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Summary

Interval analysis is an essential tool in the construction of validated numerical solu-
tions of Initial Value Problems (IVP) for Ordinary (ODE) and Partial (PDE) Differential
Equations. A validated solution iypically consists of gnaranteed lower and upper bounds
for the exact solution or set of exact solutions in the case of uncertain data, i.e. it is an
interval function {enclosure) containing all solutions of the problem.

IVP for ODE: The central point of discussion is the wrapping effect. A new concept of
wrapping function is introduced and applied in studying this effect. It is proved that the
wrapping function is the limit of the enclosures produced by any metliod of certain type
(propagate and wrap type). Then, the wrapping effect can be quantified as the difference
between the wrapping function and the optimal interval enclosure of the solution set (or
some norm of it}. The problems with no wrapping effect are characterized as problems for
which the wrapping function equals the optimal interval enclosure. A sufficient condition
for no wrapping eflect is that there exist a linear transformation, preserving the intervals,
which reduces the right-hand side of the system of ODE to a quasi-isotone Tunction. This
condition is also necessary for linear problems and "near™ necessary in the general case.

Hyperbolic PDE: The Initial Value Problem with periodic boundary conditions for
the wave equation is considered. It is proved that under certain conditions the problem
is an operator equation with an operator of monotone type. Using the established mono-
tone properties, an interval {validated) method for numerical solution of the problem is
proposed. The solution is obtained step by step in the time dimension as a Fourier series
of the space variable and a polynormal of the time variable. The numerical implementa-
tion involves computations in Fourier and Tayler functoids. Propagation of dxscontmuous
waves 1s a serious problem when a Fourjer series is used (Gibbs phenomenon, etc.). We
propose the combined use of periodic splines and Fourier series for representing djscon—
tinuous functions and a method for propagating discontinuous waves. The numerical
implementation involves computa.t%ons in a Fourier hyper functoid.

¥
Key terms: Vahjla,ted meLhods} Interval methods Enclosure methodq Ordinary dif-
ferential equations, Partial Jdifforential ecrluatlons, erappmg fffect Wrapping function,
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Chapter 1

Introduction

Solving differential equations is one of the main topics in Numerical Analysis and a large
variety of numerical methods has been developed, e.g. single- and multi-step methods
for Initial Value Problems (IVP) of Ordinary Diflerential Equations (ODE), difference
schemes and finite elements for Partial Differential Equations (PDE). Typically, if certain
smoothness conditions are satisfied, these methods produce in theory sufficiently good
approximations for suitable values of the parameters of the method (e.g. step size, num-
ber of terms in a series, etc.). However, in practice, one seldom knows these values. Even
by controlling the parameters of the method, the global accuracy is not really controlled.
Although methods like those mentioned above are robust and reliable for most applica-
tions, usually it is not difficult to find examples where they return very inaccurate results
without any warning to the user. This is impressively demonstrated by Adams et al. in
(1], [3] with examples of IVP for ODE in which the computed numerical solution does not
even reflect the qualitative stability of the exact solution.

In contrast, validated methods produce verified numerical results which carry within
themselves assurances of their quality. More precisely, a validated method has two major
characteristics:

it verifies the existence of a unique solution to the problem and (1.1)

produces guaranteed bounds for this solution. (1.2)

The bounds produced by a validated method are guaranteed in the sense that all sorts
of errors are taken into account (e.g. truncation, rounding, etc.) so that the numerical
result has no conditions attached to it and does not require any further analysis. The
bounds are indeed bounds of the exact solution.

A validated method may fail in verifying the existence or may produce bounds that are
unacceptably wide. Then the user is informed accordingly. However, a validated method
never yields a false result.

Apart from the obvious comfort in working with a validated numerical solution in any
mathematical application where the exact solution to a problem is not available, there

3



CHAPTER 1. INTRODUCTION ; 4

are situations where validated numerical solutions are particularly desired or needed. We
will mention here three such situations.

¢ Critical computations: when the computational result may be critical to the safety
of a system. For example, in the conditions of use of LANCELOT, one of the
leading packages for large-scale nonlinear optimization, it is stated that "it should
not be relied on as a basis to solve a problem whose incorrect solution could result
In injury to a person or property” [24]. Soltware which implements correctly a
validated method need not be accompanied by such a condition.

» Uncertain Data: Most differential equations arising from models in applications in
science or engineering typically contain parameters whose values are only approxi-
mately known. Since validated methods use interval operations, they can produce
bounds guaranteed to enclose solutions arising from any combination of parameter
values 1n the range of interest. Implementing a validated method can be much faster
and more informative then repeated simulation runs using a standard method.

e Proving theorems: A validated numerical solution of a mathematical problem can be
used in deriving mathematical statements about the solution(s), Such applications
are prescnted for example in [2].

Validated numerical methods have not been very popular in the past mainly because
the implementation typically requires more computational time than standard methods.
Now, however, when computational resources are readily available, it seems natural to
shift the burden of determining the reliability of a numerical solution from the user to the
computer.

Validated methods are designed and implemented using interval arithmetic and inter-
val functions. The bounds mentioned in (1.2) are the end points of an interval enclosing
the exact solution. That is why often validated methods are referred to as interval meth-
ods or enclosure methods.

In most of the applications it iz not enough to produce bounds or enclosure of the
solution but also

to produce close bounds (tight enclosure) of this solution (1.3)

satislying some acceptable tolerance. In [79], when characterizing the purpose of validated
scientific computations, Neumaier specifies that (1.1), (1.2) and (1.3) are three separate
1ssues associated with such computations. A priori estimates on closeness of the bounds
produced by a validated method for a particular class of problems characterize, in general,
the quality of the method indicating its area of applicability and the expected accuracy.
In obtaining close bounds one has to combat the truncation error of the method, the
rounding errors, as well as problems related to the type of selected enclosures (intervals)
like the wrapping effect.
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In the thesis we consider some aspects of the construction of validated solutions of
Ordinary Differential Equations (ODE) and Hyperbolic Partial Differential Equations
(HPDE).

The idea of solving the Initial Value Problem (IVP) for ODE by constructing lower
and upper bounds was proposed by Chaplygin [21], [22] in 1919, but Moore [64] in 1965
formulated enclosure methods using interval arithmetic in the description and implemen-
tation. Since then a variety of methods has been developed (see [86] and [78] for recent
surveys). In chapter 3, which is devoted to IVP for ODE, we mainly concentrate on
studying the wrapping effect associated with the construction of interval enclosures of the
set of solutions of IVP with interval initial conditions and the implications concerning the
convergence of the enclosures produced by a certain type of method. The wrapping effect
is widely discussed in the literature and methods to combat it have been proposed [67],
[55], [37], [59], [81], [78]. We study the wrapping effect using the new concept of wrapping
function [9] which is the key to understanding the behaviour of interval enclosures when
the wrapping effect is in force. For example, because of the wrapping effect the enclosures
often do not converge to the optimal interval enclosure of the solution. In that case, what
do they converge to? We prove that the limit of the interval enclosures produced by a
certain type of method i1s the wrapping function associated with the particular IVP. In
this way, the wrapping effect can be quantified as a certain norm of the difference between
the wrapping function and the optimal interval enclosure of the solution set. There is no
wrapping effect if and only if the wrapping function equals the optimal enclosure. These
results lead not only to a better understanding of what the wrapping effect is, but also
to a complete characterization of the problems where no wrapping effect occurs [11} and
therefore no complicated procedures (e.g.[37], [59]) need be applied.

Operators of monotone type [23] play an important part in the construction of bounds
for the solutions of differential equations. The conditions for the operator of the IVP
for ODE to be an operator of monotone type have been known for a long time [21],
[68], [92]. It is also well know that there is no wrapping effect when the operator of
the IVP for ODE is an operator of monotone type. In chapter 3 we further establish
that "essentially” all problems with no wrapping effect are those that are either problems
with operator of monotone type or can be transformed into such problems by an interval
preserving transformation.

Validated solutions of partial differential equations is a relatively new area with most
of the important results obtained only during the past decade [34], [50], [69]-[77]. The
proposed validated methods use the fixed point theorem and computable error estimates
in obtaining validated enclosures and are mainly applied to problems with point (non-
interval) initial conditions. Qur approach is based on establishing monotone properties
of the problem and using them in designing methods producing validated enclosures.
The main advantage of this approach is that it works equally well (same convergence
properties) with point and interval initial conditions. Naturally, there is no wrapping
effect. In chapter 4 we first find conditions providing for the the operator of the periodic
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IVP for HPDE to be an operator of monotone type. Since the initial condition of the
problem involves both the solution and its derivaiive, the established monotone property
is not directly applicable to constructing enclosures step by step in the time dimension.
For that reason a different monotone property, which involves the time derivative of
the functions, is derived. We use the established monotone properties in constructing
a method producing interval enclosures for the solution (in the case of a point initial
condition} or the set of solutions (in the case of interval initial condition) of the problem.
The bounds for the solutions are represented as a Fourier series of the space variable with
coefficients that are polynomials of the time variable. This results in computations in the
Fourier functoid and the Taylor functoid. In addition to the roundings discussed in [49)],
we use an easily computable self-adaptive error estimate for rounding of functions with
infinite Fourier series,

The application of the method discussed in chapter 4 is reduced to problems with data
functions which have at least one derivative with iniegrable square. This is due to the fact
that otherwise no sharp bounds for this functions can be obtained using a Fourier series
(Gibbs phenomenon). Furthermnore, when the data functions are not smooth enough,
sharp bounds can only he obtain when using a large number of terms in the Fourier
series. Considering problems with not smooth (or not smooth enough) data functions is
important because

¢ such problems are very commor in applications

¢ the periodic problem, and the transformation of an initial houndary value problem
into a periodic initial value problem, often lead to discontinuities at the places where
the boundary conditions are initially given.

In order to be able to deal with discontinuities of the data functions or their derivatives we
consider in chapter 5 the Fourier hyper functeid [48]. The Fourier hyper functoid is a finite
space with basis which, in addition to the standard Fourier basis, includes infinite Fourier
series. The basis chosen in chapter 5 includes infinite series of periodic splines. Since we
work with these splines explicitly (not with their series) we refer to these approximations as
Spline-Fourier approximation. Explicit formulas for computations related to the solution
of the wave equation in this hyper functoid are derived. It is demonstrated that the use
of the hyper functoid not only enlarges the area of applicability of the method described
in chapter 4, but also produces high quality results with smaller computational effort.



Chapter 2

Preliminaries

2.1 Interval spaces.

Interval strnctures were first introduced by Sunaga [89] but the real development in this
area took place after interval arithmetic and interval analysis were introduced in practical
applications, showing that intervals are a powerful tool for the design of a new kind of
numecrical method, The beginning of this development is associated with the name of R
Moore 66], [67].

In this section we will briefly introduce some interval spaces and discuss some basic
facts in a way similar to [7]. However, we will follow the approach in {14}, [60] and define
first an interval space over a vector lattice and then consider the real and functional
interval spaces as particular cases.

2.1.1 Abstract Interval Space.

Let ® be a real continuous vector lattice with the operations addition (4) and multipli-
cation by a real number (.) and a partial ordering < [47], [6]. This means that

o R is a linear space with operations + and . over the field of real numbers R;
o R is a lattice with a partial ordering <;

s u<v=utw<v+w , uv,weci

cu<v—= A<, uveR AeRY

o sup{L'} and inf{U} are defined for every bounded subset {7 of R.

Modulus |.| is defined in a vector lattice as |z| = sup{x,0} — inf{z,0}, z € R.
Let £,7 € R and 2 < 7. The set
2,7 ={zcR: g <z <7}

7
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is called an interval.
By IR we denote the set of all intervals

For every « € R the interval [z, 7] is identified with z. In this way R C ZR. The elements
of R will be called point intervals. Let I/ be a bounded subset of R. Optimal interval
enclosure of J is defined as

[U] = §inf(T), sup{l/}]

The optimal interval enclosure [[/] is the tightest interval enclosure of I/ in the sense
that for any other interval Y, I/ < Y implies [I/] C Y. The intersection of two intervals
X, Y € IR (considered as subsets of R), if not empty, is also an interval

X my = [SU?{;E_} E}lnf{zf*‘g}j

while for the union of intervals this is not true. The operation joint (V) is introduced as

follows. If X,Y € TR then
Xvy=[X{Jvl.

In 7R we consider the following operations
o addition: X +Y =[z+4,7+7, X,Y € IR,
s subtraction: X — Y =[{z —y)V (- ¥)], X, ¥ € IR,
o multiplication by a scalar: aX = (ag)V (T}, X € IR, a € R.

The operation subtraction defined above is known as nonstandard or inner subtraction
of intervals and we use for it the same notation as in [61], [62]. It can not be generated
by the other two operations if we stay within the realin of the elements of ZR. The plain
subtraction sign - will be used (as in most of the literature on intervals) for the standard
subtraction defined by

X-Y=X+(-1)Y .

In a similar way inner addition can be defined as
X+ Y=X—(-1)Y
Let us note that

A+ BCA+H |,
A-—"BcCcA-H, A BeIR

Definition 2.1 The set TR with operations +, —~ and . is called interval space generated
by the vector laitice K.
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Let A, B, € IR and «,3 € R. The following properties hold true

(A+B)+C=A+(B+C) (
A+B=HB+A (
A+0=A4 (
HA+C=B+C then A=H (
If ad 20 then (a+f)A=ad+3A and (a—G)ld=ad - 4 (2.5)

(

(

(

ME‘JME\J
e Nt et N

1
.2
3
4

a(A+B)=cA+aB, ofA— By=ad~" oB 2.6)
(al)A = a(BA) 27)
1.LA=A 2.8)

Let us note that ZR is not a linear space with regard to the operations + and . since the
non point intervals have no opposite elements and the distributive law (a4 ) A = aA+5A
is satisfied only in some cases. The condition for the existence of an opposite element is
replaced by a cancellation law of the form (2.4}, and a distributive law of the form (2.5)
is satisfied. Such a space 1s called quasi linear. The concept of quasi linear space was
introduced by Mayer [63] and further developed in [85] and [62]. The inner operations are
~ needed precisely because the interval space is not strictly linear, For example, the inner
subtraction satisfies the following properties

~~ B=0+=A=1H8
(A+C)-" (B+C)=A— B

which are not true in general for the standard subtraction.
Many of the identities in a linear space are satisfied in an interval space only as
inclusions, e.g.

AC(A— B)+B (2.9)
(A-= B)C(A— () +(C— B) (2.10)

In IR we also consider the operators

¢ modulus: |.| : ZR — R defined by
|X| = sup{izl,|z]} , X eI

o width: w: TR — R defined by
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The range of both modulus and width is the positive cone % with respect to the ordering
<. Let X, Y € TR and « € R. We have
IX]| 20, |[X|=0=X=0
X +Y[<|X{+|Y], |X-"Y|2||X[-Y]] (2.11)
loX] = laf|X|

wX)20, wX)=0=XeR
wX+Y)=wX)+wl), wX-"Y)=hwX)-wl) (2.12)
w(aX) = |a|w(X)

If a norm ||.|| is defined in the linear space R, a metric in ZR can be introduced by
defining the distance between intervals A, B € TR as
o4, B) = |4 -~ Bl| (2.13)

This definition satisfies the axioms for distance:
(1) P(A,B) 20 and p(A,BY=0A=B, ABeIR
() p(A,B)=p(B,A4), A BeIR
(f) plA, BY<p(A,CY+p(C,B), A,B,CeIR

Conditions (¢) and (1) follow immediately from the definitions of p and — . We will
prove (i%1). Using inclusion (2.10) we have

A" Bl < (A= C)+(C - B)|<[(A=" C)+[(C - B)

Therefore

p(A,B) = |lA— Bl < [l[(A-" C)}+|(C— B
< It =" Ollf+ e = B

= p(A, )+ p(C,B)

2.1.2 The Real Interval Space IR.

Let R = 7. Then the interval space IR consists of all compact intervals on the real line
with operations as defined in the previous section.
Usually in ZR the operation mmltiplication and division are also defined

XY ={zy:zeX,yeY}= l mf [zy), sup (:fgf)] , X, Y eIR (2.14)

neX,yeY peX ey

XY= {3 rreXiye Y} - l ¥ (E)’ S (E)] VIR OFVE)
y seXyeY \ % ) ‘rexpey \ Y
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These operations are important in the computation of enclosures of rational expres-
510nS.
The modulus in R is also a norm in R. Therefore the distance between intervals is

p(X,Y) = IX - Yl

and coincides with the Hausdorff distance [43] between intervals considered as subscts of
K.

2.1.3 The n-Dimensional Interval Space ZR".

This is the interval space over the n-dimensional linear space R™. The elements of ITR"
are hyper rectangles of the form

X = [g¥={zeR:2<z<F}
- {(Iiﬁm?’?‘ : ')In)T I € Riz'i € [:.’E.i;mf:‘i]]

T are vectors in R™ such that z; < 7,

where = (5‘13522’ T }-qzn)T a’nd &£ (Ele_-fh L -.?fﬁ)
i=1,2....,n.
The intervals X; = [z;,T.] are elements of ZR. Since X is a Cartesian product of

Xy, Xa,..., Xy, it is also represented in the form
A= (XlsX%”*?Xﬁ)T

It is easy to see that in ZR™ the operations and operaiors defined in an interval space can

be represented using the corresponding operations and operators in IR coordinate-wise.
Let X = (X1, X2,..., Xn)and Y = (Y, Y5,....Y,) be intervals in ZR™ and a € R. We

have

X4Y=(Xi+Y, X+ Y, Xo+ V)T
X—Y=(X - Y, Xo~ Yo, Xn~" ¥)T
aX = (an_,an,...,aXn)T

IXI = (IXllaf-X?la'--sIXnDT

w(X} = (w(le,w(Xgiig.. - w(X.n_))T

Let LA = {oy;) be a real n X n matrix and A = (Ay, A3,...,4,)7 € ZR™. The product
AA is defined by

[s3%1 Xy ... {¥1p A; II;]_Al € Cflz;‘{g +...+ Oflm‘q.n
L4 | P20 O; ... O A an Ay +oge A + .+ e ds

ey (n2 RN An ﬂﬂlAl + Oinz A2 + ...t ann'An
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Some of the properties of the matrix multiplication are listed below

A{A+ B) = AA+ AB
ABA) = AA)
w{ AA) = | Alw(A)

where | A| = (|os;1). |
For every norm {[.}]] in R the function p(A, B) = |||A -~ B||| defines a distance in
IR". However, if the norm in R™ is the maximnum norm

lall = max{jai], |oal; .- lanl} » @ €R”

the distance induced in the interval space ZR™ by this norm is the Hausdorff distance,
We will prove this below,
The Hausdortt distance between two sets A and / 1s defined by

oA, B) = max{sup inf la - b, sup inf fla — b}

The unit ball relative to the maximum norm is
U={zeR":||z| £1} = (|-1,1],[=1,1],...,[-1,1])T = [—e, ¢]

- where e = (1,1,...,1). Using the fact that the unit ball U is an element of ZR™ we can
define Hausdorff distance between A, B ¢ IR in the following equivalent way

(A B)=infla e R*¥ :AC B+ olf and BC A4+ o} (2.16}

We also have
ccijcjv, CeIR"

From the above inclusion and (2.9) we obtain

AC(A— B)+ BCcB+||A- B||IU
BCc(B— A+ ACcA+{|A— B|||U

Therefore from the definition (2.16) it follows that
Pr(A, B) < {liA - Bl (2.17)

From the inclusions A C B + pu{A, L)W and B C A+ pn(A, B)U the following
inequalities can be derived

+ ph(A5 B)E 3

b>a+ g?h(Aa B)fﬂ 3

!;.’)h(A, B)B .

a
&
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Hence
|A—" Bl = sup{la — b, [@ -~ b[} < pu(4, B)e
Therefore
1A= Bl < ||lpa(A, Blell = (A, B) (2.18)
Inequalities (2.17) and (2.18) imply

pa(A, B) = |4 Bl

Throughout the thesis we will only use the Hausdorff distance in ZR™ and will denote
it simply by g, l.e. g = g4, if not otherwise stated.

2.1.4 Interval Space over a Space of Real Functions.

Let F(£2, R™) be the set of all bounded functions defined in  with values in R*. F{{2,R")
is a linear space with the operations:

e addition
f—i—g : (f+g)(:r)=f(:r)+g(r) IGQ, f?gej-_(ﬂ?R“)

¢ multiplication by a scalar

af : (af){iz)=af(z), £€Q, fEFLR"), acR.

It 15 also a vector lattice considering the ordering between functions f,g €: F (£, R*)
defined by

f<g o fle)<gls), 2€Q
Therefore we can consider the interval space TF(0), R™) over F(§2,R"). The operations

and operators in this space can be represented in the following form using the correspond-
ing operations and operators in ZR".

F+G (F+G)(:c)=F() G(z), xeﬂ
-~ G (F= G)(2)= Flz)-~ G(x),

af (af")(a‘) =wlf(z), €9

L (|§’§)$)“IF( N, 2€f
w(F) : (wI)(z) =w(F(z)), z€}

Let F' = [f,fl € F(Q,R"). Then F(z) = [f(z), f(z)] € IR", = € Q. Hence F €
F(Q,IR") where F(,IR™) ia the set of all bounded functions defined in 0 with values
in IR™. If G € F(Q,IR") then G can be written as 7 = [g,§] where g,§ € F(Q,R").
Therefore TF = TF(Q, R*) = F(2,IR™).



CHAPTER 2. PRELIMINARIES 14

Every function F = [f, f] € I/F can be also written in the form F = (Fy, F3,..., F)*
where I} = [f,f] € F(,IR), f = ([, [y L) T = (F1s for-- -, [,)" and the

interval operations and operators can be represented coordinate-wise in the same way as
in IR".

When 2 € TR™ the space TF = F(2,IR") consists of interval-valued function of an
interval argument.

Definition 2.2 Let F € F(Q,IR"), ) C IR™. Function F is called inelusion-isotone if
XCY, XY € Qimplies F(X) C F(Y).

Let us note that the standard operations in any interval space are inclusion-isotone,
ie. if A C C then

A+Bc(C+B
aA C aC

A-BCC-B
B-AcCcB-C

The nonstandard (inner) operations — and +~ are not inclusion-isotone, in general.

Particularly useful in the applications of interval analysis are interval functions of an
interval argument that are obtained as extensions of real functions of a real argument,
These functions are discussed in the following section.

2.1.5 Interval Extensions of Real Functions of a Real Argument.

Consider F(Q,R*) where 0 C B™. Denote by 71} the set of all intervals X € R" such
that X C Q.

Definition 2.3 Let f € F(Q,R"). Function F € F (I, IR™) is called an interval ex-
tension of function f if

(i) F' is inclusion-isotone

(i) F(z)= f(z), € Q
(iii) x € X implies f(z) € F(X), X € TN

Definition 2.4 Let f € F(Q, R™). Function f* € F(IN,IR™) defined by

f1(X) = [inf f(x)’ilel}? f(z)]

is called optimal interval extension of function f.
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Let us note that f*(X) can also be represented in the form

U f6o)

X

FX) =V flz)=

zeX
iLe. f*(X) is the optimal interval enclosure in ZR™ of all values f(z) when ¢ € X. It
is easy to see that the optimal interval extension is an interval extension in the sense of
definition 2.3 and also f*(X) C F(X), X € I for every other interval extension F of f.
Let us consider the function f(z,y) = az + Jy, where z,y € R", o, 3 € R. Obviously
f € F(R*™, ™). The optimal interval extension of f in terms of the operations in ZR" is

fAXY)=aX +4Y

which implies that the standard operations in ZR™ are optimal interval extensions of the
linear operations in R™.

Computing the optimal interval enclosure in the case of nonlinear functions is generally
an optimization problem. Simply replacing the reals by intervals leads to an interval
extension (sometimes called naive interval extension) which is not necessarily the optimal
one. Let us take for example f(z) = z°, r € R. F{X) = X.X is an interval extension
while the optimal one is

) 0,IX|?] if OeX
f("f)m{ [[;fval@]] it 0g¢ X

We have F([~2,2]) = [~4,4] while f*([-2,2] = [0, 4].

Computing interval enclosures is a separate area of interval analysis. In the thesis we
will use only the optimal interval extension of real functions and we will refer to it simply
as interval extension. When X = z € R™ the values of " and f are the same. Therefore,
using the sarne notation for f and f* does not lead to confusion. We will denote both
functions by f (or the symbol used for the original function).

2.2 Advanced Computer Arithmetic.

In general, computers are equipped with floating-point arithmetic to approximate mathe-
matical operations with real numbers. Details of the representation of doating-point num-
bers as their radix, number of digits, exponent range, were in the past central points of the
analysis and the implementation of a computer arithmetic. A significant breakthrough
was the axiomatic definition [57], [58] of computer arithmetic which is independent of
such details.

Let R be the set of real numbers and K be a finite set of floating-point numbers. A
mapping L1 : R — R is called rounding if it satisfies the following conditions:

e ==z when z € R (projection) (2.19)
r<y=>Us <y, z,yeRrR (monotonicity) (2.20)
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If a rounding [ satisfies also
[{—2) = —(Llx) (2.21)

it is called antisymmetric.
Floating-point operations are defined by

vlely = {zey), ° €{+,— %/}, (y#£0 when °» =) (2.22)

A mapping [ satisfying axioms (2.19)-(2.22) is said to be a semimorphism. Axiom
(2.21) also defines the unary negation operator =] in R.

Hz = L{—z) = —(Uz)

Definition 2.5 A floating-point number £ is said to be an approzimation of mazimum
quality [84] to a real number z if there is no floating point number between £ and z, i.e.

EvzInR=4¥

It is easy to see that a rounding [ 1, which is a semimorphism, provides a maximum
guality representation of every real number as well as maximum quality floating point
arithmetic operations over the set of floating point real numbers E.

The standard operations in the space ZR of real intervals are inclusion isetone. In
order to preserve this property for the corresponding floating point interval operations
directed roundings are used. These roundings are denated by %,/ {downward) and VAN
(upward) and we have

Vi< and ADr>a

The directed rounding are required to satisfy (2.19)-(2.20), the floating point operations
are defined by (2.22) but (2.21) is replaced by

Vi(-2)=~(Laz), A(-z)=-(Vrz)

Let TR be the real interval space and IR be the set of floating point intervals, i.e. the
real intervals with end peints in B. The mapping <> : IR — IR defined by

Ole7) = [V, Lal
satisfies the axioms
<>X =X when X € IR {projection) (2.23)

XCcY= <>X C <>Y y T,y EIR (monotonicity) (2.24)
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We also have
<>(_X) = _(<>X) (antisymmetry) (2.25)

The floating point interval operations are defined by

xOy = Oxeor), XY elR, o€ {+,—,— 4 55}
QOX = O(Q’X), X€EIR acR (2.26)

and can be implemented using directed roundings.

Definition 2.6 A floating-point inlerval = = [£,£] is said to be a marimum quality in-
terval enclosure to a real interval X if every floating point which belongs to the interior
of Z belongs to X as well, i.e.

(L, )NRC XNR

The rounding O provides a maximum quality representation of every real interval
as well as maximum quality floating point arithmetic operations over the set of floating
point real intervals IR.

The problem of validation will be solved if it were possible to compute a maximum
quality floating point approximation or interval enclosure to the exact answer of each
mathematical problem. While this is not a reasonable goal for most of the problems there
should be a minimum standard that is required.

Traditionally the computer arithmetic provides maximum quality computations only
in R which can be extended to maximum quality computations in ZR as discussed above.
However, the minimum standard set by the advanced computer arithmetic is maximum
quality computations in the real vector (VR) and matrix (MR) spaces, the space of
complex number C and the complex vector (W) and matrix (MC) space as well as the
interval spaces over VR, MR, C, WC, MC denoted by VR, IMR, IC, D, IMC, respec-
tively. These spaces are listed in the first column of table 2.1. The corresponding subsets
that can be represented in the computer are denoted by the symbols listed in the second
column.

We will refer to the spaces R, VR, MR, C, VC, MC as point spaces and to IR, IVR,
IMR, IC, D, IMC as interval spaces. We will need to distinguish between the above
two sets of spaces because (as will be seen below) the ordering used in the definition of
rounding in a point space is < while the ordering used in an interval space is C.

Let Z{ be any of the spaces in the first column of table 2.1 and U be the corresponding
space in the second column. Furthermore, let a rounding [ : 2/ — U7 which satisfies the
following axioms be given.
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Basic Spaces of | Subsets Representable
Computation on the computer

VR
ME

IR
VR
IMR

VO
MC

IC
NC
IMC

S8R Xxo 389 §§m

Table 2.1: Table of the spaces of computation and the corresponding subspaces repre-
sentable on a computer.

[Jz =z when z €U (2.27)
z<y=[z <0y, z,ye¥d (for point spaces)
zCy=Lzcly, z,yeld (for interval spaces) (2.28)
L(—z) = —(Lz) (2.29)
For an interval space ¥, the rounding [ is also required to satisfy
rC Uz, zeld (2.30)

The theory developed in [56], [57] shows that this rounding is uniquely defined.
Maximum quality approximation (enclosure) is defined in general as follows:

Definition 2.7 An element ¢ € U is a mazimum quality approzimation (enclosure) of
z € U if there are no other elements of U between £ and z, i.e
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o for point spaces: there isnon € U such that é <np <z orz < n<¢;
o for interval spaces: there is no n € U such that x Cn C &

It is shown in [57] that a rounding [] satisfying (2.27)-(2.29) ((2.27)-(2.30)) provides
maximum quality representation of If in /. Furthermore, the operations in I/, defined by

zlely = C(z o y) (2.31)

are of maximum quality in the sense that z{°ly is the maximum quality approximation
(enclosure) of z ¢y, The operation © is any operation from the set of operation specific
for the space .

The cornerstone in the implementation of the advanced computer arithmetic is the
maximuin quality scalar product of real floating point vectors z,y € VR defined by

iy = {z.y) = O (ZIzyg)
=1
The traditional implementation of the scalar product

Ilmyllﬂﬂﬁgmyglﬂ L EEl.’L‘ﬂElyn

is with 2n — 1 roundings, while the maximum quality scalar product produces a result
with a single rounding. On the basis of the maximum quality scalar product all operations
in vector and matrix spaces are implemented with maximum quality. For example, the
multiplication of two n x n matrices is equivalent to computing n? scalar products.

