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Abstract 
In this article we present a framework for analysing mathematical task performance. The 
framework employs systems engineering production methods and cognitive science research 
findings to explain mathematical problem solving process. In systems engineering, designing 
a solution to a problem involves designing an input-process-output system that converts the 
input to the desired output. In mathematical terms the input is the problem, the process is all 
that the problem solver invokes to arrive at the solution. The framework identifies two types 
of errors namely, structural and execution errors. These errors may occur as the problem 
solver carries out the process. The value of the framework is in identifying a person’s 
mathematical ability. 
 
Keywords: Mathematics, mathematical task performance, Production System, 
Performance Analysis, problem solving  
 
 
Background  
This paper explains a framework called Mathematical Production System Performance 
Analysis Framework (MPSPAF) that can be used to analyse and give account of a person’s 
performance in a mathematical task. MPSPAF was developed out of curiosity to analyse and 
gain insight into students’ problem solving ability and deficiencies. In South Africa, there 
have been considerable discussions in the recent years on the mathematical abilities of 
students as a result of the students’ poor achievements in mathematics at various levels of 
education. However, analyses of students’ performances in mathematical tasks seem to be 
an overlooked issue even among mathematics education researchers in the country. 
Understanding students’ mathematical abilities and deficiencies can help teachers to design 
instructions to overcome the students’ inadequacies in mathematics and textbook writers to 
write books that will enable students to perform better in mathematics. 
 
The expansion in knowledge about human cognition in the past few decades has provided a 
new and very promising source of research associated with human problem solving. Ever 
since these past few decades production systems have been used by cognitive psychologists 
as a theoretical medium to explain complex theories of human intelligence and provide a 
theoretical account of human performance on problem solving tasks (Langley, 2006; Klahr, 
Langley & Neches, 1987). They claim that the human mind is like a computing device that 
builds and executes production system programs. The cognitive architecture (represented in 
Figure 1) has been used by some of the cognitive psychologists to explain human built-in 
mental features that allow human minds to build and execute programs (Bruer, 1993). 
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Figure 1 Cognitive architecture (Silver, 1987) 
 
According to this architecture information from the external world (task environment) is 
received through our sensory system (sensory buffer) but because the sensory buffer does 
not hold information for a long time it loses some of the information while some is 
transferred to the working memory where it is processed. Some of the processed 
information is stored in long term memory for future use (Bruer, 1993; Silver, 1987). The 
working memory, like the computer’s central processing unit, is the part of our cognitive 
architecture where mental computations take place. It contains all the symbol structures 
that are active and available for processing at any time and keeps record of current mental 
activity. It has limited capacity. When the capacity is exceeded any information coming in 
will overwrite what was previously there. This limited capacity of the short-term memory is 
a limiting factor in one’s ability to process information (Bruer, 1993; Kirschner, 2002).  
 
Long term memory is the repository of permanent knowledge and skill (Kirschner, 2002; 
Silver, 1987).  It is like the computer’s hard disk used for storage.  The memory capacity of 
long term memory is inexhaustible and its most important feature for problem solving is its 
internal organisation. Long term memory has associative memory structure. Our associative 
memory structures are like little theories we apply to negotiate and understand the world 
and they help us to solve problems, make predictions and inferences. The associative 
memory structures not only guide our information storage, they also influence what we 
notice, how we interpret or represent what we notice and how we remember it (Bruer, 
1993, van Merriënboer & Sweller, 2005). 
 
 
Problem Representation 
When a person encounters a problem he/she draws a structure or representation of the 
problem. That is the person’s interpretation or understanding of the problem based on 
his/her experience and belief about the major variables or factors relevant to the problem 
(Bruer, 1993). Problem representation is the link between the external world and the 
person’s internal processing system (memory), it shapes the course of the problem solving 
because the problem solver develops an execution procedure (steps) to arrive at the 
solution based on the problem representation. A poor initial problem representation can 
make an easy problem difficult or impossible to solve because there can be no paths from 

 

PROBLEM 

TASK 

ENVIRONMENT 

 

 

 

SENSORY 

BUFFER 

 

 

WORKING 

MEMORY 

(SHORT TERM 

MEMORY) 

 

 

 

LONG TERM 

MEMORY 

 

OUTPUT 

 



193 
 

such initial state to the solution (Savelsbergh, de Jong & Ferguson-Hessler, 2011; 
Silver 1987).  
 
