group interview is a type of-depth discussion accomplished in a

group, whose meetings present characteristics defined with respect to the proposal, size,
composition, and interviewrocedures. The focus group research method generates ideas

for investigation for generating additional or information for a study (Gill, Stewart,
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Treasure& Chadwick, 2008). Focus group interviews were most suited for this study
since the objective want f urt her explore and wunderstan

mathematical symbolisation based on their responses to closed ended questions.

The researcher allowed respondents the time and scope to express their opinions about
mathematical symbolisation. Tihaerviewer could explain questions that the respondent

did not understand. Interviews also allowed the researcher to probe deeply into the
problem to uncover new clues, to open up new dimensions of a problem, or to secure
vivid, accurate and detailed accds that are based on the personal experience of the
participant (Zhou, Perera, Uded&aPaul, 2012).

An interview guide was prepared ahead of time with questions and tasks to preékent to
participants (see AppendB). At times, the interviewer allowdeparticipants to guide the
interview to a certain extent, as long as conversation remained within the realms of the
study (Kenney, 2008). Different questions were used with different participants,
depending on the details of responses and on the tygekosi-up questions needed for

a particular response. However, care was made to ensure that the discussions resonate

around the targeted areas of study.

The researcher first established rapport with the respond2mtsion and Ryan2008
reporedthat f the participants do not trust the researcher, they will not describe their true
feelings, thoughts, and intentions. Complete rapport is built over time as people get to
know and trust one another. The researcher used a digital recorder to captureaieta be

it has the advantage of preserving the entire verbal part of the interview for later analysis.

According to Harris and Brown (20103tructured questionnaires and structured
interviews are often used in mixed method studies to generate confirmegsujts
despite differences in methods of data collection, analysis and interpretation.
Questionnaires and interviews have different and complementary strengths and
weaknesses (L& Waltman, 2008)Kendall (2008) asserts thatile questionnaires can
provide evidence of patterns amongst large populations, qualitative interview data

provide more irdepth insights on participant attitudes, thoughts, and actions. Robinson
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(2011) suggested that participants actually respond differently to questionnaire and
interview prompts. Faet-face interviews tend to trigger strong affective responses

while guestionnaires permit a wide range of cognitively dispassionate responses. Thus
this research utilised the two approaches so that the weaknesses of one methoet are offs

by the other method.

Qualitative research addresses the sample size issue by saturating the information.
O'Reilly and Parke2012) described saturation as point at which all the range of ideas

and opinions about a phenomenon have been exhabDstedollection went on until no

more new information was generatdebcus group interviews went on until mew

i nformati on or t hemes emer ged from | ear ne

difficulties with mathematical symbolisation were generated.

3.6 Data Analysis

The data collected in this study was analysed using Statistical Package for Social
Sciences (SPSS) version 23. A mixed analysis strategy was used to analyse the data. The
rationale for conducting the mixed analysis was to ensure that results feoamalysis

type (qualitative) are interpreted to enhance or expand, findings derived from the other
strand (quantitative)Analysing data in a mixed research study requires the researcher to
integrate quantitative and qualitative results in a coherentnagahingful manner to

produce relible inferences (Powell et,&008).

The researcher adopted Creswell and R@ioar k (2007) 6s procedur e
analysing the quantitative data using descriptive statistics and the qualitative data using
thematic aalysis. In this study a sequential explanatory analysiguaintitativeand

qualitative analyses was conducted with the aid of cluster analysis using Statistical
Package for Social Sciences (SPSS Version 23). Quantitative data analysis involved
descriptive statistics (frequency tables, clusters, Silhouette measures) and inferential
statistics (F and ANOVA tests, correlations and tests of hypothesis). Qualitative data
analysis utilised cluster nodes generated from cluster analysis as well as interview data

from both teachers and learners to create typologies or categories of mathematical
symbolisation challenges and pedagogical strategies. Interview transcriptgicpants

6wor ds weanaysed and thamed emerge. Thematic analysis was conducted to
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identify themes and patterns of meaning across the dataset in relation to research
guestions. The process involves searching for themes among categories, reviewing

themes, defining and naming themes, and validating the themes.