In addition to the maximum quality representation and operations in the spaces listed
in table 2.1, the advanced computer arithmetic requires a maximum quality evaluation
of all standard mathematical functions (modulus, square root, exponential, logarithmic,
trigonometric,hyperbolic function, etc.).

At present, a large variety of software products supporting advanced computer arith-
metic exists. In [26], [27] a number of such software products are compared. Some of
these products are ACRITH-XSC [44], [90], C-XSC [52], Fortran-XSC [91], INTLIB [51],
INTPACK [25], PASCAL-XSC [53]. ACRITH-XSC, C-XSC and PASCAL-XSC are pro-
duction quality commercial products supporting all aspects of the advanced computer
arithmetic. For the numerical experiments presented in the thesis we use PASCAL-XSC.

PASCAL-XSC is a programming language providing the following features:

e Dxplicit language support for directed roundings and the corresponding operations.
¢ Maximum quality scalar product for vectors of arbitrary length.
e Interval types and and interval arithmetic operations.

e A universal operator concept.
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e (Overloading of function identifiers and operators.
¢ Dynamic and structured numerical types.

e A large number of mathematical functions with high accuracy for all numerical
types.

The PASCAL-XSC programming in any of the spaces listed in table 2.1 1s as easy as,
say, PASCAL programming in £2. For example, the product of a matrix M € & and an
interval vector V € fR™ 1s written in the form M * V. This operator produces a maximum
quality result which is an interval vector.

2.3 Initial Value Problems and Operators of Mono-
tone Type.

In the thesis, we consider the initial value problem (IVP) for ordinary differential equations
(ODE} and the periodic initial value problem for hyperbolic partial differential equations
(specifically the wave equation). For both problems we consider the case of an initial
condition which is an interval: n-dimensional real interval, or set of two interval functions
as the case may be. The problems will be formulated in detail in the following sections.
The numerical techniques used for these problems are quite different. However, in the
computation of validated numerical solutions the two problems share a lot of similarities,
particularly related to the validation of the the solution. One such similarity is the
connection between the monotone properties of the problem, in terms of the concept
of operators of monotone type {23] (recalled below), and the construction of interval
enclosures for the exact solution.

Definition 2.8 Let Q and W be lattices and let < denote the partial ovdering in each of
them. An operator T ; 1 = W is called an eperator of monotone type if

Tu<Tv=u<e, uvch

An initial value problem can be formulated generally in the following way:
Let ) be a space of functions defined on a domain D and let K and [ be operators
defined on  with ranges iu some spaces W and Wy. Then, the problem is

Find v € 1 such that
Ku =0 (2.32)
Tu=u°

where «” € W, is given.
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For example, if @ = Clto, 1], W = Ct.1), Wo = R, Tu = ultp) and Kult) =
du(t)
dt
ODE.

Taking D = R x {ty, 1], & = {u = u(z,¢) : D= R :u € C*D),u~periodic on z},
W = CUD), Wy = CHR) x CYR), Tu(z) = (u(r, 1), u:(x, o)) and Ku(z, ) = uu(z,t) —
Usz(2,1) — f(x,1,u), where f is a given continuous function of ¢, r and u, problem (2.32)
becomes a periodic initial value problem for the wave equation.

The spaces £}, W and W, are assumed to be vector lattices and have norms so that
the corresponding interval spaces with metric are defined.

Operator [ in the formulation of problem (2.32) represents an initial condition. In
practical applications, very often the value of Ju = u is not exactly known. Even in
the rare case, when the value of u0 is known exactly, this value is not necessarily exactly
tepresentable on a computer using the available data types. An interval rounding will

— f(t,u), where f is a given continuous function of ¢ and u, we obtain an IVP for

produce an interval { )(u?) and we will only know that u¥ € <>(uoj. Therefore it is
important to consider initial conditions of the form

Tue=u" e P {2.33)

where [/® = [u°,%°] € DW, is given.
If u{u';y), ¥y € D, denotes a solution of (2.32) then the set of functions

uw(U") = w(U%.) = {u(u® ) 1w’ € U%)

is considered a solution of problem (2.32)-(2.33). In general u{L’°) is not an interval
function in I In interval terms (as discussed in section 2.1),

[u(U% )] = [w(U% ), sV ), ye D

represents the optimal interval enclosure of ¥(U%y), y € D.
Using the above notations, the numerical problem can be formulated as:

Construct 5 € IN) such that
(U9} C 8(y) ,y € D, and (2.34)
p([u(T®)], S) < tolerance.

The design of methods producing enclosures 5 as required in {2.34) depends signif-
icantly on the structure of [u(I/®)]. When the operator T = (K, ) is an operator of
monotone type this structure is very simple.

Indeed, for such an operator 7', every solution u{u";y) of problem ({2.32) such that
u’ € U0 = [u®, 7% satisfies

Tlu(u’) = (0,1°) < (0,u") = T(u(u’)) = (0,0°) < (0,7°) = T'(u(@))
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Therefore
w(w’y) <u(u®y) <u(@y), ye D

This implies that the optimal interval enclosure can be represented in the form

[w(U% )} = [u(w®y), w(@y)], y€ D

Since the end points of the optimal interval enclosure are solutions of problem (2.32), an
enclosure S of the type required in (2.34) can be computed by computing a lower bound of
u(u® y) and an upper bound of u(@% y), y € D. This is the approach adopted in chapter
4 for constructing tight enclosures for the solution of the wave equation.

A major problem associated with interval methods for initial value problems is the
wrapping effect. It is caused by the set of additional points (called wrapping excess)
included in an interval which encloses (wraps) a noninterval set. The result may be a
significant inflation of the computed enclosures. The wrapping eflect for IVP for ODE
is explained and studied in detail in chapter 3 and it is shown that when operator T is
of monotone type the problem has no wrapping effect. In chapter 4, where we consider
mainly wave equations with a differential operator T' which is of monotone type, we
observe that no wrapping effect appears.

2.4 Initial Value Problem for ODE: Wrapping Effect.

2.4.1 The Problem.

We consider the initial value problem for ordinary diflerential equations in the form

& = f(t,z) (2.35)
z(ty) =2 € X° (2.36)

where t € [to,t] C R, z° € R*, D C R" is an open set, f : [to,f] x D — R and

X" = ([i?aﬁ]a [anfg]a SRR [E‘?L!E?L])T
is an n-dimensional interval vector, X® C ). We assume that a solution is sought in
the interval [tp,f]. A validated numerical method, if returns an answer, produces an n-
dimensional interval function S(h;t), ¢ € [to,] with the assurance that for every z° € X°
a unique solution z({g,z%1) exists in {{o,%] and z(to,z%1¢) € S(h;t), t € [to,f]. The
parameter h is a parameter of the method.

Qur primary task is a study of the wrapping effect associated with validated (interval)
methods for problem (2.35)—{2.36). When applying a validated method to a particular
problem of the form (2.35)-(2.36) we do not need to make or verify any assumptions for
f or XY because the existence and uniqueness of the solution is verified automatically.
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However, here we will prove statements about the convergence (a priori) of the enclosures
produced by a class of methods characterizing the quality of these methods rather than
the quality of the enclosures produced for a particular problem. In order to do this, we
need to make assumptions providing for existence and uniqueness of the solution. We will
assume that in the region [t,] x D the function f

i) isbounded: |fi(t,z)| <mi €R, m = (my,ma,...,my)T €R™;
it) is continuous about t; (2.37)

i12) satisfies the Lipschitz condition about z:

\filt,y) = it ) < D Xglys — 2l Ay € R, 4,5 =1,...,n.
i=1

We would like to note that all the proofs can be actually carried out under more gen-
eral assumptions providing only for existence and uniqueness of a solution z(to,z% ) in

t
a weaker sense leading to a continuous function satisfying z(t) = 2 + f f(8,z(8))d8, t €
to

[to, t]. But we feel that such assumptions will only make the proofs more technical and dif-
ficult to read without making any major contribution to the presentation and clarification
of the main ideas.

We will also assume that all solutions z(tg, z%¢), z° € X9, are defined in the whole
interval [to, ¢].

The set-valued function z(te, X°;t) = {z(to, 2%1) : 2° € X°}, ¢ € [to,7] is considered
a solution to the problem (2.35)-(2.36). For every t € [to,?] by [z(to, X°;t)] we denote
the optimal (tightest) interval containing the set z(fo, X% #) (which is not necessarily an
interval). The interval function

[z(ta, X%.)] : [to, f] = ZR™

is called the optimal interval enclosure of the solution. Therefore a validated method
produces interval functions S(h;t) such that [z(to, X©;¢)] € S(h;t).

2.4.2 Historical Overview,

The idea of solving problem (2.35)—(2.36) by constructing lower and upper approxima-
tions (bounds) for the solution z(ts, X°;¢) was proposed by Chaplygin [21], [22] in 1919.
He proposed an iterative method with quadratic convergence. See [32] for a more con-
temporary presentation. He also proved a theorem characterizing the monotonicity of
problem (2.35)—(2.36) in the case of one equation. The monotonicity in the case of a
system was studied by Miiller [68]. He proved that the operator of problem (2.35)—(2.36)
1s of monotone type under the assumption that the right hand side f is a quasi-isotone
function of z.
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Definition 2.9 4 function f = (fi, fas. .-, fa)¥ 1 D = R™ is called quasi-isotone if for
every 1= 1,...,n, fi = filz1,22,...,2Zn) is non-decreasing with respect to all z;, § # .

His theorems were generalized by Kamke in 1932 and later by Walter [92].

The work of Chaplygin was further developed in the Soviet Union by Luzin and Babkin
[17]. 1t is interesting to note that these mathematicians did not know the results of the
German mathematicians Miiller and Kamke. For example, Babkin essentially formulates
the theorem of Miiller for two equations. On the other side, Muller and Kamke did know
the results of Chaplygin.

We will use the theorem of Milller in the following form.

Theorem 2.1 Letl function f in equation [2.35) be quasi-isotone with respect to z. If
functions u, v [to,t] — D are differentiable in {to, 1] and satisfy the inequalities

w(t) — f(t,u(t)) <o)~ flt,v()), € [t,d],
u(to) < u(to)

then u(t) < v(t), t € [to.f].

This theorem means that the operator T' defined by T'(z) = (¢ — f(t,z),z(fn)) where
@ : {to,f] = D and is differentiable in [{g,7], is an operator of monotone iype.
As a direct consequence of theorem 2.1 we obtain

Theorem 2.2 Let [ be guasi-isotone on z and let S = [5,5] be an interval function
defined on [ty, 1] such that S(t) C D, t € {ty. 1] and 5,5 are differentiable in {g, 1], If

s(t)~ f(t.s(t) <0 <5(t) - f(6,5(2)) , € [to1],
s(t) <z, 7 <5(to)

then z(to, X" 8) C S(t), ¢ € [to, 1.

In 1965, Moore {64] described an enclosure method for ODE using interval arithmetic
for the first thme, He used the Taylor series expansion of the solution to construct in-
terval enclosure, This approach remains the most common one until now [55], [37], [39].
Other methods are interval analogs of standard methods (e.g. Runge Kutta, Adams, etc.)
assuming that an interval function containing the error of the corresponding method 1s
available {46]. Moore [65] also introduced Pickard-Lindelof iteration. Bauch and others
[18] modified the method and suggested Newton iteration.

In the eighties Nickel [82], Stetter [88], Bauch et al. [19], Corliss [28], Kalmykov et al.
[46] gave surveys on interval methods available then. Corliss et ol [29] contains a very
extensive bibliography.

In the area of single-step methods, progress during the last decade was made mainly
in improving the computed enclosures by using different strategies for step-size and order
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control, defect-correction, improved provisional enclosures and others. Recent surveys are
given in [86] and [78].

Every interval method has to face the wrapping effect which is a severe obstacle and
has been a central issue in the construction of interval methods since the introeduction of
interval analysis to the numerical solution of the IVP for ODE. Moore [65], Krackeherg
[55], Lohner {59] present modifications of the Taylor method which can reduce the wrap-
ping effect. The method of Lohner is the most famous one. A further modification
proposed by Rihm [86] imuproves the computed enclosures. In the thesis we study the
wrapping effect associated with single-step interval methods.

2.4.3 Wrapping Effect and Wrapping Function.

We will consider methods that generate interval enclosure S(h;?) using a mesh
{tosty, .. t, = B} where A= (R, ha, . hL), le =t~ tim, k=1, 0,k
Naturally, convergence of the form
lim S(h;t) = [z(te, X°; ¢
i S(h;t) = [a(to, X7 2)]
is desirable. However, due to the wrapping effect, in most of the cases such convergence is

not observed even when the method has very good local approximation properties. This
is demonstrated in the following example.

Example 2.1 Consider the problem

T = —21 ) 3&(0) :-T{I)QX?:I‘}'i—vl,El] )
Fy =20 — I3, 22(0) = a) € X§ =1 + [~eq,89], (2.38)
.’u;'g fe 222; - Ty, $3(0) ped 5[‘3 e ,.XO =1+ ["53,63] .

in the interval [0,1]. We apply a method based on the Taylor series of the solution
with local approximation error O(A%). In every interval [t,?;4:] the already computed
enclosure S{#; ;) is considered as an initial condition and we have

P (SR ), [z(te, S(h e s )Y = O(RL) 5 t € [trytiga] .

When
£ = 0.2§ Eq == L3 = 0.05 (239)

the optimal interval enclosure and enclosures, computed for various values of A, are repre-
sented graphically on figure 2.1. Since the corresponding enclosures for z, and x5 are the
same, they are represented by the same graphs. While the numerically computed enclo-
sures for z; are visually indistinguishable from the optimal one, the computed enclosures
for #2 and z3 clearly diverge from the optinal. We can see that reducing the step size
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Figure 2.1: Problem (2.38) with &g, = 0.2, €2 = &3 = 0.05. Optimal enclosure and
enclosures computed numerically for various step sizes h.

makes the matter only worse, Increasing the order of local approximation also does not
help.
However, when the same method is applied to the problem (2.38) with

ep =10, g = &3 = 0.05 _ (2.40)

we obtain a very good approximation of the optimal interval enclosure in all three variables
7y, 3 and 3. The numerical results are graphically represented in figure 2.2. At the top
part of the figure the optimal enclosure and the enclosures computed for various values
of h are plotted. Since the computed enclosures are very close to the optimal enclosure,
they are visually indistinguishable from the optimal one. In order to see their accuracy,

the error functions
o (Slhs ), [2a(to, X% 0]) , i=1,2,3

are plotted on a logarithmic scale at the bottom part of the figure. A rate of convergence,
consistent with the expected rate of global convergence Q(h*) is revealed.

The divergence of the computed interval enclosures away from the optinal enclosure
when h — 0 which is observed for z; and =3 on figure 2.1 is due to the wrapping effect.
While a detailed explanation of the wrapping effect will be given below, we can say
roughly that it manifests itself as divergence of the computed enclosures away from the
optimal enclosure when & — 0 irrespective of the order of local approximation. We
can sce from the numerical experiments with example 2.1 that there are problems (e.g,
problem (2.38)-(2.40)) where the wrapping cffect does not appear at all and the computed
enclosures behave in a "regular” way, i.e. converge to the optimal enclosure when b — 0.
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Figure 2.2: Problern (2.38) withe, =0, g3 = g3 = 0.05. Optimal enclosure and enclosures
computed numerically for various step sizes h (top) and errors of the computed enclosures
on a logarithmic scale (bottom).

We will explain the wrapping effect using Jackson’s [45] propagate and wrap approach.
Suppose that we can compute the optimal interval enclosure in any interval [tg, tx41]- Then

interval enclosures can be computed by the following procedure which we call Idealized
Propagate and Wrap Algorithm (IPWA):

S(h;to) - XO
S(h;t) = [m(tk)‘s(h;tk);t)]n t € [tkytk+1]: k= 0,1,...,n—-1 (2‘41)

This method has no local error but does not always produce the optimal enclosure.
The solution at t; is the set z(ty, X°;#,) which is not necessarily an n-dimensional interval.
It is wrapped by an interval S(h: ;) = [z(to, X°; t1)], thereby including extra points called
wrapping excess. In the interval [t;, %] all solutions starting from the points of S(h;t;)
(including the wrapping excess) are propagated and the set z(ty,8(h;t1);t2) is again
wrapped by an interval S(h;t,) = [z(t1,S(h;t1);t2)] with certain wrapping excess and so
on. The wrapping excess at the points of the mesh is what causes, in some cases, blowing
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up of the enclosures as observed for variables z23 on figure 2.1, and referred to as the
wrapping effect. In other cases, despite the wrapping excess, the computed enclosures
converge to the optimal one (figure 2.2), i.e. there is no wrapping effect.

Moore [67] noticed the problems associated with the wrapping excess at the points
of the mesh and proposed coordinate transformations to counter the wrapping effect. A
large number of papers on validated (interval) methods for ordinary differential equations
deal with the wrapping effect, and [55], [37], [59] mark some major developments in the
area. See also [78] for a recent survey.

A well known case of problems with no wrapping effect is when the function f in (2.35)
is quasi-isotone. There is also no wrapping effect when the initial condition is a point
X% = 2% € R. However, problem (2.38)-(2.40) is of neither of those types, but there is
still no wrapping effect.

We study the wrapping effect by introducing a new concept of wrapping function.

We consider single-step methods producing enclosures S(%;t) such that in every inter-
val {ty, tks1] the interval function S(k;t) encloses all solutions propagated from the points
of the interval S(h;t;). We call these methods methods of propagate and wrap type.

Definition 2.10 A function X : [tg,f] = IR" is said to satisfy a wrapping property with
respect to equation (2.35)-(2.36) at the point § € [to,1) if all solutions z(8,u; 1), u € X(0),
ezist in the interval [0,1} and z(8, X (0);t) C X(t), t € [8,1].

Using definition 2.10 we can also define the methods of propagate and wrap type as
follows:

Definition 2.11 A single-step numerical method producing enclosures S(h;t) for the so-
lution of problem (2.35)-(2.36) is called o method of propagate and wrap type if the en-
closures S(h;t) satisfy the wrapping property at all points of the mesh.

The Idealized Propagate and Wrap Algorithm (IPWA) discussed earlier is a method of
propagate and wrap type. It produces the tightest enclosure S(k; ) that can be produced
by a method of propagate and wrap type because its local error 1s zero.

In considering methods of propagate and wrap type we will ignore the method used
by the numerical procedure for producing enclosures (e.g. Taylor series, Runge-Kutta,
etc.). We will only discuss the convergence of the computed bounds S(k;t). In all cases
of wrapping effect convergence of the computed enclosures (although not to the optimal
enclosure) is observed (see the graphs for z3 3 in figure 2.1). Then, it is logical to ask:

If the computed enclosures do not converge to the optimal one, what do they converge
to?

We prove that the enclosures computed by any method of propagate and wrap type
converge to the wrapping function discussed below.

Since the enclosures produced by methods of propagate and wrap type satisfy the
wrapping property at every point of the mesh, we may expect that the limit of such
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interval functions when A — 0 satisfies the wrapping property at every point of the
interval [tg, f]. Therefore, we define the concept of wrapping function as follows:

Definition 2.12 A function X : [to,f] = IR" s called wrapping function for problem
(2.85)-(2.96) if:

ﬁ) X(to) = XD:'
it) X satisfies the wrapping property at every point of the interval [to,1);

i) for every other function Y : [to,t] — IR™ satisfying i) and i) we have X(t) C
Y(t), t € [to,t] (i.-e. the wrapping function is the optimal function with i) and ii)).

The wrapping function of problem (2.35)—(2.36) is unique. Indeed, if Y and Z are
wrapping functions then function X defined by X(t) = Y (¢) N Z(t), t € [Lo, ] satisfies
conditions i) and ii) of the definition and X (t) C Y (t), X(¥) C Z(t), t € [ta, ]. Moreover,
the converse inclusions hold from condition iii) in the definition. Therefore X(t) = Y(t) =
Z(t). We denote the wrapping function of problem (2.35)~(2.36) by X.

In Chapter 3 we prove the existence and some properties of the wrapping function by
representing it as a solution to a certain initial value problem. We also prove that, in
general, the limit of the enclosures produced by methods of propagate and wrap type is
the wrapping function and not the optimal interval enclosure. Therefore, the computed
enclosures converge towards the optimal interval enclosure if and only if the wrapping
function 1s equal to the optimal interval enclosure. In this way the wrapping effect can
be considered as an inherent property of the problem and can be quantified as the dis-
tance between the wrapping function and the optimal interval enclosure. Apart from the
theoretical value of this result in studying and understanding the wrapping effect it has
a practical application in characterizing problems with no wrapping effect. In [30], [78] it
is stated that a complete set of tools for validated solving of IVP for ODE should include
software for recognizing problems with quasi-isotone right-hand side and solving them by
a straight forward procedure instead of using complicated algorithms [37], [81], [59]. We
prove that there is a larger class of initial value problems that have no wrapping effect
and we believe that such software should recognize the problems with no wrapping effect
as they are specified by the theorems proved in chapter 3.

2.5 Wave Equation: Monotone Properties.

2.5.1 Interval Methods for Partial Differential Equations.

Advances in the development of interval methods for PDEs were reported as early as the
seventies. In 1972 Appelt [15] obtained error bounds for an approximate solution of a class



CHAPTER 2. PRELIMINARIES 30

of elliptic problems using interval methods. His approach was also discussed by Moore
[67]. A method for construction of bounds for the characteristic initial value problem for
hyperbolic equations is proposed in [33], [34]. The problem is formulated as a fixed-point
equation, and bounds for the solution of this equation are obtained iteratively. Validation
of the bounds is obtained by using the fixed-point theorem approach.

A significant contribution to the development of validated methods for PDE is the
introduction of the concept of functoid [49] with applications to PDE discussed in [50].
Particularly applicable to the wave equation is the Fourier functoid which is discussed
later in this section. The concept is generalized to a Fourier hyper functoid in [48].

An important development in the last decade is the use of the method of finite elements
for computing validated solutions of PDE {69]-[77]. The methods proposed by Nakao and
his colleagues use a finite element solution and a computable error estimate for obtaining
enclosures. The validation is also based on Schauder’s fixed point theorem.

In the thesis we consider the wave equation which is a hyperbolic problem. Our task
18 to establish monotone properties of the problem and construct methods based on these
monotone properties.

2.5.2 The Problem.

We consider the nonlinear wave equation

Up(z,t) = up(z,t) = f(z,t,u(z,8)), —l<z<l, t>0 (2.42)
u(:c,()) = gl(I) 3 ut(I:O) = 92(3:) , —l<z<i (2'43)
u(—1, ) = u(l, 1), u,(—1t) = us(l,1), t>0 (2.44)

Condition (2.44) implies that the solution is a function which has a smooth 2{-periodical
extension about z. The periodic boundary condition is essential for the monotone prop-
erties of the problem and the construction of numerical methods as discussed in the fol-
lowing sections. However, it is not a very restrictive assumption because a large number
of problems can be reduced to problems with periodic boundary conditions of the form
(2.42)-(2.44). For example if the problem is given in the more common initial boundary
value form:

ug(z,t) — uge(z,t) = flz,t,u(z,t)), 0<z<l, t>0
u(z,0) = gi(z) , ue(z,0) = g2(2), O< <!
u(0,t) = (1), ul(l,t) = ¢(t), >0
substituting
ol 1) = u(s,0) + 7((z ~ Dlt) — 26(2)
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we obtain a problem with zero boundary conditions

“

v, 1) — oz, 1) = f(z,t,u(z,t)), O<z<!, t>0
t’(fﬁ;D) = 6'1(3:) 5 ‘Ug(.‘I:,U) = ﬁz(ﬂi) , <z !
v(0,t) =o(l,t) =0, t>10

where

f(a:,t,v) = f (;’B?t,v - %((I - i)[la(t) .... Ié(f))) + ‘![-‘((1; - ik‘cfi(t) - :“;bft(t))

91(2) = () + (= - D(0) ~ 76(0)
(2) = 0a(2) + 7((z = D0) — 264(0))

Defining all functions for « € (~{,0) as odd functions of z, the zero boundary conditions
at z = 0 and £ = [ can be replaced by periodic boundary conditions at £ = ~! and
z = [. Problems concerning the differentiability of the solution that may arise in this
transformation will be deali with using a weaker formulation which is discussed in chapter
5. Let 2[t, ] be the set of all functions u = u(z,t) : R x[0, o) — R which are 2/-periodical
about z and have continuous second derivatives. Assuming that functions f, g; and g
are extended periodically about z (period 2{) we can formulate problem (2.42)-(2.44) in
the following way:
Find u» € Q[0,7] such that

ug(z,t) — ug(z,1) = flz, t,u(z,t)), ceR, t>0 (2.45)
uw(z,0) = g (z), w(z,0) = gs(z), z€R (2.46)

The solution of the above problem we denote by u(0,g; z,1).
We also consider an interval initial condition of the form

u(z,0) = gqz) € Gi(z) = {g,(«)G(z)],
u(z,0) = ga(z) € Ga(z) = [g,(),G(2)}, c€R (2.47)

where (; and (r; are given interval functions. The set-valued function

1
P

u(0,Giz,t) = {u(0,9;2,1) : g € G}, z € R, 1 €[0,1]

is considered a solution of problem (2.45)~(2.47)

In chapter 4 we assume that f is a continuous function of all argurnents, ¢ 5 (9;1?2,751'2)
are differentiable and g}, € La(—11) (g, ,,71,2 € L2(—4 1)) In addition, we also make
the assumption that f is a non-decreasing function of » and the monotone properties of
the problem are used in the construction of enclosures. In chapter 5 we consider means
of dealing with discontinuities of f, g; and g, or their derivatives.
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2.5.3 Monotone Properties.

The monotone properties of an initial value problem play an important role in the design
of interval methods (as discussed in section 2.3). Let us denote the operator ug — ta,
shortly by Lu, i.e.

Lu=uy —ug,, ueff.

and let T'(t,) be an operator defined in Qt,, 1], to € [0,1) as
T(ta,u;z,t) = (Lu(x,t) — flz,t,u),u(z, te), u(z,ta)) , € R, t € [ta,1] .

Then problem (2.45)—(2.46) can be written as

T(Oa u) = (01915 92)

In chapter 4 we prove that

If f 18 anon—decreasing function of u then

T(ts) ts an operator of monotone type (2.48)

Therefore, when f is non-decreasing about u, the optimal enclosure [u(0,G; z,t)] of the
solution of problem (2.45)-(2.47) can be represented in the form

[U(O: Gz, t)] = [u(O, T, t)a U(Oa g, z, t)]

and problem (2.4

5)—(2.47) 1s reduced to two problems with point initial conditions given
by g =(g,,9,) and § =

(
7 = (7,,7,) as follows:

ulz,t) — ugg(z,t) = f(z,t,u(z,t)), z€R, te0,i]
u(z,0) = g, (), u(z,0)=g,(z), z€R (2.49)

utt(:’:at) - um:(l'at) = f(z,t,u(:c,t)) , TER, t€ [Ofﬂ
u(:zr, 0) = .(._71(‘7:) g ui(I:O) = §2($) , ¢ER (250)

However, the practical application of the monotonicity of the form (2.48) to the con-
struction of enclosures has a significant shortcoming when the enclosures are constructed
step-by-step using a mesh {{o = 0,¢,...,¢r = t} in the time dimension. When this ap-
proach is used, the numerical solution (or enclosure in our case) computed at ¢, gives the
initial condition for the computation of a numerical solution (enclosure) in the interval
[£1,t2]. However, this initial condition does not have the same properties as the condition
(7 at t5. We will explain this in more detail.

Denote by S(k,N;z,t) = [s(h,N;z,t),5(h, N;z,t)] the enclosures produced by a
method using a mesh {to = 0,1y, ..., {r = {} in the time direction, where h = (hy, ko, ..., hg),
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hi =ty — ty_; and N is another parameter of the method resulting from a discretization
in the space dimension. Let also S(h, N) be constructed in the interval [tp,#;] in a such
way that

Ls(h,N;z,t) < f(z,t,8(h,N;z,t)), t€R, fg<t <t
s(h, Ny, to) = g,(z) , s,(h,Niz,to) =g,(z), z2€R (2.51)
Ls(h,N;z,t) > f(z,t,3(h,N;z,t)), ER, fh <t <th
(h,Nyz,t0) = g,(z), Su(h,N;z,t0) =7,(z),c€R (2.52)
Then in the interval [to, ] we have
T(to, s(h, N)) < T(to,u(0,9)) and T(to,5(k, N)) > T'(to,u(0,)) . (2.53)
The monotone property (2.48) implies that
s(h,Nsz,t) <u(0,g;2,t) and 3(h,N,z,t) 2 u(0,g;7,t) , z€R, tE[tot]
and therefore
[u(0,G;z,t) = [u(0, g; z,1),u(0,7; z,t)] C S(h,N,z,t), z€ R, tE [to,t].
In the interval [t1, f;] we consider the pair of problems
uy(z,t) — uge(z,t) = flz,t,u(z,t)), z€R, th <t <ty
u(z,t1) = s(h, Nyz,t1) , wz,t1) = 5,(h,N;z,81), 2€R (2.54)
un(,t) — uza(z,t) = flz,t,u(z,t)), TE€R, {1 <t <ty
u(z,t1) =3(h, N;z,t1) , us(z,t1) =5(h,N;z,t1), 2€R (2.55)
If the interval function S(h, N) is constructed in the interval [f1,#;] in such a way that

Ls(h,N;z,t) < f(z,t,8(h,N;z,t)), z€R, thi<t<t,
Ls(h, Niat) > f(ot,5(h, N;2,0)) , 2 € R, 1 <1<

and s(h, N), 5(h, N) satisfy the initial conditions of problems (2.54) and (2.55) respectively
then the inequalities

T(t,8(h,N)) <T(t1,u(0,g)) and T(t,5(h, N)) 2 T(t1,u(0,7))
are not necessarily true because at { = f; the inequalities

s;(h, N;z,t1) < ug(0,g;2,81) and F(h,N,z,t) > w(0,g,2,0) , 2€R
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may be violated. The above inequalities do not follow from (2.53) and the monotonicity
of the operator T'(fp) and one can easily show examples where they are not true.