Poor problem representation, according to Bruer (1993) could be as a result of  
i) Including information in our representations that is not present in the problem statement 
or in the task environment.  
ii) Including information that is in task environment but that is not relevant to the problem 
in our presentation.  
iii) Not including relevant information that is in the task environment in our problem 
representation.  
 
 
Theoretical framework 
George Polya in his book ‘How to Solve It’, (Polya, 1945), identifies four basic principles of 
problem solving. Namely, understand the problem; devise a plan; carry out the plan and 
look back. Polya’s model, like most other problem solving models (e.g. Dewey, 1933; Krulik 
& Rudnick, 1987), identifies understanding of the problem as the foundation to successful 
problem solving. Understanding of the problem makes it possible for the problem solver to 
select a correct solution structure from the memory to represent the problem. While this 
may seem obvious, many students struggle to solve problems because of their inability to 
understand the problems. The second principle is about devising a plan. This involves 
choosing a strategy that the person believes would lead to the solution. Polya affirms that 
there could be many plausible ways to solve problems and that the skill at choosing an 
appropriate strategy is best acquired by solving many problems. The strategies that can be 
used to solve a problem according to Polya include guess-and-check, look for a pattern, use 
a model, use a formula, consider special cases, solve an equation, etc. The third principle is 
to carry out the plan. This is the execution of the proposed plan of action.  If the plan does 
not work it is discarded and another plan can be chosen or devised. Polya's fourth principle 
is to look back. This is to take a retrospective look at what the problem solver had done 
from the first principle to the third and the solution obtained. Polya mentions that the 
problem solver can gain a lot by taking the time to reflect and look back at what he/she had 
done, what worked and what didn't work. This will enable the problem solver to predict 
what strategy(ies) to use to solve future problems.  
 
Drawing from Polya’s model, we argue here that a mathematical problem could be solved 
successfully if the solver devises a plausible solution structure based on correct 
understanding of the problem, choosing or devising appropriate plan and also correctly 
executes the plan. So, wrong choice of plan will be as a result of lack of understanding of the 
problem or incorrect interpretation (or representation) of the problem. Choosing the 
correct solution structure does not guarantee correct solution unless the plan is correctly 
executed. Hence, errors in mathematical problem solving would occur due to incorrect 
planning. This may either be due to lack of understanding of the problem or due to the 
problem solver’s flippancy.  
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The Framework - Mathematical Production System Performance Analysis Framework 
(MPSPAF) 
In systems engineering, designing solution to a problem basically involves designing an 
input-process-output system that converts the input to the desired output (Jeffries, Turner, 
Polson & Atwood, 1981; Sambamurthy & Kirsch, 2000). The input-process-output system is 
a production system; input is what goes into the system that is the raw materials, process is 
the shaping and forming of the materials or the exchange of information needed to get the 
result, output is what comes out of the system - the finished product. The output is the 
product of the process carried out on the input. Similarly, solving a mathematical problem is 
a production system. It involves input-process operation to reach the desired output. The 
input here is the problem (and it conditions/constraints), the process is all that the problem 
solver invokes (the concepts, formulas, steps, etc) to arrive at the output which is the 
solution of the problem.  
 
Analysis of a systems performance in systems engineering involves analyses of the input, 
process and output operations to see if the process yields the desired output with the input 
(Rosso, 2005). Drawing from this perspective, it was considered worthwhile to develop an 
analytical framework that mimicked the input-process-output processes of a production 
system in mathematics task performance analysis seeing that mathematics problem solving 
is an input-process-output operation.  
 
Figure 2 shows the input-process-output (production system) model of problem solving as 
depicted by the framework.  
 
The model shows that the problem solver interacts with the problem to generate the output 
at the process level. Hence, the problem solver could commit error in the course of the 
process.  

 
Figure 2 Production system model  
 
The idea of representation mentioned here is fundamental to cognitive science; 
representations are the symbol structures we construct to encode our experience, process it 
and store it in our memories (Bruer, 1993). In solving a problem, the solver will select a 
structure (frame) from the long term memory and copy it to the working memory (Bruer, 
1993, Naidoo & Ranjeeth, 2007) and carries out an execution procedure he/she judges most 
appropriate to the problem situation to arrive at a solution. In the course of selection of the 
structure and execution of the procedure steps, errors might get into the problem solving 
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process. Hence the error could be as a result of wrong problem solution structure or 
incorrect execution of the procedures. Therefore, the mathematical problem solving skill of 
an individual could be identified by the error(s) the person commits in a mathematical 
problem.  
 