3.7 Pilot study

The researcheronducted a pilot study survey to ensure that quality is maintained
throughout the studyA pilot study examining tools and processes in a research, drawing
attention to problems before the main study be(ftecomb, 2011 Pilot studies examine
study methds and data collection processes prior to a study (Leon, BaXigemer,

201]). Theresearcher awsulted peers and expertsMathematicseducationto provide
information on the appropriateness of intended instruments in order to validate the

research preesses before a major study begins.

It is important to clarify the pilot as it is used in this study. The term pilot study has two
different meanings. On one hand it refers to the feasibility studies that are "small scale
versions, or trial runs, done preparation for the major study” (Po#it Bungler, 2004

46). On the other hand, a pilot study also-f@ss research instrumerSarandakas
2012).Bless and Higsoi®mith (2000)defined pilot study as a

Aé small study conduc fresearch to determin¢ whetlzer thear g e r
met hodol ogy, sampling, the instruments and
(p.155).

This miniresearch exposes deficiencies of the measuring instruments or the procedure to
be followed in the actual projed®ilot surveysare more common in quantitative studies,
since adjustment after the beginning of fieldwork is less possible than in qualitative work
(Shanyinde, Pickering Weatherall, 2011).

The pilot survey was conducted at three selected secondary schrbals, (semurban

and rural) which were omitted in the main survey. This was done to guard against
contamination. Contaminaticarises when data from the pilot study are included in the
main study (Collins, 2010).
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The value of first piloting in this studyas essentially to prevent waste of time, energy
and moneyln this study the pilot study was conducted based on Welman and Kruger

(1999) recommendations that specifically aim to:

a) Detect possible flaws in measurement procedures such as clarifying inssuct
time limits, and wordingThe feedback from learners and teacheas helpful in
restructuring some of the question3his study utilised selflesigned
guestionnaires, therefore piloting was necessary to adgpestar and ambiguous
guestons.

b) Identify the nonverbal behaviour of participants in the study. This may give
important information about any embarrassment or discomfort that can be
experienced by participants due to the content or wording of items in the
guestionnaire.

c) lIdentify any sensitive issues that might reduce the response rate, obtain advance
warning about potential weaknesses of the prpjeclicating where research
protocols might be violatecbmpromising the quality of the findings.

d) Identify and rectify practical préédms of the research proceduradicate

whether proposed methods or instruments are inappropriate or too complicated.

3.7.1 Research Context and Setting

The study context is significant in qualitative research. The social context of the study is
viewed as a arcial and integral element of analysis. According to Savikko, Routasalo,
Tilvis and Pitkala (2010) research context refers to the environment and conditions in
which the study was conducted as well as the culture of the participants and location. The
paricipants in this study were Grade-1@ learners and mathematics teachers teaching
Grade 1612. The research was conducted in two districts in Limpopo provisresater
Sekhukhune and CapricorreaterSekhukhune is a rural district, where most of the
learners come from low social economic and poor backgrounds. A study conducted by
Fabi (2013) revealed that the state of mathematics teaching and learning in Greater
Sekhukhune District is below national standard. Some of the challenges highlighted
include techers lack the capacity to perform their mandate as instructed by the

department. District and circuits offices are dysfunctional due to lack of sabjeasbrs,
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planning monitoring. Greater Sekhukhune haso aircuits and ¢ vy & b are

underperformingHlindle, 2010).

Capricorn is rural, semurban and urbariThe dominant language is Sepedi. Schools in

this district are not well resourced. Most Limpopo schools are rural and these are
characterised by high levels of poverty and unemployment. On averagerke in

Limpopo province, perform significantly below the national average in national
matriculation examinationgHdowie, 2006. This is because of poor teacher competence in

content subjects and English language. Many teachers fail to provide appropriat
mediation for learners to develop adequate cognitive functions in their subjects
(Departmentof Educati on, 2014) . Ramokgopads (2013
teachers in these schools do not perform at the grade level they are teaching. Teachers do

not have the necessary subject content knowledge to enable them to teach the subjects in
the grades they have been assigned to teach
concern. Theperformance of the province in international studies (TIMMS, 2018) ha

shown that learners generally perform below the expected grade levels in Literacy and

Numeracy in Grade 3 and Languages in Grade 6 (Spaull, 2013).