In order to establish a suitable monotone property for the problem (2.45)-(2.47) we
define a new operator associated with problem (2.45)-(2.47). Operator T () is defined
on Qta, 1], ta € [t,T) as follows:

T(ta,u;z,t,y,2)) = (Lu— f(z,t,u), (u, tu;y,2)), £ € {Ea1), 25,2 € R, y < 2z (2.56)

where

B(u, by, 2) = uly, t) + u(z, £) + /y wlz,t)de , v,z €R, y <z
In Chapter 4 we prove that
T(tasu) < T(te,v) = O(u,t) < O(v,t), t. <t <t (2.57)
Let us note that for any u,v € Qtq,t] and £ € [g, ] we have

(u(z,t)<v(z,t), ue(zyt) Svila,t), z € R) = (O(u,t;y,2) <P(v,t;y,2), ¥,z € R,y<z2)
(@(u,t;y,z)g@(v,t;y,z), ¥,z ER,y< z) = (u(m,t)gv(:c,t), NS R)

but the implication
((I’(U,t, ysz) S @(U:t;yaz)a Y,z € Ray S Z) = (ut(xut) -<- Uf(:c!t) S R)

is false. Then, it is easy to see that the operator T({,) is an operator of monotone type
according to the usual definition, but it is actually more then that since the inequality
®(u,t) < ®(v,t) contains more information then u(z,t) < v(z,t), z € R.

Let the enclosure S(k, N) be constructed in the interval {¢q,%;] in such a way that the
inequalities (2.51), (2.52) are satisfied. Then in the interval [to,?] we have

T (to,s(h, N)) < T(to,w(0,9)) and T(to,3(h, N)) > T (to,u(0,7)) .
The monotone property (2.57) implies not only
s(h,N;z,t) <u(0,g;z,t) and 3(k, N, z,t) >u(0,g;z,t) , z€R,tE [lo,ty]
but also
®(s(h, N),t1) < ©(u(0,g),t1) and @(3(h,N),t1) > 2(u(0,g),%1) -

Therefore, if the interval function S(k, N) is constructed in the interval {t1,?;] in such a
way that
Ls(h,N;z,t)
L3(h,N;z,t)

f
H

< fla,t,s(h, Nyz,t)), R, t1 <t <ty
> flz,

t,3(h, N;z,t)), 2 €R, th <t <ty
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and s(h, N), 5(h, N) satisly the iitial conditions of problems (2.54) and (2.53), respec-
tively, then

T(t1,8(h, N)) < T(ts,u(0,g)) and T(t,5(h, N)) = T(t1,u(0,9)) .
From (2.57) we obtain
[(0,G; 2, t) = [u(0,g;7,1),u(0,7; z,t)] C S(h,N,z,t), € R, t€ [t1,13].
and also
®(s(h, N),12) < ®(u(0,g),£2) and B(3(h, N),12) > ®(u(0,g),t:) .

Hence we can proceed in the same manner in the interval [t3,f3] and further along the
mesh.

2.6 Functoids.

2.6.1 The Concept of Functoid.

Functoid is a structure resulting from the ultra-arithmetical approach to the solution of
problems in functional spaces. The aim of the ultra arithmetic is the development of
structures, data types and operations corresponding to functions for direct digital imple-
mentation. On a digital computer equipped with ultra-arithmetic, problems associated
with functions will be solvable, just as now we solve algebraic problems {38]. Ultra-
arithmetic is developed in analogy with the development of computer arithmetic.

Let M be a space of functions and let M be a finite dimensional subspace spanned
by ®n = {4, Every function f € M is approximated by 7x(f) € M. The mapping
7n is called rounding (in analogy with the rounding of numbers) and the space M is
called a screen of M. Every rounding must satis{ly the following requirement (invariance
of rounding on the screen):

~(f)=f forevery fe M

N

Every function f = Y aip; € M can be tepresented by its coefficient vector v(f) =
1=0

(g, 01, ..., an). Therefore the approximation of the functions in M is realized through

the mappings
MM & KN

where K is the scalar fleld of M (i.e. K = R or K =C). Since v is a bijection we can
identify M and K™¥*! and consider only the rounding 7.
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In M we consider the operations +, —, ., /, [ defined in the conventional way. By the
semimorphism principle 7 induces corresponding operations in M:

fClg=m(f°g), ° € {+ — %/}
s == (/)

The structure (M, HE, &, L, [, [ﬁ) is called an (ultra-arithmetical) functoid.[49]
Let IM be the set of all linear combinations of the basis ®5 taken with interval
coefficients, i.e.

N
IM = Isp(®y) = {Z App; 1 A; € IK}
1=0
Every F' € IM can also be considered as an interval function and can be identified as
follows

N N
F=3% A= {f € M: f(z) € ) Appilz),x € D}

=0
where D is the domain of the functions in M. In this way IM belongs to the power set
PM of M. A mapping Ity : PM — IM is called an interval rounding if

f € Irn(f) forevery feM
F C Iry(F) for every F' € PM
F = Iry(F) for every F € IM

The operations in PM are defined by
FoG={feg:feF,geG}, F,GePM, ° e{+,—,.,/}

fF:{ff:feF}, Fe PM

Operations in IM are defined using again the semimorphism property:

F<°>G:ITN(F°G), FGeIM, °c{+ —./}

(pr = Fy (/)
The structure (IM, @, <->, <>, </>, @) is called an interval functoid.

Typically, in M we have a basis ¥ = {¢3 }72, and 7 and Ity are linear projections.
Let

N
(i) =D 0
3=0
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Then for every function f = W.ae = ) oup; € M we have

™(f) = iafﬂv(%) = On.(aA)

where A is a oo x (¥ + 1) matrix with entries a;5, ¢ = 0,...,00, § = 0,..., N and
a = (C!(],C!]_, “ )
Methods of approximation theory provide estimates of the form

Ife%m — (¥l <oy £=0,1,...

for many classes of bases. From such an estimate interval rounding may be defined as
follows
ITN(T,[)%') = TN(T,[)-i) + [—1, 1]0';.; ) 1= O, 1, e

oo

In(f) =Y (rn(y:) + [-1,1]ay) = Cw.(eA) + [-1, 1]{e.0)
=0
where 0 = (09, 01,...). In the canonical case, where ¢; = ¢;, 1 = 0,1,..., N, the rounding

Tw 18 often defined by
. , t<N
TN(d)i) N { OLP 1> 0

which is equivalent to terminating the series, i.e.

N
TN(f) = Z Q40
=0

For interval rounding in this case we have o; = 0,7 = 0,1,..., N, meal.%(|1,/;,;(:1:)| < oy
i=N4+1,N+2,.... and

N oo
ITN(f) = Za,-cpi + [—1, 11 Z ;0
1=0

i=N+1

A typical example of a functoid is the Taylor functoid where M is the set of all
entire functions considered on some compact interval (e.g.f—1,1]) and M is the span of
{1,z,2%,...,2"}. The Taylor rounding is defined by 75 (z*) = z* for k = 0,1,..., N and
Tn(z*) = 0 for ¥ > N. If the domain of the function is the interval [—1,1] the interval
Taylor rounding is defined by using o = 0 for k = 0,1,...,N and o3 = 1 for k > N.
The Taylor functoid M can also be considered as a screen for the set of all functions
with a bounded N 4 1 derivative on [—1,1]. In what follows the symbol 7 denotes the
Taylor rounding if not otherwise stated. The symbol p will be used for the rounding in
the Fourier functoid discussed in the next subsection.
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2.6.2 Fourier Functoid.

Let f € Ly(—1,1). The Fourier series of f can be represented as

flz) ~ap+ g:(ak cos(kmz) + by sin(knz)) = g:(ak cos(kmz) 4 by sin(kmz))

where

2[ z)dz, by = bo(f) =0
ar = ax(f) = f_1 F(z) cos(kra)dz, by = by(f) = f_1 flz)sin(kra)dz, k=1,2,...

The complex form of the Fourier series will be used in some applications:

o .
fN Z Cketkfrz

k=—co

where ¢g = ag, ¢x = %(a;‘ —ibg), c_x = %(ak + b)) = conj(ex), k= 1,2,....
Fourier functoid Fy is defined as the span of {cos(knz),sin(krz)},, i.e we have

N
Fn = {Z(ak cos(kmz) + by sin(knw)) @ ax, by € R} :

k=0
The mapping py : L2(—1,1) = Fu defined by

pn(f) =Y (akcos(krz) + by sin(kmz))

k=0

is a rounding of L3(—1,1) onto the screen Fpy. Addition and multiplication by a scalar
is implemented in Fy without rounding

(z(ag ) cos(kra) + b sin(kﬂ'm))) + (f}(ag) cos(knz) + b sin(kﬂ':c)))

k=0 k=0

N
Z (4 o) yeos(krz) + (bil) + bgf))sin(k':r:c))

o (i(akcos(kﬂm) + by sin(krra:))) = (fj(aak cos(knz) + aby sin(kﬂw)))

k=0 k=0

The product of two functions of Fx can be represented in the following way using the
complex form of the Fourier series

N _ N ’ aN  min{Nk+N} _
( Z Ckezkfr:n) ( Z dkezkfra:) — ( Z Z Ck—jdjezkwx

k=—2N j=max{-Nk—N}
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and after rounding we have

N ) N _ N min{N,k+N} »
( Z Ckezk‘rr::) E ( Z dkeik'rr:c) — ( Z Z Ck_jdjeakwr)

k=-N k=—N j=max{-N,k—N}

This leads to the following formula for multiplication in ZFy in real form

(fj(a,g ) cos(knz) + b sin(kn’x))) B (fj(a}f) cos(kra) + b sin(km:::)))

k=0 k=0
N N N
= > (( S (azgcl]_7 g-) b(_)JbE ))) cos(kmz) + ( 3 (a (_)be,z) —I—b}cl_)jag-z))) sin(kn’x))
k=0 J=k—N JoEoN

where a_; = aj and b_; = —b;, 7 =1,2,..., N.

There is no explicit formula for division and an iterative procedure for computing
the quotient is proposed {49]. Since division will not be used in the numerical methods
discussed in the thesis we will omit it.

1
Integration of functions f € Fy such that f f(z)dz =0 (i.e. the constant term in
-1

the series is zero) is implementable without rounding

f (i(ak cos(kmz) + by sin(kﬂ'ﬂ:))) de = dy + Z —:—W cos(kmz) + Iﬂ—sm(k:'r:n))

k=1 k=1
The integration of a constant is a problem. The set Fx consists of periodical functions but
a constant has no periodical (period 2) antiderivative. We have f 1dé =z, z € [-1,1].
0

Denote by s; the periodical extension (period 2) of the function z over the whole real line,
Le. 31 is periodical with period 2 and s;(z) = z for z € (—1,1]. Then for any o € (—1,1]
the function s;(z 4+ ) can be considered as a generalized antiderivative of 1. The value
of a (i.e. the position of the jump) must be determined from additional conditions. This
problem can really be resolved only by introducing the Fourier hyper functoid discussed
in the next section. However, we can still evaluate definite integrals on [—1,1} without
difficulties. For example, using
o0 (_l)k—l )
sifz) =23 o sin(kmx)

k=1

we have

@Z (a ,ﬁ;(ak cos(km&) + by, sin(img))) d¢

o+
k—l N bk N bk
= pNn (2ag Z sin{krz) + kgl - cos(kmz) + E sin(krz)) + > E—TF)

k=1

N N 9 -1 k-1
Z k_k +3 (—-——cos krz) + ot a]:( ) sin(kfra:)) , ¢ €[0,1]
- ™

k=1
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The interval Fourier functoid is

N
IFy = {E(Ak cos(krz) + Bysin(kmz)) : A, Br € l’R}

k=0

In order to define an interval rounding fpy we need to have an estimate of the form

zrer[lalxl |f(z)— pn(f)(z)| € on(f) = 0 when N — oo .

This implies that pn{f) converges uniformly to f. However, in general, pn(f) converges
to f € Ly(—1,1) only in the L; norm. Therefore ZF can not be an interval screen of
L3(—1,1) but it can be an interval screen of a subset of Ly(—1,1), consisting of functions
with uniformly convergent Fourier series,

If the Fourier series of f € M is finite, it is easy to define interval rounding using the
P

general approach from the previous section. Let f(z) = Y (axcos(kmz) + by sin(kmz)).
k=0
Then

|F(z) — pn(f) ()] < EN: vai + b
k=N+1
and

Ipn(f)(z) = ap + [—1,1] Z Vai+ b+ Z (ax cos(kmz) + by sin(knz))

k=N+1

The above formula can be extended for rounding from IFp to TN, P > N,

Ipx (i(Ak cos(krz) + By sin(km:))

k=0

= Ag+[-1,1] Z \/A2+Bz—|—z Agcos(krz) + By sin(krz)) (2.58)

k=N+1

Addition, multiplication by interval and integration of a sum with no constant term
are implemented without rounding using the same formulas as in F replacing ax by Ay,

N
by by By and « by [a,@]. The product of F(z) = Z(Ail) cos(krz) + BV sin(krz)) and
k=0

G(z) = Z(A cos(kmrz) + B,c sin(krz)) is

k=0

(FG)(z) = %(Aff) cos(kmz) + B,(CS) sin(knz)) € Fon

k=0
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where
(a) al 0. (1) p(2)
AL = 2 (oA = BBy
j=k-N
) 4 B, ) 4@
B = Z k— JB.? + By JAJ )
i=k—-N

assuming that A_y = Ay and B_, = — By, & = 1,2,...,N. Using the rounding in the
form (2.58) we have

(FQG) (z) = AP + =1, 1]on(FG) + f;(Aﬁf) cos(krz) + B sin(knz))

k=1

2
where on(F'G) = Z \/ A{a) B(a))
k=N+1
The integral of a constant is not a function which has a uniformly convergent Fourier

series. Therefore integration is defined in ZF only for functions with zero constant term.
However, definite integrals in [—1, 1] can still be evaluated similarly to the definite integrals
in F.

Determining a subset M of Ly(—1,1) which has ZF as interval screen and extension
of the definition of Ipy over M and PM will be discussed in chapter 4.

Let us note that the interval rounding Ipx also defines directed rounding p,; and py

in M. We have
IPN(f) = [P_N(f)nﬁN(f)]

where

N
pf) = ap—on(f Z (arcos(krz) + by sin(kma))

MZM

i) = ao+on(f) 4+ (arcos(knz)+ bysin(krz))

£
[l
—

Using directed roundings the operations in F can also be defined with rounding to the
left or to the right.

2.6.3 Application to the Wave Equation.

One of the inconveniences in using the interval Fourier functoid is that the upper and the
lower bounds of

N
Z Ay cos(knz) + By sin(knz)}) € IF
k=0
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are not functions in F. In other words ZF is not the interval space over F. Let f,f € M,
f < fand F=[f,f]. Obviously, ¥ € PM. We have

N
py(f) = ao—on(f)+ Y (g cos(knz) + by sin(knz))

k=1

N
nv(f) = aoton(f)+Y, (ak cos(kmz) + by sm(k’rr:c))

k=1

Since the inequalities g5 < @, b < b; are not necessarily true the interval function
len(F),Pn(f)] is not, in general, an element of ZF. It is easy to see that

len (), Pn(F)] € (20 —an(f)) V (@0 + on(f))
+ Z ( @y ) cos(kmx) 4 (b V by) sin(k'.rr:c)) C Ipn(F)

We have
w(lpy (£, A (A = n(F) — pu(f)

N
=To—ag+ on(f)+ O’N )+ Z ( ay — ap ) cos(kma) + (b — by) sin(krr:r))
k=1

while

N
w(Ip(F)) > 7o — ao + on(£) + o)l + 3. (17 - aullcos(kre)] + b — byl sin(ka))
k=1
It is obvious that there is, in general, a significant difference between the width of
[p,(]),Pn ()] and the width of fon(F) which increases when N increases.

For that reason, we will not apply the interval Fourier functoid ZF for approximation
of interval functions. Instead, we will use the directed roundings p, and py to obtain
lower and upper bounds p,(f), Pn(F) which are elements of F.

The formulation of problem (2.45)-(2.47) as two problems (2.49) and (2.50) facilitates
the above approach. We need to calculate a lower bound for the solution of (2.49) and an
upper bound for the solution of (2.50).

In chapter 4 we consider a numerical method which uses this approach for producing
lower and upper bounds s(k, N), 3(h, N) for the solution »(0, G; z,t) in the form of Fourier
serles about z:

s(h,N;z,t) = kz_: (ay(t) cos(kmz) + by(t) sin(kmrz))
sh, Ny t) = > (Ek(t) cos(kmz) + b (1) sin(kﬁm)) (2.59)

=
Il
=
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where the coefficients a,, @, b;, by are piece-wise polynomials about ¢. The bounds are
constructed step by step using a mesh {¢; = jh: 7 =0,1,...,7} in the time dimension.
In every interval [¢;,%;41] we consider a pair of problems

Ue(T, 1) — Usz(2,t) = flz,t,u(z,t)), 2€R, t>0

u(z,t;) = gale), w(z,t;) =gp(z), z€R (2.60)
utt(xat)_umz(mat)=f($atau($:t))) IERa t>0
w(z,0) = gn(z), ulz,0) = gpo(z), z€R (2.61)

where for 7 =0

and for j > 1

assuming that the bounds s(k, N;z,t), 3(h, N;z,t) are already computed for ¢ < ¢;.
The functions f(z,t,u(z,t)) and f(z,t,u(z,t)) are bounds for f(z,?,u(z,t)) which are
of the same form as the required form (2.59) for the bounds of the solution. We obtain
f(z,t,u(z,t)) and f(z,t,u(z,t)) using directed Fourier rounding about z and then using
directed Taylor rounding for the coefficients.

The solutions y and @ of problems (2.60) and (2.61) are approximated by iterative

procedures producing sequences

w® M @ ﬁ(o),ﬁ(l),ﬁ(z), .

where ©? and #® are some suitable initial approximations. For every r > 0 the functions

» ) and @) are substituted in the right hand sides of (2.60) and (2.61) respectively and

u 1) and @0t are the solutions of the problems obtained in this way. The practical

implementation of this procedure involves computations in the Cartesian product of the
Taylor Functoid and the Fourier Functoid. An essential part of the computations is the
evaluation of integrals of the form

ff z—jcos(kwy)dydﬂ and /f z—jcos(kwy)dydﬂ

T(a,A,t) T(x,ALt)
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where I'(z, A, t) is the triangle with vertices (z.t + A), (z — A, t) and (z + A, t). Suitable
formulae for the evaluation of the above integrals are derived in chapter 4.
Using the monotone properties discussed in section 1.6 we prove that

p O << <y® < <u(0,9) <u(0,7) <. < < e < g

After a sufficient number of iterations r* we take
s(h, Niz, )y =y Nz, 8) ) 5(h,Nyz,t) =z, t), 2€R, tE[titipl-

An a prion estimate, although not needed to determine the accuracy of a particular
numerical solution, characterizes the quality of the method. Using standard techniques
one can see that the global error is

o(NT™) + O(h"H)

provided Taylor rounding 1, and Fourier rounding gx are applicable and functions gy, g2,
J have derivatives of order j in L3{—1,1). The accuracy of the bounds obtained in the
numerical examples is consistent with that estimate.

2.7 Fourier Hyper Functoid.

We saw in the previous section that the Fourier functoid has an internal problem with
the integration of a constant. In addition to that, the interval Fourier functoid is a sereen
only for differentiable functions and the rounding error on(f) converges towards zero
very slowly when the first or second derivative is discontinuous. These problems led to
the introduction of the Fourier hyper functoid [48]. In general, we call a functoid M a
hyper functoid if it involves infinite series of the basis {15} of M. A Fourier hyper functoid
is defined in [48] using an ansatz for the coefficient space. Here we will apply a more direct
approach giving the functions in the basis of M explicitly. We have already considered
the function s; defined by s,(z) = « for £ € (—1,1] and $; periodical with period 2 on
K. The sequence of functions sy, sq, 83, . .. is defined recursively by

1
=i, [ slEdz=0, j=23.

Since these functions are periodical and piece-wise polynomial we will refer to them as
periodic splines. We define the screen M as the span of {s;}7.,U{cos(kxz), sin(kma) M.
M is a hyper functold because s;,7 = 1,...,p have infinite Fourier series, We will refer
to M as a Spline-Fourier functodd, The rounding pnp in M is a continuation of py. We
have

pp(sin(krz)) = pa(sin(kmz)), pyy(cos(krz)) = py{cos(krz)), k=0,1,2,...
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pNp(85(z)) = s5(z) , 7=1,...,p

N (—1)k-1- =t
23" —sin(kmz) , j- odd
N (1) o (km)s _
pNp(si(2)) = 3. e =g , i>p
won (tkm) N (—=1)F-1-3
e 23" Ty cos(kmz) , J-even
\ k=1

In chapter 5 we consider M as a screen for the space
1 d* f
M = H¥(-1,1) = {f € C*'[-1,1): =2 € La(~1,1)}

If f € M this means that the function f and its first p — 1 derivatives, when extended
periodically on (—oo, 00), may be discontinuous only at the points 2k + 1, k¥ € Z. The
function f € M has a unique representation of the form

D oo
flz) =ao+ > ajsi(x) + Y (arcos(krz) + by sin(kmz))

1=1 k=1

(=)

where > (ax cos(krz) + by sin(kmz)) € CP~!(—00, 00).
k=1
The rounding pny, 1 M — M is defined by

D N
pnp(f) = a0 + Z a;si(z) + E(ak cos(kmz) + by sin(kwz))

k=1
For the interval rounding Ipy, we have
P N
Ipnp(f) = a0 + (=1, 1]anp(f) + > ajs;(z) + > (akcos(kma) + by sin(kme))
= k=1
where oy, (f) = on ( > (akcos(kmz) + by sin(knz)) | = o (N%_'p). In chapter 5 suit-
k=N+1

able formulae for computations in the Spline-fourier functoid are derived.

The Fourier hyper functoid is applied to problems of the form (2.45)-(2.47) with data
functions that either themselves, or their derivatives, have isolated discontinuities. Dis-
continuities at points other then z = 1 are represented by shifting the interval [—1,1] to
the left or to the right. For example, s;(z + «) will be used to represent a jump of the
7 — 1 derivative of a function at the point £ = 1 —«. Lower and upper bounds for the
solution u(0,G; z,t) are obtained in the form

I p

s(h, Nz, t)=go+ 3

=17

1 N
Z 3553 T+t + ) Z ay cos(kmz) + by sin(kme))
1é=—1 k=1
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N
@58, (x + ot + n) Z (@ cos(kme) -+ by sin(kmrz))

The bounds are obtained using an iteration procedure similar to the iteration procedure
in chapter 4. In addition to the formulas in chapter 4, formulas for the integrals of the
form
Os;(y+ v+ 68)dydf, §=—1,0,1, ve (-1,1)
D {r,a8)
are derived, since the integration over the characteristic triangle I'(z, A, {) is an essential
part of the implementation of this procedure.



Chapter 3

Wrapping Effect and Wrapping
Function

We consider the initial value problem for ODE as introduced in section 2.4.1, i.e.

T = f(tai") (31)
.’E(to) = .’EO = XD

where t € [tg,7] C R, 2° € R®, D C R" is an open set, f : [to,] x D — R™ and

X ([3:1;331] [3:23332] :[_m n])

is an n-dimensional interval vector, X® C D. We assume that f satisfies conditions (2.37).
We consider methods of propagate and wrap type (definition 2.11) producing enclo-
sures S(h, 1) for the solution @ (ty, X t) of problem (3.1)—(3.2) using a mesh {{o, 1, ..., {z=1}
where b = (hy, ho, ... k), ke =ty —tg_1, k= 1,...,k. By 8 we denote the enc]osures

produced by the Jackson’s IPWA discussed in section 2.4.3.

3.1 Wrapping Function.

The wrapping function X of problem (3.1)—(3.2) was defined in section 2.4.3 as the optimal
(tightest) interval function satisfying the wrapping property at every point of the interval
[to, %] and the condition X (ty) = X° (definition 2.12).

Here we will represent it as a solution of an initial value problem involving the (natural)
interval extension of function f:

6, X) = (A, X){( X, falt, X))

f,;(t,X) == [ft( ) f ( )] [%ljf( fi(tax)asup fi(t:!m)]a i=1,...,n
reX
where X €¢ ID = {X € IR" : X C D}.

47
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Conditions (2.37) of function f imply similar properties for its interval extension. In
the region ZD the interval extension f

i) is bounded: |fi(t,X)| < m; € R, m = (1, mg,...,m,) € R™;
i1) is continuous about ¢ ; (3.3)
i17) satisfies Lipschitz condition about X in the form:

IF(t,Y)— f(t,Z)| < AlY — Z| where A =(X;) € R**™.
We will also use the following notation. Let ¥ € ZR"™, then
K@ = (}/1:" '5}/;.—152_“}/;4"11‘ ' ")Yﬂr)T ?

?ll = (}/15---;}2—13?{:};+15' : -a}/’n)T .
Let X : [to,f] = ID be an interval function. The interval operator £ is defined by
() = 1,6 X'0), 710 - 7w X
£X(t) = [£o(2) — £, X2(t)), Talt) — Fo(t, X ()] .t € [to, 1]

[iﬂ(t) - in(ta Kﬂ’(75)) H iﬂn(t) - Tn(tafn(t))]
We consider the following initial value problem
LX =0 (3.4)
X(tp) = X° (3.5)

I'rom (3.3) it follows that this problem has a unique solution in some interval [to, o). For
simplicity we will assume that ¢ =1

Theorem 3.1 o) The solution of problem (3.4)—(3.5) is the wrapping function of prob-
lem (3.1)—(3.2)

b) The interval enclosures S(h;t) produced by IPWA converge to the wrapping function

e

of problem (3.1)-(8.2) when h — 0 i.e. }Ll—% S(h;t) = X (t).
Proof. Denote the solution of problem (3.4)-(3.5) by
X(to, X t) = [z(to, X% 1), T(to, X°; 1)]
First we will prove the following inclusions
S(h;t) C X(1) C X(to, X°t), t € [to, 7], >0 (3.6)

The first inclusion follows directly from the definition of wrapping function. We will use
some monotone properties of the interval extension of f to show the second one. Every
component fi(t, X) = [f.(t,X), [;(t, X)] of f(t, X) satisfies
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_ = _ _ v . Dhon-decreasing about g;
i‘i(t’X) . i“'(t’ (21, 71l; (22, Tl - [, Tl B non-increasing about Z;
non-increasing about z;

fi(t: X) = fz(ta [El‘.‘fl]? [EZ:EQL ey [znv Eﬂ]) 18 non—decreasing about T

Therefore function g = {¢1,¢2,...,92n) defined in the region

{(t:y):te [to,ﬂ,yé D x D:yj+yn+j 205 J.= 1,...,?1}

gi(tsylay%---ay?n) = _ii(t;Yl;---aYi—layi3Y;+17~"aY'n.) s 1= L...;n

gn+i(t:ylay21'“1y2n):fi(taylr--aY'E—l:yn+i1Yi+la---1Yn) ) ’!::1,...,71
where Y; = [—y;,¥nts], T=1,...,1

is a quasi-isotone function.
Consider the equation

~1

=9ty (3.7)
A well known property of equations with a quasi-isotone right-hand side is that if y(t)
and z(t) are two solutions of (3.7) such that y(8) < 2(8) for some & € [to,?) then y(t) <
z(t) , t €[0,1] [81].
Let 8 € [to,t) and let =(#, u; t) be any solution of equation (2.35) satisfying z(#) = u €
X(to, X% 8). It is easy to see that the two 2r-dimensional functions (—z (8, u;t), z(9, u; t))
and (—z(to, X°;t),T(lo, X% 1)) are solutions of equation (3.7). At the point # we have

(—x(ﬁ',u; 6'),w(9,u;9)) = (—uvu) < (_g(tO:XO; 9):T(tU:X0;6))

Therefore (—z(8, u;t), 2(8,u;t)) < (—z(to, X 1), Z(te, X°; 1)), t € [6,7] which implies
that z(to, Xt) < z(0,u;t) < T(to, X°;1), t € [to,t]. Hence

z(8,u;t) € [2(to, X°;1),T(to, X°; 1)) = X(to, X% 1), t € [to, 7]

Since the last inclusion is true for every u € X(tg, X% 6) and 0 € [to,?] it follows that
X (tg, X9 1) satisfies the wrapping property at every point of the interval [to,%). But the
wrapping function is the optimal function that satisfies X(fg) = X° and the wrapping
property at every point of [te, 7). Therefore X (¢} C X(to, X% 1), t € [to,7]. This concludes
the proof of inclusion (3.6).

Now we will prove that }111_r+1(1) S(h;t) = X(to, X%1t). This together with (3.6) implies
both a) and b) in the theorem.

Let [t,tzy1] be an arbitrary subinterval and let ¢ € [tz,?x41]. Then S(h;t) is defined
by S(h;t) = [8(h;t),8(h;t)] = [z(te, S(h; te); t)] where

8;(h;t) = min  zitz,u;t) , F(ht)= max zi(tr,w;t) , i=1,...,n
uesS (Asty) uES(h;tk)



CHAPTER 3. WRAPPING EFFECT AND WRAPPING FUNCTION 50

Using

" 9)d9’ < (t—to)m

it can be shown that
|S(h;t) = S(tita)| < (¢ —te)m . (3.8)

Every solution z(#;,u;t) can be represented in the form

w(tka u; t)

l§

wt [ F0,2(t,us0)d

= u+[ Gud(;’—l-/ (ty, u;0) — £(6,))d8

where ¢(u) = u + f: f(0,u)dé and

el =

[ 7(6.2(t0:0) ~ £0,u)

th

t
< / Ale(ty, u; 8) — uldd
th

4
< [ A~ t)mds = %(t—tk)zAm < %thm.

g
Therefore for every i = 1,2,...,n we have

1
di(u) — §h2Ai*m < zi(te, ust) < dilu) + %thi*m

where A, is the ith row of matrix A. Taking the maximum over v € 8(h;#) of every part
in the above inequality we obtain

_ 1 —_ 1
$:(S(hits)) — §h21\.i*m < B(h;t) < &,;(8S(hyty)) + ihQA,-,m
which can be also written in the form
_ 1
(ks 1) — BS(hs 1) < A A (39)

Let’s note that for sufficiently small A function ¢ = &(u) is such that ¢; is non-decreasing
about u;, 1 =1,...,n. Hence, for the interval extension of ¢ at S(h;tx) we have

— t t —

F(SW) = max {u+ [ f(0,w)a0} =w(kit) + [ £(0,F(hit))do . (310)
w€S (hity) 2 e

Therefore inequality (3.9) can be written in the form

Si(hit) — 5ihsty) — / £(6,5 (h; tk))dﬂ)‘ < %m,-,,m. (3.11)
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Using (3.11), (3.3) and (3.8) we obtain

i(ht) — Bk 1) ff S (h:0) d&‘

< [mihs ) —5:(hs 1)~ / (0,5 (ks 4))d0)| +

[ G0, (ks ) -7 (00 do

ty

S (hity)) — 8 (h; 0)| do
< —h*A;m + gth,;,.m = h*Am .