Hence, the framework is designed to help one gain insight into somebody’s problem solving 
ability and deficiencies through error analysis of the person’s solutions to mathematical 
problems. To achieve this, two categories of possible errors in mathematical problem 
solving are identified namely: structural error and execution error. 
 
 

Structural error 
This type of error is committed when the problem solver fails to draw the appropriate 
structure or representation of the problem. The problem solver fails to grasp some essential 
principles/ideas to the solution (Naidoo & Ranjeeth, 2007). It is conceptual error in that the 
problem solver did not understand the mathematical concept(s) embodied in the task. That 
is, he/she did not understand the properties or principals that are needed in the task. In 
other words, the problem solver has poor conceptual understanding (or knowledge, as 
referred to in some cases) of the problem. Structural error in solving mathematics problem 
stems from the problem solver’s lack of knowledge of the mathematical concept(s) involved 
in the problem or the person’s lack of deep understanding of concept(s) needed to solve the 
problem.  
  

Examples 1 and 2 are typical examples of structural error committed by students in algebra 

 

 

Example 1: Structural error by some Form C students in Lesotho 

The students were asked to expand the expression: (a + b)2 
 
The following incorrect solution was provided by some of the students 

 
(a + b)2 = 2 (a + b) 

 
This shows lack of conceptual understanding of the principle of 
expansion of exponential brackets. The misconception could be that 
the students understood the square of an expression (the expression 
multiplied by itself) to be the expression multiplied by 2 or the 
expression added to itself (this is an example drawn from classroom 
experience). 
 

Correct solution to the problem: 
 

(a + b)2 = (a + b) (a + b) 

 = a(a + b) +b(a + b)  

 = a2 + 2ab + b2 
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Example 2: Some grade 8 students’ structural error in the expansion of bracket 

 

 

Execution error 
This type of error is committed in the course of putting the procedure steps into action. In 
this case the structure might be correct but the problem solver fails to carry out the 
manipulations correctly. This is referred to as execution error (Naidoo & Ranjeeth, 2007). 
This type of error could be as a result of not executing the procedure in correct order or as a 
result of arithmetical (or computational) error. To differentiate the two types of execution 
error we classify them as procedural error and arithmetical (computational) error. 
 
 

Procedural error 
This type of error is committed when one fails to follow procedural order necessary to 
achieve a solution. It includes errors as a result of omitting steps or procedures. This 
happens when the person lacks procedural knowledge necessary to achieve the correct 
solution. In its simplest form, procedural knowledge is, as defined by Hiebert and Lefevre 
(1986), knowledge of the syntax, steps, conventions, and rules for manipulating symbols.  
However, some procedures are heuristics in which case there are no hard and fast rules to 
the solution of a problem but rather rules of thumb procedures that may be helpful in 
solving the problem (Star, 2005).  Heuristic procedures according to Schoenfeld (1979) are 
very powerful assets in problem solving.  
 

 
Grade 8 students in a class were asked to expand the expression:  
2(a + b) 
 

Incorrect solution provided by some of the students: 
 

2(a + b) = 2a + b 
 
The misconception here is that the students thought that the 2 only 
multiplies the first term in the bracket showing lack of understanding of 
the distribution property.  
 

Correct solution to the problem is: 
 

2(a + b) = 2a +2b 
 

One needs to make sure that the 2 distributes through the expression in 
the parenthesis. 
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Procedural errors, among others, are commonly made when one does not follow the 
BODMAS rule to execute sequence of operation. For example, evaluating the arithmetic 
operation 2 + 5 x 3 as (2+5) x 3 = 30 instead of 2 + (5 x 3) = 17. 
 
 
Example 3: Error in incorrect execution of procedure (taken from Dawkins, 2006, p 8) 
 

Question:  Multiply 3(2x – 5)2 
 

Incorrect solution 
3(2x – 5)2 = (6x – 15)2 

          = 36x2 – 180x + 225 
 
The problem solver did not follow the correct procedure of performing 
the exponentiation first before distributing the coefficient through the 
parenthesis (expanding the bracket). 
 

Correct solution 
3(2x – 5)2 = 3(4x2 – 20x +25)      

    = 12x2 – 60x + 75  
 
In the correct solution, the exponentiation was performed before the 
expansion of the bracket. 
 

 
 
Arithmetic/computational error 
This is considered as a simpler form of execution error. This type of error is committed when 
the problem solver employs the correct structure (concept) and procedure in problem 
solving but somewhere along the line miscalculates or makes a mistake in arithmetic or 
computational operation like substitution of wrong value to a variable or for example 
writing of 1.02 instead of 10.2. 
 