3.7.2 Validity

Validity refers to the meaningfulness of reseacomponents (Drost, 2011t is the
amount of gstematic or buikin error in measurement (Rao, 2007) and is established by a
panel of experts and a field test. In this study, the questionnaire wtestwd to enhance

its face and content validity. According Rmlit and Beck (2008), face validity low far

the instrument appears measures the appropriate congtaget.validity is a subjective

and weak judgment on the operationalisation of a construct (Drost, 2011). In Content
validity the analyst judges whether the measures fully represent thand@@wdlen,

2015). Content validity is a qualitative means of ensuring that the questionnaire has the

meaning of a concept as defined by the experts in the same field.

To ensure validity in this study, the questionnaire was assessed by four mathematics
education experts. The criteria for questionnaire evaluation were provided. The criteria

consist of technical soundness, item clarity and relevance of the itemsesgagcher
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incorporated suggestions from the experts. A statistician did not make any aanésidm
suggesting that the descriptive analyses were mainly correct. Respondents were asked if
they experienced difficulties in respect of being able to or willing to respond to the
guestionnaire. A checklist adopted from McMurray, Pace and Scott (2004)sedgo
monitor potential difficulties that can arise from the wording of the questions.

3.7.3 Trustworthiness

Trustworthiness is an aspect of the validity of the study (Loh, 2013). Accordigiy

(2014) trustworthiness refers the degree to which ddielisvable. It also refers to a set

of criteria that can be used to judge the quality of qualitative inquiries. Schwandt (2001)

al so viewed trustworthiness as fthat guali
makes it not ewor t)hlyorderao immpuodei the trusteatibinegs pf.th2 5 8

data collected the following criteria were used: credibility, transferability, dependability

and conformability, and are constructed parallel to the analogous quantitative criteria of

internal and externafalidity, reliability and neutrality (Denzi& Lincoln, 2000).

3.7.4 Credibility

Credibility measures how well the data and data analysis are believable and trustworthy
(Davis & Buskist, 2008). Credibility is the careful attention by the researcher to establish
trustworthiness. It measures the extent to which research findings reflect reality
(Krippendorff, 2004)Cr edi bi I ity pays attention to ass.|
the inquirerds reconstruction, repfhesent at
validity of qualitative research is relative to the researcher and not necessarily to others

due to the multiple realities. The reader must judge the extent of its credibility based on
how they wunderstand the st ucdse.snbunvearsala r at
reality, instead, each individual constructs a personal reality (S¥niRagan, 2005).

Therefore, understanding is-ceeated and objective truth does not exist. In this study,

the researcher included member checks into the findingaligate data, interpretations

and conclusions using feedback from the participants. Furthermore, the researcher used
persistent observation and triangulation to provide the assurance that what the researcher
reports is a true reflection of the collectd@it a and i s consi stent Wi

views
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3.7.5 Triangulation

Triangulation validates data by cross referencing with two or more sources (Johnson,
Onwuegbuzie & Turner, 2007). It refers to theapplication of several research
methodologies such as mple cases, multiple investigators, and multiple theoretical
perspectives to verifghat thevalidity criteria are met (Schwandt, 2001). The main
objective of triangulation is to examine a conclusion from more than one vantage point.
In this study, the resarcher collected data and utilised multiple methods to analyse the
evidence collected. The evidence for triangulation in this study collected includes
observation notes, interviews, and questionnaire responses. However, it is debatable
whether triangulatin adequately verifies findings. Many viewpoints result in the
argument that the worth of triangulation is the provision of broader insighiss
triangulation is used to evaluate the findings of this stDdya obtained from qualitative
explorative anaisis and quantitative descriptive analyses were combined together and
give meaning to the overall outcomes of the study.

3.7.6 Member Checks

The process of member checking obtains feedback from the participants about findings. It

asks whether the researchercacr at ely descri bed and I nter |
experiences according to them by sharing the interview transcripts, analytical thoughts,

and drafts of the final report. This ensures that the researcher has represented the ideas of

the participants acrately (Lietz & Zayas, 2010). The researcher also allowed

participants to see what was written about them.