Let now ¢ € [to,?]. There exists an interval [t,,%,4,] such that ¢ € [t,,¢,41])- Applying
the above inequality for the intervals [tg, 1], [t1,¢2];- - -, [t t] we have

i(hst) — 5i(hy t) — /f (h: 0)) d()‘

‘é

tht1
(hstint) — Bilhsty) — f 7.0, (h;0) dB‘

iy

5:(h;t) — /f S (h; 0) d&‘ (r + 1) h%Asm

which yields

E-(h;t)—Ei(h;to)—/jﬂ(ﬂ,?(h;ﬂ))dﬂ‘gh(?—-to)Ai*m, i=1,...,n. (3.12)

In a similar way we obtain

i . —_
ﬁi(h;t)_g,-(h;to)—[tL(&,g(h;e))d{)lgh(t—to)m,m, i=1,...,n. (3.13)

It is easy to see that the functions in each of the sets {s(h;.)} and {3(h;.)} are
uniformly bounded and equicontinuous. Then the theorem of Arzela-Ascoli implies that
{s(h;.)} and {5(h;.)} considered as generalized sequences of A, A — 0, have subsequences
{8{ha;.)} and {S(hs;.)} that are uniformly convergent to continuous functions s and 3
respectively. Obviously s < 5. Let & = [s,5]. From (3.12) and (3.13) when A = h, — 0
it follows that

_-()—sto+/f 0)d0, i=1,...,n
5(t) = 5(to)+ [ F.(0,5©0)d0 ,i=1,....n
to
which implies that & is differentiable and

LS(t)=0, te& [t
S(ty) = X°.
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Therefore S(t) = X(to, X°;1), t € [to,1].

Since this is true for any other convergent subsequences of {s(h;.)} and {&(k;.)}
then z(to, X°;.) is the only accumulation point of {s(k;.)} and Z(ty, X% .) is the only
accumulation point of {3(h;.)}. Therefore

lim S(h;t) = X(to, X°; 1) . (3.14)

h—0

This concludes the proof because both statements of the theorem follow from (3.6) and

(3.14).

Theorem 3.2 Let a numerical method produce interval enclosures S(h;t) of the solution
of problem (8.1)-(3.2) such that S(h;t) satisfy the wrapping property at the points of the
mesh {to,t1,...,tn} and the local error is

|S(hst) = [e(te, S(hst); 0] = o(h) , ¢ € [thstara], k=0,1,...,n—1
then

—

lim S(hit) = X(t) , ¢ € [to,7].
Proof. Using standard techniques one can show that the limit of S(A;t) is the same as
the limit of S(h,t) and then the statement follows from Theorem 3.1

Theorem 3.2 shows that, in general, the interval enclosures produced by a method of
the considered type do not converge to the optimal interval enclosure [z(to, X%;¢)] of the
solution but to the wrapping function f(t) Convergence to [z(f, X”; t)] is obtained if and
only if [z(to, X°;t)] = X(t). More precise analysis can reveal that when [z(to, X%;1)] #
X(t) the rate of convergence is O(h) irrespective of the rate of the local approximation
while if [z(to, X°;t)] = X (t) the rate of convergence corresponds to the rate of local

approximation.

3.2 Quantifying the Wrapping Effect.

Using the concept of wrapping function we can quantify the wrapping effect associated
with problem (3.1)-(3.2) in the following way. Let S(k;t) be interval enclosures of the
solution of (3.1)-(3.2) produced by a method of a propagate and wrap type. The limit of
the error of approximation when & — 0 is

lim (S (ks 1), [a(t0, X% 1))) = 9K (1), l2(t0, X°; ).

The quantity . .
P(X (), [2(te, X5 )]) = [ IX(6) = [a(to, X)) (315)
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does not depend on the method and characterizes problem (3.1)—(3.2) with respect to the
occurrence of a wrapping effect and its magnitude. In this way it is a measure of the
wrapping effect associated with problem (3.1)-(3.2). The vector function

X (1) = [z(to, X% 1)) (3.16)

provides more detailed information about the wrapping effect because its coordinates give
the magnitude of the wrapping effect in the corresponding coordinate directions

1X:() = [2a(to, XO0])| = (K (), [2:(to, X% 8)]) , i=1,...,n.

Since [z(ty, X%;t)] C )?(t) we have

2 (w(X(0) = w(lelio, X%50]) < K1) Lastto, X% )
< w(X(8) — w(lz(te, X% 1))
Therefore the vector function
w(X(t)) — w({z(to, X% 1)) . (3.17)

provides a measure for the wrapping effect equivalent to (3.16).

Each one of the functions (3.15), (3.16) and (3.17) may be used in characterizing the
wrapping effect associated with a particular problem.

If X(t) = [z(to, X°;t)] for a problem of the form (3.1)-(3.2) we say that this problem
has no wrapping effect because the enclosures produced by any method of propagate and
wrap type converge to the optimal interval enclosure with a rate corresponding to the
rate of local approximation provided by the method. A problem with no wrapping effect
is characterized by any of the functions (3.15), (3.16) or (3.17) being zero.

Revisiting example 2.1

The exact solution of the system of linear equations (2.38) is

e~ 0 0
z(0,2%t) = | 2(e*—e ) cosht —sinht [2°.
2(¢e* —e™*) —sinht cosht
Therefore for the optimal interval enclosure [z(0, X% #)] = [z(0, X°; 1), F(0, X°; t)] we have

e
z(to, X% 1)| = ( 2z9(e™" — e7¥) 4 gf cosht — T§sinht ) (3.18)

225(c~ — =) — 2 sinh t + 23 cosh 1
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and

E?e—%
T(to, X% )| = | 289%(et — e ) + 79 :cz cosht — z$sinht | . (3.19)
2z{(e™t — e~%) — z¥sinh ¢ + 75 cosht

The right-hand side of the equation in example 2.1 has the following interval extension
[_251 » _2.321]
fit,lz,7) = | (22, - 75, 201 — x4
22, — 73, 231 — 24

Therefore problem (3.4)-(3.5) can be written in the form

I, = —x T = —2T,

Ty =2z, — T3 Ty = 2T, — Ij

Ty =2z, — T T3 = 27 — I,
z2(0)=1—-¢;,1=1,23 T(0)=14¢,:=1,2,3

The above problem can be solved using standard techniques and its solution gives the
wrapping function X = [Z,7|. We have

20e~2
Z(t) = ( z7(e'+3e7 —4e7 %) — %E‘f( —3e7t+2e7) + :t:2 cosht — Z3sinh ¢ ) (3.20)
0
x

(e +3e" —de™?) — 27V (ef -3~ +2e7%) — ZYsinht + 2§ cosh ¢

€Ot [

062
z(t)=| 1z0(ef+3e i —4e %) — %g‘f( —3e™t4+2e¢7) + T 7 cosht — z§sinht | . (3.21)
7i(e'+3e T —4e7%) — 20(e'—3e7 +2¢7¥) — zgsinht + T3 cosht

3

Qo |ty |t

1 1

Using (3.18), (3.19), (3.20) and (3.21) we can obtain the measure of the wrapping
effect (3.16)

X (1) = [=(0, X% )] =

il
il e N e
W I b

—

L3 -

[

[

9] fbl
=

+

o]

a.]

|
b4

S
- -
———

From the above form of the wrapping effect measure we can make the following ob-
servations:
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1. There is no wrapping effect in z; (see figure 2.1). This is not surprising because
z) is obtained only from the first equation and the right hand side of a single equation is
always quasi-isotone.

2. The wrapping effect in z; and z3 depends only on the width of X?. Therefore there
is no wrapping effect if w(X7) =0 (see figure 2.2).

On figure 3.1, where the computed enclosures for problem (2.38)-(2.39) are plotted
together with the wrapping function, convergence of these enclosures to the wrapping
function can be observed.

1.4
1.3 wrap.f, —e—
—_
1.2 optimal =—
1.1
1 numeric -

0.9 h=0.25 —
0.8 h=0.125 - -
0.7 h=0.0625 —
0.6
0.5
0.4 %
0.3 ! | | | t

1] 0.2 0.4 0.6 0.8 1

Figure 3.1: Problem (2.38) with e; = 0.2, &3 = g5 = 0.05. Wrapping function, optimal
enclosure and enclosures computed numerically for various step sizes h.

Moore’s example.

The following example was considered by Moore [67] and discussed in many publications
on the wrapping effect.

T = Iy 5 1‘1(0) = l‘? e Xlo = [—(S., 5] (322)
zy=-z1 , z3(0)=2J€X]=[1-61+4]

Moore showed that at ¢ = 27 the computed interval enclosures are inflated by a factor
of approximately e¥™ a2 535. We will obtain this result using the wrapping function of
problem (3.22).

The exact solution of this problem is

(0,2%1)] = (

cost sint 0
. T .
—sint cost
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Hence the optimal interval enclosure can be represented in the form
oo [ (cost) XD + (sint) X3
[=(0; 2% 1)) = ( —(sin ) X? + (cos t)X?

and its width is

ettty = ([l Tl )

| sin t|w(X7) + | cos t|w( X7}
(|cos | + |sint|)( gg ) . (3.23)

Problem (3.4)-(3.5) for the system (3.22) can be written in the following form

=2, 2,(0) =

T, =T, 71(0) = 5
Z, = -7, 2,(0)=1-
Ty=—z,, Z(0) =1+

Solving this problem we obtain the wrapping function X (t) = [£(f), Z(t)] of Moore’s

example:
1 (cos t+cosh )z + (cost—cosh )z} + (sint+sinht)z9 + (sin t —sinh £)z3
(—sint+sinht)z? — (sin t+sinht¢)z% + (cos t+cosh t)z9 + (cos t —cosh #)z5

&(t) =

= (cost—cosht)z? + (cost+cosht)zy + (sint—sinh )z} + (sint+sinht)zd

:L'(t) = — . . . . —0 .
2 \ —(sint+sinht)z? 4 (— sint+sinh )z} + (cost—cosh )z + (cos t+cosh t)z5

Therefore

Z(t) — 2(t)

( cosht(f‘f z9) + sinh £(Z5 — 29) )

T
sinh #(Z% — z{) + cosh t(Z — z9)

( (3.24)

[

w(X(t))

From (3.23) and (3.24) we have
= e

w(X(1) = | cost| 4 | sin ¢

t

w({a(to, 2°%1)])-

Since X is the limit of the interval enclosures when A il 0 then these enclosures are inflated

| f|j- sind] when A is small enough. At
co8 sin

at the point ¢ by a factor of approximately

t = 27 the value of this factor is €%~
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3.3 Problems Without Wrapping Effect

It is clear from the previous sections that methods of propagate and wrap type can be ap-
plied successtully only to problems where no wrapping effect occurs. In this section we will
use the concept of wrapping function to characterize such problems. Qur approach is to
find problems of the form (3.1)-(3.2) such that the wrapping function X(¢) equals the op-
timal interval enclosure [z (%4, X°; 1)} or equivalently w(X (1)) = w({z ({0, X% 1}]}, t € [to, 1.

Theorem 3.3 [t a diagonal mairiz @ = diag(qy, 92,.. . qa), 4 € {11}, i=1,...,n
exists, such that the function Q f(t,Qz) is a quasi-isotone function of r € QD = {Qd:
d € D} then the wrapping function X of problem (3.1)-(3.2) equals the optimal interval
enclosure [2(to, X°;.)]; i.e. there is no wrapping effect.

Proof. Let us note that the linear transformation @ : R™ = R" defined by Q(x) =
preserves the intervals Le. if X € ZR" then QX € IR" or in general if X’ C R" then

[@X] = Q[X] (3.25)
We consider

§ = g(t,y) (3.26)

y{ta) =yo € ¥* (3.27)

Vvhere gly) = Qf{t Qy), ¥ € QD is a quasi-isotone function of y € @D and Y° =
7°] = QX°. Fot the wrapping function Y = {g, §] of this problem we have

Q,— = Q{(tv[%aglla SRR [ﬁ,‘“lﬁﬁi-—l}agp[§i+1a§i+l]s' T {ﬁn%@:ﬂ]) yi=1,...,n

37;;2 = ﬁz‘(ta [§1v§1]= ey [Myﬂui-l%?i-l]%?ﬁ{§i+1a§€+l]= et [?m?n}) ¥ b= 1: crea T2 (3’28)
gty =y’

Jlto) ="

)

g Fp b Gy T B By o) = 00680 U B By
7.t [Qp?}la , »[@ lﬂyeml]iiﬂ [l_i,pyt-}-l] = Q‘z(t, Yy ?—-1?@?3{&17 Yn)
r=1,...,n.

Then from (3.28) it follows that g(t) = y(te,y";t) and F(t) = H(te, 7" ¢} belong to the
solution y(to, ¥% 1) of problem (3.26)-(3.27) which implies that

Y(t) = [y(to, Y1), t € [to, 7. (3.29)
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For every solution z(a,2%1?) of equation (3.1) we have
z(to, 2% 1) = Qu(to, Qx"; 7).
‘Therefore from (3.25) and {3.29) it follows that
[ (10, X" )] = [Qu{to, @X"; 1)] = Qlu(to, Y )] = Q¥ (1), (3.30)

It remains to prove that QY is the wrapping function of Problem (3.1)-(3.2).
At t = tg we have Q¥ (#g) = Q1X¢ = X°. Let 0 € [tg,7) and let u € QY (8). Then
Qu € Y(#) and .
z(0,u;t) = Qui0, Quit) € QY'(2) , t € [6,7]

i.e. QY satisfies the wrapping property every § £ [{g,t). Therefore
[z(te, X% 1] € X(t) C QY (2), t € [ta, 7] .

Then (3.30) implies . .
[a(to, X%t = X(t) = QP (1) , 1 € [fo,7]

which concludes the proof of the theorem.

Considering again example 2.1 and Moore's example we can see that theorem 3.3 is
not applicable to either of them because a matrix ¢} with the required properties does not
exist. Theorem 3.3 is applicable to following example.

Example 3.1 Consider the problem

_]';1 = -~—2$1 ; $1(0) = Cf? € X;J =14 ["“‘Elgei] )
Ty = 2z, ~ 13, 1‘2(0) - ‘Tg S *Yi.? =1+ [“52552} E (331)
fa = —2my = Tg, 25(0) =28 € XT =1+ [—e3,24] .

““““’2551
f(:c) = ( 2z — z3 )
—2T] — T3

can be transformed into a quasi-isotone function using a matrix

10 0
g=lo1 0o |.
00 ~1

in the interval [0, 1i. Function



CHAPTER 3. WRAPPING EFFECT AND WRAPPING FUNCTION 59

Indeed,
—2131
QF(t.Qe) = | 2e1+ 25
2z + T2

is quasi-isotone. Then from theorem (3.3) it follows that problem (3.31) is a problem
with no wrapping effect for any initial condition X® € ZR™. This theoretical result is
supported by results of numerical experiments. We consider the values of ¢;, 1 = 1,2,3
given by (2.39) and apply the same method as in example 2.1. While in the case of
example 2.1 we obtain enclosures which diverge from the optimal enclosure (fignre 2.1,
right) the enclosures produced by the method in the case of example 3.1, converge to the
optimal one. This is demonstrated graphically on figure 3.2. Since the optimal and the
numerically computed enclosures for x; are the same as in example 2.1 the corresponding
graphs are omitted. The graphs for z; and z3 are only presented. The graphs of the
computed enclosures are visually indistinguishable from the optimal enclosure. At the
bottom part of the figure the error functions

p (Si(hst), [xi(to, X5 1)]) , i=1,2,3

are plotted on a logarithmic scale. Convergence at a rate consistent with the expected
rate of global convergence can be observed.

Let us note that theorem 3.3 provides a sufficient condition for problems with no
- wrapping effect. An interesting question to consider is whether, and in what form, this
condition is also a necessary condition for having no wrapping effect,

3.4 Linear Systems of ODE.

When f is a linear function of z problem ({3.1)—(3.2) can be written in the form

= A(t)z + b(t) (3.32)

z{to) = 2° € X° (3.33)
ai(t) ap(t) ... a(t) bi(2)
where A(t) = a2.1.(‘t) (Ig-g(t) e az‘"l(.t) and b(t) = bz(t)
an1(t)  an2(t) ... apal(t) bn (1)

We assume that A and b are continuous functions of ¢ € [to,]. Every solution
z(to, 2% t) of equation (3.32) can be represented in the form

lto, e ) = M(40) (2 + " M(A; 0)"6(0)do)

ta

where the n x n matrix function M (A;?) is the matricant of A defined by
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2.6 1.5
2.4 1 optimal ——
2.2 —_
0.5
2 .
NUImneric
1.8 0
1.6 0.5 h=0.25 —
1.4
-1 h=0.125 + -
1.2
1 -5 Jh=n.0625
0.8 -2 —
0 02 04 06 08 1 0 02 04 06 08 1
0,001 g 0.001 [
0.0001 E 0.0001 f {1  h=025 —
le-05 E le-05 E ] '
A P/ 1 h=0a25 - --
le-06 | /- Le-06 |/ 4 :
1e-07 | 1e-07 Hf g h=0.0628
1e-08 § le-08 |
1e-09 le-09 .
le-10 le-10 -
Le-11 le-11 L i
02 04 06 08 1 0.2 04 06 08 1

Figure 3.2: Problem (3.31) with 1 = 0.2, €2 = €3 = 0.05. Oplimal enclosure and
enclosures computed numerically for various step sizes h (top) and errors of the computed
enclosures on a logarithmic scale (bottom).

M(Ast) = i M®)(A; )

k=0

where
M©(A;t) =T (identity matrix of order n)
¢
MO+ (4 1) = f AOMP(A:0)d0, k=0,1,... .

tg
Using interval arithmetic the optimal interval enclosure can be represented as
[2(to, X% )] = M(A; 1) (XO + : M(A; 9)“16(9)d9) .
For the width of [z(te, X°;t)] we have
wllielto, X%501) = w (M(a0) (X°+ [ (407 "b(0)d ) )

tn
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= w (M(A; t)XD)
|M(A;8)] w(X°) .

It

an(t) lew(f) ... |e1a(?)]
Let A*(t) denote the matrix A*(¢) = [en (D] anlt) oo lan(?)]
|an1 (B} lana(t)] ... @nnl?)
For the width of the wrapping function we have
d 92 = A
L) = () -0
= maxA;.T — mlg Az
we? ceX
= 3 laglw(X;) + aiw(X5),
i#i

——

where A;, denotes the tth row of matrix A. Therefore w(X(t)) is the solution of

y=A*(t)y
y(to) = w(X°)

and can be represented as
w(X(t)) = M(AT; w(X°) . (3.34)

The wrapping effect measure (3.17) for the linear problem (3.32)-(3.33) is

w(X (1) = wilz(te, X% 1)]) = (M(A*;2) — [M(4;)]) w(X°) . (3.35)

Using the fact that the solution set at every ¢t € [{o,?] is an affine transformation of X°
one can easily see that

——

K1)~ [elto, X% 0l = 5 (w(R () — wllz(to, X50)) -

Therefore functions (3.16) and (3.15) can be represented in the form

()~ el X501 = 5 (M(A%0) = [M(4; 0] w(X°)

o(X(0), a0, X500 = 5 | (M(A*30) ~ IM(A30)]) (X))

We can see that the linear problem (3.32)—(3.33) has no wrapping effect if and only if

(M(A*;) = IM(As1)]) w(X°) = 0, L€ [to,] (3.36)
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Function f(t,z) = A(t)z +5b(¢) is quasi-isotone if and only if the nondiagonal entries of
matrix A(t) are nonnegative for every t € [to, ], i.e. A(t) = A*(t), t € [to,]. Therefore,
when f is quasi-isotone, condition (3.36) is satisfied and the problem has no wrapping
effect for any initial condition.

Suppose now that the condition of theorem 3.3 is satisfied, i.e. there exists a matrix

Q = diag(qy,...,q.), ¢ € {-1,1},i = 1,...,n such that Qf(¢,Qz) = QA(t)Qz + Qb(%)

18 quasi-isotone. This means that

QA(H)Q = AT (). (3.37)

Since function (3.35) is nonnegative for any initial condition, the matricants of A and
A" satisfy the inequality

M(A*;t) > [M(A;t)], t € [to,1] . (3.38)
It is easy to prove by induction that
MB(QAQ;1) = QMB(4;1)Q . (3:39)

Indeed, if (3.39) is true for some k then for k + 1 we have

MENQAQ) = [ QABIQMP(@QAQ;0)ds
— [ Qa0)aQu®(4;0)Qus
= 0 [ A(e)M®(4;0)d6Q
= Qﬂ;“’*”(fl; Q.
From (3.39) it follows that
M(QAQ;t) = QM(A4;1)Q
Therefore if (3.37) is true we have
M(A%;t) = M(QAQ, 1) = QM(4:)Q < [QM(41)Q| = [M(A41) . (3.40)
From (3.38) and (3.40) it follows that
M(AT;t) = [M(A;1)|

which implies that there is no wrapping effect.
For linear systems of the form (3.32)-(3.33) Theorem 3.3 can be formulated as follows
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Theorem 3.4 If there ezxists a diagonal matriz Q@ = diag(q, q2,...,¢,), ¢ € {—1,1}, i =
1,...,n such that QA(1)Q = A*(t), t € [to, 1] then problem (3.32)-(3.33) has no wrapping
effect.

Theorem 3.4 essentially coincides with a result in [45] obtained in a different way.
The following examples show that the requirements of this theorem are essential.

Example 3.2 Consider the problem
1 =2(t—Dzy ,  £,00) =27 €[0.9,1.1]

for ¢ > 0. This is a linear problem of the form (3.32)—(3.33) with

mn:z(%ﬁﬁ|t51) mdMﬂ:(g).

In the interval [0, 1] using a matrix

we have

are = 2(o )(,% 5 ) (6 )

_ 2( L 1?) _ 2( O 'tg”) _ A,

Therefore there is no wrapping effect.

For t > 1 matrix A is
0 t—1
A(t)zz(l—t 0 )

and it is easy to see that a matrix @ such that GA({)Q = A1 (¢) does not exist.

We apply a method of propagate and wrap type with local error O(#%) using a uniform
mesh with a step size & to the above problem. The enclosures computed for various values
of h as well as the optimal enclosure and the wrapping function are presented in figure
3.3.

In the interval [0, 1] the computed enclosures are visually indistinguishable from
[#(to, X°;t)] = X (t) and when the error p(S(h;t), [z(ta, X% t)]) is plotted on a logarithmic
scale (figure 3.4, left) a fast convergence, consistent with the expected O(h*) is revealed.
In the interval [1,2.5] where the wrapping function is wider then the optimal enclosure
the convergence is towards the wrapping function at a rate of O(h) (see figure 3.4, right).
On figure 3.4 we can also observe that the error of the interval enclosures approaches the
wrapping effect measure (3.15).
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Iy wrap.f.
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Figure 3.3: Erample 3.2. Wrapping function, optimal enclosure and enclosures computed
numerically for various step sizes h.

Example 3.3 Consider the problem

g1 =2(t—Dzz ,  21(0) =2 €1[0.9,1.1]

for ¢ > 0. This is a linear problem of the form (3.32)-(3.33) with

A(t):g(tgl tal) and b(t):(g).

In the interval [0, 1] matrix A is the same as in example 3.2 and using the same matrix
@@ we have QA(t)Q = A*(t). Therefore there is no wrapping effect. For ¢ > 1 we have
A(t) = AT (t). Therefore there is also no wrapping effect. However our expectations that
this problem has no wrapping effect for ¢ > 0 are false.

Figure 3.5, where the enclosures computed for various values of h, as well as the
optimal enclosure and the wrapping function are plotted, presents a similar situation as
in example 3.2, i.e. for ¢ > 1 the computed enclosures approach the wrapping function
which 1s wider then the optimal enclosure.

Using standard techniques we obtain the matricants of A and At as follows:

o _ [ cosh{t* —2t) sinh(t* —2¢)
M(A;t) = ( sinh(t2 — 2t) (:osh(t2 — 2t)

and
M(A*;1) = ( cosh(1 4 [t —1|(t —1)) sinh(1+ |t = 1|(z — 1)) ) '

sih(1 + [t — 1|(# — 1)) cosh(l + |t — 1|(z - 1))
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Figure 3.4: Ezample 3.2. Wrapping effect measure p (f(t), [:z:(tD,XO;t)]) and the errors

P (S(h;t), [z(to, X% t)]) of the enclosures S(h;t) computed numerically for various step
sizes h on a logarithmic scale (left) and standard scale (right).

Clearly M(A*;t) = |[M(A;¢)| for t € 0,1] and M(A*;t) > |M(4;%)| for ¢ > 1. The
wrapping effect measure (3.17) for this problem is

0 ., 0<t<1

w(X (1)) — w([z(to, X% 1)]) = { 2esinh(t — 1) ( gg ) , t21

The wrapping effect occurring in the interval (1,2.5) can not be generated in the same
interval since, as we know from theorem 3.4, in both intervals {0,1] and [1, o¢) there is no
wrapping effect and the wrapping function equals the optimal interval enclosure for any
interval initial condition. At £ =1 we have

X(1) = [z(0, X% 1)] .

However, for ¢ > 1 the optimal enclosure encloses the solutions propagated from the set
z(0, X% 1) which is not necessarily an interval and we have

(0, X°;1)] = [2(1, (0, X"; 1);¢)] -

The wrapping function in [1,o¢) equals the optimal interval enclosure of the solutions
propagated from the interval [z(0, X% 1)] and we have

X(t) = [o(1, [2(0, X% 1)];#)] -

The difference between the sets {z(0, X®;1)] and z(0, X% 1) (also called wrapping excess
[45]) is what causes the inflation of the enclosures for ¢ > 1. Let us note that here the
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inflation does not increase with the increase of the number of points in the mesh as usual.
The reason is that this inflation (or wrapping effect) results from the wrapping excess at
one point only (¢ = 1) while the wrapping excess at other points has no contribution at

all.

6 T T T T 6 T T T T

Ha] T2 ‘
5 L 5 wrapf. ——
——
4 b optimal ——
3
numeric
2 h=0.25
1 / h=0125 - - -
a h=0.0625 —
-1 b
2 ¢
0 0.5 1 1.5 2 2.5 4] 0.5 1 1.5 2 2.5

I'igure 3.5: Fzample 3.3. Wrapping function, optimal enclosure and enclosures computed
numerically for various step sizes h.

We stated earlier that in the intervals where the wrapping function differs from the
optimal interval enclosure (i.e. the case of occurrence of wrapping effect), the computed
enclosures usually converge to the wrapping function at a rate of O(h) irrespective of the
local error of the method. Example 3.3 is an exception. Here the global convergence is of

order O(h*) in the whole interval [0,2.5] (see figure 3.6).

3.5 Necessary Condition for No Wrapping Effect:
Linear Systems.

The condition in theorem 3.4 for linear problems with no wrapping effect is only a sufficient
condition. We showed by example 2.1 that it is not a necessary condition. However, if
problem (3.32)-(3.33) is irreducible and the initial interval X° contains inner points, i.e.
w(X") > 0, the condition in theorem 3.4 is also necessary. Let us recall the definition of
irreducible systems of differential equations.

Definition 3.1 A system of equations of the form (3.1) is called reducible if there exist
proper subsets T and J of the set N = {1,2,...,n} such that

(i) TUT =N,
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1

1 | | | T

0.1 0.1 numeric

0.01 0.01 h=0.25 —
0.001 0.001 '

h=0.125 - ' -

0.0001 0.0001 :
1le-05 le-05 | h=0.0626 —
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1e-07 le-07 H
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Figure 3.6: Comparing the rate of convergence of the computed enclosures towards the

——

wrapping function in Erample 3.2 and Erample 3.3. The distance p(S(h;t), X(2)) is
plotted on logarithmic scale for Example 3.2 (left) and ezample 3.3 (right).

(i) ifi € T and j € N'\ T then f; does not depend on z;;
(i) ifi € J and j € N\ J then f; does not depend on z;.
A system of equations of the form (9.1) which is not reducible is called irreducible.

Obviously, if a system of differential equations is reducible then its solution reduces
to the solution of two or more irreducible systems of smaller dimension. Therefore it is
enough to formulate a necessary condition for irreducible systems of differential equations.

In the case of linear systems definition 3.1 assumes the following form:

Definition 3.2 A4 system of the form (3.32) is called reducible if there exist proper subsets
T and J of the set N = {1,2,...,n} such that

(i) IuT =N ;
(i) ifi € T and j € N\ T then ai;(t) =0, t € [to,1] ;
(iii) ifi € T and j € N\ T then ay;(t) =0, t € [to,1] .
A system of the form (3.32) which is not reducible is called irreducible.

We will prove the following theorem.

Theorem 3.5 Let system (3.32) be irreducible. If problem (3.32)-(3.33) is a prob-
lem with no wrapping effect and w(X") > 0 then there ezists a diagonal matriz () =

diag(qr, @2, n), 6 € {—1,1}, 1 =1,...,n such that QA(t)Q = AT(t), t € [to,1].
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Before we discuss the proof we will consider some preliminary results. In analogy with
definition 3.2 we define reducible and irreducible matrices.

Definition 3.3 A real matriz P = (p;;) is called reducible if there ezist proper subsets T
and J of the set N = {1,2,...,n} such that

() ZIUT =N ;
(1) ifi €L and j € N\ T then p; =0;
(i) ifi € J and j € N\ J then p; = 0.
A matriz which is not reducible is called irreducible.

Lemma 3.1 If a real matriz P = (py;), pi; € {0,1}, 4,7 € {1,...,n} is irreducible then

1
exp(P):f—}—P—i—le—}——Pa-l-...

2! 3!

contains a row in which none of the entries is zero.