 
Example 4: Arithmetic/computational error 

 

Question 

Sam invests R8000 in bank for 2 years at 12% interest compounded 

annually, how much will he receive at the end of the period? 

 

Correct solution 

A = P(1 + i)n 

   = R 8000(1 + 0,12)2 

   = R 10035,20 

 

Incorrect solution 

A = P(1 + i)n 

    = R 8000(1 + 0,12)2 

    = R 100352,00 
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The incorrect solution is a classical case of arithmetic/computational 

error. The problem solver showed understanding mathematical concepts 

embedded in the problem, he/she also showed understanding of the 

procedures to the solution but arithmetically arrived at an incorrect final 

answer.  

 
Analysing mathematical task performance using MPSPAF  
Analyses of mathematical task performance of an individual or group of individuals on 
mathematical tasks using MPSPAF involves taking statistics of the structural, procedural 
errors and arithmetic errors committed by the individual or group. A high rate of structural 
errors indicates lack of the conceptual understanding of the concepts or mathematics 
involved in the problems. The implication of this to teaching is that the individual or group 
need to be taught for conceptual understanding through, for example, the use of Polya’s 
(1945) problem solving model with great emphasis on the first principle (understanding the 
problem). For students to successfully solve mathematics problems, they need to 
understand the concepts involved in the problems, they need to understand the ‘whys’ behind 
mathematical concepts used by their teachers in classroom problem solving. This goes beyond 
knowing how a mathematical problem is solved to knowing why it was solved they way it was 
solved. Often, students learn mathematics as a set of rules, this paradigm of mathematics learning 
gives rise to rote learning; memorising of facts, steps and formulas without conceptual 
understanding of the mathematical concepts embedded in the facts and formulas. However, 
teaching for conceptual understanding entails helping the students to make sense of mathematical 
phenomena or concepts behind mathematical solutions. This could be achieved through engaging 
the students in mathematical tasks designed to promote mathematical thinking (Berger, 2011).  
 
A high rate of procedural errors may imply that the individual or group may need to be 
exposed to more problem solving exercises to enable the person or group to develop and 
perhaps automate the procedures. Mathematics requires practice, hence, the more 
students practice solving problems in mathematics, the more likely they will get used to the 
procedures needed to solve problems and they less likely they would commit errors in 
solving mathematics problems. Exposing students to more mathematics problem solving will 
mean more opportunity for the students to learn mathematics. Research has shown that 
there a positive correlation between students’ opportunity to learn a subject and students’ 
performance in the subject (Schmidt, 2012). 
 
A high rate of arithmetic errors may indicate carelessness on the part of the individual or 
group in solving mathematical tasks and hence the individual or group may be encouraged 
to always carry out Polya’s (1945) fourth principle (‘look back’) after solving each problem.   
Looking back here will involve crosschecking the solution steps and computation to look out 
for possible miscalculations. It also involves checking the plausibility of the answers 
obtained. For example, an interest rate of 150% obtained in a financial mathematics 
problem should trigger an alarm for the problem solver to recheck his solution procedure 
and results obtained. Generally, it is important to encourage students to check through their 
work after solving mathematical problems as this would help them to spot simple mistakes 
in their solutions. 
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Conclusion 
The framework introduced here is intended for analyses of students’ mathematical problem 
solving abilities. Solving a mathematical problem can be likened to a production system, it 
involves input-process-output operations. Correct output is only guaranteed if the correct 
process is carried out on the input. A mathematical problem can only be solved successfully 
if the solver devises a plausible solution structure based on correct understanding and 
representation of the problem as well as correctly executing the solution plan. Wrong 
choice of plan or devising a wrong plan will be as a result of lack of understanding of the 
problem or incorrect interpretation of the problem. Choosing the correct solution structure 
does not guarantee correct solution unless the plan is correctly executed. Errors in 
mathematical problem solving would likely occur as a result of incorrect selection of 
solution structure or wrong execution of the solution plan. So, through analysis of errors 
made in solving mathematical tasks by a problem solver one can gain insight into the 
person’s problem solving ability. MPSPAF enables one to carry out error analysis of 
somebody’s solutions to mathematical problems and thus gain insight into the person’s 
problem solving ability and deficiencies. The framework is a tool which can be used by 
teachers and mathematics education researchers to analyse students’ problem solving 
abilities as a formative evaluation tool in order to plan instruction or intervention for 
students or to plan professional development for teachers to improve their abilities to teach 
for mathematical understanding.  
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