3.7.7 Transferability

In qualitative researchransferability refers to the degree to which the findings can be

applied and transferred to another groor to other context with similar conditions

(Green& Thorogood, 2013). The reader is provided with rich, detailed information
(Athick descriptiond) about the context tha
extrapolation of the findings acroswlividual cases (Ary, Jacobs, SorengeWalker,

2013). The findings of this study can be used to understand learners from other schools,
districts or provinces that have the same background as those participated in this study.
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3.7.8 Dependability

According b Marshall and Rossman (2014) dependability refers to the degree to which
research findings can be replicated in a similar cont@gpendability emphasises the

need for the researcher to account for the-et\anging context within which research
occurs.Dependability ensures that the study process was logical, traceable, and well
documented (Shenton, 2004). It emphasises the importance of the researcher accounting
for or describing the changing contexts and circumstances that are fundamental to
guaranteeonsistency of the research outcome. Due to the evolving nature of the study,
consistency is viewed as the extent to which variation can be explained or tracked (Ary,
Jacobs, Sorensei Walker, 2013). Triangulation was the strategy utilised to investigate

dependability in this study.
3.7.9 Confirmability

Confirmability refers to theextent to which experts and researchers can corroborate
findings (Ary, Jacobs, Sorensela Walker, 2013; Lipscomb, 2012). Confirmability
establishes that the evidence and interpoetatof the study are not fabricated by the
researcher. Strategies of confirmability included triangulation, audit trail, and member
checks.Bitzer and Botha (2011%lso recommended that auditing should be done to
establish conformability. Here the resdac makes the provision of a methodological
self-critical account of how the research was conductedorder to make auditing
possible by other researchers, all collected data was archived in a retrievable form, in

case the findings are challenged anakitomes necessary to check the original data.
3.7.10 Audit Trall

An audit trail describes the research steps takeughthe study to the development and
reporting of findings(Bolar, 2015). The records of what was done in study are safely
kept.Koch (2006)suge st s t hat a studyds trustworthine

able to audit the events, influences and actions of the researcher.

An audit trail ensures dependability acdnfirmability. In this study, e researcher
maintaineda journalof field observations and field notes. Documents such as write ups,

observationsiote and transcribed interviews are organised aledi fas the audit trail.
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The audit trail enables an independent audi
order to attest tthe dependability of the employed procedures (Ary, Jacobs, Sor&nsen

Walker, 2013).

3.7.11 Reliability

Phelan and Wren (2006) definegliability as the degree to which a research instrument

produces stable and consistent results. Howeaerording to Streireand Norman

(2007) reliability refers to two thgs. On one hand, the researcBbould get similar

results if they repeated their questionnaires soon afterwards with the same participants.

The fArepeatabilityo of t he (alleds testradestn ai r e v
reliability. It refers to questionnaire item consistency. If all the questions relate to the

same phenomena, all the responses are expected to be fairly consistent.

Reliability was established using a pilot test. Data collected fron teiéb was analysed

using SPSS for <corr eladtpihoan croadtfltieCx oamd s@rHdin b
alpha coefficient measures the internal consistency of a scale. It is the extent to which all

the items in a questionnaireeasure the same construceliRbility coefficient (alpha)

ranges from O to 1with O represeting an instrumenwith many errors and 1 representing

total absence of errors. A reliability coefficient (alpha) of 0.70 or higher is considered
acceptable reliability (Tavak& Dennick, 201). TheCr onbach6és al pha coef

this study (closedqget i ons) of | earnersé6 +dobetowti onnaire

Table3-1: Cronbachbés alpha coefficient

SECTION Number of Items Cronbachodés Al pha

B 26 0.716

The alpha coefficient of 0.716, suggesiat the items have a high internal consistency.

3.8 Ethical Considerations

Liamputtong (2006) defined research ethass system of moral values that ensure that
research procedures obey professional, legal and sociological obligations to participants.
Theresearcher sought consent from participants before engagingRagripants were
informed about what participation in the research would involve, and what the possible
risks werebeforethey agree to take part. The researcher was glgleahd complied

with the Constitution of the Republic of South Africa, 1996 (Act No 108 of 1996) and
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potential participants were provided with information about the study. It was written at
the appropriate reading age of potential participdfitglly, the researcher geiested all

the participants to sign consent forms before completing the questiorfPaitieipants

were assured that they could withdraw their consent and discontinue their participation at

any time without penalty.

3.8.1 Rights of the institutions involved

Research Ethics Committee of the Institute of Science and Technology Education (ISTE
UNISA) reviewed the research proposal. The committee approved the proposal and
granted permission to proceed with the study.

3.8.2 Respect for the rights of participants

The paricipants conseet to participate in thestudy Participants acknowledged that

they had adequate information about the research, could comprehend the information and
could discontinue from the research at any point. The nature of the studg papdse

were clearly explained. The researcher assured participants that their involvement in the
study was voluntary. Failure of participants to comply with the reseambess or
withdrawal fromthe studywoul d no't result in any conse
contact details were made available to respondents in case they needed to contact him

regarding the study and their participation.