Proof. We consider matrix P as an adjacency matrix of an oriented graph, i.e. p; =1
implies that there is an arc which issues from the :th vertex and enters the jth vertex of
the graph, p;; = 0 implies that there is no such arc.

First we will prove that the graph has a vertex connected to any other vertex, i.e.
there exist oriented paths from this vertex to any other vertex. Assume the oposite, i.e.
every vertex is connected to no more than & — 1, k& < n, verteces and let the vertex i; be
conected to the verteces iz, 1a,...,7;. Denote

N = {1,2,...,n}
I = ‘[?:1,’452}...,?:&},
J = {i & N : there exists a vertex { € A"\ T which is connected to vertex i}

If 2, € 7 then there exist a vertex [ € A\ Z connected to i; and therefore connected to
the verteces 21,12,...,1;. This contradicts the assumption that every vertex is connected
to no more than k— 1 verteces. Therefore 7; ¢ 7 and both Z and 7 are proper subsets of
N. Now we can see that the sets Z and .7 satisfy conditions (i), (ii} and (iii) in definition
3.3.

(1): Since N\ I C J we have that ZU J = N,

(ii): Let i € T and j € N\ Z. If p;; = 1 then vertex 7; is connected to vertex j ¢ T
which is a contradiction. Therefore p;; = 0.

(iii): Let ¢ € J and 7 € A\ 7. If p;; = 1 the definition of the set 7 implies that if
2 € J then j € J. But 3 ¢ 7. Therefore p;; = 0.
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This shows that matrix P is reducible. Since we are given that P is irreducible the
assumption that every vertex is connected to no more than &k — 1 verteces, k < n, is false.
Therefore, there exist a vertex connected to any other vertex of the graph.

Let vertex { be connected to any other vertex of the graph. We will show that the /th
row of matrix exp(P) does not contain zeros. For any j € A\ {{} there exist an oriented
path from vertex [ to vertex j. Denote by k; the length of this path. Since P is the
adjacency matrix of the graph, (Pk)lj equals to the number of arc sequences beginning

from vertex ! and ending at vertex j [42]. This implies
(PY), >0, 5N\ {1},

Using that the entries of all matrices in the sum
exp(P)=1+ P+

‘P2+ P3+

2! 31

are nonnegative, we have

—

(eXp(P))Zj Z '(Pk)>0,j€N\{l},
(exp(P))y 2 (f)y=

which shows that all entries in the /th row of exp(P) are strictly positive.

k;

/—\

Lemma 3.2 If an irreducible real mairiz P = (pi;), pi; € {—1,0,1}, i,7 € {1,...,n} is
such that |exp(P)| = exp(|P|) then there exists a diagonal matriz Q@ = diag(q1, g2, .- -, @),
e {-1,1}, i =1,...,n such that QPQ = |P|.

Proof. It is easy to see that the following sequence of inequalities holds true:

=1 > 1 =1
(P = |35 1P| < X P < X P = (1)

Since |exp(P)| = exp(|P|) all of the above inequalities are satisfied as equalities. This is
true if and only if

for every ¢,7 € {1,...,n} the sign of (Pk) _, if not zero,

i
is the same for all £ =0,1,2,... (3.41)
|P*| = |PIF, k=1,2,... (3.42)

Denote V = exp(F). Since matrix P is irreducible matrix |P| is also irreducible and
lemma 3.1 implies that matrix |V| = |exp(P)| = exp(|P]) has a row which does not



CHAPTER 3. WRAPPING EFFECT AND WRAPPING FUNCTION 70

contain zeros. Let this be the [th ro‘-ﬂgz.. Then the Ith row of matrix V also does not

contain zeros. Denote ¢; = sgn(vy) = ol We will prove that () = diag(q,q2,...,¢.) 1s
Vi
the required matrix.
Let us consider the matrix o 1
— k+1
VP =3 L
k=0 "

From conditions (3.41) and (3.42) it follows that

© 1 N © ]
VP =3 5P =3 P = 30 =IPIMT = exp(|P)) P = V]| P
i K s k! = k!

Therefore

e ] =]
Svapi| =3 lvupiil, 5=1,...,7
k=0 k=0

This implies that for every j = 1,...,n the products vyp;;, ¢ = 1,...,n, if not zero,
have all the same sign, equal to the sign of (VP),.. Furthermore, both V and VP are
obtained as sum of powers of P with positive coefficients. Then, from condition (3.41) we
can see that the entries of V P, if not zero, have the same sign as the entries of matrix V.
Therefore the products vyp;;, 1,7 = 1,...,n, if not zero, have the same sign as v;;. This
means that

ViiPii Uiy 2 0 ’ ?’}J = 15 RN

Hence

VPV P v »
QPQ).. = ¢;pi;q; = = = |pij|, t,3=1,...,7m
( Q)z_y QszJ 3 |vli||vlj| |U!iHUlj| | Ul y B ’ H

which conludes the proof of the lemma.

Lemma 3.3 If matriz A in the system (8.32) is such that |M(A;1)| = M(|A;1), t € [to,1]
then there exisls a diagonal matriz Q = diag(qi, 2. .., 0n), ¢ € {-1,1}, i =1,...,n
such that QA()Q = |A(¥)], t € [to,1].

Proof. It is easy to see that the following sequence of inequalities holds true
> M® (A1)
k=0

< i M (4;0) (3.43)

k=0

< YOMB(ALY) = M(|Al)
k=0

|M(4;5t)] =
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Since |[M(A;t)] = M(|Al;t), t € [to,?], all inequalities in (3.43) are equalities for every
t € [to,t]- In particular, we have

EM(k)(A;t)' = Z 'M(k)(A;t)| (3.44)
k=0 k=0
and

|M(k)(A;t)l — M(’“)(|A|;t) , k=1,2,.... (3.45)

From (3.45), when k = 1, it follows that

z 7
faij(ﬂ)dﬁ" = f lai(0)|d0 , i,5€{1,...,n}
to to

which implies that the entries a;; of matrix A do not change sign in the interval [{o,1], i.e.
for every i, € {1,...,n}

either a;;(t) <0, t € [tg,f] or ay{t) >0, tetl]. (3.46)

Let ¢ be a real function in the interval [tp,?]. Then sgn¢ is defined (when possible) as

-1 if (1) < 0 for every t € [to,f] and &(f) < 0 for some # € [to, ]

1 if &(t) > 0 for every t € [to,1] and &(f) > 0 for some f € [t, ]
sgne = t
0 if ¢(t) = 0 for every t € [to, 1]

Condition (3.46) implies that sgna;; is well defined for every 4,5 € {1,...,n}.

From (3.44) it follows that for any ¢,7 = 1,...,n all functions (M(k)(/—l;t))i,, k =
0,1,2,...,1f not constant zero, have the same sign which does not change when tJ varies
in the interval [to,7]. Therefore sgn (M¥)(4; '))1-3- is well defined and

for every 4,5 € {1,...,n} sgn (M(k)(A; '))ij , if not zero, (3.47)
is thesameforall k = 1,2,...

Denote P = sgnA = (sgna;;). Since the system (3.32) is irreducible then matrix P
is also irreducible. Furthermore, it is easy to see that sgn(P*) = sgn(M*¥)(A4;.)). Then
from (3.47) and (3.45) we obtain that the powers of P satisfy conditions (3.41) and (3.42)
which implies that |exp{P)| = exp(|P|). Using lemma 3.2 we obtain that there exists a
matrix @} = diag(q,...,¢.), ¢ € {£1}, ¢ =1,...,n such that QPQ = |P|. For every
t,7=1,...,n we have

(QAMNQ); = ai(t)y = gsgn(ai;)ai; ()]
= aipi;9;la;(t)] = |pisllac ()] = lai(#)], t € [to, 7]
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Therefore QA(1)Q = |A(t)], t € [to, 1]
Proof of theorem 3.5. Since all entries of the matrix M(A*Y;t) — |M(A;t)| are
nonnegative and w(X") > 0 condition (3.36) implies that

M(A*t) = [M(A:1)] , € [tod].

Let

a = max max a;() .
tzl)"':”te[fo,ﬂ

Then the diagonal entries of matrix C'(t) = A(t)+a/ are all nonnegative and |C'(t)| = CH(¢).
We have
MG = [M(A+alit) = MAD)] = e|M(4;1)
e M(AT;t) = M(AT +al;t) = M(C*t) = M(|C);t) .
Considering a system of the form (3.32) with a matrix C, from lemma 3.3 we obtain

that there exists a matrix @ = diag(qi,...,q), ¢ € {1}, © € {1,...,n} such that
QC()Q = |C(t)|,t € [to,t]. Then

QA()Q = Q(C(t)—al)Q

= QCH)Q—al
= Ctt)—al = AY (D) ,

t e [t()aﬂ

which proves the theorem.

3.6 Necessary Condition for No Wrapping Effect:
General Case.

In order to prove a theorem similar to theorem 3.5 in the general case of nonlinear problems
of the form (3.1)—(3.2) we will make some additional assumptions for function f. We will

assume that function f is differentiable about = and its Jacobian —

dx
(1) is bounded, i.e. there exists a constant n x n matrix A such that
|Ei-f’(;$—’—$) <A, t€tol],z€ D and (3.48)
(ii) satisfies a Lipschitz condition of the form
AL _ICO) < je—yir, telod, cueD @y

where I' is a constant » % n matrix.
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d
The Jacobian —f, unlike the linear case, depends not only on ¢ but on z as well.

Therefore, it does ng:t seem possible to obtain results about the monotonicity of f, given
that the problem has no wrapping effect only for a fixed initial condition. We shall require
that the problem has no wrapping effect for all initial conditions X° within a certain given
interval G C D. We will assume that all solutions z(fo, 2% ), 2% € G, exist in the interval
{to, ). Obviously, we can derive properties of f only in the area

G = {(t,z(tg, 2%1)) : 2° € G} C [t0, ] x D
spanned by the solutions of (3.1) when the initial condition is in G.
The following inequalities
w([z(to, X% 1)) < w(X(1)) < M(ADw(X®) , t€ [to, 1] (3.50)
are easy to prove and will be used below,

Theorem 3.6 Let system (3.1) be irreducible. Let also function f be differentiable about
z and let its Jacobian satisfy conditions (3.48) and (3.49). If problem (3.1)-(3.2) has no

wrapping effect for every initial condition X° C G then there ezist subsets 21, 73, . ZH)
of G such that

(i) ZOuz@y.. . uz® = G and
(it) for every 7 = 1,...,k there exists a matriz QV) = diag(qgj),..., ), q.gj) € {£1},

i =1,...,n, such that the function QY f(t, QU)z) 15 quast-isotone about © in any
convex subset of ZUW) = {(t,QWx(tp, 2% 1)) : z° € ZU)}.

Proof. Let u be any interior point of G and let e = (1,1,...,1) € R*. Let § be small
enough positive real number so that the interval vector
X% = [u— fe,u + de (3.51)
is in G. We consider problem (3.1)-(3.2) with initial condition X° given by (3.51).

Let J(u;t) = j—f(t,m(tg,u; t)) and b(t,z) = f(i,z) — J(u;t)z. Function f can be
x

represented as

fit,z) = J(u;t)z + b(t, z) .
Considering the interval extension of b we have the following estimate for every ¢ € [ig, f]
and interval X C D such that z(f, u;t) € X.

w(b(t, X)) = max(f(t,€) - f(t,n) = J(wt)(E 1))

df(t, )  df(t,z(to,u; 1)
S e, (( dr d:vo ) (€~ ??))
< max |4 — (2o, u; )| T (€ — 1)
< lw(X)|[Pw(X)
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From the above inequality, using (3.50) we have

w(b(t, [2(to, 2% 1)])) < [[ew({(to, 2% 1)) |Tew[z(to, 2% 1)])
< IM(A; (X0 ITM (A t)w(X°)

< 48 |M(A;H)||DM(A;t)e . (3.52)
In the same way
w(b(t, X(1)) < [w(X0)ITw(X (1)
< 48| M(A;H)||ITM(Ast)e . (3.53)

Problem (3.1)-(3.2) can be written as

& = J(ujt)z + b(t, ) (3.54) |
z(te) = 2° € X° (3.55)

Every solution z(tg,z% 1) is represented in the form
x(to, 2% 1t) = M(J;1)z® + M(J;t) /;:(M(J;B))'lb(ﬂ, x(to, 2% 6))db .
Therefore the optimal interval enclosure [z(fg, X%;1)] satisfies the inclusion
20, X5 0)] € M(I X0+ M(J38) [ (M(J;0))b(0, [2(t0, X5 0))d8

Hence, using (3.52), we obtain

w ([2(to, X°s1)])
< MU BR(X) + M0 [ [(M56))7 10 (56, la(t0, X7 0)) d5

< 28 M(J51)le + 457 M )] [ |(M(J;0)7 | |M(A; O M(A; B)eds
= 26|M(J;1)le + 48%4(t) (3.56)

where

8(0) = M) [ [(4(730))7] I3(A; )T (A )8

18 a continuous function of ¢ which does not depend on é.

In section 3.4 we obtained the width of the wrapping function in an explicit form
(3.34). The same method, when applied to problem (3.54)—(3.55) produces a differential
inequality of form

d, = —~

(X)) 2 T )w(X(1) —w(b(t, X(1)) .
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Using (3.53) we obtain

%(w(ff (1)) = J*(w Dw(X(2)) — 40%| M (A; )| M(A; e . (3.57)

Let us note that the modified Jacobian of the form J* is used in [88] where the stability
of interval methods is studied using a different approach.
The solution of the linear problem

= JHuit)y — 48| M(A; ) [T M (A;t)e (3.58)
y(to) = w(X") (3.59)

can be represented as

y(t)=20M(J*;t)e — 45%&(1&)
where

(1) = | M(A 1) ﬁ: (M(J*:0)) 7 TM(A; 0)dbe

is a continuous function of ¢+ which does not depend on 4.

Since the right-hand side in the system (3.58) is a function which is quasi-isotone
about y the differential inequality (3.57) implies that the width of the wrapping function
is greater than or equal to the solution of (3.58)-(3.59) for every t € [to,t]. Hence

w(X(t)) 2 BM(J+; 1) — 48%0(1) . (3.60)
Since problem (3.1)-(3.2) is without wrapping effect we have
w(X(1)) = w(lz(to, X% 0)]) , t€ [to,4].

From (3.56) and (3.60) it Tollows that

WM (J*;t)e — 48%0(8) < w(X(2)) = w([z(to, X% 1)]) < 20|M(J;1)]e+ 46%6(t) .
Using also (3.38) we obtain

0 < 25 (MUJ*1) = [M(J;0)]) e < 45%($(2) + (1)
and dividing by 24
0 < (M)~ M) e < 20(6(2) + (1)) .

Since § is arbitrary small positive it follows that

(MU~ M) e = 0, tet,T].
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The coordinates of e are all positive and the entries of M(J*;¢) — {M(J;t)| are all non-
negative. Therefore
M(I*50) = MU0, L€ o]

This implies that a linear system of the form (3.32)(3.33) with a matrix A = J has no
wrapping effect. Then from theorem 3.5 it follows that there exists a matrix

Q@ =diag(q1,¢2,. .-, ¢n), s € {-1,1}, i=1,...,n (3.61)

such that QJ(u;t)Q = Jt(u;t), t € [to, 1]
Thus, we proved that

for every u € G there exists a matrix @ = Q(u)
of the form (3.61) such that QJ(u;t)Q = J*(u;t). (3.62)

Let @ be the set of all matrices of the form (3.61). Obviously, Q is a finite set. For every
matrix ¢} we can consider the set

2(Q) = {u€G: QI(w1)Q = J*(u;1), 1 € [to, 7}

It follows from (3.62) that
U Z2(Q) = G.

Qe
Excluding from the above union these sets which are empty, we obtain a finite number of
sets ZW, Z2) ., Z®) such that for every set Z() there exists a matrix Q) of the form
(3.61) such that

+
@ L000 - (T0D)7 1,0) € (00000130 sw e 20

This implies that QW f(t, QU)z) is quasi-isotone about z in any convex subset of Z()
which concludes the proof.
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Example 3.4 Consider the problem
Ty = —L Ty 7(0) =2V € X0

Ty = —27 ) z3(0) = 25 € X3

for t > 0 where X® € G = ([~0.5,0.5],[0.5,1.5])7. The exact solution x(0,zp;t) of the
above system for a given 2" € X° is

(0, 2%1) = sgn{ed)u(z®)cosech(p(z®)t + 7{z"))
r2(0,5%1) = p(2”) coth(u(z?)t + n(z%)) if 7 #0
and (3.63)

r9(0,2%¢) = 29 if 22=0

where

Eat

p(®) = /(22)2 — (92 and p(z°) =In (:r3+ (;1;3)2_..(3,113)2) |

Using (3.63) to obtain the optimal interval enclosure [(0, X°;1)] and problem (3.4)-
(3.5) to obtain the wrapping function X(#) we can see that they are equal for any X” C &
Therefore the problem in this example is with no wrapping effect for every X° C G.

The Jacobian of the right-hand side of the system is
f{"i . L3 —I
dz  \ =2z, 0 '
Therefore in {z € R? : £y < 0} function f is quasi-isotone while in {z € R* : z, > 0} it

can be transformed into a quasi-isotone function using matrix ¢ = diag(—1,1).
Let 2™ = ([-0.5,0],[0.5,1.5])" and Z® = ([0,0.5],[0.5,1.5])". Since

20, 20 C{e € R iy <0}, t>0 and
20,20 c{eeR :5y 20}, t20,

ZW and Z® are the subsets of (7 that exist according to theorem 3.6.

The necessary condition for no wrapping effect stated in theorem 3.6 is not the same
as the sufficient condition in theorem 3.3. Nevertheless, they are quite close. In fact,
theorem 3.6 implies that if a problem has no wrapping effect for every initial condition
X° C G, the area G spanned by the solutions can be subdivided into areas where the
monotonicity of f does not change (i.e. for every 7,5 € {1,...,n}, ¢+ # 7 function f; is
either increasing or decreasing about z;) and the solutions do not leave or enter any of
those areas when ¢ propagates from t; to 7. If we can make such a subdivision beforehand
we can apply the following theorem which follows directly from theorems 3.3 and 3.6.
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Theorem 3.7 Let a function f be such that f is differentiable about z, its Jacobian
satisfies condiltions (3.48)-(3.49) and for every i,7 € {1,...,n}, ¢ # j function f; is
either increasing or decreasing about z; in the area

G ={(t,z(to,u;t)) : v € G} C [0, x D

where G C D is a given interval.

Then problem (3.1)-(3.2) is a problem with no wrapping effect if and only if there
ezists a matriz Q@ = diag(q,...,q,), ¢ € {1}, i = 1,...,n, such that Qf(t,Qz) is
quasi-isotone about z in {{t,z): (t,Qz) € G}.



Chapter 4

Validated Solution of the Wave
Equation.

We consider the nonlinear wave equation

u’”(’x?t)_umr(_xat)zf(x:taﬁ(z%t))‘; ] <X < z: t> U% (4'1)
u(r,0) =gq(z), w(z,0)=gq(z), —i<z<i | .
u(—1,1) = u(l,t), u(—1,8) = ug({, ), t>0 : (4.3)

Condition (4.3) implies that the solution is a function which has a smooth 2i-periodical
extension about z. A periodic boundary cendition is essential for the monotone properties
of the problem and the construction of numerical methods discussed in the following
sections. However, it is not a very restrictive assumption because a large number of
problems can be reduced to problems with periodic boundary conditions of the form
(4.1)-(4.3) (see section 2.5.2).

Let Oz, 7] be the set of all functions u = u(z,1) : R x {t,7] = R which are 2{-periodical
about z and have continuous second derivatives. Assuming that functions f, ¢ and g¢;
are cxtended periodically about ¢ (period 2I) we can formulate problem (4.1)~{4.3) in the
following way:

Find u € ©0,7] such that

Un(2,1) = tge(z,t) = f(z,f,u(z,1)), xR, t£[0,1], (4.4)
u(z,0) = gi(z) , ulz,0) =g(z), z€R . (4.5)

The solution of the above problem we denote by u(0, g; z,1).
We also consider an inlerval initial condition of the form

u(z,0) = gi(x) € Gile) = [g,(2):7(2)],
wi(z,0) = g(z) € Ga(z) = [g,(2).Ts(w)

79
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where ) and Gy are given interval functions. The set-valued function
u(0, Gsz,1) = {u(0,g;z,t) : g € G}

is considered a solution of problem (4.4)-{4.6).

In this chapter we assume that f is a continuous function of all arguments, g ;
(g, ;2T12) are differentiable and g3, € Lo(~4,1) (g, 71, € L2(—1,1)). In addition we
alao make the assumption that f is a non-decreasing Tunction of u which implies mono-
tone properties of the problem used in the construction of enclosures.

4.1 Monotone Properties

The 1mportance of the monotone properties of a problem for the design of validated
methods was discussed in section 2.3. Here we will establish monotone properties of
problem (4.4)-(4.5) which will lead to a representation of the problem as an operator
equation involving a suitable operator of monotone type.

Denote by L and & the following operators in Q[¢, 7]

L{u; o, t) = w(@, 1) — welz, ),
®(u,t;y, z) =uly,t) + u(z,1) —I-/ ug(z,t}dz, vy < z.
y

Theorem 4.1 Let u,v € Qt,7]. If Liu) < L(v) and ®(u,1) < ®(v,1) then u < v and
D(u,t) < ®(v,t) for t € [t,1].

Proof. Denote w = v —u. Since L and ® are linear operators we have

Liw) = L{v)—L{u) >0,
S(w,) = D(osl)— B, 2 0.

Let y,z € H, y < 2, t € [t,f] and let us integrate L{w) over a trapeze I' with vertices
M(y. 1), N(z,t), P2+t —t,t) and Q(y — £ + £,1). We have

I= //F(wu — wye) dadt > 0.

A simple application of Green’s theorem gives

I = {(—wgtdt — wydz)
ar

N

N P M
= Iy widT — fP (wedt + w,dz) wa wydr +/Q {(wedf 4+ wedz)
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N N _ F M
= / wydz + [ (wedz + wydt) ~ f wdz + f (wedz + w,dt)
JM F Q ]

= f we(z, t)de + w(z,t) —w(z + 1 —t,1)
¥

-t
7 w(e da w1~ wly — L+ 4,1)
ey

= Of(w,tjy,z) — ®(w,tjy~t+tz+t~1).

Therefore
Q(uw,t;y,2) > ®lw, iy —t+L,z+t—-1) 20,

Hence

S(u,t) < ®v,t), L €[L .
We also have |

w(z,t) = E@(w,t;&:,z) >0
which implies

u(z,t) <v{z,t), s €R, t € [1,1].

Theorem 4.2 Let f(z,t,u) be Lipschitzian and monotenically increasing about the last
argument and let w, v € Q¢ If L{w)— f(-,-,u) € L{v)— f{-,-,v) and ®(u,t) < &(v,1)
then u £ v and P(u,t) £ d(v,t), t € 1,1

A4

Proof. Let f be Lipschitzian with a coefficient & and « be such that o® > k. Let ¢ be
any positive number. Denote w = v — « + £e®¢~4, We have

O(w, by, 2) = Dlv,fiy,2) — ®(u,;v.2) + 2¢ +ea(z ~y) 220 >0,

Therefore w(z,t) = {®{(w, f;z,2) 2> 0

We wish to show that wiz,#) > 0, ¢ € R, ¢ € [{,f]. To do this we assume, to the
contrary, that w(z,t) < 0 for some & € R, t € [t,1]. Denote

t' = inf{t : w(z,?) < 0 for some z € R} .
Then
w(z,t) = v(z,t) —u(z,t)+ ge”0 >0 ,TER e, t')

and there exists ' € R such that w(z’, ) = 0.

Por (z,t) € R x [t,¢') we have

L{w; z,1)

Il

L(’U; z, f) o qu; a::}t) + E&’ze"‘(t“ﬂ

fla,too(z, 1) = f(z, 8 u(z, 1)) + eae™H

flz tu(z,t) — e — flx,t,u(z,t)) + ea?etD
—kee®tD | gq2polt-0

ga® — k)ert-9 5 0,

VA A k¥4

il
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Let us integrate L{w) over a triangle ' with vertices A(z'—~ '+ 1,1}, B(z'+t' — £, 1) and
C(z’,t'), We have

L= /fr(wn — Wy )dxdt > 0
Applying Green’s theorem we obtain
I = § (—wedt — wedz)
ar
= [ dt d “w dt d : d
= [4 (wedt + wy a:)w/B (wodt + w, .r)w/A wsdx
oy o B
= [ (wadz + wdt) + [ (weds 4 w,dt) - [ wds
A B A
ot -t
= 2wz t") —wa" —t'+,8) ~wlz'+1t — 1) - / we(z, t)dz
S

= 2uw(z' ) — @lw, ;2" —t' +1,2 + —1).

Therefore w(2’,t') > ®(w, ;e —t' +ta'+1¢ ~t) > 0. But w(@,#) =0, a
contradiction. This implies that w(x,t) >0, 2 € R, t € [¢,7]. Hence

vz, t) —u(x,t) > eV ze R, telti]
for any positive £. Letting £ = 0 we conclude that
u(z,t) <wv(z,t), z€ R, t €[t,1.
Using this inequality we have
L(w) = L(w) 2 £ = f(5) 2 0

Then theorem 4.1 implies
D) < B(n,1), 1€ [,

which concludes the proof.
An obvious way of writing problem (4.4)-(4.5) in an operator form is by using operator

T(t,) defined in Qta, 7], ta € [0,7) as
T(ta vz, t) = (Lu(z,t) — flz,t,u), u(z, to), ulz.t.)), 2 € R, t E [t,,1] .
Then problem (4.4)-(4.5) can be written as
T(0,u) = (0,91, 92) -

Theorem 4.3 If f is ¢ non-decreasing function of u then T (i) is an operator of mono-
tone type.
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Proof. Let u,v € Nt,, ] and let T(#,,u) € T(t,, v). Then we have
Ly ,) = fla Lol 1) < Livs,8) — f(a,t(z8), ¢ €Ro L€ ] (47)
and

u(z, ) <viz,ty), 2R
ut(m%ta) < T}g($,ta) s T E R.

From the above two inequalities we obtain
B(u,taiy2) = ulyta) + ulsta) + [ wileta)dg
Yy

< vyt +oleste) + [ w6 ta)de
= dfv,te;y,2) . Y,z 1:—: R, y<z. (4.8)
Using theorem 4.2 from (4.7) and (4.8} it follows that
O(u,ty,2) < ®(o,tiy,2), tE[tent], ,zE€R, y< 2.

Taking y = z = = we have

1
u(z,t) = 5®(u,t;2,2) < SO(v,ti0,7) = v(z,t), TER, L€ {ta, 1]

B3] =

which concludes the proof.
Theorem 4.3 implies that when f is non-decreasing about # the optimal enclosure
[u(0,G;z, 1)} of the sclution of problem (4.4)~(4.6) can be represented in the form

[u(0, Gy 2,t)] = [u(D, g; 2, 1),u(0, 7 =, 1)]
and problem (4.4)-(4.6) is reduced to two problems with point initial conditions given by
g=1(g,,9,) and 7 = (g,,7,) as follows:
ug(2,1) — ug2(2,t) = flz, tulz, 1)), z€R, t>10
u(z,0) = g (z) ; uslz,0) = g,(z), z€R (4.9)

Uy (2, 1) = ue(z, 1) = f(x,t,u(e,t)), z€R, t>0
u(z,0) = gy(z) , w(z,0) =F(z), 7€R (4.10)

However, as was shown in the preliminaries (section 2.5.3), the practical application
ol monctonicity of the form provided by theorem 4.3 to the construction of enclosures has
a significant shortcoming when the enclosures are constructed step-by-step using a mesh
{ta = 0,11,..., tr = i} in the time dimension.

Operator T (t,) is defined on Qft..7], t, € [to,7) as follows:

T(tﬂsu;zst:ya z)) = (LU s f(rﬁtgu)gtp(uzzta;y:z)) E] t € [tﬂ}t s Ty 4, 2 € RJ Y S .
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Theorem 4.4 For every u,v € Q[tq, 1] we have
T (toru) < T(tayv) = ®(u,t) < B(v,1), ta <t <7T.
Proof. The inequality T (ta,u) < T (ts,v) implies that

L{u;z,t) — f(z,t,u(x,t) < L(v;z,t) — flz,t,v(z,1), 2 €R, t € [ta 1],
D(u,ta;y,2) < O(v,ta;y,2), ¥.2€R, y< z.

Then the inequality
O(u,t) < O(v,t), y € [tarl]

follows from theorem 4.2.
Let us note that for any w,v € [to,] and ¢t € [ty, ] we have

(u(z,1) <v(z, 1), w(z, 1) Swilz,1), € R) = (®(u,t;y,2)<(v,8y,2), 4,2 € R,y<z)
(B, 159, 2) S B(v,1y,2), 9,2 € Ryy< ) = (u(e,) Sv(z, 1), ¢ € R)

but the implication
(®(u,t;9,2) < ®(v, 45y, 2), y,2 € R,y < 2) = (uilz,t) Swfz,t) 2 €R)

15 false. Then, it is easy to see that the operator 7 (¢,) is an operator of monotone type
according to the usual definition, but it is actually more than that since the inequality
®(u,t) < ®(v,t) contains more information than u(z,t) < v(z,t), z € R.
Let us define a partial ordering < in t,7] as
u =y &L ®(u,t) < (v, t), t€[t,1].
Then theorem 4.4 implies that operator 7T (¢,) is an operator of monotone type with

regard to the partial ordering < in Q(t,,f]. Using operator T problem (4.4)—(4.5) can be
written as

T(O,u;:c,t,y,z) = (Oagl(y) + gl(z) + /292(£)d§) 3 te [Oaﬂa Y,z € R: Y S Z .
¥

Why the monotone property provided by operator T is applicable to construction of
bounds for the solution step-by-step in the time dimension, can be explained as follows.
In constructing a lower bound s(h, N;z,t) in the interval [to, 1} we use

s(h, N;z,0) =g, < u(0,9;2,0) , 8(h, N;2,0) =g, Sw(0,9;2,0) , z€R, g€C

and therefore
(I)(ﬁ(hﬂ N)atﬂ) S (I)(U(O,g),tg) y 9 € G .
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In order to use an already computed bound s(f, N;z,t), ¢ € R, t € [to,¢;] as an initial
condition in the next interval [¢;,2;41] it needs to satisfy

(I)(ﬁ(h: N]:tj) < (I)(u(oag)vtj) y 9 € G. (4‘11)

If s(h, V) is constructed in the interval [tg,#,] in such a way that Ls(h, N) < 0, then at
t = t; we have
B(s(h,N),t1) < 0(u(0,9),t1), g€G.

Therefore the condition (4.11) is "self-generating” along the mesh. This is not true for
the conditions

ﬁ(h, N;xatj) < u(Uagv‘Tth) ’ ﬁt(ha N;“Tytj) < ut(oag;xvtj) y TE R » g € G

which would be required if the monotone property of the operator T was applied. Similar
statements hold true for the construction of an upper bound 3(A, V).

4.2 General Outline of the Method

The main idea is to construct lower and upper bounds as solutions of initial value problems
derived from (4.4)-(4.5). We consider a mesh {t; = jh : 7 = 0,1,...,7} in the time
dimension. In every interval [¢;,¢,+1] we consider a pair of problems

uit(m:t) - um(a:,t) =’:f(a:,tj u(.’c,t)) y TE R: t € [tj:t.‘i+1]
w@,t;) = gilz), ulz,t;) =gpnle), R (4.12)
utt(mat) - um(:r:,t) = f(xatau(:’:: t)) y TE R? te [tj?t5+l]
u(z,0) = galz) , w(z,0)=gplz), z€R (4.13)
where

e functions f and f are lower and upper bounds of suitable form for f, i.e. we have
flz,t,u) < fz,t,u) < flz,t,u),2,u € B, L € [t5,t541] (4.14)

o functions goi, goz are lower bounds of suitable form for g, and g, and go1, goz are

upper bounds of suitable form for g, and g, respectively, i.e. we have
go <9, <9 < gm,
02 » (4.15)

IA
o
IA

:

go2 < g, 2
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e for 7 >1
le(‘"’) = :?':(hﬁ N;$3tj‘) 3 .(}jl(m) - g(h’a N;z, J}.'.l) )
gi2(z) = 5,(h, Nizyt;), gpalz) = 5(h, N2, t;), T€R

assuming that the bounds s(k, N;z,t), 5(k, N;z,t) are already computed for ¢ < ;
and satisfy conditions

D(s(h, V), 1)) < B(u(0, 9),4;) < B(3(A,N)t)), g€ G- (416)

Denote by y and @ the solutions of problems (4.12) and (4.13), respectively. Using the

inequalities (4.15) (when j = 0) and the inequalities (4.16) (when 7 > 1) we obtain that
at the initial point t; of the interval [t;,¢;41] functions ¥ and @ satisfy

Oy, ;) < ©(u(0,g),t;) < B, ;) , g€ G (4.17)
From (4.14) we also obtain
-Ly' - f(':'su') < Ly """j(': ‘,'E_}-) = ) = LU(U,g) - f(a ‘:u(ofgj} ’

L= f(,8) 2 Lt~ f,i0) =0 = Lu(0,0) = £, u(0,9)) . (418)

Then theorem 4.2 and inequalities (4.17), (4.18) imply that the solutions y and @ of

problems {4.12) and {4.13) are lower and upper bounds for every solution u{0,g), g€ G
of problem {4.4)-{4.5).
In addition, from Theorem 4.2, we also have

&I)(y,i) < @(u(l],g),t) < tp(ﬂ'at) s 1€ [t_frtj+i] .

Lower and upper bounds for u(0, G) can be obtained from {4.12) and (4.13), provided
those problems can be solved in some constructive way. In general, we can obtain only
approximations u ), i*) to the solutions u, @ of (4.12) and (4.13) using certain numerical

procedures. In doing so, we must ensure that ¥® < u(0,g) < 4!, g € G is satisfied. We
solve (4.12) and (4.13) iteratively. Given some suitable initial bounds y ,#® € Q[0,7],
sequences {7}, {0} € Q[0,1] are defined recursively with ¥ "+! being a solution of

(2, 1) = Uge(,t) = f(x,t,y(r}(@t))

w(w,t;) = galr), wlz,t;) = gnlz) (4.19)
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and %{"*Y a solution of

Uz, 1) — tgg(z,t) = f(z,t, 2 (2, 1))
u(z,0) = gnlz) , wz,0) = gp(z) . (4.20)

Provided the initial functions © (9, @® satisfy the following conditions

La®™) < f(,u™)

L(&(O)) > f(, 5 ~(0))
(s, 1;) < @(u(0,9),;) < B, 15), g€C
it can be proved inductively that

u () < u(0,9) < @l | geG, r=0,1,2,...
Dy 1) < B(u(0,9),t) < @@, 1), t€titin], g€ G, r=0,1,2,... .(4.21)
Indeed, for r=0, using
Lu©) = £, @) < Lu@) = £(,6@) <0
L) = f(-,,@®) 2 L@) - f(,- @) 20
®(u,1;) < ®(u(0,9),1;) < ®(a,1;)
o <

®(u(0,9),1) < 9(aO, 1),

t e [ti, tj+1].
Let (4.21) be true for some r. Since ¢+ and %0+ are solutions to (4.19) and (4.20)

we have

L(y(r+1)) :f('a 'Jy'(r)) S f(: _’y(r]) f( 1”(079)) = LU(O,Q‘)

< Js

L@ty = f(, @) > £y, @) > f(,-,u(0,9)) = Lu(0, g)
o (u "1, 0) < ®((0,9),0) < ®(a,0)

Then Theorem 4.1 implies g 1) < u(0,g) < 0+ and ®(y +Y,¢) < &(u(0,g),t) <

O(it+1),¢), ¢ € [t;,t;41]. Therefore inequalities (4.21) are true for any 7 =0,1,2,....
Using similar arguments it can be also proved that if f and f are increasing about

u (this may be expected because f is increasing about u) then {u 7} is an increasing

sequence and {&('")} 1s a decreasing sequence, i.e.

p @ <yW< << <u0,g)<... <D <. <a® <a®,
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After a sufficient number r* of iterations we take s(h, N) = ¢ ") and 35(h, N) = @)

as approximate solutions to {4.12) and (4.13).

Problems (4.19) and (4.20) are solved by computations in the Cartesian product of the
Taylor functoid and the Fourier functoid. The solutions of problems (4.19) and (4.20) are
obtained as Fourier series of 2 with coefficients that are polynomials of ¢. Since functions
9515 92, 9n and g;», representing the initial conditions in problems (4.19) and (4.20),

when j > 1, result from computations in the previous time interval, they are already
functions in the Fourier functoid. Functions go1, Goz, do1, doz are obtained from 9,5 9y G1>

G, by using directed Fourier roundings. For functions f and f it will be difficult to produce

a suitable definition for every z,u € R, t € [t;,;41] . However, for the implementation
of the iterative procedure we need only expressions for f(=,t,%(2,t)) and f(z,%,u(z,t))

where u is a given function. Such expressions are obtained using directed Fourier and
Taylor roundings. In the next section we will revisit the Fourier functoid, particularly
considering the directed roundings. In order to simplify the presentation we will consider
periodical functions with period 2, i.e. following the notations adopted in this section we
take I = 1.

4.3 Fourier Functoid: Interval and Directed
Roundings.

The Fourier functoid Fp is defined as the span of {cos(knz),sin(kmrz)}_,, i.e we have

N

Fy = {Z(ak cos(kmz) + besin(kmz)) : ag, bx € 'R} .
k=0

The functoid Fy is a screen of Ly{(—1,1). Let f € L,(—1,1) have a Fourie series of the

form
[, 0]

flz)= Z(ak cos(kmz) + by sin(kmz))

k=0
The mapping pn : La(—1,1) — Fn defined by

N
pn(f) = (ak cos(krz) + bysin(kmz))

k=0
is a rounding from L;(—1,1) into Fy. The arithmetical operations and integration in
F are discussed in the preliminaries (see section 2.6.2).
The interval Fourier functoid is

N
IFy = {Z(Ak cos(kmz) + Bysin{knz)): Ay, Br € IR} .

k=0
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Using the general approach described in section 2.6.1 the interval round of f is defined by

N
I(f) = ag+[-1,1] Z a +b2+ Z (ag cos(kmz) + bgsin(kmz)) .
k=N+1 k=1

This definition is really applicable only when the Fourier series of f is finite. Since the
operations in ZF considered in the introduction require rounding only from ZF,y onto
IFy, this definition (extended for interval functions) was applied. However, in general,
we have at least two problems with that definition:

o Is the series > y/a? + b2 convergent?

k=N+1

0
o If the series > 1/a} + b} is convergent, how can this sum be obtained construc-
E=N+1
tively?

In order to define an interval rounding Ipy for a function f € Ly(—1,1) we need to
have an estimate of the form

,max |f(z) = pn(f)(@)] < on(f) = 0 when ¥ — oo
This implies that px(f) converges uniformly to f. In general, pn(f) converges to f €
Ly(—1,1) only in the L, norm. Therefore ZF can not be an interval screen of Ly(—1,1)
but it can be an interval screen of a subset of Ly(—1,1) consisting of functions for which
the Fourier series converges uniformly.

The Sobolev space H™(a,b) is defined by

m d*f
H™(a,b) = {fGLg(a,b) ok € La(a,b)for 0 < &k < m}

where the derivatives are considered in the generalized sense of distributions [4], [31]. Due
to the Sobolev Imbedding Theorems this space can also be represented as

H™(a,b) = {f € O™ 1a, b : %f(m-l) € Lg(a,b)}

where only the last derivative is in the sense of distributions. In the analysis of Fourier
methods, the natural Sobolev spaces are those of periodic functions:

k

HR (a,b) = {feLz(G,b)lg—feLg(a,b) fornggm}

dxk

= {f € C" a,b]: f—periodic (period b — a) on R, % ™=l e Lg(a,b)}
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where the derivative is in the sense of periodic distribution (period b — a) [20]. Obviously
we have
7 (a,b) C H™(a,b).
We will show that ZF is an interval screen of H (—1,1), ie. we consider M =

H...(-1,1). Let f € M. Then

per

s}

f(z) = (ak cos(kmz) + by sin(krz))

k=0

for every z € R and
1 oo
fl (f'(2))dz = k*r?(a? + BY) .
= k=0

We can estimate |f(z) — pn(f)(z)| as follows

7@ = en(DN@) = | 3 (ascos(nz) + bysin(kr))
k=N+1
< Z |ag cos(kmz) + by sin(kma)|
E=N+1
< ) Wak+bi = Y L k2ai + k202
E=N+1 pon1 K
) (z ) (5 (k?azwbz))
k=N+1k r=N+1
1 1 o 2 LA 5 )
< —_ _ —_ N
< \/N(ﬂ;,f_l(f(ﬁr)) e~ (K + K

Therefore

1

1 Y 2 ol 2 2 2,20
25, 1) = @) < en) = = (L2 [ (7@ e = T8+ %)
(4.22)

The estimate ex has two important characteristics:
1. It is easily computable. Since ay, by, &k = 0,1, ..., N are already computed with the
i
computation of pn(f) we only need f (f'(z))? de.
-1

2. The order of convergence of en(f) towards zero adjusts automatically according
to the properties of f. For example, if f has a jth derivative in Ly(—1,1) then en(f) =

o (N‘j*'lf).
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If the Fourier series of f € M is finite, we do not need to use ey. Since the arithmetical
operations considered in the introduction involve only rounding of functions in Z&Fzp, in
order to have uniformity, we define Ipy : M — ZFy in the following way:

N
Ion(f) = ao+ [-1,1on(f) + Z (ay cos(kmz) + by sin(knz))

k=1

2N

where on({f) = Z V@i + b2 + 2an(f). The definition of Jon can be extended over PM
N4l

in a natural way. Let F' € PM.

N

Ion(F) = Ao+ [-1,1]on(F) + E(Ak cos(kwz) + By sin(knz))
k=1
where
:[{Go(f):fEF}], BD:O:
Apy=Hax(f): feF}], Be=[{b:(f): feF}, k=12,...,
on(F)=[{on(f): fe F}] .
When F = %(Ak cos(kmz) + By sin(knz) € Fon we have
k=0
Ion(F) = Ao+ [-1,1]on(F) + EN:(A;: cos(kmz) + By sin(krz)) (4.23)
k=1
where -
=N+1

The interval rounding lpy also defines directed rounding p,, and py in M. We have
Iow(f) = low (1), ()]

where

(ax cos(kmz) + besin(krz)) ,

|
[]=

plf) = ao—on(f)+

x
Il
-

M=

Pn(f) = ao+ on(f)+ ) _(arcos(krz)+ by sin(krz)) .

a—
1)
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Using directed roundings the operations in & can also be defined with rounding to the
left or to the right. In analogy with the advanced computer arithmetic we will denote the
operations in & with rounding to the left by

Ve ettt

and the operations in F with rounding to the right by
&3 °E{+,—,X,/}, ¢

4.4 Some Aspects of the Numerical Implementation
of the Method

4.4.1 Formulation of the Pair of Problems (4.12), (4.13).

One of the inconveniences in using the interval Fourier functoid is that the upper and the

lower bounds of
N

> (Agcos(krz) + Bysin(krz)) € IF

k=0
are not functions in #. In other words ZF is not the interval space over F. Let f, f € M,
f <7 and F=[f,f]. Obviously, F € PM. We have

en(f) = ap—on(f)+ E (ax cos(kmz) + by sin(krz))
n(f) = a+on(P)+ E (ak cos(knz) + by sin(knz))

Since the inequalities g, < @, b, < by are not necessarily true, the interval function
[25(f),Bn ()] is not, in general, an element of ZF. It is easy to see that

len (£ Pn(] C (a9 —on(f)) V (@ + on(f))

+kz_: ((Qk V @) cos(kmz) + (b V by) sin(kfr:c)) C Ipn(F) .
We have
w(lpn (D, Bv () = Bnlf) — pr(F)

=do~ g+ on(f)+on(f)+ > ((Ek — a;) cos(knz) + (br — by) sin(kfr:c))

k=1
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while

N
w(lpn(F)) > [T — ag+ on(f) + on (P + 3 (1@ — ayll costkma)| + [B — byl sin(kma)]) .

k=1

It is obvious that there is, in general, a significant difference between the width of
[p5(F),Pn(F)] and the width of Jon(F), which increases when N increases.

For that reason we will not apply the interval Fourier functoid Z# for approximation
of the solution u(0,G;%,t) of problem (4.4)-(4.6). Instead, we will use the directed
roundings p,, and gy to obtain lower and upper bounds s(A, N), Sn(h, N) such that for
every t € (0, 1]

s(hyN;.,t) e F , sn(h,N;.,0) e F.

Remark: Strictly speaking the coefficients of p (f) and on(F) will also be intervals
when they are represented on a computer, which makes p,(f) and 7n(f) elements of
TF. However in order to simplify the presentation, we will consider the coefficients
as real numbers and use point (noninterval) notations, assuming that in the practical
computations they will be represented as narrow intervals according to the advanced
computer arithmetic discussed in section 2.2.

The formulation of problem (4.4)-(4.6) on every interval [t;,;11] as two problems,
(4.12) and (4.13), facilitates the above approach. We need to calculate a lower bound for
the solution of (4.12) and an upper bound for the solution of (4.13).

Since we will use computations in the Fourier functoid, the ’suitable form’ of got, Joi

and goz, Joz are lower and upper Fourier approximations of g » 91 and g., g, respectively,
l.e. .

goo=py(g,), oo =Pn(G1) s go2 = pu(g,)s Goz = on(T:) -

Since the bounds s(h, N), 5(h, N) are obtained as Fourier series about z and for every
t e [0,7]

we also have

gl :ﬁ(h:N;-Tstj) Eﬁa .(}J'l :E(h,N;ﬂ:,fJ‘) € F’

wey

Qt(h:N;matj) € FJ ~j2 = Et(hy N;matj) € F

1)

J2

for § > 0. Therefore for every 7 =0,1,...,7—1 functions gi1s i1, 42, §j2 are represented

in the following form:

N
ginle) = oo+, (glk cos(kmz) + 3, sin(k‘.rrsr:)) ,

k=1
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N
gi2(r) = amp+ > (Qizk cos(kmz) + B, Sin(k'fr:c)) ,
k=1

N
gin(z) = T+, (b?lk cos(kmz) + O, sin(kﬂ'm)) ,
k=1

N
gn(z) = T+, (azk cos(kmz) + Fap sin(km:)) .
k=1

Functions f (z,¢,u(z,t)) and f(a:,t,u(a:,t)) are represented as Fourier series of z

with coeflicients that are polynomials of {. Using directed Fourier and Taylor round-
ings f(z,t,u(z,t)) and f(z,t,u(z,t)) can be described as follows:

Let
Ion(f(., . w))(z,t) = ap(t) + [=1, lon(f;t) + ; (ar(t) cos(kmex) + bp(t) sin(kmz))
and let

|ax(t) = 7n(@i)(£)] < Gmlan) , [be(t) — T(be)()] < Gm(bi), k=1,...,N.
Then

Sz tu(z,t) = :m(ao—ow(f))—kg\/&;(am&;(bk)

N

+ 3 (7m(ai)(t) cos(kmz) + T (bi)(t) sinf{kmz))

k=0

(4.24)

fle,t,u(z,t)) = Tmlao+on(f))+ kz_:\/&;(ak)w;(bk)

+ E (T (ar)(t) cos(knz) + 7 (by)(2) sin(kmz)) .

k=0

This is possible under the additional assumption that f has m+1 bounded derivatives
about ¢ and . All numerical experiments are performed with the same m (m = 3). That
is why m is not included in the list of parameters of the method.

For computational reasons, in the interval [t;,1;11], it is more convenient to present
the coeflicients in (4.24) in the form of polynomials of A = ¢ — ¢; rather then t. More
precisely, functions j(m,t,g(’)(m,t)) and f(z,t,4)(z,t)) in (4.19) and (4.20) respectively
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are represented as follows:

95

j(m,t,y,(’")(x,t)) = i_ﬂq -I—Zi( Cpo—r k?ra:)—l-bkq%;sin(kﬂx)) ,

quD
q

k=1g=0

4.4.2 Implementation of the Iterative Procedure

fla, t, 5z, 1)) = Zagq— + Z Z (akq cos(kmz) + by, f;’ sm(k'fr;c)) .

The implementation of the iterative procedure defined by (4.19) and (4.20) requires solving

problems of the form
un(z,1) ~ ugg(z,t) = P(z, A)
u(z, t;) = gi(z) . wlz,t;) = g52(z)
where A =t —¢; and functions %, g;1, g2 are of the form

N
gir(z) = one+ D (oqpcos(knz) + Fuysin(kmz)) |

k=1

N
gi2(z) = o+ Z (orgg cos(kmz) + Gagsin(krz)) |

k=1

(4.25)

(4.26)

(4.27)

P(r,A) = Z agq""":-'- + Z Z (akq cos(kmz) + by, 3: sin(kwx)) . (4.28)

k=1g=0

Let I'(z, A, t) be the triangle with vertices (z,t + A), (z — A, t) and (z + A, t). Using

Green's theorem we have

[ w0ayas= [ [ (wu(y,8) - uesly, 8))dydo
T(z,4,t5) Tiz.a.t5)
= ﬁ (_ul‘(ya 9)(19 - ut(y: H)dy
ar(z,At;)
T+4

= 2u(z,t; + A) —u(z — A,0) —u(z + A,0) — f ut(y, 0)dy

T—A
r+A
= 2u(z,t) — gji{z — A) —gn(z +A) — / gia(y)dy .
r—4

Therefore, we have

we,t) =3 [[ $0dyd6+ gz, )

P(:,A,t}‘)

(4.29)
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where

¢z, A) = %’" (gn{ﬂ: + A)+gnlz—A)+ fm& yjz(;u)dy)

and A = — tj.
Using the fact that g;; and g, have the form (4.26) and (4.27), the function ¢{z, A)

can be simplified in the following way:

1 i
5(galz+4) +gnlz — A)) = e
N
+% ) (auk(cos km(z+A) + coskr(z—A)) + fux(sin kn{z+A) + sin kr(z— A)))
k=1
N
= g+ ) (ogg cos(kre) cos(knA) + fyp sin(krz) cos(kmA))
k=1
N
= oo+ 3 cos(knA) ey cos(knz) + PFuesin(kra))
kz1
1 T+ A
5 952(¥)dy = A
2—&
1 & (o ) Dk :
+— —(sinkr(z+A)—sinkr(z—A)) — =—{cos kr(z+A) — cos km(z - A))
2 k=1 kn ’ ke
Y fon O
= a0 + ) (M— cos(krz)sin(krA) + —sin(krz) sin(kmﬁ))
o\ kr km

N
= o0 + 3 _ sin(kmA) (E{gﬁ cos(kTz) + B sin(k;ra:)) .
=1 km km

‘,\r
oz, A) = o+ apA+ Z ((alk cos(kmA) + %%f- sin(k;'r,-ﬁ]) cos(kma)

k=1

+ (ﬂlk cos(krA) + %;rt sin(kﬂ'.&)) sin(kfra:)) .

The coefficients in the above Fourier sum are not polynomials. Because

cod(kmA) € %W+[wl,1]%:

m” ¢ 1yg—1 Y21 AEmi+l
(=191 (krA) H- ’1}(!&:11'_’\)

sin(krA) € e —
(k) ;1 (2¢—1)! (Zm” + 1)1
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where m’ is the largest integer not greater then > and m” is the largest integer not greater

then m

, we obtain the following inclusion

—|—2[ m” + 1)! km

k h 2m'+2 k h 2m”+1 N /az +,52
Pz, A) € ao + [-1,1] ( Th) Z\/alk‘l'ﬁlk T Z = =

kﬂ'/_\ L 2 2 (krA)2e-t

+ A + kz__-:l (( zzz +o 2 m) cos(kmrx)
=L (kA m” kﬂ'A)zq_ .
+ (ﬂlquz;] 29)! Z ) sm(qu:c)) .

q:] q_—]')

In order to obtain a lower bound for the solution of (4.25) we use in (4.29) the lower bound
of the above interval function, and in order to obtain an upper bound for the solution of
(4.25) we use in (4.29) the upper bound of this interval function.

Since ¢ is a sum of the form (4.28) the double integral in (4.29) is a sum of integrals

of the form
/ f —dyd9 f / Z—Tcos(kwy)dyd@ / f — sin(kry)dydd
JJ g

I'(ra,t4) 7,4,t5) T(x,8,t5
For the evaluation of the above integrals we will derive explicit formulae. We have

gt A pz+A-6 e
“dydd = f f 9 audo
T{zAl;) 7 :

g+2 ALt+2
- 2((q+2)!(q+2)‘(q+2)t(q“))

g1 z+A-§ 9
—eFTudyd) = f f — v dydg
q. 0 Jx-A4d (.

A AY zk‘n(:n-l-/_\ &) thm(z—A4+6)
- f / ( A )da
ik

I‘(:I:At )
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I pei { gikn(z+a-6) gikr(p-Atyy A
- ["2 ( ex )+ “"”!“-‘—HT”
= (g=11\ (ikn) (k) .

etka(z+a) gifm(a-a) g (]-t-(ml)f) Aet
1km)it?  (—ikm)et? &= (kYD (g=D)!
fzal]

i ik ikm 7 { (1kzA) (—tkrAY
= [yt (Gk Sty &'E( TR ))

ikrx

=0
ik i AN
¢ in j(kTA)
—————(—1)3 s(kx A) — - -
.2(_}577)q+2( l) (CO‘?(;C ) g( ]‘) (2;)% ; fqeven
- . g41
ezkar:z: ot1 F] -1 (k’}TA)ﬁml
———(—1)"2 1 — e e -odd
Q(kﬂ)qﬂ( 1) (sm(kr&) ;( 1) = , 4O
¢ &0 i
2 Z (—1) 2+ (o )¥-2-7 A — R -even
I 41 (2” ’ q
e wegs A
2 (—1)¢ km)*i- m—-—-e‘ ™ g-odd
Therefore
i 7,
—?cns(krry)dydﬁ = Re( /[ j‘n’~n1n~er""“"dydﬂ)
Piz.dey 1 Piz.ae;3
o 2
-2 Z f— f»’l’}zf“q“zé})]ms(sz) . g-even
=2 :
= o 2t A=l
2 3 (~1) kr)ﬂ'q 3(2! -y sin(kmz) , ¢- odd
= itd )
g1 7
~y sin(kmy)dydd = Im( // élTe"’l""”‘rdydﬁ)
T(z.at)) g L(z.48.8,) q:
oo 2
-2 5 (-~ D F (ke ) ¥ 2 san(kﬂ:c) , §-even
_ it @
- O Az e |
2 Z (-1 kn.)ii—qma( — ljfcos(k;rr:z:) , q~odd
) :

=

The coefficients of cos(kmz) and sin(kwz) in the above expressions need to be rounded to
polynomials of degree at most m. We have the following inclusions

g 97
// - COS (kmy)dydf € [ ﬁ %cos(kry)dydfﬂ ﬁ Tcos(kny)dydﬂ]

[{z,a Pizaey 47 W ENS
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(krh)y?m+? u =2, yal—go2 A%
-2,2|——-2 —1)"z(k = cos{kmzx , Q- ev
[ ](2m1+2)| 121( ) ( Tl') (2” OS( T ) q €n
- krR)2PHL o AN
[—2,2]#,)4_—1)'+2 > (-1) ﬂz—(kﬂ)ﬂ g 3m sin(kmz) , ¢-odd
! ot !
(4.30)
6 . 69 07 .
—’sm(kvry)dydﬁ € ﬁ —'sm(k:rry)dydﬂ, ﬁ —!sm(kvry)dydﬂ
T(z,4,84) ¢ I‘(zAtj] ! T(z,4,25) g
(kﬂ'hjzmq-z 2I—q—2 A
_ k i,
[—2 ](2 e QI;H (20!311&( nzT) , q-even
- for ) 2m" 41 A
[—2 ](( ”)-I-l +2 Z km)2-e 3(21_1)'c03(k7r:c) , ¢-odd
=218 ’

2

The lower (upper) bound of the above interval functions is used in (4.29) for computing
a lower (upper) bound for the solution of (4.25).
Then, given ¢ and %), we have

W02ty = 2 KF 6y, 0)dyds + 8z, ),
iy :
atr+(z,1) = y, 0)dydd + é(z, A) (4.31)
TR

Q(y,f?) = _f(ya tj Hvy’(r)(yatj + 9)) g

E(y,f?) = f(ynt' + 40 ﬁ’(r)(y:t' + 9))
k?‘t’h 2mi42 N

(krh)zm"+1 N Jod, + 6
Hz,A) = gy — Gre 73T E~/_1k +ﬁ'~1’k Z 2k

(2m*” + 1)! km
il szk (k“'A)zq_l
+ a0+ a — > ——— | cos(kmx
=20 kgl (( ik = (2q T % o (2¢-1) (kma)
m' m' A)2e-1
+ I 62" M sin(kmz) | ,
= ! k?’l’ e (2¢ — 1)!

k’ﬂ'h 2m'42 N kﬂ'h 2m4+1 N

- . . v ol —I—ﬁ
qb(myA) = 0110+ ’+2’Z a1k+}61k ”‘I']-'Z 2 =

kr
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N m 2 = m' 2q-1
— _ (krA)*T g o (kTA)H
+ e 4+ D ((mkqg—__@ I + T > —('Zq —7)1 cos(kmz)

k=1 q=1

+ (Blkg (fm (2q). ﬁ?'k E k;;A_ lq ) sin(quw))

g=1

and rn’ is the largest integer not greater then T—;—, m” is the largest integer not greater
m + 1
2
Let us note that the functions ¢ and ¢ are computed once for the interval [t;,¢;,1],
since they do not change during the iteration process.
An essential part of the computations in (4.31) is the evaluation of the double integrals
with directed rounding which is reduced to evaluating integrals of the form

then

69 A

~ cos(kry)dydd j{j - sin(kmy)dydo ,
T(%.8,¢5) 7: Dizae;) *F

09

-Tcos(krry)dydﬂ . ﬁ #7 sin(kmy)dydf .
I‘(a‘,A,tJ‘) : F(*-':A:tj)

Suitable formulae for evaluation of the above integrals are provided by (4.30).

4.5 Accuracy

As in all validating methods, the bounds s(f, N¥), 3(k, N) produced by this method carry
within themselves an assurance of their quality.
In the case of a point (not interval) initial condition, i.e. G(z) = g(z) € R, z € R,
the width
w(S(ha N)) = §(h,, N) - §(h'! N)

results only from computational errors of different sorts. If the computed bounds are
too wide the parameters of the method N, A, can be adjusted accordingly. If a certain
accuracy is given in advance this adjustment can be made automatically by the computer
program,

In the case of an interval initial condition we have [u(0,G)] C §(h, N) where
w[u(0, )] > 0. Then the function

w(S(h, N)) — w([u(0,&))

is an estimate for the total computational error. However, this function is unknown and
although the bounds s(h, N}, 5(h, N) are guaranteed we don’t know how close they are
to the optimal enclosure [u(0, )] of the solution set (0, 7). The formulation of problem
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(4.4)-(4.6) as two problems (4.9) and (4.10) allows us to rectify this situation. We can
simply solve problems (4.9) and (4.10) (which are problems with a point initial condition)
separately obtaining lower and upper bounds for the solution of each of them and also
controlling the accuracy. Then the lower bound for the solution of (4.9) and the upper
bound for the solution of (4.10) are the bounds for u(0,G).

An a priori estimate, although not needed to determine the accuracy of a particular
numerical solution, can generally characterize the quality of the method. From the form
in which the bounds are computed one can easily see that the global error is

o( N7*5) 4+ O(h™1) (4.32)

provided g, g2 have j derivatives about z in Ls(—1,1), f has 7 derivatives about z and
w in Ly(—1,1), f has bounded m + 1 derivatives about ¢ and « and Nh < const.

4.6 Numerical Examples

The numerical results presented in this section are produced by a Pascal-X5C program
which implements the method described in the previous sections. The maximum degree
m of the polynomials of ¢ is 3 for all examples. Therefore the accuracy is

o( N73t%) 4 O(h?Y . (4.33)

All examples are periodical with period 2 initial value problems for the wave equation.
Graphs of solutions, enclosures and errors are plotted for z € [—1,1].