The researcher also committed to maintaining anonymity and confidentiality. The
respondents were assured that anonymity amwfidentiality would be maintained
throughout the study. Participantgreaskednot write their names or any other personal
details on the questionnaire to ensure anonymity (Cot#ellMcKenzie, 2011).
Confidentiality was maintained throughout the studynsc e parti ci pant so
not linked to the information they provided. Number codes (for example, 023, for
participant number 23) were usetliring data capture and data management. The

responses were not discussed outside the research process.

PILOT SURVEY RESULTS

The purpose of a pilot study was to assess the feasibility of the research instruments.

Thebanet al. (2010) indicated that the goal of a pilot study is to assess the feasibility of
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the proposed study @ s omusaonsequenceaof embarkingontaent i a |
|l arge study, which could potentially o6drown
study was mainly for testing the feasibility of the study, recruitment of participants,
research tools and data analysis. The @itatly was necessary and useful in providing

the groundwork for the study. However, this data might be irrelevant if there are
problems with the methods. On the other hand, if a pilot study does not lead to
modification of materials or procedures then da¢a might be suitable for incorporation

into the main studyKannan & Gowri, 2015)The presentation of the pilot study results

was restricted to summary and descriptive statistics of the data as recommended by
Arain, Campbell, Cooper and Lancaster (20IIgta presentation was mainly summary

and descriptive statistidsecause the sample size vias small to detect differencesnd

to make inferencedn addition, estimates of sample size, which are determined based on

pilot data, may lead to insignificastatistical inferences. Thus, caution was undertaken

when determining sample size for the main study.

Table 3-2: Demographic variables

Variable Category Frequency Percentage
) (%)
Female 73 66.4
Gender Male 37 33.6
11-15 13 11.8
16-20 96 87.3
Age (years) 21 Years and above 1 0.9
Sepedi 108 98.2
Home Language Sesotho 1 0.9
Other languages 1 0.9
Grade 10 36 32.7
Grade Grade 11 36 32.7
Grade 12 38 34.6
Urban 34 30.9
Seami-Urban 36 32.7
. . Rural 16 14.5
Residential Area Deep Rural 21 19.1
Other 2 2.8
Alone 1 0.9
Family of two 6 55
Household Size Family of three 12 10.9
Family of four 35 31.8
Above five 56 50.9
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Participants

The sample for the pilot survey consists of 73&6). females and 37(33.6% males. The
sample was made up of 36(32.7%) Grade 10 learners, 36(32.7%) Grade 11 learners and
38(34.6%) Grade 12 learners. Ninsiy (87.3%) of the participants were in the-2®

yearold category. The majority of participants vwweand Sepedi speake@3( 2%).The
researcher drew an equal number of learners from Grade 10 and 11 cohorts and 2 extra
learners from Grade 12. The majority 37(33.6%) of the participants were drawn mainly
from rural schools. Thee was one extreme age gro(®l years and aboyevith one

learner who had dropped out of school and decided to continue.
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Table 3-3: Frequencies of Responses