Example 4.1 We consider the periodic p(oblem fozl)' thiequation

I
Ugp — Ugy = | T° 4 (117 (4.34)
with three different initial conditions.
A, Noninterval Initial Condition in the Fourier Functoid.
We consider equation (4.34) with an initial condition
u(z,0) = sin(wrz) , us(z,0) = 2sin(rz) (4.35)

The functions prescribed as values of both u(z,0) and u(z,0) are trigonometric polyno-
mials so that no rounding of these functions is required. The only function which needs
to be rounded is the coefficient of u in the equation (4.34) and this is done in every in-
terval [¢;,%;41]. The exact solution to the problem is u = (¢ + 1)?sin(rz). On figure 4.1
where the solution and the enclosure computed with ¥ = 5 and h = 27° are plotted, the
solution and the enclosure are visually undistinguishable. Values of the solution and the
computed bounds at some points are presented in table 4.1.
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Since the solution is a trigonometric polynomial about z we need a relatively small
number N of spectral functions (N = 5) and further increase of N will not improve the
accuracy. The leading term of the error is 0(A*). On figure 4.2 the maximum norm in x of
the error of approximation is plotted against the time variable on a logarithmic scale. The
obtained numerical results are consistent with the expected rate Q(h*) of convergence.

0.5

Figure 4.1: Problem (4.34), ({.85). Fzact sollution and enclosure computed with N =5
and h = 27°,

N=5,h=2_5
=10 z =05

t solution | bounds | radius ! solution | bounds | radius

+0.0001 501
0.5 | 0.0000 | 200! | 23E-5 | 2.2500 | 2.2505 | 2.3E-5

+0.0002 4.0002
1.0 | 0.0000 | *o0002 | 19E-4 | 4.0000 | 29902 | 1.9F-4

+0.0011 511
1.5 | 0.0000 | Fo%% | 11E-3 | 6.2500 | 6.250 | 1.1E-3

+0.0053 9.0052
2.0 | 00000 | *2°0°% | 5363 | 9.0000 | 0022 | 5.3E-3

Table 4.1: Problem ({.34), ({.35). Values of the solution and the computed enclosures at
some points.
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0.01 ¢
0.001 F
0.0001 F
le-05 |
le-06 £
le-07 E
le-08 E

le-09 [ 1 1 1 i 1 l 1 | Lt
0 0204 06 08 1 1.2 14 16 1.8 2

Figure 4.2: Problem ({.34), (4.35). Mazimum norm in z of the radius of the enclosures
computed for various step sizes h {logarithmic scale).

B. Noninterval Initial Condition Which Needs Rounding.

We consider equation (4.34) with an initial condition of the form

r(l—z), 0<z<1
r(l4+z), -1<2<0

u(z,0) = { , w(z,0) =0 (4.36)

Since the function prescribed as the value of u(z,0) is not in the Fourier functoid it needs
to be rounded, i.e. lower and upper bounds in the form of trigonometric polynomials are
computed. Therefore a larger number of spectral functions will be required to achieve
accuracy similar to the accuracy of the enclosures obtained for the solution of problem
(4.34), (4.35) with only N = 5. Figures 4.3, 4.4 and 4.5 present the enclosures computed
with N = 10, N = 20 and N = 40 respectively. Let us note that we may not allow
N — oo while b is fixed because Nk < const. In the presented numerical experiments we
double N and reduce the step size b twice. Numerical values of the enclosures at some
points are presented in table 4.2
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Figure 4.3: Problem ({.34), (4.36). Enclosure computed with N = 10 and h = 2~°

Figure 4.4: Problem ({.34), (4.36). Enclosure computed with N = 20 and A = 277
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0.5

-0.5

0.5

105

Figure 4.5: Problem (4.34), (4.56). Enclosure computed with N = 40 and h = 27%

N=10,h=2% | N=20, h=2"T [ N=40, h =273
=05 z =05 z =05
t | bounds | radius || bounds | radius | bounds | radius
5078 4011 73T
1.0 | 0457 | 15E-2 || 0.4200! | 3763 || 04377 | 9.2B4
1.1836 91801 5105
20 | 2150 | 36E-1 || 0.3 | goE2 | 08219 | 23E-2

Table 4.2: Problem ({.3{), (4.36). Values of the computed enclosures at some points .

Since the initial function is differentiable only twice, the estimate (4.32) gives a rate
of convergence o( N=%) + O(h*) where o( N _%) is the dominating term. On figure 4.6 the
maximum norm in z of the radius of the enclosures computed for various values of V and
h are plotted against the time variable. The numerical results are consistent with the
expected o( N™%) rate of convergence.
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0.1 ¢
0.01 |

0.001

0.0001 &

le-05 I 1 ! { { ] L : ! I
0 02 04 06 08 1 12 14 16 18 2

Figure 4.6: Problem (4.34}, (4.36). Mazimum norm in 1 of the radius of the enclosures
comptited for various values of N and b (logarithmic scale).

C. Interval Initial Condition,

We consider equation (4.34) with an initial conditions of the form

{l—z), 0<z<1

x,0) = 4.87
z(l+z), -1 <0 » w(@0) =0 {437)

u(z,0) € Gy () = [~0.001,0.001] + {

In this case we compute bounds for a set of solutions
u(0, G z,t) = {u{0, g;z,t) : g € G}

where G = (G,0) and [u(0,&;x,t)] denotes its optimal interval enclosure. Since the
right-hand side of the equation is an Increasing function of u, the corresponding differential
operator 15 an operator of monotone type. In section 4.1 it was shown that

u(0,G) = [u(0,G)] = [u(osgjiu(osﬁ)] .

The lower and upper bounds prescribed for w{x,0) are not in the Fourier functoid.
Therefore they are rounded and lower and upper bounds in the form of trigonometric
polynomials are computed with a certain error of approximation. While this error de-
creases when N increases, the total width of these bounds remains greater then 0.002
which is the width of ;. Since the solutions diverge from each other when f increases,
this results in a larger width of the bounds at t = 2. On figure 4.7 and figure 4.8, where
the enclosures computed with N = 20 and N = 40 respectively are presented, the above
phenomenon can be observed. In general, when the initial condition involves interval
functions, a large enclosure width does not necessarily indicate poor accuracy because it
may result from a large width of the solution set which is being enclosed.
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Figure 4.7: Problem ({.34), (4.37). Enclosure computed with N = 20 and h = 277,

2-—3

Figure 4.8: Problem (4.34), (4.37). Enclosure computed with N = 40 and h
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In this case, it is important to know how close is the computed enclosure to the
set of solutions or, more precisely, how close is the computed enclosure to the optimal
interval enclosure of the solution set. The method which we consider allows us not only
to compute enclosures but to compute their accuracy as well. We can compute a lower
bound for the upper bound of [«(0,G; z,#)] and an upper bound for the lower bound of
({0, z,t)] (see section 4.5). The enclosure S(h, N;z,t) computed with ¥V = 20 and
h = 277 together with the bounds discussed above are presented on figure 4.9. The
interval function presented by the two outside surfaces (extreme top and bottom) is the
enclosure S(h, N;z,1) of [u(0, G;z,t)] while the two surfaces inside presented an interval
function §(h, N;z,t) which is enclosed by [u(0, G; z,1)}, i.e. we have

S(h, Niz,t) C [u(0, G2, 8)] C S(h, Nsz,1)

Therefore y
S(h,N;z,t) - S(h, Ny, t)] (4.38)

is an estimate for the accuracy of the enclosure S(h, V;z,t). On figure 4.10 the maximum
norm in = of the estimate (4.38) for various values of N and A is plotted on a logarithmic
scale against the time variable. The graphs are similar to the graphs on figure 4.6 and
are consistent with the expected rate of convergence G(N“%),

Figure 4.9: Problem (4.34), (4.37). FEnclosure S(h, N} of the solution set v(0,G) and
inner approzimation g(h, N) of the solution set u(0, G}, both computed with N = 20 and
h =27,
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01+
0.01

0.001 |

0.0001 L

le-05 I i 1 H ! ] | 1 H i t-
0 02 04 06 08 1 12 14 16 1.8 2

Figure 4.10: Problem (4.84), (4.37). Mazimum norm in z of the estimate ({.38) for the
accuracy of the enclosures computed for various values of N and h {logarithmic scale).

Example 4.2 We consider the following periodic initial value problem:

Y 8 4 +rtu 4 2sin(3rz)
™ Upe = TUH A
" 3" 30+ 1)
u(z,0) =sin(rx) , u(z,0) = —sin{nz) (4.39)

The exact solution of this problem is

sin({mz)
t4+1 "

The exact solution and bounds computed with N = 5 and A = 2% are graphically
represented on figure 4.11. The solution and the bounds are visually indistinguishable.
Numerical values at some points of the exact solution and the bounds computed with
N = 5 and several different values of h are presented in table 4.3. Since the exact solution
is a trigonometric polynomial of # further increase in the number of spectral functions has
little influence on the accuracy of the bounds. In the estimate (4.33) the dominating term
is O(h?). It suggests that if the step size £ is halved at least one more correct digit of the
solution is obtained. This agrees with the numerical results in table 4.3. The errors of
approximation are also represented graphically on figure 4.12 where the maximum norm in
z of the radius of the bounds computed for several values of 4 is plotted on a logarithmic
scale against the time variable.
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Figure 4.11: Problem (4.89). Eract solution and enclosure computed with N

h =125,

—_

Ne=b h=2" | N=5 h=2% | N=5 h=2"7
z=0.5 T = .5 r =105
¢ golution {| bounds | radius || bounds | radius || bounds | radins
L0 05000 § 055007 | 1.7E-4 || 0.35900 | 8.7E-6 || 0.5000) | 5.9E-7
args 56 >
2.0 | 03333 || 03272 | 4.6E-3 | 0.33370 | 2.3E-4 | 0.3333] | 1L4E5

110

5 and

Table 4.3: Problem {{.39). Values of the solution end the computed enclosures at some

points.
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0.01
0.001
0.0001
1e-05
le-06 E
1e-07 F
1e-08 F

18_09“ 1 i i ! : | ! 1 L 1
0 02 04 06 08 1 1.2 14 16 18 2

Figure 4.12: Problem {4.89). Mazimum norm in z of the radius of the enclosures computed
for various step sizes h (logarithmic senle).

v

h=95—
h=270 "
h___2-—7m

T

Example 4.3 We consider an equation similar to the equation in exarmnple 2, but with an
initial condition which is not in the Fourier functoid and requires rounding. We constder
cases of noninterval and interval initial conditions.

Ugs — Ugp = U (4.40)
A. Noninterval Initial Condition.

z(l —2 <z<1
u(z,0) = {m(g . a:)),’flug m”ﬁ 0 t(2,0) = 0 (4.41)

As in example 4.1, case B, the prescribed value of u(z,0) needs to be rounded and a
larger number of spectral functions is required to achieve accuracy similar to the accuracy
of the enclosures obtained in example 4.2. Figure 4.13 presents the enclosures computed
with N = 5. The solutions of equation (4.40), unlike example 4.1, case B, do not diverge
from each other. That is why the upper and lower bound remain close over the whole
domain of the solution and the distance between them can not be observed visually on
fizure 4,13 (compare with figure 4.3).

We compute also bounds for the solution using V = 10 and N = 20 respectively. Since
Nh < const, in the numerical experiments we double N and reduce the step size h twice.
Numerical values of the enclosures at some points are presented in table 4.4. As in exainple
4.1, case B, the rate of convergence is o{ N _%) + O(h*) where the first term is dominating.
It suggests that at least one more correct digit of the solution is obtained when N is
increased by a factor of four. The numerical results presented in table 4.4 support that.
In addition, on figure 4.14 the error of approximation is represented graphically. The
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maximum norm in z of the radius of the enclosures computed for various values of N and
h is plotted on a logarithmic scale against the time variable.

0.2

-0.2

Figure 4.13: Problem (4.40), ({.41). Enclosure computed with N =5 and h = 27°

F¢ = 5§ ﬁ,xr QM{

N =10, h =2°

N=20, h=0"

T = 0.5

= 0.5

== (0.5

t | bounds | radius

bounds | radius

bounds | radius

1.0 | -0.2%722 | 3910 3

5374

-0.285%% 1 1.1E-3

025070 | 2.7E4

5403
2.0 | 0259 | 35E3

0232 1 1.2E3

0.2 igff 2.0F-4

Table 4.4: Problem (4.40), ({.41]). Velues of the computed enclosures at some points .
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0.01 g T T 1 Y T T T T T ] N=5 h=2% —
- N ;le(]ﬁhmzmﬁu._
: | N=20 h=27 —
0001 :_ ............................................... E
0.0001 L ' ! I I ; : i , T

0 0204 06 08 1 12 14 16 18 2

Figure 4.14: Problem (4.40), (4.41). Mazimum norm in z of the radius of the enclosures
computed for various values of N and h {logarithmic scale).

B. Interval Initial Condition.
g(l—x),0<z <1

z,0) =10 4.42
AR ) (1.42)

u(z,0) € Gy(z) = [=0.05,0.05] + {
Similar to example 4.1, case C, here we compute bounds for a set of solutions
u(0, Gz, t) = {u(0,9;2,t) : g € G}

where &' = (G, 0). Since g, and §, are not in the Fourier functoid, they are rounded and
lower and upper bounds in the form of trigonometric polynomials are computed with a
certain error of approximation. While this error decreases when /N increases, the total
width of these bounds remains greater then 0.1 which is the width of ;. On figure 4.15
the enclosure of the solution is computed with V = 5 and A = 27%. Unlike example 4.1,
case (, the solutions do not diverge from each other when ¢ increases and the width of the
enclosures remains of more or less the same magnitude on the whole domain. Hewever,
this width does not decrease significantly when N increases and A decreases because it
results mainly from the width of the set u(0, G;z,t). Using the same approach as in
example 4.1. case C, we can compute an estimate for the accuracy of the computed
enclosures. On figure 4.16, the maximum norm in z of this error estimate for enclosures
computed with different values of N and h is plotted on a logarithmic scale against the
time variable. The graphs are similar to the graphs on figure 4.14 which shows that the
method works equally well with interval and noninterval initial conditions.
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Figure 4.15: Problem ({.40), (4.42). Enclosure computed with N =5 and h = 2~%,

0.01 r T T T T T T T T T

0'001 :_ ............................................... _:

00001 ] ] ] ] ] ] ] ] ] t
0 0204 06 08 1 1.2 14 16 1.8 2

Figure 4.16: Problem ({.40), (4.42). Mazimum norm in = of estimate ({.38) for the
accuracy of the enclosures computed for various values of N and h (logarithmic scale).



Chapter 5

Spline-Fourier Approximations

5.1 The Concept of Hyper Functoid.

Let M be a separable and arithmetical Hilbert space with a basis {¢x : k£ = 0,1,...}.

The space
N
£
k=0

with operations as discussed in section 2.6.1 is called a functoid. In general, a hyper
functoid is obtained when infinite series are involved. Since infinitely many coefficients
can not be stored individually, the coeflicients have to be represented as a function of a
coefficient index in a finite dimensional way.

A function f € M can be represented as

f - Z CkPk-

k=0

In a functoid the sequence {¢;) representing f is cut off at some k = N. In hyper functoid
theory the approach is different. The coeflicients ¢z = ¢(k) are considered as functions of
the coeflicient index k € I} = AU {0}. Let X denote the number set of the coefficients,
ie. K = R or K = C. Then the space of functions (D) = {¢ : D — K} is called a
coefficient space. Let {do,ds,...} be a basis in K(D). Then a rounding can be declared
in K{D) by

o N
‘FN(C) s "f';\,r (Z b{d;’) = Zbid.g.
=0

fam(

This rounding maps the space (D) onto the screen

K(D) = {i bidi + by € x:}

1=l

115
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This will induce a rounding on M of the form
(1) = (L ethgen) = 3wl
ez=(]
The resulting structure
o0 N
M == {z clk)er : olk) =D bidi(k), b € L}
k=0 =)

with operations induced by the rounding ¥n (as in a functoid) is called a hyper functoid.[48]

5.2 Fourier Hyper Functoid.

A Tunction f € L,{—1,1) has a Fourier series of the form
N -
fLI) ~ Z C(k)ezkwr

Kot N

where c(k) = conj(c(—k)) € C. Therefore the domain of the coefficient index is D = Z
and the coeflicient space is

K(D) = {c : D= C s e(k) = cong(c(—k)), 3 le(k) < oo}
k==
In [48] the following screen K(D) of K(D) is considered:
N P
E\W(D) = { E b;d; + E ade.,_j s by = Cﬂnj(bmg) € C’ aj € R}
eV Fe=)

where

di(k) = {1 Hok=i  fri=0,41,...,+N and

0 if k#i
0 i k| <N
dN+j(k) — (ml)k . . forj =1,...,p
: N
) if |k >

The corresponding Fourier hyper functoid is

%= { i (k)R o e K(D)}.
k

T e ()
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The coefficient functions ¢(k) can also be presented in the form
b k<N
e(k) = £y
(-1) %ajw for |k}> N

where b; = conj(b ) € C and a; € R.[48)
Let f(z) = 3 c(k)e*k” ¢ &. Then we have

k=—co
D
flz) = Z bee™™ +a;) Z
kN i=1 §k{>,N )
P 20
e ik s.krrz:
N Zﬁg +a3§”,..zm zkfr

. ~1)% g; .
where g = by, 3¢ = by — ZaJ - )j =41,42,...,+N and ajzw%?jml??d,...,p.

F=1 u T

Let 5;(z) = Z (tk *k”", r € R. Then & can be represented in the form

ko o N

Kz N

I = { Z 3, + Zajsj Oy =eonj(fx) €C, a; € 'R} (5.1)

In the following sections we will use the above representation of the Fourier hyper functoid
for the approximation of periodic functions and solving the wave equation in the case
when some of the data functions or their derivatives have discontinuities. We will see
later that the functions {s; : j = 1,2,...} are in fact pelynomials on the interval (~1,1)
and therefore they are splines when produced periodically over {—oo, o). That is why
we refer to the Fourier hyper functoid & defined above as a Spline-Fourier functoid and
we will call the approximations with this functoid Spline-Fourier approximations. We
believe that the explicit use of the periodic splines gives some advantages in defining
the roundings (lefi, right, interval), deriving formulas for the operations in the functoid
and in the computation of a validated solution of the wave equation. Let us note that
the Spline-Fourier functoid is a Fourier hyper functoid but not the only Fourier hyper
functoid. Other hyper functoids can be derived using a diflerent basiz in the coeflicient
space.

In the next section we will give a new definition of the periodic splines {s; : J = 1,2,...}
and discuss their properties.
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5.3 Definition and Properties of the Periodic Splines.

We consider a set of splines {s; : 7 = 0,1, ...} satisfying the following conditions

(i) s; is a polynomial of degree j on (~1,1),7 =0.1,...

{12) s; is periodical with a period 2,7 = 0,1,...
(1) s5 € C77}(—00,00), 7 =2,3,... (5.2)
(

ds; .
—H‘?—;l—@)— = s;(z), z € (-1,1), 7=10,1,...
L E

(v) so(t)=1, ¢ € (—o0,0)

iv)

We can construct the elements of the set inductively using

si1(x) = [.sj(:c)dz: +c (5.3)
and determining the value of the constant of integration ¢ from
1 .
jf_l siv1(z)e = 5542(1) = 8542(~1) = 0 (5.4)

We find the splines in the form

Cﬂ(g%)r + & {2:: 22)' t. ‘|'me15§“ + €m T e (”‘“1, 1)

pEm+t! 2rr| 1

za
52}1;-9-1 C{){zm_t_l)[ + C‘i {21‘]1-"" ); + + Cmmlé'z_ + CmI’ T E ('-15 1)

where the coefficients cp, e, ¢2,. .. are obtained from the following linear system

cp =1
Cp (] Crnel _ 3
GirD T Gmo Tt tee= 0 m=1he (59)

The splines constructed in this way obviously satisfy conditions (i),(4%),(1v), (v} in (5.2).
We only need to prove (7). Relations (5.3) and (5.4) mmply that s; are continuous for
J > 2. Therefore, for 7 > 2 (iv) is satisfied on the interval (~o0, oo). Differentiating j — 2
times we have d};:;;f = 83(), Hence s; € (2(—o00,00).
The first few splines in the considered set are listed below

si(z) =1z, € (-1
sax)=5-1, it
sa(7) = 5 — 47, €[-1,1]
53(2) = 5 — 4% + 3 5 € [-1,1]
wo)=G- 15+ de.  sebLl
35($)”%“é§+3ﬁozf m"i”sé}”%ﬁ“dﬁ {"““*131]

Some properties of the periodic splines are presented in the following theorem.
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Theorem 5.1
() si(=2) = (~1)s;(z) , si(l42)=(~-1)s;(1~=) ., 520
(ii) S2m+1(_1) = -‘-”2m+1(0) = 32m+l(1) ,y m 20

- ! - (,.,..1)" thrx -

(24} 5;(z) = - Gy kg;m A 21

kA0

(i't;)'/: sp()8q(T)dx = (w])q“128p+q(l) = {(Wlﬂ)qmlzsp"';(l)’i z 3%2232;

We assume that 3,(1) = s;(—1) = 0 to ensure that (i) is satisfied for any ¢ when 7 = 1.

Remark. The periodic splines described in this section are closely related to the
monosplines, which are well-known in spline theory, as well as the Bernoulli polynomials.
In fact n!s, and the nth monospline differ by a constant and s,(z) = 5 B.(ZH), 7 €
{—1,1), where B, is the nth Bernoulli polynomial.

5.4 Spline-Fourier Expansion of Real Functions.

In section 4.3 we discussed the Sobolev spaces HP(~1,1) and HZ, (~1,1). The estimate
(4.22) shows that the Fourier series of any function f € H;’E,_(ml,lj, p 2 1 converges
uniformly on [—1,1] to f at a rate of o(N%“"). This is not true for the space H?(—1,1).
We have
Hoe (-1,1) C H"(=1,1)

and the essential difference between the two spaces is that the periodical extensions of the
functions in H¥(—1,1) and their first p — 1 derivatives may be discontinuous at the end
points of the interval [—1, 1]. If the periodical extension of f € H?{—1,1) is discontinuous
at r = £1 then the Fourier series of f does not converge uniformly and we have the Gibbs
phenomenon. If f € H?(—1,1) and its first 7 — 1 (§ < p) derivatives have continuous
periodical extensions the Fourier series of f converges to f uniformly on {1,1] at a rate of
o(N%'“j), i.e. at a rate slower then the rate of convergence for functions in HY, (~1,1).
In this section we will consider the use of periodic splines in the Fourier series which
leads to a series expansion (Spline-Fourier series) of the functions in H?{—1,1) with the
same qualities {e.g. rate of uniform convergence) as the Fourier series of the functions in

A7, (~1,1).
Theorem 5.2 Every funcltion f € HP(—1,1) has a unique representation in the form
=
F(2) = aoso(®) + ars1(2) + ...+ apsp(x) + 3 Bpe™e (5.6)
e
where 3 beett™ e HE (—1,1).

k=

k#0
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The coefficients in (5.6) can be vbtained as follows

1 (dif ¢y vdf :
ajzi(dﬂ_l(lmn)-—dmi ) 2_[ d:r? »J=1..,p

- % / 1 f(e)de (5.

1 L& f(3) ik _ .
kaQ(ikW)pf_l I T O IET R

4
3
N

Proof. Uniqueness. If the representation (5.6) exists then

g(2) = f(z) — agsa(z) — @ms1(2) — ... — apsy(z) = z bee*™ € P (o0, o)

LR
k0

. . . 1
Integrating the above two expressions for g we obtain ag = “i/ flz)d.

The (5 — 1)st derivative of g is

dg(z)  Ff(z |
dﬂf}j_(l ) = d:{'-’.m(l ) - aj_l.ig(;f‘) - a_?ksllzg) T T OpSpeiid (I)

. . . 4i=
Since sg, 52,...,8p_j41 are continuous in (-—oc,oc) then @%ﬂ — a;s1(z) must be also

continuous in (—oo,00). Therefore
¢! f

:alf

—=(1—0) — a;5(1 ~0) = T

——(140) ~a;5:(1+0)

which implies

1 (@-1f df'"‘f ‘
aj:§(dmjm.( ~0)- (1+o>),;=1;2,~-:p-

We also have

qf*’jg(aj) dpf(:ﬂ) = Lo \E iknr

dzp  der P k:z_m(?kﬂ) e
k20
dr
Using the formula for the coefficients of the Fourier series expansion of (i'(f) we obtain
1 e ( } . ldi’f(x) _
r ikrz i tkvrsd

(Fhm)"hi = 2 2 Tde ¢ F T L dz*

which implies

LU . G
by = VT d
¥ T ik [wl dz®
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We proved that if the representation (5.6) exists then the coefficients are obtained accord-
ing to (5.7). This implies that the representation is unique.
Existence. Let

g(z) = f(z) — aoso(z) — arsr(z) — ... — apsp(2)

1
where ag, a1, ..., a, are given by (5.7). From the formula for ag we obtain that f g(z)dz =
-1

0. Therefore g can be expanded in a Fourier series

[+ ¢]
g(:ﬂ) — Z bkezk‘nz
k=—00
with by = 0. What we have to prove is that g € HZ,(—1,1). Since g € H?(—1,1) we
only need to prove that g and its first p — 1 derivatives are continuous at z = 1 (when
produced periodically). Note that the only spline that is discontinuous at z = 1 is s;. We

have

g1 —0)—g(14+0) = f(1—0)— f(140)—a(s1(1 —0) — sy(1 +0))

= f(1-0)—f(L+0)—2a; =0
Therefore g is continuous at z = 1. In a similar way, for the jth derivative of g we have

&g dg df df .
E(l"“ﬂ)“3;‘(1+O)=E(1—O)—d—$3(l+0)n2@]+1,j=l,2,,p—].

and using (5.7) for a;;; we obtain

djg djg
Y9—_0 -2 -
d$3(1 0) d:ci( +0)=0

This completes the proof.

5.5 Spline-Fourier Functoid.

In this section we will consider the Spline-Fourier functoid % and the interval Spline-
Fourier Functoid T as a screen and interval screen respectively of the space M =
H?(—1,1). We will also derive suitable formulas for the roundings and the operations in
these functoids.

We define in M a rounding py, in the following way. Let f &€ M and let f be
represented in the form (5.6). Then

N
pnp(fi ) = aoso(z) + arsi(z) + ... + apsy(z) + Z by e*me (5.8)
k=uN
k#0
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The rounding error can be estimated as follows

|f( ) pr f; Z b ezk'rr:n

k>N

< DT |by

|k{> N

() (2
(IkI>N k|>N k)%

dpf N Zp % 9 T
< (3 (&) seat-2wrrn) (grmemwsn)

( 1 )
= @ T
Nr-z

The rounding pu, maps M on to the screen

M = span{so, 51,...,5,, €57, 4@ gENIEL
In M we consider the operations w = {+,—,.,/, [} defined in the conventional way.
By the semimorphism principle pn, induces corresponding operations in M:

fRlg=pnp(fog), © €{+ = %/}
ﬁf PNP('/-f)

The structure & = (M, H,H, [, [[], gﬁ) is called a Spline-Fourier functoid of M. In
order to use this functoid in approximations, e.g. deriving approximate solutions of math-
ematical problems, we need constructive methods for implementation of the operations.
Since J& is a linear space then it is closed with respect to the operations addition and
scalar multiplication. Those operations are performed by adding the coefficient vectors
or multiplying them by a scalar. Other operations in w may produce a result outside B
that has to be rounded. We will consider them one by one.
Multiplication. Let f,, f; € M be given in the form

ol N )
Ale) = Y aysi(z)+ D bue™™
i=0

k=—N
k30
P N .
fa(z) = D agsi(z)+ 3 bue™
= e

Their product can be written as

fl(I)fZ(-r) = Ess + Eee + Ese
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where

L = (Zp:ausj(m)) (2‘123‘33‘(5’3))

J=0
N ) N .
Ve = Z blkezkfra: Z b%e%km’,
k=—N k= —N
k#0 k0
r N . » N '
Ese = Zalij(x)) Z kaefkmy + (Z szSj(I)) Z blkeesz
=0 k:;ON i=0 “f;DN

We will consider separately each of the above sums which, for convenience, we will
call splines product (X,,), exponents product (X..) and mixed product (X,.).

The splines product. Let g(z) = s(z)s,(z) € M, m,q > 1. Function g is a spline of
degree m + q and can be represented as a linear combination of sq,81,. .., Spm4q:

m+q

g(z) = Z a;s;i(z)

dj—l dj—l
From theorem 5.2 we have a; = —;— (d j_‘? (1-0) - 7 j._‘(f(l + 0)) where
e Z

dj_lg(l_) min{j—l,m} j -1
dzi-t Z

r=max{0,j—g—1}

)Sm—r(-'”)sq—j+r+1($)

T

Using the fact that s, is the only discontinuous function that may appear in the above
expression and $,(1 —0) — s1(1+ 0) = 2 we obtain the following values for the coefficients
o; (assuming m < g):
a; = 0 for 0<37<m-1
o; = (;;__11)3?4_,,1__,-(1) for m<j<qg-—1 (5.9)
— i-1 i-1 :
o5 = ((2) + (2)) soemms@) for ¢<j<qm

Hence

1=m

HENTED l ) EENEES of () MR NE

m i=q

Now the splines product can be written in the form

r r

Yss = ZZalmaqum($)Sq($)

m=0q=0
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p p mtg

EI 535> ( l)almazqsmﬂ_j(nw)

m=1¢g=03=m

P r mtq j—
+3 3 5 (17 Damasnss0sie)
g=1m=0 j=¢ \4 ~
mln{_;‘p} P J _ 1
= apap + E E E ( 1) @1m@29Sm+q—;(1)8;5(T)
J=l m=max{l,j—p} ¢=7—m m-—

S > SN i

7=1 g=max{1,j—p} m=j—q \9 = 1

min{j,p} P .
(A EET—

The above sum essentially consists of scalar products and can be conveniently represented
in a matrix form. Let

a; = (alg,au, . ,alp)T y G2 = (a205a211 s aGZP)T

and let Mj be a matrix of type (p+ 1,p + 1) defined by

) _ { (m_ll)‘smﬂ ) if 1<m<j<m+g
mg

(4; |
0 otherwise

? maqzoulv"'ap

Then the splines sum is

2p . 2p N
Yoo = apoaxse(z)+ Z alTMjagsj(I) + Z azTMjal.Sj(;c)

i=1 i=1
2p . .