Key: o ®
(o)) (]
Strongly Disagree = Disagree _g g s | o §:’
Neutral = Agree % _g 3 % E:
Strongly Agree o o= =
5 n
Frequencies
Questionnaire ltem
C1 Mathematical symbolaffect my understanding of mathematics
concepts. or| Tep v ipa pPS
C2 | | undersand the symbols and formulae in the current textbooks v oolcmprt|l v
C3 I am able to express word problems compactly using appropriate
symbols. Cw ool Ylop @
C4 | When I fail to cope with somgymbol,l seek help instead of taking
them as they are. ! CplpmuoLCT
C5 I am able to handle expressions and equations using appropriate
symbols. ¢ LC | QG PwW pp
C6 | struggle to assigh meanings to the symbols and this negatively af
my conceptualisation. ¢ CX|pPuTY pr
Cc7 Unfamiliar mathematical symbols in a contfegpic often mark the
point where | fail to understand the topic. ® wlpTE T
Cc8 I am able to learn how to use all symbols and languagd in the
textbooks. PPl OP POTC PO
C9 Navigating through the symbols and their meaningsis easytodo.| pw| T X |p ¢l ¢ mM p ¢
C10 | Mathematical symbols strongly affect my understanding of Algebrg
and related topics. w pelcguoppt
C11 | Sometimes my own meanings of mathematical symbols often
contradicts with the actual meaning and this often hampers my prqg  w polcgltcl ¢p
in prodem solving
C12 | My interpretation and use of mathematical symbols affect my
competence in mathematics. ¢ oo W ITC Cp
C13 | The symbolsn a formula sometimes contradict with my thinking. pp| po|pujuTt| pX
C14 | Linking concepts and appropriatensiyols is easy. pp|l vao|pu pT|l pX
C15 | | am flexible to move from one formula to another in relation to the
demands of task using appropriate symbols. ppl omipe oY pu
C16 | The teaching and learning methods used by my current tezichance
my understanding dhe use of the various mathematical symbols pul oGclpPUOC PO
C17 | Mathematics teachers who taught me in lower grattesnptedo
foster the connection between symbols and their meanings. T crrep X Py
C18 | | get my mathematics tasks done quickly vatbar understanding of
the symbols and features used in the task. Tmpocl oM pm
C19 | Discovering new symbols and features with their meaningsiseasy pt| tuv|pXx/¢p|l poO
C20 | Mathematical symbols and formula strings are satisfying to use po| To|cglpgl pX
C21 | The symbols in a mathematical problem have a significant influeng T0Q
my attempt to solve a problem X pwlcTi, pT
C22 | The symbols in a mathematical problem influence my goals, activit
and organisation of results when solving a mathematical problem. X P pYTm CT
C23 | | am able to switch representations from geometric situations to
algebraic and algebraic situations to geometric. X vmpTicurpt
C24 | | am able to define the meaning of symbols introduced to solve
problems, including specifying units andtaiguishing among the CC| op|pmMOO pT
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three main uses of variables(unknowplaceholdersparameters)
C25 | I am able to read expressions, formulae in different ways. X pyYlpxlttl ¢t
C26 | | read the question several times to gain the meaning of the proble

together with the symbols before solving it. ¢ pwlpTiovoX

3.8.3 Discussion of results

Cl: Mat hematical symbols affect | earnerso

Eighty (72%) of the participants indicated that mathematical symbols present obstacles
that pevent them from understanding mathematical concepts. Only 25(23%) learners
indicated that they understood the symbols used in mathematics textbooks. Five (4.5%)
learners indicated that thepuld cope with mathematics symbols depending on the topic
under disussion. Further probing into the issue indicated that most learners familiarise
themselves with symbols used in a particular topic and associate the symbols with the
concept. These findings are consistent with Worthington and Carruthers (2003) who
observe that learners find it difficulto understandsymbol systems and this obscure
them understanding mathematical concepts. Yetkin (283® noted that learnetsad
trouble in constructing mathematical meanings of standard written symbolsndrea

struggle to understand written symbols by making connections within the symbol system.

C2: Symbols and formulae in the current textbooks

Participants indicted that they do not understand the symbols and formulae in their
current mathematics textbomkSeventyone (64.5%) of the participants confirmed that
they have troublen understanding the symbols and formulae when reading mathematics
textbooks. Learners confirmed that they encounter difficulties in transferring and
connecting knowledge from the abstract aspects of mathematics with reality.
Understanding what symbols represent in the physical world is important to how well and
how easily a learner will remember a concept. Holding and inspecting a rectangle, is
much more meaningful to laarner than simply being told what that the rectangle is. A
similar study conducted by Murray (2009) revealed that many learners find mathematics
difficult because they have trouble learning mathematics formulas and understanding
symbols in mathematics rimulas. So before learners can understand a new mathematics
topic or concept and its formulas they need to learn meanings of the symbols and
concepts they represent. Only 20 (18.2%) indicated that they understand the symbols and
formulae in the current téxooks and can use the textbook as a learning resource.
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C4: Learners use symbols even without understanding their meanings

The majority 75(68.2%)) of respondents indicated that they seek help from teachers when

they fail to cope with unfamiliar mathemedi symbols. Twentfive (22.7%) were

opposed to the idea of consulting teachers but memorising the procedures together with

their symbol strings. Ten (9%) learners indicated that they resort to meaningless
Asymbol s pushingo, w h theuhunderstanding sheimngeanindgs.e sy mb
Findings from this study are consistent with the finding€lodn and Yeung (200&yho

indicated that math symbols have very specific meanings. She recommended that if one is

not certain about the meaning of a math syinslite look it up, or ask someone to explain

it instead of just taking as it is. Thompson, Cheepurupalli, Hardin, Lienert and Selden

(2010) further revealed that symbol pushing is counterproductive in the end.