= 01002080(.&7) + Z Cl‘.f (MJ + MJT) GgSj(.’I:)
J=1

or

2p
Ess = aloaggSg(I) + E anJ(s)az.Sj(m) (5.10)

i=1

where M; (=) = M, + M I'. Using the Fourier series of the splines s,41,...,8s we obtain
the Splme—Foumer expansion of ¥,; in the form

P
Y., = aloazoso(ﬂ:)-I—Ea?M}s)agsj(:c)

i=1

+ i GT i ﬂM("") a eikm’x
! A

k=— =
HDW i=p+1
s a]
T 3 5(5) T ygls ikxo
= da10G20%(7) + E alM azs;(z) + E a, M, )aze

J,_]_ L
kO
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where e 2p (__ l)k_l (s)

J=p+l1
Exponents product. Combining the equal powers of € we have

k=—2N \ m=max{—-Nk—N}
m#0k

2N ( min{Nk+N}

Eee = E Z blmb2k—m) eikﬂ'x

N 2N min{N,k+N} .
= Y bimbam | solz) + > > bymbr b | €57

m=—N k=—2N m=max{—Nk—N}
kD M0,k

Using the following notations

by=(by_ny.. b1-1,0,b11,. .., byn)T
bz - (bg_N,. ‘e ,bg_l,o,bgl,.. . ,ng)T

the coefficients in the above expression can be presented in a matrix form as follows

2N

Eee = (begbg) So(m) + E (bekb2) e'ikarz
k=—2N
k20

where Iy, bk =0,+£1,...,+2N are matrices of type (2N + 1,2N + 1) defined by

, q,r=1,2,...,2N+1

1 if g+r=2N+2+k%
(E), = ,
0 otherwise

Mized product. We will use again Theorem 5.2 to obtain the coefficients in the expan-
sion

D oo .
g(CC) = Sm(l‘)e%qwl‘ — Zamqjsj(-r) + E ﬁmqkeakﬂm
o

oy
Since sp(z)e'?™ = €™ then
e (511
oy =0 and Bogk = 5.11
0g; Oq 0 k ?1_. q

For m > 1 we have

di-lg(z) it s g  Njer—l_igrm
e Ll o (i RO L

r=0
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Hence
Omg; =0 for 0<7<m—1 (5.12)

and

o 3_1 . j—méq‘zr__qj_]' . i—m <5<
amqj—(m_l)(zqﬂ) e = (1) i (1qm) for m<j<p (5.13)

The coefficients of the exponents in the expansion of g we obtain from its pth derivative

T =5 () smrletiamp e

dz?P A
m—1 ) -1
— P . p—m _igrx P (_]') 18,7 - p—r _iqmT
(m)(zqa'r) e +,§) (r) (:Z:m T (igm)F e
10
b m—1 m—r )
()i o (5 ) ()
m l=—c0 r=0 r J
The term in the above sum corresponding to [ = —q is
m—1 P
iy S ()
r=0
m—1
= oty 3 () -y
r=0

= (1tiamr (7)) e

m—1

Substituting in the sum & = { + g we obtain

d? ‘
Q'(.T) - O-'p“’ (72) (iqﬂ)p—metqﬁm_l_

dx?
s g (E0) ()

k=—co
k#0,q9

e - S () ()

Therefore
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Then the mixed product is

S

p (2 N

s P N ‘
EsE__Z Z Z almbz’qamq_j 33($)+ Z (Z Z alme’q}quk) eik‘rr:n

i=1 \m:ﬂ g=—N k=—0c \m=0 g=—N
%0 k0 a%0

e

r
2
i=1 Y\ m=0q¢=-N k=—o0 \ m=0 g=—XN
g#0 k#0 q#0

P N oo P N \ .
Z Z aZmblqO’.’mqj 33($)+ Z Z Z a’2'ﬂ1b1q}6mqk) e‘zk’rr::

e—

Let matrices M{™, j=1,...,p and M{® | k= 0,41,42,... of type (p+1,2N +1)
be defined by

(M) =g o (M) = b

where m = 0,1,...,p , ¢ = —N,~N +1,...,N. Note that for convenience in the
matrix multiplication the rows of the above matrices are indexed from —N to N as the
components of b; and b, while their columns are indexed from 0 to p as the components
of @; and a;. Now the mixed product can be written in the following matrix form:

S = 3 (M) s5(e) + i (o M{P8,) e+

1=1 h=—oc
k%0
D =] i
+ Z (a;M}Q)bl) s;(z) + Z (agMéﬁ)bl) gikme
= oy
or )
Ese = Z (anj(a)b2 + ag‘MJ(a)bl) SJ(E) + Z (GTMA(:'G)bg + Gngé'B)bl) e"k’”’
= i
Adding ¥;,, Z.. and ¥,. we obtain the following Spline-Fourier expansion of fj fa:
N(@)fa(z) = (awazo + b] Eobz)so(z)
r
+ > (allrM}B)ag + airM}ﬂ)bg + agMJ(a)bl) s;(x)
i=1
2N R '
+ Y (o My + ] by + a] MPby + o] M) 7=
ki;’éN
2 (o MPar + o MPby + 0 Mby)
|k|>2N
Therefore

fl(l‘)fz(l‘) = (0103204‘5{19052)50(37)
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r
+ > (a’irM}S)ag + an}a)bg + agM_,,(a)bl) s;(x)

1=1
N -
+ 2 (e M ar+ 8] Eiby + of MO b + I MPOb,) 7
k=—N
k0

If M is a matrix, denote by |M| a matrix of the same type with entries equal to the
modules of the corresponding entries of M. Using this notation, the rounding error can
be estimated as follows

(Error] < 2 Z |7 MV az + 5 Eiby + a] M7y + o] M|
k=N+1
Joa " 3 M laa)
|k|>2N
+ laf” 3 MOl + Jaal” 3[4 o]
|k|>2N [k|>2N

For the infinite sums in the above expression we have

> [ < Z >

| (s)

|k|>2N izt kmznv |
2}0 1
< . M
< 20 -1)w(2N)J—1| J
Therefore .
Z IMISB)| < E(S)
k| >2N
where
SIS L iz
Ms _ s
i=p+1 (j—1)mi(2N)y~!

We also have

= ot 5 F ) ((5) (7))

|k}>2N k=2N+1 r=0
< |q>—™ = (p lgf \™7 +(_d e
T (p—Drm@2N)L S\ 2N + ¢ 2N —g¢q

Z |/3qu| =0

k|>2N
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Therefore
|kl>2N

). - o= E ) () () )
for m # 0

Hence

IN
|[Error] < 2 |a,kas)a2 + b7 Eyby + ol (ﬁ)bz + aTM(ﬁ)b |
k=N+1

+ ad " ay| + Jaa|T T [by| + Jaaf I 18y

Note that matrices MJ(SJ, j=1,...,0 M™, Mﬁ) M,Es), k=d41,...,£2N a.ndﬁ(s], Al
used in the evaluation of the product of f| and f2 and in the estimation of the error do not
depend on f; and f;, so that they can be calculated in advance and used in all products
In a certain numerical procedure.

Integration. Let f € M and let

P N i
:I:) = Zajsj(a:) + Z bke"k”
=1

k=—N

k#0
Then
a N bk ikrz
_/f(w)df'? = Y aisinalz)+ ). -
= W kT
kD
P al bk (_l)k thnz ]' ! 'akmf:
gaj ISJ k=Z_N (ikﬂ - (zk )p+1) ! |k|¥N p+1
k30
Therefore

N k
bk (_1) p thrT
i = Sost+ ¥ (G - ()«
with rounding error

2|a;n|

< 2ay| <
? IklgN oz pﬂ‘p+1 Nrp

E (_l)k_l eikw’x

|Error| = (Tom

|k|>N
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The integration of sp(x), when it arises in a particular practical problem, must be handled
with special care because [ sp(x)dz = s1(2) is true only in {—1,1).

Remark. (Subtraction and Division) While subtraction is easy to implement by
fH— fo = fi+(-1)fy, division could be complicated. It is defined only if the divisor does
not change its sign and then, the quotient ¢ = f; = f2 can be obtained as a solution to

9f: =

5.6 Approximations of functions with multiple dis-
continuities

The set M defined in the beginning of this chapter contains functions that may be discon-
tinuous at the points z = 2k 41, k € Z, i.e. one discontinuity in an interval of length 2 is
allowed. However, using the same approach an expansion of the type (5.6) can be derived
also in the case when the functions have more then one discontinuity or the discontinuity
is not at = 2k + 1.

Let f and its first p—1 derivatives be allowed to be discontinuous at z = 2k+1—¢;, k €
Z, l=1,...,I (but not at any other points). Then f can be represented in the form

1 p
—I—ZZ ajps;(e+ )+ Z bye'sm?
=1 3=1

k=—o00

k70

where

Z bkeikrz € H;JJET‘(_ )

k=—oa
k30

The coefficients are obtained similarly to the coeflicients in (5.6):

g = :?1—/_11 flz)dz

1 (&1 i1 =1,
a;; = -2—(—(1+CI_0)_ '—1(1+CI+0)) J—]_ EJ

dri-1 dzi Ti=1,...,1
1 drf(n)

by = / WmEgr k= 41,42, ..

© O Slikmp S dar € o REE

The above statement generalizes theorem 5.2 and the proof is conducted in a similar way.
Function f is approximated by

N
prp(fiT) = ao+ Z Zaﬂsj (z+a)+ 3 bee*™ (5.15)

=17=1 k=—N
k%0
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with a rounding error

|f(z) — prolf; 2) 37 bt < ST by
k|>N |k|>N
3 ( 3

< km)%P|b|? L

- (;;EN( a kl) (lk%:zv (k”)zp)

[N

k#0

. (%];1 (d”dj;(p )d —Zap, XN_: kﬂ)zplbklz) ((2;,;,—1)2 )

i N2p-1
( : )

- 0 T
NP~2

M=

131

Addition and multiplication by a number of expressions of the form (5.15) is obviously

not a problem. Integration is performed without any serious difficulties. Let

!

P
flz) = pnu(fi 2) ZZ a;s;( $+C!+Zb€’m
t=1s=1 o
Then
T »
f ZZGJISJH (z+ea)+ Z e
=1 j=1 k=—N 'Ek'ﬂ'
&#D
I »p N bk i zk'rrc; k
— Kk etkne
_Ega, 1si(T 4+ a) +k;N Tr "IZ )Pt
=tr= k4D
N ] k
Z Z aP'! -;kfr(:t:+c;]
N p+1
Pr
Therefore

I=1 j=2

7 i N
it = S nmiatar+ 3 (2

k==N
k0

where the rounding error is
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With more points of discontinuity, multiplication becomes technically more compli-

cated to implement. Using
2}') _} _ 1
sm(z+ey)sy(z+e,) = 3 (m _ 1) Smaq-i(l — ey + e )si(z + e
j=m
2p

) — 1
+ Z (:n _ 1) Sm+q—j(1 +oa — sz)‘gj(z + ng)

=g

a product of the form

(5 rter ) (Synte+)

g=1

can be presented as

(i sm(T + ) )(i (z +e1,) ) i) (af M(ci — ey )a, ) s5(z + e,

m=1 g=1
2p .
+3° (af M(en, —e)ar, ) sj(z + )
j=t
where
ay = (alha e aPh)T y G = (01!2, R vaPlz)T
i—1 _ ,
(Mj(y)) _ (m 1)3m+q 3(1 y)a m:q_la"'1p mSJ Sm+q
e 0 otherwise

and be processed further as ¥, in the previous section.
Using the substitution y = = + ¢, a mixed product of the form

P N ]
(Z AmiSm (T + c;)) Z b,e"™"

m=1 q9=—N
q#0

can be represented as

p N + .
( Z amzsm(y)) Z bqe—zqwc; ezqry
m=l

q=—N
4#0

and be dealt with as ¥,. in the previous section.
Therefore, the process of multiplication, although technically complicated, can be

easily algorithmized and implemented on a computer. Note also that p usually does not
need to be very large, e.g. p =5 will be probably satisfactory for most of the problems.
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5.7 Integral Form of the Wave Equation.

In this section we will consider the wave equation (4.4)-(4.5) when some of the functions
g1, ¢, f or their derivatives have discontinuities. In this case the solution may also be
discontinuous and may not be defined by the equation in its standard form (4.4)-(4.5).
We will transform this equation in an integral form. Let I'(z, t) be a triangle with vertices
(z—1t,0), (z+¢,0) and (z,1).

()

(x—t,0 (z4+1,0) =

Using Green’s theorem we have

f f £y, 0, u(y, 0))dydd = / f (t(y, 0) — za(y, 0))dyd0
T(z.) T(z,t)
= jé (—ua(y, §)d0 — u(y, 0)dy

T (1)
i
= 2u(z,t) —u(z —t,0) —ulz +¢,0) — / us(y, 0)dy
r—i

x4+t
= 2u(z,1) — gu(z — ) ~ (s +1) ~ [ galy)dy

r—1

Therefore, we have

uz,t) = 5 [[ 10.u(p,0)dydo + g(s,1) (5.16)
[{z,t}

where

glz,t) = % (gl(x +t)+a(z—t)+ f_tt gz(y)dy)

We consider problem (4.4)—(4.5) in the form (5.16) which defines a solution also in the
case when some of the functions are discontinuous. We use periodic splines to represent
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functions with discontinuities. In the following examples some functions that are often
constdered as initial conditions are presented.
Examples

_ 1 =z S (—a,Ct’)
1. d(z) = { 0 ze€(-1,—a)U(x,1)

x
-1 —a 10 «a 1
dlz)=a+ %sl(as—l-l—a) - %sl(w—l—l-a)
—1—z z¢€(-1,-0.5)
2. (=) = T z € (—0.5,0.5)
1-z z¢c(051)
T

@(z) = s3(z + 0.5) — sy(z — 0.5)

TTTT

TT
L1101

T

-1 -0.8-0.6-04-0.2 0 0204 06 08 1

d(z) = dsa(z + 1) — 4s3(z)
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—0.5 + sin{rz) =z € (-1,0)
4. ¢(z) = { 0.5+ sin(nz) =z € (0,1)

1.5 T T T T T T

NI /4'\
0.5
0

-0.5 -
1 \ / _
1.5 ! ! I R R

-1 -0.8-0.6-04-02 0 0204 0.6 0.8 1

@(z) = %51(33) — %sl(m + 1) + sin(nz)

| 5.8 General Outline of the Method

Numerical solution of the wave equation is sought in the form

u(z,t) = ao(t) + Z

b

1
Y. amjs(t)si(z+6t+op,)
==1

m=1 j=1 ==

+ 3 by(t)er (5.17)
k=—o0
kFD

where o), = 1 — o, and ap, m = 1,..., M are points in (—1,1] where the data
functions or some of their first p—1 derivatives may be discontinuous.

The following Newton Type iterative procedure is applied

Wz, 1) = (1 = N, + 2 (%f [ 7(5,6,40(,0)ay0 + (1)
T(z,t)

The essential part of each iteration is the evaluation of the integral. This can be
done successfully for a number of functions f using the arithmetic in the Spline-Fourier
functoid. For example, if f(z,t,u) = c(t)v® + ¢(z,t) we can obtain an expansion of
f(z,t,u)(z,1)) in the form 5.17 and then integrate. It is particularly easy to do that
in the case of linear equations. We also have to chose some form of representation of
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the coefficients an,;(t), bx(2). In this chapter we carry out the computations representing
those coeflicients as polynomials of ¢. Assumning that f can be represented in the form

M p |1
Jz,t,ul(z,0) = a(t) + 330 30 emjs(t)si(z+6t+af,)

where ¢p;5(t) and di(t) are polynomials of ¢, in each iteration we have to integrate terms
of the form

‘N g4
aek ¥ and asj(y—kc?t—ka)
These terms can be integrated as follows:

[ o= [ [ B

t)
t@q
_ /0 7 (s(0 + 2= 0) = syale — 14 0)) do

t

= [-— g (jq—_i)! (Sj+3+2(3: +t— 9) + (-*1)!33-_'_1_'_2(;1: —t+ 9))]

(1L+ (=1het
(q—l)! 53+a+2(3)

0

=

= 8ipg+2(THE) + (1) 854 042(x —1t) —

.N
Il
=

(1 + (=) ssremssala)

=

= Sj+q+2($+t) + (—l)quﬂ—:—n(ﬂ?—t) -

H
Il
=

—t+8 ¢!

z+t—8 9
r[ 53(y+8)dydo = f [ sy + )dydo
rfe.d) T !

g

7
frad ( SJ+1 T+ t) -— Es‘ﬁ-l( —t+ 29)) dd

gatl q+1 1 ! 9q+1—f ¢
= (q+1) s;+1(:r-|-f +2(—§) msj+l+l( t+29)L
1y 9t! 1\ 4+! 1N petl-d
= (——) Sirara(z+t) — (—5) Siteta(T—1) + ( 2) m3j+!+1($+t)

q
g+1 1yt g+1 1N\9~ —I+1 #
) Sitgra(z+1) — (“5) Sivq2(T—1) + Z (—5) 7iSi+a-t+2(2+1)

=1

I
Lo = D

(
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64 z+t—f §a
7 si(y—0)dyds = 7 sy —
T / ]/ ei(y=0dude = [ [0 iy — 0)ayas

1+6 !
g9
—/ (_SHI +1—-20) - q_3.7+1( )) dé
fa+1 q+1 1 i fat1i-l t
N DA, . i —
qroitnlE =0+ 12;( ) (qri_pisin(e +=20) D
1y e+l 1yt 1 $9+1-1
= ('2‘) Sjrqra(z+t) — 5) Si+q+2(T—1) Z (2) (q+1-0)! s_,,+;+1(3:—t)

-
1y 9! ' 1y 9+ 9+1 1y e—+1 4
= (5) Sj+q+2($+t) -_— (5) 5j+q+2($—t) — Z (5) ﬂsj+q—l+2(‘r_t)

=1

q . r4t—1
/ [H—e’k”dyd(?: / ] B2 grvayan
rted 4 0 Jo—t+0 ¢!

t Qv thr(z4t—-6) ikm{z—t+4)
= = (e - ) a0

o g kT ikm
¢ pa-i ikm(z+t—f) ikm(z—t+8)\ ¢
Lh (G
iz (g=D!\ (thm)™*? (tkm)™*2 /|,
eikm(z+t) N etkm (o) i _l)l) +3-1 e
T kmyr T (Cikm)ete T & (k)R (D)1
gkme ikmt —ikmt (iknt)' (—ikmt)!
~ (ikm)e2 ('3 + (e —Ea T

i

k
— - ; I—g¢-2 thre
= 3 (L (=L ) (k) e

P P 7
= 2 2 WigoSiagr2(THE) + 373" aje0(—1) 554 002(z — 1)

j=1g=0 7=1¢=0

137
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7 9 i

t
_ZZZ L+ (=1)" a:q0£|33+q —142(2)

j=1g=01=0

p+7 fmin{g,;-1} p+§ fmin{g,j-1
= Z @Xi_qq0 | Sjya(z+t) + Z Z (—1)"@5—q q0 5j+2(33_t)
i=1 g=0 i=1 q=0
P+7 7 ( min{g,j+g-1}

B[R e St

#=1q=0 \l=max{q,j+q—p)

P q g
f 2.2 aia—si(y + 0)dydd
Tie,t) 2=1g=0
r 7 13\ 9+ P g 1 g+1
=22 @aq (—‘5) Sitara(z+1) ZZ Qg1 (—) Siyqra(z—1)
j=1 q:D J: =
P 7 g+l 1\a-+1 4
=222 %a (—5) it ~i+2(z+1)
=1 =0 =1

r+7 min{a;j-l}

= )3 :0_ (_5)9"'1_&3'-—1; g 1) sipa(z+t) = ( )3 (_%)qﬁl o 1) o)

3=1 q=0
miﬂ{51j+ g 1}

1y -et+l 49
- > (—5) Qjpg-ill asﬁz(-’f + 1)
i=14g=1 = ] .

{=max{g—1,j+9—p}

i=1g=0
P q 1y 9+ ] 1y9+!
= ZZO‘M—I (5) Si+qra(T+1) = ZZam—l ( ) Si+qt+2{2—1)
7=1g=0 3=13=0
r g qtl 1 qg—i+1 ti
2222 ®iga (5) ﬁsj+q-z+2($ —t)
=1 q=0 [=1 -

i
p+7 {min{g.j-1}

1y 9+! p+7 (min{g.i-1} 1y 2+
= > (5) Ogq | spa(z+t) =D | X (—) Qg q -1 | Sj+2(T—1)
j=1 g=0

J=1 =0 2
min{7,i+a-1}

1 l—q+1 'tq
_ > (5) Qjpq-11-1 —,Sj+2(5c —1t)
J=1g¢=1 \l=max{gq—1,j+g—p} T~

The integration over I'(z,¢) produces splines with larger indices. The rounding of the
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splines s; that are sufficiently smooth (e.g. 7 > p) is done as discussed in the previous
chapter, i.e. they are replaced by their Fourier series and the error is O{N'~7).

5.9 Numerical Examples.

The numerical results presented in this section are produced by a procedure implementing
the method discussed in the previous section. Since the purpose of these examples is only
to demonstrate the applicability and some advantages of the proposed Spline-Fourier
approach, the procedure is implemented without directed roundings and produces only
an approximate solution. Naturally, a procedure, producing validated enclosure can also
be developed, but it will require more programming time and effort. We feel that, at this
stage, this work should be preceded by further research on the Spline-Fourier functoid, its
application to the wave equation and, maybe, the development of user-friendly software
for computations in this functoid.

Example 5.1 We consider an initial boundary value problem for the equation:

ut 2t +3)? sin(mz)+2(2+3)d(z, 1) (5.18)

2
Ut — Ugr = (t+3)2
where ¢(z,t) is a piece-wise con-
stant function defined in [0,1] x
[0, oc) as shown on the sketch (to
the right) and the boundary and
initial conditions are given in the
following form:

u(0,2) =
w(l,) = 0, t>0 2
w(z,0) = 9sin(re) + 184%(z) (5.19)

u(z,0) = 6sin(mz)+ 12%(z) , 0<z< 1
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where

0.5

z 0<z<05
‘0(‘”)_{ -z 05<z<1

0 1

Using the method described in section 2.5.2 and the periodic splines, problem (5.18),
(5.19) can be written as a periodic (period 2) initial value problem of the form

Uy — Ugr —

(t+2 gyt (t43)"sin(ra) +2(t+3)(s1(z +140.5)

—51(z—140.5)—s,(z+t—0.5)+s,(x—£—0.5))
u(z,0) = 9sin(nz) + 18(s2(z+0.5) — s3(z—0.5))
uy(x,0) = 6sin(nz) + 12(s2(z+0.5) — s3(z—0.5))

The exact solution of this problem is

u(z,t) = (t+3)°(sin(nz)+ s3(z+£+0.5) + s2(x—1+0.5)
—s3(x+1—0.5) — s3(z—1—-0.5)) .

In table 5.1 the values of the numerical solution and the exact solution at some points
are presented. A high accuracy of the numerical solution is obtained because the exact
solution belongs to the Spline-Fourier functoid in which the computations are performed.
All data functions in the problem, except for the coefficient of u, are exactly representable
through the adopted data types. The only error in representing the problem on a computer

1s in representing the function -. However, it is represented by a Taylor polynomial

(t+3)

of degree 10 and this error is very small.

Let us note that, in general, for problems with discontinuous data functions, we can
not apply the method considered in chapter 4 because Fourier series of discontinuous
functions are not uniformly convergent. In this particular example it is still possible
to apply this method (at least theoretically) because the integral over the characteristic
triangle ['(z,¢) of function ¢ is a continuous function. However, the rate of convergence
is only o{ N _%). This implies that a very large N is required. Due to the large number
of computations involved and the accumulated rounding error we were not able to obtain
any meaningful results, at least not on the PC on which all other numerical experiments
are performed.
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z;t Numerical Solution | Exact Solution
p=3, N=5

0.5; 0.5 1.2250E+01 1.2250E+-01
0.5; 1.0 _7.5021E-11 0.0000
0.9; 1.5 2.0250E4-01 2.0250E401
0.5; 2.0 5.0000E401 5.0000E4+01
0.0; 1.0 -4.0128E-24 0.0000
0.0; 2.0 -5.3254E-21 0.00000

Table 5.1: Problem (5.18), (5.19): Values of the numerical solution and the exact solution
at various points (z,t).

Example 5.2 We consider the problem

— 2 2
Upp — Ugg = (77 +(t+3)2)u
u(z,0) = 2(sa(z + 1) — sa(z)) (5.20)
u(z,0) =0

This problem is formulated directly as a periodic problem and the data functions, where
necessary (in this case - in the initial condition), are expressed in terms of periodic splines.
The equation is similar to (5.18) but the exact solution is not available. The method
discussed in chapter 4 is also applicable to this problem because the function, prescribed
as a value of u(z,0), is a function in H2, (—1,1). Since the exact solution is not known,
the numerical solution produced by the method discussed in section 5.8 is compared with
the validated numerical solution obtained by the method from chapter 4. Values at some
points of both solutions are presented in table 5.2. Since both methods are applicable, the
advantage of using the Spline-Fourier functoid and the method from the previous section
is mainly in the smaller computational effort required to achieve similar accuracy.



CHAPTER 5. SPLINE-FOURIER APPROXIMATIONS 142

z;t Numerical Solution | Verified Bounds for the
p=7, N=5 Solution, N=40
0.0, 0.0 0.25000 02288;
0.5; 1.0 0.29016 0.2 g%g
0.5; 2.0 0.33727 03?225
0.0; 0.0 2.39E-13 _ggg E-05
0.0; 1.0 -4.79E-10 _ggg E-04
0.0; 2.0 -2.33E-10 _ggi E-02

Table 5.2: Problem (5.20): Values of the numerical solution and a validated solution
obtained by a different method at various points (z,t).



Chapter 6

Conclusion

In the thesis we consider the following aspects of the construction of interval enclosures
for the solutions of Initial Value Problems for
Ordinary Differential Equations:

the wrapping effect and its implications for the convergence of interval enclosures
produced by methods of propagate and wrap type;

quantifying the wrapping eflect;

necessary and sufficient conditions for no wrapping effect;

Hyperbolic Partial Differential Equations:

monotone properties of the periodic problem for the wave equation;

using monotone properties in constructing interval enclosures for the solution (in
the case of a point (noninterval) initial condition) or the set of solutions (in the case
of an interval initial condition);

constructing interval enclosures for the solutions of the wave equation in the Carte-
sian product of a Taylor functoid and a Fourier functoid;

spline-Fourier approximations (Fourier hyper functoid);

using Spline-Fourier approximations in representing and propagating discontinuities
of the data function of the problem or their derivatives.

The main result with regard to the wrapping effect associated with the construction of
interval enclosures of [IVP for ODE concerns the convergence of the enclosures produced
by methods of propagate and wrap type. We prove (chapter 3) that such enclosures
converge to a wrapping function associated with the particular problem. This allows us
to quantify the wrapping effect associated with the problem and consider the problems

143
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with no wrapping effect as problems for which the wrapping function equals the optimal
interval enclosure of the solutions. The significance of the results obtained in chapter 3 is
in

e providing a better understanding of the wrapping effect and the behavior of the
computed interval enclosures for a set of solutions;

o characterization of problems with no wrapping effect.

In [30], [78] it is stated that a complete set of tools for validated solving of IVP for
ODE should include software for recognizing problems with quasi-isotone righi-hand side
and solving them by a straightforward procedure instead of using complicated algorithms
[37], [81], [59]. In fact such software should recognize the larger class of problems with no
wrapping effect as they are specified by the theorems proved in chapter 3.

The central concept in the study of the wrapping effect is the concept of wrapping
function. This concept is not associated with a particular method but with the problem
to be solved. We believe that this approach can be used in studying the wrapping effect
for other IVP. The results in chapter 3 will be a methodological base for such research.

The starting point of our research on validated solutions of the wave equation is the
monotone properties of the problem. This is also a new element of our research compared
to the existing literature on validated solution of Hyperbolic PDEs. We established in
chapter 4 conditions providing for the operator of the Periodic Initial Value Problem for
the wave equation to be an operator of monotone type and we also establish monotone
properties which facilitate a step-by-step construction of interval enclosures of the solu-
tions. These properties provide a theoretical base for the design of validated methods
suitable for both point (noninterval) and interval initial conditions. In support of this
statement we propose a method which uses the established monotone properties. The
bounds for the solution(s) are computed in the form of Fourier series of the space variable
with coefficients which are polynomials of the time variable using a mesh in the time
dimension. The implementation of the method requires computations in the Cartesian
product of the Taylor functoid and the Fourier functoid. In addition to the roundings
and operations discussed in [49] we introduced a new way of rounding the data functions
as well as integration over the characteristic triangle. The quality of the enclosures is
demonstrated in numerical examples.

Discontinuities are very common particularly in the periodic formulation of the IVP for
the wave equation. In order to be able to deal with discontinuities of the data functions we
considered in chapter 5 Spline-Fourier approximations which are in fact approximations
in the Fourier hyper functoid [48]. We feel that, at least for the problems considered, the
explicit use of splines (instead of their Fourier series) simplifies the computations. The
proposed approach enlarges the area of applicability of the method discussed in chapter 4
with problems having discontinuous data functions and reduces the computational effort
in the case when only derivatives of the data functions are discontinuous. This is also
demonstrated in examples.
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We think that the results presented in the thesis provide a foundation for future
research in the following areas:

¢ Studying the wrapping effect in the validated solution of PDE using the concept of
wrapping function.

¢ Monotone properties of the wave equation with multidimensional space variable.
Using the approach in chapter 4 it is easy to find conditions for the operator of the
problem to be an operator of monotone type. However, how to obtain monotone
properties suitable for step-by-step construction of enclosures, is not obvious.

e Modification of the method using Spline-Fourier series so that it can be applied on
a mesh in the time dimension. If it is applied in the present form the number of
discontinuities we have to make provision for will increase at every step. A suitable
criterion is to be found for an automatic elimination of some of them.

¢ Using Hausdorff approximations in computing enclosures of discontinuous functions.
For example, we can show that the Fourier series of the jump function converges
to its Hausdorff limit at a rate of O(N~7) and enclosures with the same order of
approximation can be constructed.
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