C10: Manipulating expressions and equationssing appropriate symbols

The results, as seen in Table33indicate that 58(52.7%) participants struggle to
manipulate expressions and equations using appropriate symbols. Only 30(27.3%)
confirmed that they can use symbols to represent information cdgpaesenty-two

(20%) participants were undecided. There are several possible explanations for this result.

For exampl e, participants may f ail to under
This was further investigated in the interviews.

C12: Mathematical symbols affect conceptualisation of concepts

Sixty-two (56.4%) participants indicate that their major challenge is to assign meanings
to math symbols and this negatively affects their conceptualisation while 33 (30%)
strongly opposed the claim. Fifte (13.6%) participants indicated they are neither
challenged by mathematics symbols nor their conceptualisation affected by symbols.
Mathematical process (such as counting) can be symbolised, then the symbol is treated as
a mathematical concept and itselinipulated as a mental object (Tal994). Thus for

some learners the symbol can be thouglithier as a processr as a concept. This dual

nature of a symbol is a cause of confusion for some learners.

C16: Teaching methods tenhance understanding bmathematical concepts
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There were mixed reactions to this item. Festyen (42.7%) participants acknowledged

that the teaching and learning methods used by their teachers do not enhance their
understanding of various mathematical symbbtaty-eight (436%) confirmed that the

teaching and learning methods used by teachers enhance their understanding of various
mathematical symbols. Fifteen (13.6%) participants were not sure whether the teaching
methods enhance their understanding of mathematical symvailsn (2003) observed

that | earnersd challenges with written sym
by creating learning environments that help learteinnectheir formal and informal
mathematical knowledge; using appropriate representtaepending on the given

problem context; and helping them connect procedural and conceptual knowledge.

C17: Prior knowledge and conceptions of concepts, symbols and meanings

Sixty-four (58.2%) participants acknowledged that mathematics teachers whtahghe

them in the lower grades made little attempts to foster the connection between symbols
and their meanings. However, this is not the case 28{82.7%) who confirmed that

their teachersattemptedto foster connections between symbols and refereThese
findings are consistent with those of Yetkin (2003) who fotirat learners experience
difficulties in connecting symbols and their references. Teachers need to design
instruction that helps learners construct overarching ideas. The symbodisaefation of
mathematics concepts is abstract and more difficult to learn than concrete representations
or drawings. The same observation was also mad&adyison and Mora (1999who
revealed that the ability to manipulate symbols without the propeeptual foundation

limits progress into higher mathematics, since conceptual understanding is the basis for
advanced mathematics. The same observations were also made by Gurganus (2010) who
noted that preceding experiences from lower grades affects eanerpr of i ci ency
mathematical symbols. If concepts and their symbols were not well explained in the early
years, mathematics learning in later years is affected.

C18: Mathematical Symbolsare a threat to probleni solving progress

Seventytwo (65.5%) pdicipants disagreed with the statement and acknowledged that
they take too long to go through their tasks due limited understanding of the symbols and
features used in the task. Thirty (27.2%) participants conformed that they are able to do

mathematics &ks quickly with clear understanding of the symbols and features used in
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the tasks. These findings are consistent with the findings of Reynders (2014) who
observed that the written expression of symbols such as numbers, letters and unfamiliar
notations area t hr eat to |l earnersé6é progress. Gur ga
problems are evident in learners who experience difficulties in differentiating numbers or

symbols that are close in form, copying shapes or symbols, following directions with
algorthms or graphs, recognizing patterns or sequences, and understanding oral

directions or drills.

C19: Discovering new and their meanings is a challenge

Fifty-eight (53.6%) of participants indicated that discovering new symbols and their
meanings is one dhe huddles when attempting a new toplowever,30(26.4%) of the
participants claimed that they do not encounter difficulties in learning new symbols
together with their meanings. Ali (2011) found similar observations and relates this to
language problem These problems emerge when learners cannot use mathematical
symbols to express mathematical concepts. Rubenstein and Thompson (2001) made
similar observations and concluded that the symbolic language of mathematics is a cause
of great confusion for leaers. A similar study conducted by Bakker, Doorman and
Drijvers (2003) revealed that mathematics t
mathematics through its symbolic representations, whereas learners often struggle in this
endeavour; they mayeed to be told what to see and how to reason with mathematical
symbols. Thus, learners cannot discover new mathematical symbols and their meanings

without the teacherods hel p.

C23: Switching representations is a challenge

The results, as indicated in Tab83 above show thah7 (51.8%) of the participants
struggle to switch representations wid@ (35.5%) acknowledged that they can switch
representations from geometric situations to algebraic and algebraic situations to
geometric. One result is that lears cannot realise that a mathematical concept may be
represented in a number of differamays. Thesenclude verbal, symbolic (numerical or
algebraic), pictorialdiagrammatical (geometrical), as a table of values (spreadsheet),
graphical or as a physitmodel. The ability to switch representations is a measure of a

|l earner 6s symbol S e n s are abl@&didestify the mathentaiical v e d i f
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aspects of aroblem choose between representations, simplify the problem and represent

it mathemé&cally, using appropriate variables, symbols, diagrams and models, then select

appropriate mathematical information, methods and tools to use.

3.8.4 Inferential Statistics

Table 3-4: Grade and Difficulties crosstabulations

Grade Level of Difficulty Total
Moderate
Mild difficulty Difficulty Severe Difficulty

Grade 10 Gender Male 4(36%) 6(55%) 1(9%) 11
Female 6(24%) 18(72%) 1(4%) 25

Total 10(27.8%) 24(66.7%) 2(4.5%) 36

Grade 11 Gender Male 2(20%) 8(80%) 0 10
Female 6(21.4%) 20(71.4%) 2(7.2%) 28

Total 8(21.1%) 28(73.4%) 2(5.5%) 38

Grade 12 Gender Male 3(18.7%) 13(81.3%) 16
Female 5(25%) 15(75%) 20

Total 8(22.2%) 28(77.8%) 36

Total Gender Male 9(24.3%) 27(72.9%) 1(2.7%) 37
Female 17(23.3%) 53(72.6%) 3(4.1%) 73

Total 26(23.6%) 80(72.7%) 4(3.7%) 110

ffi

responses per questionnaire item for each participant. Classification codes were used to

Learnerso di culties with mathematics
cl assi f yevel diffeultiese = sidddifficulties; 2 = mild difficulties 3 = moderate
difficulties and 4 = severe difficulties. This analysis was carried out for each grade as
well as according to gender. The summary of these results is shown in Table 3.4 above.
The results show that participants experience mild to severe difficulties with mathematics

symbols.

Moderate difficulties were experienced across all the grade levels. Female learners
experience more difficulties than their male counterparts do. Severe lt#Bcwere
experienced in Grade 10 and 11 while no learner in Grade 12 reported challenges with
mathematical symbols. In summary, of all the participants, 26(23.6%) learners indicated
that they experience mild difficulties, 80(72.7%) experience moderéteulfies and
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4(3.7%) experience severe difficulties. However, these findings are preliminary; some
tests of hypotheses may shed more light on the differences on difficulties noted so far.

3.9 Descriptive Statistics

Table 3-5: Summary measures

Gender Mean N Std. Deviation
Male 2. 4603 37 .55073

Female 2.5205 73 .50303
Total 2.5455 110 51822

The means for males and females are almost the same suggesting that that learners
experience the same difficulties whdealing with mathematics symbols. The standard
deviations 6r the different gender groups meealmost the same as the standard deviation

for the whole group suggesting that there is little variability in terms of challenges
experienced by learners wherorking with mathematical symbols. However, this is a

preliminary finding; a hypothesis test for the difference of two gender means will be

conducted to ascertain this claim.

Table 3-6: T-test

Test Value =0
95% Confidence Interval of the
Mean Difference
t do Sig. (2tailed) Difference Lower Upper
Gender| 36.762 109 .000 1.6636 1.574 1.753

The following postulated hypotheses were designed to test if gender has a significant

ef fect o0 nalehgesawitmneathematicat dymbols:

Ho: There are no gender di fferences in terr

with mathematical symbolisation.

Hi: Thereare gender differencesintermd | earner sdé experiences/

mathematical synddisation.
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